SLIM SEMIMODULAR LATTICES. I. A VISUAL APPROACH

GABOR CZEDLI AND E. TAMAS SCHMIDT

ABSTRACT. A finite lattice L is called slim if no three join-irreducible ele-
ments of L form an antichain. Slim lattices are planar. After exploring some
elementary properties of slim lattices and slim semimodular lattices, we give
two visual structure theorems for slim semimodular lattices.

1. INTRODUCTION

By a slim lattice we mean a finite lattice M such that J(M), the poset (partially
ordered set) of its non-zero join-irreducible elements, contains no three-element
antichain. By R.P. Dilworth [4], a finite lattice M is slim iff J(M) is the union of
two chains. By Lemma 6 of [3], slim lattices are planar. So they are relatively easy
objects to understand.

A lattice L is called (upper) semimodular, if bV ¢ covers or equals a V ¢ for all
a,b,c € L with a < b. Because of their links to combinatorics and geometry, the
study of these lattices is an important branch of Lattice Theory; see M. Stern [11]
for a survey. See also [1] and [2] for recent developments.

Semimodular lattices have recently proved to be useful in strengthening a clas-
sical group theoretical result, namely, the Jordan-Hd&lder theorem. G. Gréitzer and
J.B. Nation [9] proved that given two composition series of a group, there is a
matching between their factors such that the corresponding factors are isomorphic
for a very specific reason: they are related by the composite of a down-perspectivity
with an up-perspectivity. In [3], this matching is shown to be unique. The main
role in [3] is played by slim semimodular lattices (introduced in G. Grétzer and
E. Knapp [6]), due to the fact that any two finite maximal chains of a semimodular
lattice generate a join-subsemilattice that is a slim semimodular lattice.

As it has been pointed out by G. Gratzer and E. Knapp [6] (see Proposition 9
below), planar semimodular lattices can easily be obtained from slim ones. This way
slim semimodular lattices play an important role in a series of papers by G. Grétzer
and E. Knapp [6]-[8] on the Congruence Lattice Representation problem.

These developments motivate a deeper study of slim semimodular lattices. Our
main results, the twin Theorems 11 and 12, are constructive visual structure theo-
rems of these lattices. While it seems to be difficult to provide many examples of
small (and, preferably, planar) semimodular lattices when one is getting acquainted
with Lattice Theory, this should not be a problem using Theorems 11 and 12. Some
easy results on slim lattices and planar lattices are also surveyed or proved.
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All lattices in this paper are assumed to be finite. We will rely, sometimes only
implicitly, on the rigorous study of planar lattices by D. Kelly and I. Rival [10].

2. DEFINITIONS AND ELEMENTARY FACTS

A finite lattice L is planar if it has a planar diagram, that is a diagram in
which the edges intersect can only have their endpoints in common. A planar
lattice is finite by definition. The edges of a planar diagram divide the plane into
regions. The minimal regions are called cells, exemplified by the five-element non-
distributive lattices: Ny has only one cell while M3 has two. Note that a planar
lattice has no cell iff it is a chain.

Lis a4-cell lattice (see G. Grétzer and E. Knapp [6]) if it is planar and each cell is
formed by exactly four edges. Then for each cell there are elements a,b € L, called
the left corner and the right corner of the cell, such that the cell is surrounded
by its lower edges a ANb < a and a Ab < b and its upper edges a < a V b and
b < aVb, and a is to the left of b. The elements a A b and a V b are called the
bottom and the top of the cell, respectively. If 1 < y; and z9 < yo are edges of
a 4-cell such that {z1,y1} N {z2,y2} = 0, then these two edges are called opposite
edges of the 4-cell. By a covering square we mean a subset {a A b,a,b,aV b} such
that aAb<a,aANb<b,a<aVb and b < aVb. Note that 4-cells are covering
squares but, as it is exemplified by Ms, not conversely. For a € L, the principal
ideal [0,a] = {x € L : x < a} and the principal filter [a, 1] will be denoted by |a
and Ta, respectively.

The left boundary and the right boundary of L are denoted by Bies (L) and
Biight (L), respectively. Their meaning should be clear, or see D. Kelly and I. Ri-
val [10] for a rigorous technical definition. Note that Bieg (L) and Biigne(L) are
maximal chains in L. The common name for Bieg(L) and Bright (L) is boundary
chain. The union B(L) := Biet: (L) U Byignt (L) of the boundary chains is the bound-
ary of L.

Proposition 1 ([3] and, mainly, G. Grétzer and E. Knapp [6]). For every finite
lattice L, the following five conditions are equivalent:

(i) L is a slim semimodular lattice;

(ii) L is a slim semimodular 4-cell lattice;

(iii) L is a planar semimodular lattice without cover-preserving Ms-sublattices;

(iv) L is a planar semimodular lattice in which 4-cells and covering squares are
the same.

(v) L is a 4-cell lattice in which no two distinct 4-cells have the same bottom.

Proof. The equivalence of the first four conditions is stated in Lemma 7 of [3], whose
proof heavily relies on G. Grétzer and E. Knapp [6]. Note that third condition is
clearly equivalent with the definition of a slim semimodular lattice given in [6].
The first four conditions imply the fifth one by Lemma 7 of [6].
Assume the fifth condition. Then L is semimodular by Lemma 5 of [6]. If L had
a cover-preserving Ms, then it would clearly have two distinct 4-cells with the same
bottom. Hence the third condition follows. g

Semimodularity is not assumed in the next seven statements.
Lemma 2. FEach element of a slim lattice L has at most two covers.

