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ABSTRACT. The partitions of a finite set form a so-called partition lattice.
Henrik Strietz proved that this lattice has a four-element generating set; his
paper has been followed by a dozen others. Two recent papers of the present
author indicate that small generating sets of these lattices can be applied
in cryptography. The block count of a partition is the number of its blocks.
Given a four-element set of partitions, list the block counts of its members in
increasing order. Then subtract the first (i.e., the smallest) block count from
all four to obtain the components of a four-dimensional vector. This vector and
its last component are called the block count type and the block count width,
respectively, of the given four-element set in question. There are exactly ten
block count types of width at most two. We prove that for any partition lattice
over a finite base set with at least eight elements, each of the ten block count
types of width at most two is the block count type of a four-element generating
set of the partition lattice; moreover, we give a lower bound of the number of
these generating sets.

1. INTRODUCTION

The present writing is intended to be self-contained modulo an average MSc cur-
riculum. Even though this introductory section can contain some concepts known
only by experts, the notions needed in the statements and their proofs will be
defined in due course.

Recent developments show that some lattices like partition lattices could have
applications in (the algebraic methods of) computer science and information pro-
cessing, namely, in cryptography; see [2]E| and mainly [3]. Even though [3] would
probably need further development and analysis before implementation, it is an
important constituent of our motivation.

The second part of the motivation for this paper lies in the rich literature on
the topic, which is worth continuing. By an old result of Strietz [6], finite partition
lattices with at least five elements can be generated by four of their elements. His
result has been followed by more than half a dozen papers devoted to four-element
generating sets of partition lattices and also by half a dozen papers devoted to the
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closely related topic of four-element (or small) generating sets of quasiorder lattices.
To keep the size of the References section limited, here we mention only Zadori’s
pioneering 1986 paper [7] and Kulin [5], as their methods influenced many other
papers. The rest of the literature is surveyed in [I], [3], and [4] (with overlappings).

We know from [4] that many four-element generating sets of a given partition
lattice can be constructed feasibly; let X denote the collection of these four-element
generating sets. However, the statistical analysis presented in [4] shows with high
confidence level (but does not prove rigorously) that the collection of four-element
generating sets is much larger than X. Since the cryptographic applicability de-
pends on the size of X, any argument that increases X makes sense; this idea also
belongs to our motivation.

Next, we fix some notations and recall some well-known concepts.

Notations. As it is usual in lattice theory, X C Y denotes that X is a proper subset
of Y, that is, X CY and X #Y.

For a set A, let Part(A) stand for the collection of all partitions of A. That is,
B € Part(A) if and only if B is a set of pairwise disjoint nonempty subsets of A
such that A is the union of the members of B.

For a natural number n € N* :={1,2,3,...}, let [n] :== {1,2,...,n}. Instead of
Part([n]), we will often write Part(n).

Let {S; : i € K} be a finite collection of nonempty sets. We say that (J;, Si is

a connected overlapping union if either |K| =1, or |K| > 1 and the following two
conditions hold:

(a) for each i € K, there is a j € K \ {i} such that S; N S; # 0, and

(b) there is no nonempty proper subset I of K such that S; N S; = 0 for every

ic€land je K\I.

For example, {1,2} U {2,3} U {3,4} is a connected overlapping union but {1,2} U
{2,3}U{4,5} U{5,6} is not. The forthcoming description of the join in a partition
lattice might look unusual but it has the advantage of showing how one can compute
it. Hence, for those familiar with other definitions, it is trivial that our definition
is equivalent to the standard ones.

Definition 1. For B € Part(A), the members of B are called the blocks of B. For
X,Y,U,V € Part(A),

X <Y g each block of X is a subset of some block of Y;

U=XAY <% the blocks of U are exactly the nonempty £ N F

where F is a block of X and F is a block of Y;

V=XVvY <L the blocks of V are exactly the maximal connected

overlapping unions of sets belonging to X UY.

Then A and V are operations on Part(A), and the structure (Part(A4), A, V) is the
partition lattice of A. Asusual, we write Part(A) rather than writing (Part(A), A, V).
In particular, if n € N* and A = [n], then Part(n) := Part([n]) stands for the par-
tition lattice of {1,...,n}.

Definition 2. For a set A, a nonempty subset S of Part(A) is a sublattice of
Part(A) if for any X,Y € S, both X AY and X VY are in S. A subset G of
Part(A) is a generating set of Part(A) or, in other words, G generates Part(A) if
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there is no proper sublattice S of Part(A4) such that G C S. For k € Nt, Part(A)
is k-generated if it is generated by a k-element subset.

