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FOUR-GENERATED QUASIORDER LATTICES AND THEIR
ATOMS IN A FOUR-GENERATED SUBLATTICE

GABOR CZEDLI

ABSTRACT. Quasiorders, also known as preorders, on a set A form a lattice
Quo(A). We prove that if A is a finite set consisting of 2, 3, 5, 7, 9, or more than
10 elements, then Quo(A) is four-generated but not three-generated. Also, if
A is countably infinite, then a four-generated sublattice contains all atoms
of Quo(A). These statements improve Ivan Chajda and the present author’s
1996 result, where six generators were constructed, and Tam&as Dolgos and
Julia Kulin’s recent results, where five generators were given.

1. INTRODUCTION AND THE MAIN RESULT

A lattice is k-generated if it has a k-element generating set. A quasiorder, also
known as a preorder, is a reflexive, transitive relation on a set. Quasiorders are
frequently used in many fields of algebra and mathematics. Equipped with the
subset relation, the collection of all quasiorders on a set A is a lattice Quo(A4) =
(Quo(A); ©). The size of this lattice as a function of |A| grows quite fast; we know
from [2] that |Quo(A)| is 1, 4, 29, 355, and 6942 for |A| being 1, 2, 3, 4, and
5, respectively. Hence, it was a surprise in [2, Page 416] that these lattices are
six-generated for all finite sets A. Recently, Dolgos [6] and Kulin [7] have given
generating sets consisting only of five elements. Besides [2], it is their results that
motivated our research leading to the present paper. Further historical remarks
will be given soon after formulating the main result.

As usual, the least infinite cardinal is denoted by Rg. Given a set A, |A| stands
for the cardinality of A. The least element of Quo(A) is the equality relation
Ay = {(z,z) : x € A}. Quasiorders of the form {(p,q)} U Ay with p # ¢ are the
atoms of Quo(A). Our goal is to prove the following theorem.

Theorem 1.1. If A is a set with |[A] € {n e N:n>11}U{2,3,5,7,9, R0}, then

(i) the quasiorder lattice Quo(A) has a four-generated sublattice that contains all
atoms of Quo(A), and
(i) if, in addition, |A| is finite, then Quo(A) is a four-generated lattice.

Furthermore, for every set A with at least three elements, no three-generated sub-
lattice of Quo(A) contains all atoms of Quo(A).
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2 G. CZEDLI

Remark 1.2. Part (i) cannot hold for |A| > R¢ by cardinality reasons. We do not
know whether the theorem holds for |A| € {4, 6,8, 10}.

1.1. Prerequisite and notation. Practically, there is no prerequisite and the
paper is self-contained for most algebraists. If the reader knows how the join in
Quo(A) is described, then he can read the paper without difficulties. We usually
write + and - (or concatenation) rather than V and A for lattice joins and meets.
This allows us to use the convention that - takes precedence over +; for example,
aff + ay stands for (a A ) V (a Ay). Without this convention, several displayed
equations would split into two lines.

1.2. Outline. Subsections 1.3 and 1.4 below give a historical overview and the
initial idea. The rest of the paper is devoted to the proof of Theorem 1.1. Section 2
deals with the case where |A| > 5 is an odd number. If |A| > 12 is an even number
or |A] = Ry, then we need a different construction, which is presented in Section 3.
Finally, in Section 4, we prove that Quo(A) cannot be generated by three elements,
and we complete the proof of Theorem 1.1

1.3. Historical overview. The lattice Equ(A) of all equivalence relations on A
and Quo(A) are closely related to each other. In particular, as we point out below
and also by means of (1.1), this is so when the minimum size of possible generating
sets are considered. In order to avoid trivial exceptions, this subsection assumes
that A consists of at least three elements even if this is not always mentioned in what
follows. A lattice is (1+ 1+ 2)-generated if it has a generating set {ao, a1, b, ¢} such
that ap < a1 and both {ao,b, ¢} and {a1,b, ¢} are antichains. The search for small
generating sets of equivalence lattices began with Strietz [8, 9]. Besides proving
that Equ(A) is four-generated for all finite A, he also proved that it is (1 + 1+ 2)-
generated for every finite set A with at least 10 elements. Also, he proved that
Equ(A) has many non-isomorphic four-element generating sets for large |A| < R
but no three-element generating set for 4 < |A| < No.

The next step is due to Zadori [12]. He reduced 10 in Strietz’s result by showing
that Equ(A) is (14 1+ 2)-generated for 7 < |A| < Xg; we do not know whether this
holds for |A| € {4,5,6}, but it trivially fails for |A| = 3 since Equ(A) is the five-
element non-distributive modular lattice in that case. He also proved that Equ(A) is
three-generated in the following “congruence lattice sense”: there exist ay, ag, a3 €
Equ(A) such that whenever F' is a set of operations on A and a1, ag, and a3 are
congruences of the algebra (A; F'), then all equivalences on A are congruences of this
algebra. However, what is most interesting in Zadori’s paper from our perspective
is that he gave an easy construction of a four-element generating set. Actually, with
the exception of Dolgos [6] and Kulin [7], all subsequent papers, that is, Chajda
and Czédli [2], Czédli [3, 4, 5], and Takach [10] rely on the key idea of Zadori’s
construct in some extent, and so does the present paper.