For a slim semimodular lattice, this is Lemma 6 of G. Grétzer and E. Knapp [8].
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Proof of Lemma 2. Assume that u € L is covered by three distinct elements, vy,
vg, and v3. Then we can choose an element p; € (J(L) N lvi) \ Ju, for i € {1,2,3}.
Since v; = uV p;, we conclude that {p1, p2, p3} is a three-element antichain in J(L),
a contradiction. O

Let us recall the following lemma.

Lemma 3 (Lemma 1.2 of D. Kelly and I. Rival [10]). Let z <y in a planar lattice
L. If x and y are on different sides of a maximal chain C in L, then there is a
z € C such that x < z < y.

We will also need the following lemma.

Lemma 4. If L is a planar lattice, a and b belong to the same boundary chain of L
and a < b, then either a is meet-irreducible or b is join-irreducible.

Proof. Suppose the contrary, and let a,b € Bieg (L) with a < b. Then there are
elements a’ and b’ in L such that a < b' || band b > @' || a. Let A = |a N Biegt (L)
and B = Ta N Bieg (L); they are chains. Extend {a, b’} to a maximal chain C of Ta.
The maximal chains B and C of Ta surround a region R of L. By Lemma 1.3 of
D. Kelly and I. Rival [10], a is the least element of R. Hence a’ ¢ R, whence b and
a’ are on different sides of the maximal chain AU C. Lemma 3 yields an element
x € AUC such that = € [@/,b] = {a,b}. This is a contradiction, because a’ ¢ AUC
andb¢g AUC. O

Proposition 5 (Lemmas 5 and 6 in [3]).

(i) Slim lattices are planar.

(i) Let E={0=e <e1 <+ <eptand F={0= fo < fr < -+ < fum} be
non-empty chains of a finite lattice L such that J(L) C EUF. Then L has a
planar diagram such that Bieg (L) = E U Tep, and Bright(L) = F U T f.

(iii) If e is a maximal element of J(L), then Te is a chain and Te C B(L).

Let us call a finite lattice L linearly indecomposable if for each x € L\{0, 1} there
isay € Lsuch that x and y are incomparable. It follows easily from Lemma 1.3 of D.
Kelly and I. Rival [10] that an arbitrary planar lattice L is linearly indecomposable
iff Biest (L) n Bright (L) = {0, 1}.

Lemma 6. If L is a slim lattice, then, for every planar diagram, J(L) C B(L).

Proof. By way of contradiction, we assume that p € J(L) \ B(L). Let ¢ stand for
the unique lower cover of p. Let u be the greatest element of |p N Bies (L), and let
u™ stand for its upper cover in Bjeg (L). Similarly, v denotes the greatest element
of |p N Brignt(L), and let vt € Byigne(L) such that v < v*. Since u™ £ p and
p # u € Biegt (L), the equation uw = u™ A p shows that u is meet-reducible. Hence
Lemma 4 yields that u™ € J(L), and v € J(L) follows similarly.

If we had p < u™, then u < ¢ < p < u™ would contradict u < u™. Hence p || u™,
and the same reasoning yields that p || v*. Since L is slim, {p,u™,v"} is not a
three-element antichain. So we conclude that either u™ = v or, say, ™ < vT.
If wt = vT, then L is linearly decomposable at u*, and u™ )/ p is a contradiction.
If u™ < v™, then the join-irreducibility of v gives that u™ < v < p, a contradiction
again. O
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C L

FIGURE 1. A contour C and a slim lattice L

Lemma 7. Let L be a slim lattice. Then B(L) is uniquely determined. If, in addi-
tion, L is linearly indecomposable, then the boundary chains of L are also uniquely
determined.

Proof. If ¢ € L is comparable with any other element of L, then ¢ belongs to all
boundary chains, since they are maximal chains. Thus, we can assume that L is
linearly indecomposable and |L| > 3.

Since L is linearly indecomposable, it has exactly two atoms by Lemma 2. Let a;
and b; be these atoms. They must belong to different boundary chains. Now we
have a choice: let, say, a1 belong to Bies(L). We intend to show that no more
choice remains and

Bleft(L):{0<a1 <ag <---< 1}7

Bright(L):{0<b1 <by<---=<1}

are uniquely defined. (Note that these boundary chains may be of different length.)

We prove by induction on k that, say, ax is uniquely determined. Assume that
k > 1 and aj_1 is uniquely determined. If aj_1 is meet-irreducible, then it has a
unique cover y. Since Bieg (L) is a maximal chain, ay = y.

Next, assume that ax_1 is meet-reducible. Then it has exactly two covers, x and
y by Lemma 2. We know from Proposition 1 that L is planar, so there is a left
boundary chain and it contains x or y. Invoking Lemma 4 we infer that x or y is
join-irreducible. If both z and y are join-irreducible, then they are on the boundary
by Lemma 6, but they belong to different boundary chains, because = || y. Their
unique lower cover, the common aj_1, belongs to both boundary chains. Hence L
is linearly decomposable at ai_1, a contradiction. Consequently, exactly one of the
elements x and y is join-irreducible. This element is a; by Lemma 6. g

The boundary B(L) of a planar lattice L is a poset. Note that B(L) is a (planar)
lattice, but not a sublattice of L, in general. By a contour we mean a fixed planar
diagram of a planar lattice M such that M = B(M). For a planar lattice L, we say
that the contour of L is arbitrary, if L has the following property:

for each contour C that is order-isomorphic to the boundary of L in some
planar diagram, L has a planar diagram in which B(L) is congruent to C
in the Euclidean metric.