With reference to Strietz [6], we have already mentioned that for 3 < n € NT,
Part(n) is four-generated. Note that Strietz also proved that Part(n) is not three-
generated for 3 < n € N*t.

2. METHODS

In addition to using or developing some lemmas proved in earlier papers, an
integral part of our method is the following notation of the elements of Part(A4) and
(in particular) Part(n) for |A|,n € NT. Namely, for X € Part(A), we denote X by
listing its non-singleton blocks and the elements of these blocks in the lexicographic
order. We separate the blocks by semicolons. Within a block, we can separate the
elements by commas; these commas are often dropped when no ambiguity threatens.
For example,

pt(bd) = {{a},{b,d}, {c}} € Part({a,b,c, d}), (2.1)
pt(bd) = {{a},{b,d}, {c},{e}} € Part({a,b,c,d, e}), (2.2)
pt(be; ed) = {{a}, {b,e},{c,d}} € Part({a,b,c,d, e}),
pt(11,14;12,13) = {{11,14}, {12,13}} € Part ({11, 12,13,14}),
pt() = {{1},{2}, {3}, {4}, {5}, {6}} € Part(6).
The acronym pt in the notation comes from partition; we can add A or n, rather
than [n], to it as a subscript. The advantage of our notation is that for any n € Nt

if A C B, then Part(A) is a sublattice of Part(B) (2.3)

in the natural way exemplified by and ([2.2). For X C Part(n), the sublattice
generated by X consists of those partitions that can be obtained from the members
of X by using meets and joins in a finite number of steps. The following easy lemma
is Lemma 2.5 from [4].

Lemma 1 (“Circle Principle”). For 2 < n € Nt and an n-element set A, let
ay,as, ... ,a, be a repetition-free list of the elements of A, that is, let {ai,az,...,a,} =
A. Let X C Part(A). If each of pt(aias), pt(agas), ptlasas), ..., ptlap_1ay), and
pt(anay) belongs to the sublattice generated by X, then X generates Part(A).

To find the generating sets occurring in Lemmas we used a variant of the
mini-package ‘‘equ2024p’’ of programs developed by the author; it is available from
the author’s websiteﬂ (This explains how the components of @ in Lemmas
will be listed.) On the other hand, finding computer-free and humanly readable
proofs of the fact that the four-element sets in these lemmas are generating sets
required to add a lot of human effort. This fact can be (and has been) verified in
two independent ways. First, ‘“‘equp2024reduced.exe’” in the mini-package can be
used to verify whether a four-element subset of Part(n), for n <9, is a generating
set. Second, even though the humanly readable proofs that we present are long and
technical, it is substantially faster to verify them than to find a rigorous verification
of the correctness of the computer program.

2https://www.math.u-szeged.hu/~czedli/| = http://tinyurl.com/g-czedli/
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3. OUR THEOREM

For p € Part(n), let nbl(y) denote the mumber of blocks of u. For example,
nbl(prt,(25,367)) = 4 and nbl(prtg(25,367)) = 5.

Definition 3. For a finite set A, let X be a four-element subset of Part(A). Denote
the elements of X so that X = {ay, a2, a3,a4} and the inequalities nbl(a;) <
nbl(as) < nbl(as) < nbl(ays) hold. Then the block count type of X, denoted by
betyp(X), is defined to be the following vector:

betyp(X) := (0,nbl(as) — nbl(ay ), nbl(ag) — nbl(ay ), nbl(avs) — nbl(ay)).

The block count width of X is nbl(ay) — nbl(ay). If X = {B,..., B4} (without
assuming any inequalities among the nbl(f;)s) generates Part(A), then g is called

a generating vector and betyp(f) is defined to be betyp(X).

The components of betyp(X) above are in Ny := {0} UNT = {0,1,2,...}. If
X is of block count width at most k, then betyp(X) = (0,142,143,44) such that
0 <iy <3 <iy <k For k=2 we will prove the converse: if (0,12,13,14) satisfies
these inequalities, then it is of the form betyp(X); furthermore, this is witnessed
by very many four-element generating sets X of Part(n). To be more precise, we
formulate the result of the paper as follows; the lower integer part of a real number
2 will be denoted by |z].