Next, while dealing with quasiorder lattices in [1] and motivated by Zadori’s
approach, Chajda and Czédli [2] got interested in small generating sets of these
lattices. However, [2] considered the complete involution lattice Qi‘;‘;npl(A) of qua-
siorders on A; that is, besides arbitrary joins and meets, the period-two lattice
automorphism which maps each quasiorder to its inverse is also an operation of

v (A). It is proved in [2] that Q™ ,(A) is three-generated. Although brute

compl compl

computer force shows that Q™ (A) is not two-generated if |A| € {3,4}, the con-

compl

jecture of [2] that Q™ (A) is not two-generated for 3 < |A| is still open. Since
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FOUR-GENERATED QUASIORDER LATTICES 3

the involution operation commutes with the lattice operations, the result of [2]
trivially implies that Quo(A) is six-generated, because one can take the three gen-
erators from [2] and their inverses. Note that Equ(A) is the subalgebra of Qg(‘)‘;npl( )
formed by the fixed points of the involution, whereby the relation between studying
small generating sets for quasiorders and that for equivalences is not surprising in
itself. The real surprise for us in [2] was that, without any intention or effort, the
construction worked even for |A| = Rg. Then, with some extra effort, |A| in [2] were
pushed somewhat higher than Xy. Note at this point that, in view of Remark 1.2,
neither the quasiorder lattice Quo(A), nor its enrichment with involution can be
generated by finitely many elements. This is why it is reasonable to emphasize
here that Qg(‘)‘;npl( ) is a complete involution lattice in which arbitrary (not only
finitary) joins and meets are considered.

In the rest of this subsection, let Ecompi(A4) and Qgompi(A) denote the complete
lattice of equivalences and that of quasiorders on A, respectively. Clearly, if A is
finite, then Equ(A) and E¢ompi(A) have exactly the same generating sets, and the
same holds for Quo(A) and Q.qppi (A)-

As opposed to the case of quasiorders in [2], the passage from finite to Ny is not
so easy for equivalences. The first steps in this direction were made by Czédli [3]
and [4]. For |A] = Ny, [3] constructs a (1 4+ 1 + 2)-generated sublattice containing
all atoms of Equ(A). Note that part (i) of Theorem 1.1 is a counterpart of this
result for quasiorders. In [4], an involved construction and a long technical proof
lead to the result stating that Ecompi(A) is four-generated if |A| is an accessible
cardinal. Instead of a definition, here we note only that ZFC has a model in which
all cardinals are accessible. Next, motivated by [4] and improving its technique,
Takéch [10] proved that Q‘Cr(‘)‘;npl( ) is three-generated for infinite sets A with acces-
sible cardinalities. Finally, Czédli [5] constructed a (1 + 1 + 2)-generating set for
every Ecompi(A) such that 7 < |A] is accessible. It is still an open problem whether
the assumption of accessibility can be removed from the above-mentioned results.

In 2015, Dolgos [6] proved that for 3 < |A] < No, Qeompi(A) is five-generated.
(His construction, which is entirely different from [2, 3, 4, 5, 12], is outlined between
Figures 1 and 2 in Kulin [7].) Soon after [6], Kulin [7] extended Dolgos’ result by
proving that Qg,u,p1(A) is five-generated for all sets A such that 3 < [A| and |A]
is accessible. Actually, her paper contains two proofs. First, and this is of high
importance from our perspective, she gives a short proof; see [7, page 61]. This
short approach is, in essence, based on the 4-generability of Ecompi(A) and the
following statement; see also Lemma 3.2 here for another variant.

11 If 3 < |A] and S is a complete sublattice of Q.qpp1(A)
(1.1) such that Ecompi(A) C S, then S = Q

compl( )

Here, as it is usual in lattice theory, “C” stands for proper inclusion, which excludes
equality. The proof of (1.1) can easily be extracted from [7, page 61]. Armed with
(1.1), she could simply take the four equivalences from [4] that generate Ecompi(A)
and, as the fifth generator for Q.,,,1(A), an arbitrary quasiorder outside Ecompi(4)-
Second, in order to give a self-contained approach that avoids the long technicalities
of [4] in connection with accessible cardinals, she modified Dolgos’ construction in
an involved way to obtain five generators when A has the power of continuum.

1.4. Method. The initial idea came from Kulin’s (1.1), which raised the possibility
of modifying one (or some) of the four generators of Equ(A) in order to obtain a
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generating set of Quo(A4). The main issue was to find appropriate constructs; the
experience with [2, 4, 5] and, mainly, with [3] helped a lot. The technique of [2, 3]
and a variant of (1.1) stated in Lemma 3.2 are used here in the proof.

2. AN ODD-SIZED CONSTRUCT

This section is devoted to the case when |A| > 5 is an odd natural number.
(The case |A| = 3 is easy and will be settled in Section 4.) We are going to
define quasiorders by means of graphs. Our considerations will frequently refer to
geometric properties like “vertical” or “of slope 45°”. Therefore,

a (directed) graph in this paper is always under-

2.1 . .
(2.1) stood as a concrete graph diagram in the plane.