Let us say that L satisfies the Jordan-Holder chain condition if all of its maximal
chains have the same length. It is well-known that finite semimodular lattices satisfy
this condition. This allows us to define the height h(z) of an element in a finite
semimodular lattice: it is the length of any maximal chain of [0, z].
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While C and L in Figure 1 indicate that the contour of a planar lattice is not
arbitrary, in general, we have the following statement.

Proposition 8. Let L be a planar lattice satisfying the Jordan-Hdélder chain con-
dition. Then the contour of L is arbitrary.

Proof. We prove the statement by induction on |L|. We can assume that |L| > 4,
L is linearly indecomposable, and the statement holds for all lattices with less than
|L| elements. Consider a planar diagram of L, and let C be an arbitrary contour
that is order isomorphic with B(L); let ¢ : B(L) — C be an order-isomorphism.
By Theorem 2.5 of D. Kelly and I. Rival [10], we can choose a doubly irreducible
element b € L such that b € Biegt (L). Since Biegt (L) is a maximal chain, the unique
lower cover a and the unique upper cover ¢ of b belong to Bie:(L). By the chain
condition and the assumption on linear indecomposability, the cell containing a, b, c
is a 4-cell with left corner b. Let d denote the right corner of this cell. Removing
b from the diagram, we get a planar diagram of the sublattice L’ = L\ {b} such
that a,d,c € Biegt(L'). If d ¢ Brighe(L), then we obtain a new contour C’ from
C by moving ¢(b) slightly, horizontally towards the interior of the polygon C and
keeping other vertices unchanged. If d € Biyigne(L), then, to obtain C’, we move
©(b) to p(d). By the induction hypothesis, L’ has a diagram whose boundary is
congruent with C’. Clearly, if we put ¢(b) back to C’, we get a planar diagram of L
whose boundary is congruent with C. g

Let L be a planar semimodular lattice, and let C4(L) be the collection of all
4-cells of L (with respect to a fixed planar diagram). For each 4-cell S, we insert
ng > 0 new elements cg 1,...,cs ng, called “eyes”, into the interior of S such that
Os < csi < 1g for i = 1,...,ng. This way we obtain a new lattice, which is
called an anti-slimming of L. If n = 25604(L) ng, then we speak of an n-step
anti-slimming. This terminology is motivated by G. Gratzer and E. Knapp [6].
For example, M3 is a 1-step anti-slimming of the four-element Boolean lattice—
which is slim.

Proposition 9 (G. Gritzer and E. Knapp [6]). Fvery anti-slimming of a pla-
nar semimodular lattice is a planar semimodular lattice. Conversely, every planar
semimodular lattice is an anti-slimming of a slim semimodular lattice.

This statement shows that, in a sense, the description of planar semimodular
lattices reduces to that of slim semimodular lattices. The rest of the paper deals
only with slim semimodular lattices.

3. FORKS, CORNERS, AND VISUAL CONSTRUCTIONS

Let d be a doubly irreducible element of a slim semimodular lattice L. Then d
is on a boundary chain of L by Lemma 6. Clearly, the unique lower cover d~ and
the unique upper cover d* of d belong to the same boundary chain. If d~ is meet-
reducible and d* is join-reducible, then the doubly irreducible element d is called
a weak corner of L. It is clear by Lemma 2 that d~ has exactly two upper covers,
provided that d is a weak corner. This motivates the following definition: by a
corner of L we mean a weak corner d such that d' has exactly two lower covers.
For example, the grey-filled element d of Lo is a weak corner of Ly in Figure 2, while
the black-filled element is a corner of Ls. (It will be evident by Proposition 10 or
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L ¢ Ly L3

FIGURE 2. Weak corner and corner

Theorem 11 that the lattices in Figures 2, 3, 5, 6 and 7 are semimodular, but we
do not need this fact now.)

A corner or a weak corner can be removed and a sublattice remains. The reverse
procedure will be called adding a weak corner and adding a corner, respectively.
More exactly, if L is a slim semimodular lattice, a < b < ¢ are elements of one of its
boundary chains and a is meet-irreducible, then we can add a new element d to L
such that a < d < ¢; we say that the lattice L U{d} is obtained from L by adding a
weak corner. If, in addition, ¢ € J(L), then we say that L U {d} is obtained from L
by adding a corner. For example, Lo in Figure 2 is obtained from L; by adding a
weak corner, while L3 is is obtained from Lo by adding a corner.

Proposition 10.

(i) If we add a weak corner (or, in particular, a corner) to a slim semimodular
lattice, then we obtain a slim semimodular lattice.
(ii) If we remove a weak corner (or, in particular, a corner) from a slim semi-
modular lattice, then we obtain a slim semimodular lattice.
(iii) Each slim semimodular lattice can be obtained from a chain by adding weak
corners, one by one, in a finite number of steps.

Proof. Clearly, if L’ is obtained from a 4-cell lattice L by adding a weak corner,
then L’ is again a 4-cell lattice. If L has no two distinct 4-cells with a common
bottom, then neither has L’. Hence the first part of the statement follows from
Proposition 1.

The second part follows analogously.