Theorem 1. Whenever io, 43,94 € Ny such that is < iz <i4 <2 and 8 <n &€ NT,
then Part(n) has a four-element generating set X with block count type (0,2, 13,44)-
Furthermore, if n > 10, then Part(n) has at least

22L(n=8)/2]=3 . (2| (n — 8) /2] — 1)!
3-(2[(n—28)/2]+1)
four-element generating sets X such that betyp(X) = (0, dg, i3, 44).

(3.1)

Remark 1. If m denotes the largest even integer such that m < n — 8, then
turns into 20"=3) . (m — 1)!/(3m + 3). This is a huge number. For example, for
n = 20 and n = 100, is 524035939 and (rounded to three decimal places in
its exponential form) 2.999 - 10164, respectively.

4. A LEMMA TO SUPPORT INDUCTION

The proof of Theorem [I| requires several lemmas. Although the present paper
does not rely on the author’s preprint https://tinyurl.com/czg-h4gen, we borrow
the following concept from this preprint and the subsequent Lemma [2] is a slight
generalization of a lemma in the preprint. The proof of Lemma [2] here is shorter
than its precursor in the preprint. For a set A and uy # u; € A, we denote the
least element of Part(A), the greatest element of Part(A), and the partition with
{uo,u1} as the only non-singleton block by Opart(a), lpart(a), and pt(ug,u;) or
pt(uguq ), respectively.

Definition 4. For a finite set A, a0, 2,1, 1,1,a1,0 € Part(4), and ug,uq € A,
we say that A = (A; a0, ®0,1,01,0,01,1; U0, u1) is an eligible system if it satisfies
the following conditions:

{@0,0,0,1,01,1,21 0} is a four-element generating set of Part(A), (4.1)

ap,0 V @01 = Lpart(a), 0,0 N @o,1 = Oparg(a),
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a; A\ (0117172‘ \ pt(uo, ul)) = OPart(A) for i € {0, 1}, and (43)
ajoVairV pt(uo, u1) = IPart(A)- (4.4)

With the vector & := (o0, 0,1, @1,0, @1,1), we often denote 2 also by (A; &; ug, uq).
The vector &, the set {ag 0, a0,1,01,0, 1,1}, its block count type, and A are called
the partition vector, the partition set, the block count type, and the base set of U,
respectively.

By definition, the base sets of eligible systems are finite. The following lemma

benefits from (2.3]).

Lemma 2. Let A = (4; 0,0, 20,1, Q1,0, 01,1 U0, u1) be an eligible system, and let
k € {0,1}. Let a’ be an element outside A, and let A" := AU {a'}. Fori € {0,1},
we define

ag ;= a1 Vpt(u,a’) € Part(A')  and o) ; := ag,; € Part(4"), (4.5)
and let u), := uy, and u)_, = a’. Then
A = (A/;a(),o’0‘6,170‘/1,070‘/1,1;“6,“/1)
is also an eligible system.

Proof of Lemma[d Let S denote the sublattice of Part(A’) generated by {o] ; :
1,7 € {0,1}}. Then (4.2)) applied to Part(A) and the fact that Part(A) is a sublattice
of Part(A’) yield that

Lparg(a) = @00 V 0,1 = @ gV ay; € S. (4.6)

Hence, using Definition (I} we obtain that a;; = lparga) A o/lfi’j € S for all
1,7 € {0,1}. Thus, (4.1) implies that Part(A) C S; in particular, pt(ug,ui) € S.
For i € {0,1}, we claim that

pt(us,a’) = af; A (ah 1 V pt(ug, u1)) € S. (4.7)

It suffices to deal with the equality in ([£.7). For i € {0,1}, let U; C A be the
(unique) ag 4-block of w;; see Figure (Note that |U;| = 1 is not excluded.)
By Definition [I] and ([£5), U/ := U; U {a’} is the of ;-block of u;; see the figure.
We claim that Uy N U; = 0. Suppose the contrary, and let z € Uy N U;. Then
(r,u;)) € ar; A (am_i Vv pt(uo,ul))7 and so yields that x = wu; for both
1 € {0,1}. This contradicts that ug # w1, and we conclude that UyNU; = 0. Thus,
the figure visualizes the relation between Uy and U; correctly, and so follows

by Definition
Next, the inclusion Part(A4) C S, (4.7), and Lemma [I] imply that S = Part(A’),
that is, 2’ satisfies . Let i € {0,1}. As holds for 2, a1 0 Aa1,1 = Opare(a)-
Since the blocks of ag, are those of a;; except that U] replaces U, the just-
mentioned equality, the already established Uy N U; = (), and Definition [1| imply
that the second half of holds for . The first half of follows similarly
from {ug,u1} C UjU U] and the property of 2. The blocks of a] ; are those
of ap,; and the singleton block {a’}. Hence, the property of 2 and Definition
imply that 2’ satisfies (4.3). Similarly, as every block of ag,; is a block of af ;,
(4.4) for 2’ follows from the property of 2, completing the proof of Lemma
O
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FIGURE 1. Illustrating the proof of the equality in (4.7)

