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An application of Mal’cev type theorems
to congruence varieties

G. Czédli

A lattice variety % is said to be a congruence variety if % =Con (¥") for some
variety ¥~ of algebras where Con (¥") denotes the lattice variety generated by the
congruence lattices of all members of ¥”. Denote by % the variety of all lattices
and by .# the variety of modular lattices. Recently S. V. Polin — refuting the
McKenzie-Nation conjecture — gave a variety ¥~ for which Con (¥)=.% and
Con (¥ )& .#. However, there is a number of results stating that under certain
conditions (on Con (¥") or ¥°) Con (#")=% implies Con (¥)S.#. For example,
Freese and Nation ([2]) have proved this implication for any variety ¥~ of semi-
groups. For other results, when conditions are supposed on Con (¥7), the reader
can see [3]. Here we intend to show for a certain kind of varieties ¥~ that Con (¥")=
=% implies Con (¥)C . 4.

For an algebra Q, a subset of the set of all polynomial functions of Q is
called a clone of Q if it is closed under superposition and contains all the projec-
tions. Let us recall some notations from A. Szendrei’s paper [4]. Let R be a ring
with 1, S a subring of R (1€S is not supposed) and M a (unitary left) module
over R. Denote by Cl,(S) the clone of M consisting of all idempotent poly-
nomials

Sy Xgy oves X)) = Sy X1 F SaXp+ ...+ 5, X,

where at most one of the coefficients s, 5,, ..., s, isnotin §.

Theorem (A. Szendrei [4]). Let R be a ring with 1. Then the following two
conditions are equivalent.
(i) For an arbitrary module M over R, any idempotent clone of M (that is,
any clone consisting of idempotent polynomials) is of the form ﬂ Cly(S,)
where each S, (o<p) is a subring of R.
(i1) For any re R there exist non-negative integers n=0, @y, Gy, ..., @y,0¢, b1, ...,0

n
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such that

a+b; = [’:) (i=0,1,...,n) and

n

Sar(—ry=i=1, 3 br(l-rri = r(l—-r).
i=0 i=0

In what follows we shall denote the class of all rings with 1 satisfying the (equivalent)
conditions of the above theorem by K. A. Szendrei [4] has shown that the ring
Z of integers, every ring with finite characteristic and Z"XR (n=1,2,...,R is
any ring with finite characteristic) belong to K. Because of ZcK the following
theorem generalizes A. Huhn’s similar resuit for Abelian group reducts (cf. [1]).

Theorem. Let REK, M be a module over R, A a reduct of M and ¥V the
variety generated by the algebra A. Then Con (¥)#= % implies Con (¥)YC 4.

Proof. We first describe the necessary Mal'cev conditions. Let r=2 and
s=2 be integers, P a set of maps

PC {nln: {L2,..,s}~{,2, .., s}},

and  HCS{L,2,..,r}XPx{l,2,...,r}. The following condition *“There exist
s-ary idempotent polynomials f, f3, ..., f, such that the identities f;(xq, Xs, ..., X)=x;
(for i=1,2) and f(Xray Xrzys +++» Xns) =Fd(Xnqiys Xngzyy -5 Xugsy) (for all (¢, m, )€ H)
hold” will be called a linear Mal’cev condition (corresponding to r,s, H). By
R. Wille’s theorem [6], linear Mal’cev conditions U,, (t=2,3,...,v=2,3,..)
can be given for an arbitrary lattice identity 4 such that the following two conditions
are equivalent for any variety ¥".
(i) A holds in Con (¥7);
(ii) For any integer r=2 there exists an integer v=2 such that U,, is satisfied
in ¥.
Returning to the proof, let C be the full idempotent clone of 4 (consisting of all
idempotent A-polynomials). Let B=(D, C) where D is the support of A4 (that
is, the support of M). Denote by #~ the variety generated by the algebra B. The
_same linear Mal’cev conditions are satisfied in 4, B,¥" and #". So we obtain
Con (¥)=Con (#°) from Wille’s theorem mentioned above. We can assume that

() the annihilator ideal I/ of M consists only of the zero element of R
(otherwise M can be regarded as a module over R/I€K). Let E be the subring
of R generated by 1.

If Cly (E)SC, then we obtain Con (#)ECon (HSP{M+)S# from
Wille’s theorem. (M*+=(D, {+, —,0}) means the additive group of M. So
Cly(E) is the full idempotent clone of M +.)

Now it is sufficient to show that ClL,(E)EC implies Con (#)=%. From
Szendrei’s theorem we obtain that Cl,(E)& Cly,(S)2C for a suitable subring
S of R. Clearly 1¢S. We show that
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(* %) If a linear Mal’cev condition holds in #” (and so in B), then it holds in
each variety.
Let U be a linear Mal’cev condition corresponding to r, s, H which is satisfied by
the polynomials £, /;, ...,f. in B. It follows from (%) that the f; (i=1,2,...,r)
can be uniquely written in the form

SiX1s Xoy ooy X)) = Py X+ Xt o 1 X

where ry, ..., 1 €R. Here ry+ry+...+r,=14¢S and f,€CSCl,(S). Thus all
coefficients of f; but exactly one belong to S. Let r,.jief § for i=1,2,...,r. Let
(¢, n,d)¢ H and denote by # the equivalence relation induced by = (that is,
n=m (®) iff n(n)=n(m)). The identity

.fc(xrt(l) ’ xn(Z) RS xn(s)) = f;i(xn(l) ’ xn(2) PR xn(s))
holds in B, thus for each block g of # 2 r,;= 2’ Fg;-

ice

Now j ¢ g iff 2’ r;€ S iff Z’ ru€ S iff ji¢o. Therefore Je=Jjs (f). Consequently
the linear Mal’cev condltlon U is satisfied in every variety by the projections
Ji(x1, Xay - ey xs)—xij‘ (i=1,2,...,r), which proves (% x).

Let % be the variety of sets, then Con (#)=<. (By P. M. Whitman’s
theorem [5], every lattice is embeddable into an equivalence lattice.) Hence (x %)
and Wille’s theorem imply Con (#7)=.%, which was to be proved.

The author is grateful to A.P. Huhn for a helpful suggestion.
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