To prove the third part by induction on the size, let L be a slim semimodular
lattice. We know that L is planar, and we can assume that it is not a chain.
By Theorem 2.5 of D. Kelly and I. Rival [10], L has a doubly irreducible element
d € Biight(L) \ {0,1}. We can assume that d ¢ Bies (L), because otherwise L
would be linearly decomposable at d and the induction hypothesis would apply
to |d and Td. Clearly, d belongs to a unique 4-cell, which is a covering square
S={a=bAd,b,d,c=bVd}. Removing d from L means that S is removed from
the set of 4-cells. Hence

(1) K = L\ {d} is a slim semimodular lattice

by Proposition 1. By the induction hypothesis, K can be obtained from a chain
by adding weak corners finitely many times. One of the upper covers of a, namely
d, is removed, whence d is a meet-irreducible element in K by Lemma 2. So, L is
obtained from K by adding a weak corner. O
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S7 So
4
w1 wo
V1 V2

FIGURE 3. The lattice S; (on the left) and Sy (on the right)

w w
z — z
Y
x X

FI1GURE 4. The downward-going procedure

Usually, adding a corner results in a more aesthetic diagram than adding a weak
corner, see Figure 2. Unfortunately, we cannot drop “weak” from Proposition 10.
Indeed, the lattice S7 depicted in Figure 3, which has a crucial role in this paper,
cannot be obtained from a chain by adding corners. Figure 3 shows the notation
for its elements. The only meet-irreducible but join-reducible element of S; will be
called the middle element of S7, denoted by s. The lower covers of s are denoted by
v1 and ve. The upper cover of s is the top of this S7, it is denoted by ¢. The double
irreducible cover of v; is denoted by w;.

We are now in the position of giving one of the crucial definitions. Let S be a
4-cell of a slim semimodular lattice L. Then S is a covering square {a = by A ba,
b1, ba, ¢ = by V ba}. We change L to a new lattice L’ as follows.

Firstly, we replace S by a copy of S;. This way we get three new 4-cells instead
of S.

Secondly, as long as there is a chain u < v < w such that v is a new element and
T={x=uAz 2z u, w=zVu}is a 4-cell in the original lattice L but z < z at
the present stage, see Figure 4, we insert a new element y such that x < y < z and
y < v. (This way we get two 4-cells to replace the cell T.) When this “downward-
going” procedure terminates, we obtain L’. The collection of all new elements,
which is a poset, will be called a fork. We say that L’ is obtained from L by adding
a fork to L (at the 4-cell S), see Figure 5 for an illustration. Adding forks to L
means to add several forks to L one by one.

Theorem 11. Each slim semimodular lattice can be obtained from a chain by using
the following two operations

(i) adding a fork

(ii) adding a corner
finitely many times. Moreover, the class of slim semimodular lattices is closed with
respect to these operations.

Notice that neither of the two operations can be omitted from Theorem 11.
For example, Sg in Figure 3 cannot be obtained from a distributive lattice by
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F1cUre 5. Adding a fork to L

adding fork(s). Similarly, S7 cannot be obtained from a distributive lattice by
adding corner(s).

A slim lattice L is called a rectangular lattice, if J(L) is the union of two disjoint
chains C' and D such that every element of C' is incomparable with all elements of
D. Note that rectangular lattices are at least four-element. Although the definition
of rectangular lattices given by G. Gritzer and E. Knapp [7] is different from ours,
for slim lattices the two definitions are equivalent. The advantage of starting from
a rectangular slim lattice is that rectangular lattices can be depicted in a very
aesthetic “rectangular” way; see several figures in [7] or see the lattice on the right-
hand side of Figure 7. A chain with more than one element is called a nontrivial
chain.

Theorem 12. Let L be a slim semimodular lattice consisting of at least three
elements. Then L can be obtained from the direct product of two nontrivial finite
chains such that

(i) first we add finitely many forks one by one,
(ii) and then we remove corners, one by one, finitely many times.

4. PROOFS AND FURTHER LEMMAS

The proofs of Theorems 11 and 12 require some lemmas. Two lower covers of
an element are called neighboring if one of them is immediately to the right of the
other one in a fixed planar diagram.

Lemma 13. Let x and y be two neighboring lower covers of z in a 4-cell lattice.
Then {x ANy, x,y, 2z} is a 4-cell.

Although this lemma looks quite evident visually, we give a formal rigorous proof
in the style of D. Kelly and I. Rival [10].

Proof. Let b := x /Ay, and assume that y is on the right of . Let D be the rightmost
chain between b and x. That is, we consider the interval [b, ], which is a region
by Lemma 1.5 of D. Kelly and I. Rival [10], and D is the right boundary of this
interval. Similarly, let E be the leftmost chain between b and y. Choose maximal
chains D’ and E’ such that D’ D DU {z} and E' O E U {z}. By the definition of
ameet, DNE = {b} = EN |z. This together with Lemma 3 easily implies that
every element of D\ {b} is on the left-hand side of E’. Similarly, every element of
E\ {b} is on the right-hand side of D’. Hence D U {z} and E U {z} are the left
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b=1>01 Aby
FI1GURE 6. Constructing an S7 in the proof of Lemma 15

and right boundary chains of a region 7', respectively, and the intersection of these
boundary chains of T is {b, z}.

We now suppose, by way of contradiction, that there is an element u in the
interior of T'. Since b and z are the least and the greatest elements of T' by Lemma
1.3 of D. Kelly and I. Rival [10], we know that b < u < z. Observe that u £ z,
because otherwise taking a maximal chain from b to u inside 7' and continuing it
from u to x inside T' we would get a new maximal chain from b to  on the right of
D, a contradiction. Similarly, u < y. Therefore, if we take a maximal chain from u
to z inside T', then the last but one element of this chain is a lower cover of z strictly
on the right of x and strictly on the left of y. This contradicts the assumption that
y is an immediate right neighbor of . Therefore, T is a cell. Hence it is a 4-cell,
because L is a 4-cell lattice. g

Lemma 14. Let L be a slim semimodular lattice. Let t be an element of L such
that t has at least three lower covers, and suppose that t is minimal with respect to
this property. Then t is the top of a cover-preserving S7 sublattice.