Lemma 3. Assume that the base set of an eligible system A’ has at least three
elements. Then there exists at most one eligible system A and at most one k € {0,1}
such that A" is obtained from A in the way described by Lemma @

Proof. Assume that 21’ is obtained from 2 and the notations used in Lemma |2| are
in effect. It follows from and the sentence right after that 2" determines
Ipart(a) and the a; js. As Ipaa) determines A and a’, so does . Finally, k is
determined by the condition that uj, € A. O

5. TWENTY MORE LEMMAS
The possible triplets of (ig,3,14) € No® with iy < i3 < i4 < 2 are the following:

(0,0,0), (0,0,1), (0,0,2), (0,1,1), (0,1,2),
(0,2,2), (1,1,1), (1,1,2), (1,2,2), (2,2,2).

The corresponding cases for the “smallest” possible even values and odd values of
n will be taken care of by consecutive pairs of the following twenty lemmas; their
order corresponds to . Here “smallest” means that “the smallest we have found
and probably the smallest”. In some cases, simple arguments show that “smallest”
is indeed the smallest, but we do not include these arguments in the paper. The
twenty proofs are so similar that reading all of them would be boring; furthermore,
space considerations do not allow us to include all of them in the journal version of
the paper. Hence, only one of the twenty lemmas is proved in the present section.
The remaining ones are proved in the Appendix of the extended versz'owﬂ of the
paper; see https://tinyurl.com/czg-4gw2 or https://www.arxiv.org/. Note that the
first two lemmas out of the twenty could be replaced by similar lemmas occurring
in the already-mentioned preprint https://tinyurl.com/czg-hdgen. The components
of @ will be displayed so that the oy ;s are listed from northwest to southeast and
the ay ;s from northeast to southwest.

(5.1)