This means that each vertex of a graph has a given abscissa and ordinate and each
edge is a line segment or a concrete planar curve. Vertices are drawn as small
circles. We do not assume planarity in graph theoretical sense, so two edges may
cross not only at a vertex; however, unpleasant crosses of this kind will rarely
occur. Note that an edge can be directed or non-directed; a non-directed edge is
just an abbreviation for two oppositely directed parallel edges. A colored graph is
a concrete graph diagram whose edges are colored by «, 3,7, and d. Parallel edges
with different colors may occur but loops are not allowed. Note that a non-directed
edge colored by ¢ € {«,3,7,0} represents two e-colored directed edges that are
oppositely oriented. In absence of room, the colors of edges are often determined
by the following convention rather than labels:

the horizontal edges are a-colored,
(2.2) the vertical edges are (3-colored,

the slanted edges with slope 45° are v-colored, and

the dotted curves are 6-colored.
Our figures include a reminder to (2.2). Let N = {1,2,3,...} and Ny = {0,1,2,...}.
For 2 < n € N, we define a graph F;, as follows. See also Figure 1, which moti-
vates that this graph will be called a fence of rank m. The vertex set of F,,
which is also denoted by F,, is the disjoint union of A, = {ag,a1,...,a,} and
B, = {bo,b1,...,bp_1}. These subsets of F,, are called rows; A,, is the upper row
and B, is the lower row of F,. The edges of F,, are the non-directed a-colored
(ag,a1), ..., (an—1,0a,) and (bg,b1), ..., (bp_2,br_1), the S-colored (ag,bo), ...,
(an—1,bn-1), and the y-colored (a1,bg), ..., (an,bn-1), and the directed §-colored
(a0, bo), (b1,a0), (bp—1,an), and (an,b,—2). Except for the d-colored curves, each
edge is non-directed and represents two directed edges of the same color. For
e € {a, 3,7,d}, we define a quasiorder € on the set F), as follows:

for vertices x,y, we let (z,y) € € if there is

(2:3) an e-colored directed path from z to y.

For example, (ag, an) € a but (ag, a,) ¢ 3. We make no notational distinction be-
tween the four colors and the quasiorders they determine. Note that the undirected
edges of our figures can be used in both directions in a directed path. Note also that
a, B,v € Equ(A). On the other hand, § ¢ Equ(A), because 66 ' =dNé~! = Ap,.

A pair (z,y) € A? is nontrivial if x # y. For a nontrivial pair (z,y) € A2, the
quasiorder {(x,y)} U Ay and the equivalence {(z,y), (y,2)} U Ay will be denoted
by (z,y)* and [z,y]°, respectively. Actually, (x,y)* is a (partial) order, not only
a quasiorder. Note that [z,y]° = (z,y)* + (y,2)*. Sometimes when = # y is not
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guaranteed, (z,y)* and [z, y]° may turn to (z,x)* = [x,z]° := As. The following
straightforward lemma was used, explicitly or implicitly, in several earlier papers;
see Chajda and Czédli [2, second display in page 423], Czédli [3, circle principle in
page 12|, [4, last display in page 55], and [5, first display in page 451], Kulin [7,
Lemma 2.2], Takdch [10, page 90], and Zadori [12, second display in page 583]. Its
proof is trivial if one considers the nontrivial pairs of the quasiorders or equivalences
in question; the details will be omitted.

Lemma 2.1. For an arbitrary set A and j, k € N, if {u,v}, {z1,...,2,21} and
{v1,.-.,yk—1} are pairwise disjoint subsets of A, u = xo = yo, and v = z; = Y,
then

J k
<U7U>q:(z Ti1,2i) ) (Z Vi1, i) )7 and
i=1 i=1
k

J
[u, v]" = (Z[xi—lal'i] ) : (Z[yi—layi] )
i=1 i=1
The following lemma settles Theorem 1.1 for |A| > 5 odd.

Lemma 2.2. For 2 < n € N, the quasiorder lattice Quo(F,,) is generated by
{auﬁf-)/?é‘}'

ao a1 0y ag

Notation:

FIGURE 1. F5, F3, and F),

Proof of Lemma 2.2. Let L,, denote the sublattice of Quo(F),) generated by the
four-element subset {«, 3,7,0}. Clearly,
(2.4) {ap,bo)* =036 € L, and (bn_1,an)" =0 € Ly,.

In order to avoid extra line breaks, we will often drop the “€ L,,” part from displayed
equalities. However, when these equalities are referenced, the meaning is that they
belong to L,. A quasiorder ¢ € Quo(F),) is row-preserving if for every nontrivial
pair (z,y) € &,  and y belong to the same row of F,,. For example,

(2.5) « is row-preserving.

Therefore, using that § € Equ(F},) with two-element “vertical” blocks and (2.4),
we obtain that

n—1

(2.6) Be = (ai,bi)* = Ba + (ao, bo)") € Ly, and
=0
n—1

(2.7) B = (bisai) = Bla+ (by_1,an)") € Ln.