Proof. Since L is planar by Proposition 1, we fix a planar diagram of L. Let
x1, T9, x3 be three neighboring lower covers of ¢ such that z;11 is immediately to
the right of z;, for ¢ = 1,2. Lemma 13 gives us two 4-cells, Q1 = {b1, x1, z2,t} and
Q2 = {bs, x2,x3,t}, see Figure 6. The Jordan-Holder condition gives h(t) — 1 =
h(z1) = h(xz2) = h(zs) = h(b1) + 1 = h(bs) + 1. So, if we had b1 < z3, then 1,
9 and x3 would be three distinct covers of by, which would contradict Lemma, 2.
Hence by £ x3 and b £ x1. In particular, by # bs. Since ¢t was minimal with more
than two lower covers, b1 and by are the only lower covers of zo. Let b = by A bs.
Lemma 13 yields that Q3 := {b, b1, by, 22} is a covering square.

Finally, knowing that 1, @2, and Q)3 are covering squares, it is routine to check
that {b, b1, ba, x1, x2, 23, t} is a cover-preserving Sy sublattice of L. O

Lemma 15. Let L be a slim semimodular lattice. Then L is distributive if and
only if S7 is not a cover-preserving sublattice of L.

Proof. The “only if” part trivially follows from the fact that S7 is non-distributive.

Conversely, assume that L is a slim semimodular non-distributive lattice. We
know from Lemma 3 of G. Grétzer and E. Knapp [6] that L is not modular. But
L is semimodular, so Corollary 1V.2.3 of G. Grétzer [5] implies that L is not du-
ally (=lower) semimodular. There exist two distinct 4-cells with the same top,
because otherwise L would be dually semimodular by the dual of Proposition 1.
Consequently, there is an element ¢t € L with at least three lower covers. Hence
Lemma 14 applies. O
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The elements of F'* (strong fork): @
The elements of F' (weak fork): @ and @

FIGURE 7. Weak and strong forks

Lemma 16. FEwery slim distributive lattice is dually slim.

Proof. Lemma 14 together with distributivity imply that no element has three or
more lower covers. Hence no two distinct 4-cells have the same top, and the lattice
is dually slim by the dual of Proposition 1. O

In a semimodular lattice L, let s be the middle element of a cover-preserving S7
such that the top ¢ of this S7 is minimal. (Note that there can be several cover-
preserving S7 sublattices with minimal top, even with the same top.) As usual,
see Figure 3, the left and the right lower covers of s are denoted by v; and v,
respectively. Define

F =F(s):={x € L:z <s and the interval [z, s] is a chain},
F,=Fi(s):=Fnlv, (i=1,2), and
K =K(s):=L\F.

F defined above is called the weak fork determined by the middle element s. The
strong fork determined by s is defined as

F* = F*(s) :={z € F :z = s or x is meet-reducible}.

For an illustration in a slim semimodular lattice and in a slim semimodular rectan-
gular lattice, see Figure 7. Let us summarize the terminology: s determines a weak
fork or a strong fork (always with adjective), but we add a fork (without adjective)
to L. If we add finitely many forks one by one, then we speak of adding forks. For
1=1,2, let

Ff=F*nlv, ff:= /\Fi*, f; = /\FZ—.
Lemma 17. |s is a slim and dually slim distributive sublattice of L.

Proof. Since t was minimal, Lemmas 15 and 16 apply. g
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The following lemma justifies the appearance of Figure 7.

Lemma 18. For i = 1,2, F; is the chain [f;,v;] and F} is the chain [ff,v;].
Further, F is the disjoint union of Fy, Fs and {s} while F* is the disjoint union
of Fy, Fy and {s}.

Proof. If x € F1 N Fy, then vy, ve € [z, 5] shows that [z, s] is not a chain, whence
x ¢ F, a contradiction. This shows that the union Fy U F5 U {s} is a disjoint union,
and therefore the same holds for F} U Fy U {s}. Note that s has only two lower
covers: v and ve. So, if x € F\ {s}, then < vy or z < vy implies z € Fy U F5.
Hence F' C Fy U Fy U {s}, while the converse inclusion is trivial. This also yields
that F* = Fy*U Fy U {s}.

Suppose, by way of contradiction, that F} is not a chain. Then there are z,y € F}
such that z || y. Let z = 2 V y, and consider an arbitrary w € [z, z]. Since w < v;
and [w, s] C [z, s], we obtain that [w, s] is a chain and w € F;. In particular, z € F;
and there is an 2’ with © < 2’ < z such that 2’ € F;. Similarly, there is an ¢/’
with y < 9/ < z such that ¢/ € F;. Clearly, z = 2’ V ¢/. We know that neither of
z',1/, z is in |vg, because otherwise v; and vy would be two incomparable elements
in the chain, say, [z, s]. Hence the distributivity of |s, see Lemma 17, yields that
2Avg < z /A s =z, and z has three distinct lower covers: z’, ' and z A vo. Hence
Lemma 14 yields a cover-preserving S7 in |s, which contradicts the minimality of
t (or Lemmas 15 and 17). Thus, F} is a chain. So is F3, and so are their subsets
F and Fy.