3This is the extended version.
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Lemma 4. Let & = (a,0, 20,1,Q1,0,1,1) be given by
ag,0 = pt(14; 37; 56), aq,0 = pt(15;23;46),
oq,1 = pt(12;367), and ap,1 = pt(26;457).
Then ([7]; @;1,4) is an eligible system with block count type (0,0,0,0).
Lemma 5. Let & = (v,0, 20,1, 1,0, 1,1) be given by
ap,0 = pt(168;237), aq,0 = pt(178; 345),
aq,1 = pt(12;467;58), and ap,1 = pt(135;26;47).
Then ([8]; &;2,3) is an eligible system with block count type (0,0,0,0).
Lemma 6. Let & = (,0, 20,1, ®1,0,01,1) be given by
ap,0 = pt(16;234), a1,0 = pt(12;45),
aq,1 = pt(134;56), and ap,1 = pt(14;26; 35).
Then ([6]; @;2,6) is an eligible system with block count type (0,0,0,1).
Lemma 7. Let & = (,0, 20,1, 1,0, 1,1) be given by
ap,0 = pt(146;27; 35), a0 = pt(26;34;57),
a1, = pt(15;247;36), and ap1 = pt(123;47; 56).
Then ([7]; d;1,3) is an eligible system with block count type (0,0,0,1).
Lemma 8. Let & = (,0, 20,1, 1,0, 1,1) be given by
0,0 = pt(123;45), a1,0 = pt(35),
aq,1 = pt(15;246), and ap,1 = pt(14;25; 36).
Then ([6]; @;1,2) is an eligible system with block count type (0,0,0,2).
Lemma 9. Let & = (o0, 0,1, ®1,0,01,1) be given by
ag,0 = pt(12;37;456), aq,0 = pt(13;67),
a1,1 = pt(156;23;47), and ap1 = pt(157;234).
Then ([7]; &@;2,4) is an eligible system with block count type (0,0,0,2).
Lemma 10. Let & = (ag0, 20,1, 1,0, ¥1,1) be given by
ap,0 = pt(12; 34; 56), a1,0 = pt(13;26),
1,1 = pt(24;56), and ap1 = pt(146; 35).
Then ([6]; d;1,2) is an eligible system with block count type (0,0,1,1).
Lemma 11. Let & = (ag,0, ®0,1, 1,0, 21,1) be given by
ag,0 = pt(124; 37, 56), aq,0 = pt(237;46),
aq,1 = pt(256;34), and ap,1 = pt(13;25;467).
Then ([7]; &@;1,2) is an eligible system with block count type (0,0,1,1).
Lemma 12. Let & = (ap,0, 20,1, 1,0, ¥1,1) e given by
ag,0 = pt(15;234;67), aq,0 = pt(36;45),
a1, = pt(12;47;56), and ap1 = pt(126;35;47).
Then ([7]; @;1,3) is an eligible system with block count type (0,0,1,2).
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Lemma 13. Let & = (ap,0, 20,1, 01,0, ¥1,1) e given by
ap,0 = pt(138;246; 57), aq,0 = pt(235;46),
a1,1 = pt(26;37;458), and ap1 = pt(12;356;478).
Then ([8]; @;1,2) is an eligible system with block count type (0,0,1,2).
Lemma 14. Let & = (a0, 0,1, 1,0, 1,1) be given by
ap,0 = pt(167;234;58), a1,0 = pt(12;36;57),
a1,1 = pt(267;45), and ap1 = pt(148;26; 357).
Then ([8]; d; 1,8) is an eligible system with block count type (0,0,2,2).
Lemma 15. Let & = (ag,0, ®0,1, 1,0, 1,1) be given by
a0 = pt(125;346; 789), a1, = pt(267;34;89),
aq,1 = pt(158;239), and ap,1 = pt(147;238; 569).
Then ([9]; &@; 1,4) is an eligible system with block count type (0,0,2,2).
Lemma 16. Let & = (ap0, 00,1, 1,0, ¥1,1) be given by
0,0 = pt(26;35), a0 = pt(15;24),
1,1 = pt(23;45), and ap1 = pt(12;346).
Then ([6]; @;1,6) is an eligible system with block count type (0,1,1,1).
Lemma 17. Let & = (a0, 0,1, 1,0, 1,1) e given by
ap,0 = pt(145;36), a0 = pt(16;245),
aq,1 = pt(17;26;35), and ap,1 = pt(13;257;46).
Then ([7]; &@; 1, 3) is an eligible system with block count type (0,1,1,1).
Lemma 18. Let & = (a0, 20,1, 01,0, ¥1,1) be given by
0,0 = pt(16;24; 35), a1,0 = pt(14;35),
a1,1 = pt(16;23;45), and ap1 = pt(125; 346).
Then ([6]; @;1,2) is an eligible system with block count type (0,1,1,2).
Lemma 19. Let & = (ap0, 00,1, 1,0, ¥1,1) be given by
0,0 = pt(36;45), 1,0 = pt(126;57),
a1, = pt(17;24;35), and ap1 = pt(15;23;467).
Then ([7]; &;2,3) is an eligible system with block count type (0,1,1,2).
Lemma 20. Let & = (ag,0, 20,1, 1,0,1,1) be given by
0,0 = pt(16;45), a1,0 = pt(16;24),
aq,1 = pt(12;36;45), and ap,1 = pt(134;256).
Then ([6]; @;3,4) is an eligible system with block count type (0,1,2,2).
Lemma 21. Let & = (ap,0, 20,1, 1,0, ¥1,1) e given by
ag,0 = pt(13;57), a1,0 = pt(12; 34),
a1,1 = pt(156;47), and ap1 = pt(17;236;45).
Then ([7]; @;1,3) is an eligible system with block count type (0,1,2,2).
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Lemma 22. Let & = (ap,0, 20,1, 1,0, ¥1,1) e given by

ao’o = pt(12; 36), 041’0 = pt(l?); 46),
1,1 = pt(14;56), and ap1 = pt(16;2345).

Then ([6]; d;1,2) is an eligible system with block count type (0,2,2,2).