=0
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By the same reasons,

(2.8) Vi (aj,bi—1)* = (o + (ag, bo)*) € L,, and

|

i=1

(29) ’7* : <bi—17 ai>q = 7(a + <bn—17 an>q) cL,.

|

i=1

Note the role of * in our notation: it indicates the orientation of the edges generating
the quasiorder in question. The role of arrows is similar in our next two statements,

(2.10) @ = Z a;, ai_1>q + Z(bi, bi_1>q = a(ﬁ* + ) € L, and
i=1 ]

(211) @ = (ai-1,a5) +Z i1,00)" = (B, +7%) € Ln,
i=1

which follow easily from (2.5), (2.6), (2.7), (2.8), and (2.9). Note that (2.5) gives
that both ‘@ and @ are row-preserving; (2.5) will also refer to these two facts. Next,
we claim that

(2.12) (ag, ay)* :a’(<a0,b0>q —1—7*) and (ap—1, an)? a’( by 1,an>q)
5)e

belong to L,; this follows from definitions, (2.4), and (2. asﬂy For example to
see the first equality in (2.12), observe that for all (z,y) € {(ag, bp)* + v*, we have
either (z,y) € v*, or (z,y) € {(ao,bo), (bo, a1), (ao, al)}. So if a nontrivial pair (z, y)
belongs also to @, then (z,y) = (ao,@1) € (ao, a1)*. This proves the “>” (that is,
the “2”) part of the first equality in (2.4), while the converse inequality is obvious.
So this equality holds and (ag, a1)* € L, by (2.4). In what follows, arguments of
similar complexity will not be as detailed as above for (2.12); however, we point
out that

a<a, ..., V<9 af=ay=py=0F"0="6=Af,

and our figures can often be used in these cases. In particular, the straightforward
argument showing that

(213) <b0, a1>q = ’7* (ﬁ* + <a0, a1>q) and <an 1,bn > 6*(<an—17 an>q + 7*)
are in L, follow from (2.6), (2.7), (2.8), (2.9), and (2.12). Next, we let

k—1 k—1
(2.14) wy = Z<bi’ a)t, vF.= Z<a"_i’ bp_1-4)%, for2<k<n-1,
i=0 i=0
k k
(2.15) Kp i= Z<bi_1’ a;)', and A := Z<a"_i’ bp_i)t, for 1 <k<n-—1.
i=1 i=1

Note that (2.14) is vacuous for n = 2; similar situations will frequently occur with-
out further warning. We are going to show by induction on k that the quasiorders
in (2.14) and (2.15) belong to L,. In order to establish the base of the induction,
we conclude from (2.13) that, for n > 2,

(2.16) s =" (‘a + (bo, a1>q) and v? := 1, (‘a + {an-1, bn_l)“)

are in L,. Also, (2.13) gives that ki = (bg, a1)* € L,, and AL = (an_1,b,_1)" € Ly,.
Hence (2.15) holds for n = 2. So does (2.14), vacuously. Thus, in the rest of the
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argument for (2.14) and (2.15), let n > 2. It follows easily that k3 = v* (& + p3) €

L, and A2 = B, (@ 4+ v2) € L. Now, assume that k < n — 1 such that both (2.14)
and (2.15) define elements of L,,. It is straightforward and easy to see that

Phyr =B (@ + k), vl = A, (@ + )\k)
ki1 =7 (@ + pjpyq), and PUREEENG (@ + uk‘H)

are also in L,. This completes the induction and proves that the quasiorders given
in (2.14) and (2.15) belong to L,,. Consequently, it follows easily that

k
P =0 (B +KE) = Z((ai_l,ai>q+ (bi1,bi)"), for 1 <k <n-—1,
i=1
Ty 1= Ak = Z Un—is Gng1—i)* + (bne1—i; bn—i)?),

for1<k<n-1,

k k—1
Pr ZZE(MZJW*):Z(%@Z 1q+z (bi,bi—1)?, for 2 <k <n-—1,
=1 =1

k-1
7 =a(l + %) (@nt1-is Qn—s)* + Z<b"—i’ bn—1-4)",
1 i

fo

|
iM- 1

)—g)—l

2<k<n-1,
belong to L,,. Hence, we obtain that

(bk—1,bk)* = Py Ty g, for 1 <k <mn—1, and

(ag,ap—1)" = PpTpy1_p, for2<k<n-—-1,

are in L,. As a particular case of (2.17), (by,b1)* € L, and (by,_2,bp_1)* € L.
Hence,

(2.18) (by, ap)* = B* ((bo, b))t + 5) and (an, bn—1)* = Vs (5 + (bn—2, bn_l)“)
belong to L,,. This implies that

(2.19) {ay, ap)* :‘a(% + (bo, a0>q) and (an, an—1)* :E((an, bpn_1)" + ﬁ*)

are also in L,,. Observe that

(2.20) (a1, bo)* = v« ({a1, ao)* + (a0, bo)*) and (a1, b1)* = B. ((a1, bo)* + (bo, b1)")

are in L, by (2.4), (2.17), and (2.19). Hence, using (2.17) (and (2.20) for k = 1),
we obtain by induction on k that