Since F; is a chain, its smallest element is f;. Hence F; C [f;,v;]. Conversely,
if z € [f;, vi], then [z, s] C [fi, s] yields that [z, s] is a chain, whence z € F;. This
shows that F; = [f;, v

Finally, it suffices to prove that

(2) F; is a filter of F;.

Clearly, v;, the greatest element of F;, belongs to F;*. Suppose that x € F* \ {v;},
y € F; and x < y; we have to show that y € F}*, that is, y is meet-reducible or y = s.
We can assume that y # s. Since x is meet-reducible and [z, s] is a chain, there
isan a € L\ [z, s] such that < a. Let b = a V y; it covers y by semimodularity.
Notice that b £ s, because otherwise a < s, which is not the case. Hence y = b A s
shows that y is meet-reducible. Thus, y € F}". g

We continue to use the notation introduced right before Lemma 17.
Lemma 19. fi, fo € J(L).

Proof. Assume, by way of contradiction, that, say, f1 is join-reducible. Since |s
is distributive by Lemma 17, f; A vy < fi. Hence f; has a lower cover a < f;
such that a # fi1 A va. We know that [a, s] is not a chain, because a ¢ F. Hence
there are uy,us € [a, s] such that uy || ug. If uy is comparable with all elements of
FyU{a, s}, which is a maximal chain in [a, s], then, by the maximality of this chain,
u; € Fy U{a, s}. Therefore either u; or us is incomparable with some element of
Fy U {a, s}.

Consequently, we can choose a maximal element y € F; U {a, s} such that y
is incomparable with some element of [a, s]. Clearly, y € Fy. Let y* denote the
unique upper cover of y in F; U{s}. Choose a maximal element x € [a, s] such that
z || y. The maximality of y yields that < y™, and then the maximality of = gives
that z < y™.
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If x < z < s, then the maximality of y implies that z is comparable with all
elements of the chain [y",s] U {z}, which is a maximal chain in [z,s], so z €
[y, sJu{z}. This shows that [z, s] is a chain, whence x € F. Since F} is a chain by
Lemma 18, y € F; and z || y, we obtain that « ¢ F;. Clearly, x # s. Consequently,
x € Fy = [fo,v9]. This yields that a < z < vy. Therefore, a < f; A vy. This
together with a < f; and f; A vy < f1 imply a = f; A va, a contradiction. g

Lemma 20. K = L\ F is sublattice of L, and it is a slim semimodular lattice.
Moreover, L can be obtained from K by adding a fork and then adding |F \ F*|
corners.

Proof. Suppose a1,as € K but a1 Vas ¢ K. Then a; Vas € F, so a; and as belong
to |s, which is a distributive lattice by Lemma 17. Since F' = Fy U FyU{s}, there is
an ¢ € {1,2} such that f; < a; Vas <s. Since f; is join-irreducible by Lemma 19,
there is a j € {1,2} such that f; < a; < s. Then a; € F; U{s} C F contradicts
aj € K. This shows that K is closed with respect to joins.

Suppose, seeking a contradiction, that K is not closed with respect to meets.
Then we can choose a maximal element z such that z € F' and z is the meet of
some a,b € K. Since s is meet-irreducible, we can assume that z € Fj. Since
v1 = x Ay clearly implies s € {z,y} and s ¢ K, we can also assume that z < v;.
We know that z is meet-reducible, so it has exactly two covers by Lemma 2. One
of its covers, denoted by z*, is in the chain F;. The other cover ¢ of z is not in Fy,
because z € F and F} is a chain. Let, say a > ¢. Then b > z+, because the other
possibility would lead to z =a Ab>cAc=rc.

Let d := ¢V 27. Then 27 < d by semimodularity. We have d € K, because
otherwise z,d € F and z < ¢ < d would imply ¢ € F. We also have d £ b, because
otherwise 2 = a A b > ¢. Using the covering 2T < d and the relation 2™ < b, we
obtain z© = d A'b. Since d,b € K, this contradicts the maximality of z. Thus, K
is a sublattice of L.

The next plan is to omit the minimal element(s) of F'\ F'* one by one, and to
show that this procedure preserve semimodularity and slimness. So assume that
F* C F, and, say, fi < f{. Then, by definition and Lemma 19, f; is a doubly
irreducible element. Let f; and ffr be its unique lower cover and upper cover,
respectively. If fi was meet-irreducible, then [f; ,s] = {f; } U [f1,s] would be a
chain and f; would belong to Fy = [fi,v1], a contradiction. Hence f; is meet-
reducible. If ffr was join-irreducible, then the distributivity of |s (by Lemma 17)
would imply ffr Avg < ffr, whence f; = ffr Avg < w9 < 8, 80 v1, 02 € [f1,s] would
contradict the fact that [f1,s] is a chain. Hence ffr is join-reducible, and fi is a
weak corner. In fact, for i =1, 2,

(3) fi is a corner of L, provided f; < f7,

by Lemma 17 and the dual of Lemma 2.

Let ¢ denote the upper cover of f; distinct from fi; note that ¢ < ffr. Since the
distributivity of |s gives ffr ANvy < ffr , f1 £ v2 and ffr has only two lower covers,
we conclude that ¢ = ffr ANvy < wg. Let L' := L\ {f1}; it is a slim semimodular
lattice by Proposition 10. Since ¢, the only lower cover of ffr in L', is below vs, the
weak fork determined by s in L' is F'\ {f1} but the strong fork determined by s
remains the same. Repeating this procedure in |F'\ F™*| steps we arrive at a slim
semimodular sublattice of L in which the weak fork and the strong fork determined
by s are the same.
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Therefore, by changing the notation if necessary, we can assume that
F=F"

We claim that K = L\ F = L\ F* is a slim semimodular lattice and, in addition,
L can be obtained from K by adding a fork.

We start from Fy = Fy' = {ff =2 < -+ < z, = v1}, where n € N; see Figure 7
with n = 3. Define z; = z; A va. Since vo < s, the distributivity of |s yields that
x; < z; and ; < 41, that is, T; := {a;, 2, Xiq1, 2i+1} 1S a covering square for
1 <¢ < n. By Lemma 2, f{ = z; has a unique upper cover y; outside F}". Define
yi = 2z; V1 for 1 < i < n. Although the y; are not in |s, the semimodularity of
L yields that P; := {z;, yi, Zi+1, Yi+1} iS a covering square for 1 < ¢ < n. Covering
squares of L are 4-cells.

Clearly, when we delete the elements of Fy, then, for each i € {1,...,n}, two
4-cells, T; and P;, are replaced by a single 4-cell, {x;, yi, Zi1+1,¥i+1}. The same
happens when we delete the elements of Fy. Finally, when we delete the middle
element s, then we get a single 4-cell instead of three old ones. This shows that L\ F™*
remains a 4-cell lattice. The bottom of each new 4-cell is the bottom of some old
4-cell. Thus, no two distinct 4-cells of K have the same bottom, and Proposition 1
implies that K is a slim semimodular lattice. Finally, the consideration above
shows that L can be obtained from K by adding back the (strong) fork we have
just deleted. O

Proof of Theorem 11. By Proposition 10, the class &gy, of all slim semimodular
lattices is closed with respect to adding a corner. When we add a fork, then all the
new cells are 4-cells, no two new cells have the same bottom, and if a new cell has
the same bottom as an old one, then the old cell is deleted. Hence Proposition 1
implies that Ggy, is closed with respect to adding a fork.

We have to prove that each L € &g, can be obtained from a chain by the
two permitted operations. We prove this by induction on |L|. We can assume that
|L| > 3 and the statement holds for every slim semimodular lattice with size smaller
than |L|.

If L happens to be distributive, then Theorem 2.5 of D. Kelly and I. Rival [10]
allows us to choose a doubly irreducible element d € Byignt(L) \ {0,1}. Lemma 2
together with its dual and Lemma 16 yield that d is a corner of L. Consider the
sublattice K = L\ {d}. It is a slim semimodular (in fact, distributive) lattice
by (1). So, the induction hypothesis yields that K can be obtained by the two
permitted operations. The same holds for L, because L is obtained from K by
adding a corner.

Thus, we can assume that L is not distributive. By Lemma 15, we can choose
a cover-preserving S7 sublattice with minimal top. This determines a weak fork
F, see right before Lemma 17. Then K = L\ F is a slim semimodular lattice by
Proposition 20. So, the induction hypothesis implies that K can be obtained from a
chain by the two permitted operations. The same holds for L by Proposition 20. [

The proof of Theorem 12 is divided into the following two lemmas, both also of
separate interest.

Lemma 21. Let L be a slim semimodular lattice consisting of at least three el-
ements. Then L can be obtained from a rectangular slim semimodular lattice by
removing a corner finitely many times.
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Proof. Let Ly be a slim semimodular lattice of length n > 2, that is, of size at least
3. If we add corners to Ly, each after each, then we obtain a slim semimodular lattice
L of the same length by Theorem 11. However, Lemma 6 yields that |L]| < 227,
Hence the procedure of adding new and new corners terminates in a finite number
of steps. So we can assume that L is a slim semimodular lattice such that no corner
can be added to L; we have to show that L is rectangular.

Let ¢; and d; be the largest element of Bies (L) N J(L) and Byigns (L) N J(L),
respectively. Define C' = Biege (L) N [¢1 and D = Birighe (L) N | d.

We claim that J(L) = (CUD)\{0}. Lemma 6 implies that J(L) C (CUD)\{0}.
Assume, by way of contradiction, that the converse inclusion fails. Then some
element of, say, C' \ {0} is join-reducible; let = be the largest such element. Let
7 € By (L) and 2™ € Biegs (L) be the lower cover and the upper cover of z on the
left boundary, respectively. Then T € J(L) by the maximality of z, and Lemma 4
yields that x~ is meet-irreducible. Hence we can add a corner d to L such that
z~ <d < z™, a contradiction. This shows that J(L) = (C U D) \ {0}.

Clearly, L is not a chain, because otherwise a corner could be added to it.
Therefore, C # D.

Assume, seeking a contradiction, that CND # {0}. Ifz <y e CND and z € C,
then x € C'N D, because otherwise y would not be join-irreducible. Therefore,
there is an atom a € C N D. Since a belongs to both boundary chains, a is the only
atom in L. Hence 0 is meet-irreducible. Let a™ be the unique cover of a in C. It
is join-irreducible, because a is the only atom. Hence we can add a corner d to L
such that 0 < d < a*, a contradiction. This shows that C'N D = {0}.

Next, by way of contradiction, we suppose that L is not rectangular. Then, up
to C-D symmetry, there is a minimal y € D such that (C'\ {0}) N ]y # 0. Let
x € (C\ {0})N ly. Since y is not an atom, it has a unique lower cover y~ € D.
Since x £ y~, we have y = x V y~, which contradicts y € D C J(L). Consequently,
L is rectangular. O

Lemma 22. Fach rectangular slim semimodular lattice L can be obtained from the
direct product of two nontrivial chains by adding forks finitely many times.