(g, br—1)* = ¥ ((ak, ax—1)* + (ax—1,bp—1)*) and

(ap, br)* = Bu((ar, br—1)* + (br—1,bx)*), for 1 <k<n-—1,
are in L,. Using (2.4) and (2.19), it follows that
(2.22) (bn—1, an-1)" = B ((bn—1, an)* + (an, an_1)")

is in L,. Starting from (2.22) and using (2.17), an obvious induction on k yields
that for 2 <k <n —1,

(2.17)

(2.21)

((bn—t brg1—#)* + (br—(k—1) Gn—(k—1))*) and

<bn—k; an-i—l—k)q = ’7*
<bn—k; an—k>q = 6* (<bn—k; an-i—l—k)q + <an+1—k; an—k>q)

(2.23)
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are in L,. Combining (2.4), (2.22), and (2.23), we obtain that
(2.24) (bp—ky Anp1—k) (bp—ky an_p)* € Ly, for 1 <k <mn —1.

Now that every non-horizontal directed edge in the graph generates an atom in L,
by (2.4), (2.13), (2.18), (2.20), (2.21), and (2.24), it is trivial to see that the same
holds for the horizontal directed edges; for example,

(ap—1, ar)* = @ ((ar—1, bi—1)" + (br—1,ax)?), for 1 <k < n.

That is, for every undirected edge (z,y) of the graph, (x,y)*, (y,z)* € L,. Fur-
thermore, for all x # y € F),, there are two vertex-disjoint (non-directed) paths
from z to y. Thus, by Lemma 2.1, L,, contains all atoms of Quo(F},). Since every
element of Quo(F,,) is the join of some atoms, it follows that L,, = Quo(F},). This
completes the proof of Lemma 2.2 O

Notation:
ﬁ: | )

o —,

@

FIGURE 2. G(5) and G(3,4,5)

3. EVEN-SIZED AND COUNTABLE CONSTRUCTS

In this section, we investigate sets A with |A4| € {12,14,16,18,...} U{Ro}. Let
m = (n+1:14 < g) denote a sequence of consecutive positive integers such that
n > 3 and g < Ny. Here ¢ is the length of the sequence, so “i < ¢g” always stands
for “0 <i < g”. The case g = 1, where m = (n) is the singleton sequence, and the
case g = Vg, where 7 = (3,4, 5,6, ...) is the sequence of all natural numbers above
2, will be of a particular importance. Associated with m, we define a colored graph
G(m) as follows; remember that (2.1) is still valid. First, modifying the set of J-
colored edges in F}, we define a new graph Hj, according to Figure 2 as follows. (In
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this figure, Hs, Hy, and Hs are given as full subgraphs of larger graphs.) Instead of
a; and b;, the vertices of H}, are denoted by pf and qf, respectively. Furthermore,
Hj, has exactly two d-colored edges, (pf, ¢§) and (pf, ¢F_,), and both are undirected.
Next, to obtain G(m), form the (disjoint) union of Fy and the fences Hy 4, i < g,
both for the vertex sets and the edge sets, and add the following undirected edges:

the B-colored (bo,p?_1), (b1, p}), (qTiZ3, piti ), and

(QZI;:évaiz)v for1<i<g, and
the y-colored (bo, py), (b1,P7), (qg+i_17pg+i)v and

(it pith), for 1 <i < g.
In this way, we obtain the graph G(m). For G(5) and G(3,4,5), see Figure 2. Our
set is now A = G(m), the vertex set of the graph, and we define our quasiorders
on A according to (2.3). Note that with the exception of the four J-colored edges
in Fy, all edges of G(n) are undirected. The aim of the present section is to prove
the following statement.

Lemma 3.1. In Quo(G(m)), the sublattice L generated by {a, 3,7, 8} contains all
atoms of Quo(G(m)).

The proof of this statement is heavily based on the following lemma, which
one can easily extract from Kulin [7, Proof of Theorem 2.1(i)]. For the reader’s
convenience, we outline the proof below.

Lemma 3.2 (Kulin [7]). Assume that A is a set with at least three elements and
L is a sublattice of Quo(A) such that L contains all atoms of Equ(A). If L is not
a sublattice of Equ(A), then it contains all atoms of Quo(A).

Proof of Lemma 8.2. Take a pair (a,b) € ¢ with (b,a) ¢ ¢ and € € L\ Equ(A).
Then (a,b)* = ¢ - [a,b]* € L. Observe that for pairwise distinct z,y,z € A,

<CL‘, Z>q = [.’L‘, Z]e : (<.’L‘, y>q + [yv Z]e) and <Za y>q = [27 y]e : ([27 x]e + <CL‘, y>q)'
For every nontrivial (¢, d) € A?, using the rule above at most three times, it follows
from (a, b)* € L that (c,d)* € L. O

Proof of Lemma 3.1. Let A = G(mi). The subgraphs H,,1; for i < g and F5 will be
called the fences of G(m). They are of rank n+1¢ and 2, respectively. Observe that
a+0 € Equ(A) and the fences are exactly the (a4 6)-blocks. We let 5 := B(a+9),
v i=v(a+96), & = ala+d) =a, and § :=d(a+ §) = . Clearly, each fence of
G(m) is &'-closed for every ¢ € {«, 3,7,6} C L. That is, whenever z belongs to a
fence and (x,y) € €, then y also belongs to the same fence. Hence, at the beginning
of the proof, we can work with o/, ..., 8" € L more comfortably than with ..., d.
We will often use, sometimes without explicit mentioning, that

(3.1) a3 = ay = By = A4 and similarly for o/, §, and v'.
Our first task is to show that
(3.2) for all z,y € F with z # y, (x,y)* € L.