Proof. We prove the lemma by induction on L. If there is no cover-preserving
S7 sublattice in L, then L is distributive by Lemma 15. Moreover, since J(L)
determines L in this case, L is the direct product of two chains and there is nothing
to do.

Next, we assume that L contains a cover-preserving S7 sublattice. Choose one
with minimal top ¢, see Figure 7. Besides the notation of Figure 3, the bottom
element of this S7 is denoted by b. Let C' = Bies, (L)NJ(L) and D = Bright (L)NJ(L).
Observe that

(4) C U {0} and D U {0} are ideals in L.

Indeed, if c € C, z < ¢, and = ¢ C U {0}, then d < z for some d € D and d < ¢
would contradict the rectangularity of L. Hence C U {0} is an ideal, and so is
D u{o0}.

For x € L, let ¢; and d, denote the largest element of (C' U {0}) N |2 and
(DU {0}) N |, respectively. Note that the mappings pc: L — C U {0}, 2 — ¢,
and ¢p: L — DU {0},  — d, are order-preserving. Further, x = ¢, V d.
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Let ¢ and r be distinct upper covers of an arbitrary element a € L, and let
b=qVr. Then {a,q,r, b} is a covering square, and we assert that

(5) Ca < ¢p and dg < dp.

Indeed, let ¢ and d} be the (unique) covers of ¢, and d, in C and D, respectively.
They exist, because otherwise a could not have two distinct covers. We infer from
semimodularity that ¢ Vv d, and ¢, V dJ are covers of a = ¢, V d,, and clearly they
are the only covers of a. Hence, up to ¢-r symmetry, ¢ = ¢} Vd, and r = ¢, V d.
This gives b = q V r = ¢ Vd}, implying (5).

Let X be a maximal chain that includes {b, vy, s}. Then ¢, like any element of
Biegt (L), is on the left of X and vs is on the right of X. If we had ¢; < vg, then
Lemma 3 and v; || v2 would imply ¢5 < v A vg = b, whence ¢; < ¢, although (5)
applied to {b, v, va, s} gives ¢, < ¢5. Therefore, ¢s £ vy. However, ¢; < s and s
has only two lower covers, v; and v2, whence ¢; < v;. This implies that ¢s < ¢, .
The reverse inequality also holds, because ¢¢ is order-preserving. Hence c; = ¢y, .
So, applying (5) to the covering squares {b, v1, v2, s} and {v1, w1, s,t}, see Figure 7,
and using C-D symmetry, we conclude that

(6) cp < €5 =y, < cp and dp < ds = dy, < dy.

The minimality of ¢ together with Lemma 15 yield that | s is a distributive lattice.
Since bAcs € C by (4), we get that bAces < ¢p. The reverse inequality is evident, so
we get that bAcs = ¢p. On the other hand, ¢; = ¢,,; < vy, b < v; and ¢; £ b by (6).
Therefore, bV ¢s = v1. So, the distributivity of |s yields that ¢, < ¢s5. By (6), there
are a unique ¢ € C' and a unique d € D such that cs < ¢ < ¢ and dg < d < d;.
Taking the C-D symmetry into account, (6) strengthens to

(7) cb<cvl:cs<6§ctanddb<dU2:ds<d§dt.

Since L is rectangular, we know that ¢ || d for all ¢ € C' and d € D. Hence we
easily obtain that [cs, s] and [cg, 5] are chains. This means that ¢; and ds belong
to the weak fork F = F(s). Since ¢s € J(L), its only lower cover is ¢,. From
v1,v2 € [cp,s] we infer that ¢, ¢ F. Hence ¢; = fi, the least element of F;.
Since s A ¢ = ¢, indicates that ¢y is meet-reducible, ¢; = f1 = f7 by (2). Similarly,
ds = fo = f5. Therefore, F' coincides with the strong fork F™*. Thus, by Lemma 20,
L can be obtained from the slim semimodular lattice K = L\ F* by adding a fork.

Finally, we claim that

(®) J(K) = J(L) \{cs, ds}-

This will clearly imply that K is rectangular, whence the induction hypothesis
applies to it. To prove (8), it suffices to show that, for all x € K, ¢, # ¢ and
dy # ds. Suppose the contrary. Then, say, ¢, = ¢ for some x € K. Let y :=xz A s
and z := y V ¢é. Observe that y # s, because otherwise s < x would lead to t < z,
yielding ¢; < ¢, = ¢5, contradicting (7). Hence y € [cs,v1] = [f1,v1] = Fi, and y
has a unique cover y* in the chain F; U {s} = [cs, s]. On the other hand, ¢ £ v,
because otherwise é < ¢, < ¢, = ¢; would contradict (7) again. Hence y < z by
semimodularity. Note that ¢ £ s implies that z £ s. Hence z and y* are distinct,
so they are the only covers of y by Lemma 2. Clearly, y < x follows from y < z,
x € K, and y € F. Consequently, one of the two covers of y is less than or equal
to . However, y* < x would lead to y©™ <z A s =y <y, a contradiction. The
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other possibility, z < x, would lead to ¢ < ¢, < ¢; = ¢, contradicting (7). Thus,

we have shown that ¢, # cs, while d, # ds follows by symmetry. a
Proof of Theorem 12. By Lemmas 21 and 22. O
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