Clearly, (b1,bo)* = @d € L. Thus, using the earlier containments and (3.1) in every
step below, we obtain that the following quasiorders are in L:

(a1,bo)* = ' (6" + (b1, bo)"),
Bh, = (ao, bo)* + (a1, b1)* = B'(a + (a1, bo)*),
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Yoy 1= (a1, bo)* + (a2, b1)* = 7' (a + (a1, bo)*),
(a0, bo)* = 0P3,, (a0, a1)* = a({ao, bo)* +7')
(bo,ar)* =~'(8" + (a0, a1)*), (b1, a1)* = B'((b1,bo)* + (bo, a1)),

= (bo, ao) + (b1, a1)* = B (a + (bo, a1)?),

75" = (bo, a1)* + (b1, a2)* = 7' (a + (bo, a1)"),
bi,as)' =5 -6, (a1, a2)* = (B, + (b1, a2)"),
a1, bi)* = By.((a1, a2)" +75.),  (bo, b1)* = a((bo, a1)* + (a1, 1)),
az, b1)* = 75, (0 + (bo, b1)), (a2, a1)" = a({az, b1)" + (b1, a1)?),
bo, ao)* = 35 ((bo, b1)* 4+ 9), and (a1, ao)* = a({a1,bo)* + (b, ap)?).
That is, for each undirected edge (z,y) of Fs, both (z,y)* and (y,x)* are in L.
Thus, (3.2) follows by Lemma 2.1.

Next, assume that & belongs to mi. In other words, we assume that Hy, is a fence
of G(mi). We are going to show that

)

(
(
(
(

if [ph, qf]° and [pf,qF_|]° belong to L, then for all

3.3
(3.3) x,y € Hy with = # y, [z, y]* also belongs to L.

We will follow the “symmetrized” (and easier) variant of some computations used in
Section 2; note that this technique goes back to Zadori [12]. Temporarily, consider
the following equivalences; their dependence on k will not be indicated.

j—1

J
a>_j :Z zupz le+zqzqu 1e fOl"jE{l }

J
§ .
B =Y _[pF,qfr for je{0,....k—1},
=0
j
= . .
V= pkal ] forje{L... k),
i=1
j i1
c € e .
0y = 3 kPl + Dl di ) for g€ {1k}
=1 i=1
- j
By =Y [ph i forje{l,... k},
i=1
j
c e .
V= Z[Pﬁ_i, q;’i_l_i] for j €{0,...,k—1}.

-
Il
=]

By induction, we are going to show that all of them belong to L. Using (3.1), we
obtain easily that for j € {0,1,...,k—1},

§ .
a>j+1 =a'(B; +4'), %+1 =4 (@ &, +0), and, if

. =

J<k=1, B = ((7j+1 + 3" ++)5'.

Hence, since ﬁo = 0, qo] € L by assumption, we obtain that the “right-going”
equivalences & a;, ﬁj, and 7, 7; belong to L for all permitted values of their subscripts.
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A similar induction based on 5, = [pf, ¢F_,]° € L and
c .
<aj+1 = 0/(<7:j +06), Bji1= ﬁ'(ﬁjﬂ ++'), and, if
. =
J<k-1, <7:3‘—|r1 =((Bj11+ Yo' + 6

yield that each of & aj, <:J, and § %; is in L for all permitted values of its subscript.
Hence,
i — 1729]]6:3 Ekﬂ ;EL for j € {1,...,k},
= <
Jan]EZﬁJ Bp_; €L forje{0,....,k—1},
Jaqj 1]6233 e ;€L forje{l,....k}, and
[q_j—luq_j] :al( Jqu 1] +[pj,qj]) forje{l,,k—l}

Hence, for every edge (z,y) of Hy, [z,y]° € L, and we obtain the validity of (3.3)
by Lemma 2.1.
Next, we claim that (in the fence H,, right below Fj)

(34)  [pg,90]" = BO(y + lar, ba]*) € L and [py, gp—1]" = 70(8 + [a1, bo]*) € L.
We know from (3.2) that [a1, b1]° = (a1, b1)*+ (b1, a1)* € L and [aq1, b]° = (a1, bo)* +
(bo, a1)* € L. Hence, to prove (3.4), it suffices to prove the equalities in it. In case

of the first equality, the “<” inequality is clear. In order to show the converse
inequality, assume that (x,y) € Bd(y + [a1, b1]°) and = # y. Since (z,y) € 56,

(3'5) (w,y) € {(a()v bO)} U {(pgv qg)} U {(pév qg)) n<j<n+ g}v

or the same holds for (y, z) but this alternative can be neglected since x and y play
symmetric roles. Furthermore, there is a shortest undirected (v U [a1, b1]°)-path P
in the graph G(m) from x to y. It is clear from (3.1) that P contains the edge
{a1,b1}, and it contains it exactly once. Hence,

(3.6) either (x,a;) € v and (y,b1) € v, or (y,a1) € v and (x,b1) € 7.

In order to make a distinction from what comes next, a (straight) line in the Eu-
clidean plane will be called a geometric line. On the other hand, a G(ni)-line is a
maximal subset S of (the vertex set of) G(m) such that S is a line (a sequence of
adjacent vertices) in the graph and the members of S lie on the same geometric line.
For u # v in G(m), let wv denote the unique G(m)-line that contains u and v; note
that it need not exist. In order to avoid confusion, there will be no notation for the

geometric line through u and v. For example, in Figure 2 pgp‘l" = {pg, q, p‘l*, qi’, p3},

q5 ¢ qip3 though g3 lies on the geometric line through ¢f and p3, and p3q3 does
not exist. We obtain from (3.6) that

either both ZFay and yb;, or both zb; and Fay are of slope 45°.

Hence, the G(m1)-lines through a; and by of slopes 45° contain « and y. Combining
this with (3.5), it follows that {x,y} = {p§, ¢4}, proving the first equality in (3.4).
The second equality follows in an analogous way, but we need to consider G(i)-lines
of slope 90°, that is, vertical G(n)-lines. This completes the proof of (3.4).

Next, we claim that

(3.7) if z,y € G(m) belong to the same fence and x # y, then [z,y]° € L.

We prove this by induction on the rank of the fence containing = and y. If this
rank is 2, then [z,y]° € L by (3.2). If the rank in question is n, the next one after
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2, then [z,y]° € L by (3.3) and (3.4). So assume that 0 < i < g and (3.7) holds
whenever the rank is n + ¢ — 1, that is, when z,y € H,4;_;. By this induction
hypothesis, [p7™* ! ¢¢™" '] € L. Repeating the argument with G()-lines of
slopes 45° that was used in the proof of (3.4), we obtain easily that [pi™, g0 ™) =
BO(y + [prt Tt ¢p ) € L. Similarly, working with vertical G/(1)-lines, we
obtain that [piT? g Tl |]* = ~0(8 + [pptiZ), ¢ Ti=3]°) € L. Thus, [2,y)" € L by
(3.3). This completes the induction step and proves (3.7).

We need to take care also of some edges that connect neighboring fences. There

are two cases. First, we assert that, denoting n 4+ ¢ by j for 1 <i < g,
i oo 1 i1

. S 1 i1

x (o, 0] "+ 08+ 1g) 500 ) € L,

and, analogously,

il . 1 i1
@i =B ([phpol" + v+ 4 s qj=a])

([}, Pl + 7 +lad " a)a)) € L

The arguments for (3.8) and (3.9) are basically the same; apart from notation, the
only difference is that (53,+,90°,45°) corresponds to (v, 3,45°,90°). (In order to
emphasize this duality, we will say “of slope 90°” rather than “vertical”.) Hence,
we give the details only for (3.8). Assume that a nontrivial pair (z,y) belongs to
the right-hand side of the equality in (3.8). Then (x,y) € v gives that the G(mi)-
line Ty is of slope 45°. The intersection of this G()-line with some block B; of
the second meetand contains x and y. Since this intersection contains two vertices
while the 3-blocks are G(1)-lines of slope 90°, By cannot be a -block. Hence, By
is the only block of [py, pjl° + 8+ [qj:;, @) ']° not lying on a G(i)-line of slope 90°.
Thus,

(3.9)

B = {p}, ¢}, ¢} ", pi "'} U {the vertices of the G (im)-line
of slope 90° that contains pi}
For j = 4 on the right of Figure 2, B consists of the black-filled elements. It follows
that z,y € By. The third meetand, [pé,pﬁi_l]e + 0+ [qg:é, qg_l]e, has also only one
block not lying on a G(1i)-line of slope 90°; this block is

By = {p}, ¢}, ¢} ", p) "} U {the vertices of the G(m)-line
of slope 90° that contains pj_l}.

Since the role of By and that of By are similar, x,y € By. Since the geometrical
lines occurring in the description of By and Bp are parallel, they have no vertex
in common. Hence, z,y € B; N By = {p), ¢, ¢} ", p5~'}. Since Ty is of slope 45°,
it follows that {z,y} = {p}, ¢}~ '}. This yields the “>” inequality in (3.8). The
converse inequality “<” is trivial. Thus, (3.8) holds. So does (3.9).

Second, we assert that

(3.10)  [p6,bol” = Y([pg, pn—1]" + B) € L and [py, ba]* = B([pT, pyl" + ) € L.

Again, it suffices to show the inequality “>" in place of the first equality. For
every nontrivial pair (z,y) € =, the only non-vertical ([p§,pjr_;]° + 3)-block that
can intersect Ty in more than one vertex is {p{, ¢i'} U {the vertices of the vertical
G(m)-line through p”_,}. Hence, {x,y} = {p§, bo} and (3.10) holds.

Now, we are in the position to complete the proof. Although we have not con-
sidered all connecting edges between two adjacent fences, (3.7), (3.8), (3.9), (3.10),
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and Lemma 2.1 allow us to conclude that L contains [z, y]® for all x # y € G(m).
Therefore, since § ¢ Equ(G(n)), Lemma 3.2 completes the proof of Lemma 3.1. O

4. THE REST OF THE PROOF

A nonempty subset P of a lattice L is a complete prime ideal if it is closed with
respect to arbitrary joins, L \ P is nonempty and closed with respect to arbitrary
meets, and for all x < y in L, y € P = x € P. Using this concept, we can
reformulate the Wille’s Do from [13] as follows. Note that the idea of using Ds-
lemma in a similar context for equivalence lattices goes back to Strietz [8, 9]. A
sublattice S of a lattice L is proper if S # L.

Lemma 4.1 (Wille’s Do-lemma reformulated). Assume that L is a complete lattice
and X andY are disjoint nonempty subsets of L. If L has no complete prime ideal
and no proper complete sublattice of L includes X UY, then A X < \/Y.

Proof. Although the original statement is about simple lattices and finite sets X
and Y, Wille’s proof in [13] works in the present situation without any significant
change. Namely, suppose for a contradiction that v := AX £ VY =: v. Let
P={zeL:z<wv}and Q={z€ L:z>u}. These sets are disjoint since u £ v.
Since P U @ is closed with respect to arbitrary meets and joins, it is a complete
sublattice. Since this sublattice includes XUY, PUQ@ = L. Clearly, P is a complete
prime ideal, which is a contradiction proving the lemma. (Il

Proof of Theorem 1.1. Ifk € {5,7,9,11,...}, then F(;_1)/ from Section 2 is of size
k. Sois G((k—6)/2) if k > 12 is even. Also, G(m) is of size Rg if m = (3,4,5,6,...).
Thus, the required existence of four generators follows from Lemmas 2.2 and 3.1,
except for |A| < 3. For |A| = 2, |Quo(A)| = 4 and so Quo(A) is four-generated.
Finally, as it was pointed out in Kulin [7, page 61], the five-element Equ({1, 2, 3})
is three-generated and so Quo({1, 2, 3}) is four-generated by Lemma 3.2. Note that
there is an overlapping between the scopes of Section 2 and 3. The smallest odd
size settled by both sections is |A| =21 = |G(3,4)| = |F1o|-

Next, suppose for a contradiction that there is a three-generated sublattice of
Quo(A) containing all atoms of Quo(A). Let &g, £1, and €2 generate such a sublat-
tice. Since every quasiorder is the (not necessarily finite) join of all atoms below it,
no proper complete sublattice of Quo(A) includes {ep,e1,£2}. Since we are going
to apply Lemma 4.1, we need to show that Quo(A) has no complete prime ideal.
Suppose the contrary, and let P be a complete prime ideal. Denote Quo(A) \ P by
Q; note that @Q is called a complete prime filter. With p :=\/ P and v := A Q,
we have that P = {p € Quo(4) : p < u} and Q = {p € Quo(4) : p > v}. Con-
sider an atom (a,b)? € Quo(A). Since Quo(A) is the disjoint union of P and @,
either (a,b)* € P, or (a,b)* € Q. However, we cannot have (a,b)* € P for every
nontrivial pair (a,b) € A2, because otherwise P would contain all atoms and all
joins of atoms, that is, all elements of Quo(A), contradicting @ = Quo(A4)\ P # @.
Therefore, there are ¢ # d € A such that (c,d)* € Q. Thus, (¢, d)* > v. So either
v ={c,d), or v = Ay. But if we had v = Ay, then Q = Quo(A) would contradict
P # @. Hence, v = (c,d)*. Therefore, if (a,b) € A? is a nontrivial pair such that
(a,b) # (¢, d), then (a,b)* # (c,d)* gives that (a,b)* € P. Now, since |A| > 3, we
can pick an element e € A\ {c,d}. Since (¢,d) ¢ {(c, e), (e,d), (d, c)}, we have that
(e,e), (e,d), and (d,c)* are in P. Also, {(c,e)* + (e,d)* + (d,c)* € P since P is
join-closed. But (c,d)* < (c,e)* + (e, d)* + (d,c)* € P and P is a (complete prime)
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ideal, so we obtain that (c,d)* € P. This contradicts P N Q = & and proves that
Quo(A) has no prime ideal.

Now, for {i,7,k} = {0,1,2} we can conclude from Lemma 4.1 that &; <e; + ¢,
and €;-¢; < €. So we obtain easily that the join of any two of the three generators is
go+e1+e2 and dually. That is, Quo(A) consists of only five elements (and it is M3,
the five-element modular non-distributive lattice). This contradicts |Quo(A)| > 29
from Section 1 and completes the proof of our theorem.

Added on August 13, 2016. The absence of prime ideals in the proof above follows
also from Ttuma [11, Theorem 1], which asserts that Quo(A) is simple for |A] > 3.
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