Proof of Lemma[23. 1t is easy to see that f hold; so we present an argu-
ment only for . That is, we show that {co,0, @o,1, @1,0, 01,1} generates Part(6).
Let S denote the sublattice generated by this four-element subset of Part(6). Then
the following partitions are all in S:

ap,0 = pt(12;36), as it is one of the generators, (5.2)

aq,0 = pt(13;46), as it is one of the generators, (5.3)

a1, = pt(14;56), as it is one of the generators, (5.4)

ap1 = pt(16;2345), as it is one of the generators, (5.5)
pt(12346) = pt(12;36) V pt(13;46) by (5.2) and (5.3), (5.6)
pt(124; 356) = pt(12;36) V pt(14;56) by (5.2) and -, (5.7)
pt(13456) = pt(13;46) V pt(14;56) by and (5.4)), (5.8)
pt(36) = pt(12;36) A pt(13456) by (5.2) and (5.8 ., (5.9)

pt(14) = pt(14;56) A pt(12346) by . ) and (5.6)), (5.10)
pt(24;35) = pt(16;2345) A pt(124; 356) by and (5.7)), (5.11)
pt(24;356) = pt(36) V pt(24; 35) by (5.9) and -7 (5.12)
pt(124;35) = pt(14) V pt(24;35) by (5.10) and (5.11)), (5.13)
pt(12) = pt(12;36) A pt(124;35) by and (5.13), (5.14)
pt(56) = pt(14;56) A pt(24;356) by and (5.12), (5.15)
pt(123;46) = pt(13;46) V pt(12) by (5.3)) and -7 (5.16)
pt(13;456) = pt(13;46) V pt(56) by . ) and -, (5.17)
pt(23) = pt(16;2345) A pt(123;46) by (5.5) and (5.16)), (5.18)
pt(45) = pt(16;2345) A pt(13;456) by (5.5 . and (5.17). (5.19)

In particular, pt(14) € S by (5.10), pt(45) € S by (5.19), pt(56) € S by (5.15)),
pt(63) € S by (B.9), pt(32) € S by (5.18), and pt(21) € S by (5.14). Consequently,
Lemma [I] completes the proof. O

Lemma 23. Let & = (ag,0, 20,1, 1,0, 1,1) be given by

ap,0 = pt(134; 2567), aq,0 = pt(14; 36;57),
a1,1 = pt(127;56), and ap,1 = pt(15;24; 37).

Then ([7]; @;1,3) is an eligible system with block count type (0,2,2,2).

To conclude this section, note the following. The proof of Lemma needed
fourteen equations, f. The proof of Lemma needs forty-eight. The
number of equations that the proof of any other lemma in this section needs is
(strictly) between 14 and 48; the average is 26.5.
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6. THE REST OF THE PROOF OF THEOREM [II

Using our lemmas, now we can prove the theorem.

Proof of Theorem[]l Assume that (A4;@;ug,u1) is an eligible system, a’ and a” are
distinct elements outside A, A’ := AU{d'}, and A” := A'U{a"}. Let (A"; &’; uf, u})
and (A”;@"; ufy, uf) be the eligible systems obtained from (A; &; ug, u1) and (A’; &'; ug,
applying Lemma [2| respectively. (Their dependence on the parameter k occur-
ring in the lemma is irrelevant for a while.) For the ] ;s in ([@5), we have that
nbl(ag ;) = nbl(a ;) and nbl(a] ;) = nbl(ap ;) + 1 for j € {0,1}. Applying
to the primed as, we obtain that nbl(a;;) = nbl(a; ;) + 1 for all i,j € {0,1}.
Therefore,

|A”| = |A| + 2 and betyp(A”;@";ug, uf) = betyp(A; @ ug, ur). (6.1)

For the rest of the proof, we fix a possible triplet (is,i3,44) in the scope of the

theorem. Lemmas (5.1), and (6.1)) yield two eligible systems
Ao = (8] @ o, ua) and B = ((9]; @, u)

of block count type (0,i2,1i3,74). Depending on the parity of n, we start from 2l or
B depending on whether n is even or odd, respectively. The repeated use of
gives that for any n > 8, Part(n) has a four-element generating set X such that
betyp(X) = (0,9, 43,44). More effort is needed to prove that there are many such
X.

Let m := 2| (n — 8)/2]. Observe that m = n — 8 for n even and m = n — 9 for
n odd. Importantly, m is even. We will give the details on how to use 2 for an
even n, since By could be used similarly for an odd n. We are going to construct
2™ - m! eligible systems such that each of them is obtained from 2(y by using the
constructive step offered by Lemma [2| m times and it has [n] as its base set.

So n > 10 is even. Pick an m-dimensional vector k = (ki,...,kn) in {0,1}™.
Let b = (b1,...,bn) be a permutation of the set [n] \ [8] = {9,10,...,n}. So
[n] = [8] U {(b1,...,b;m}. Using kq, by, and the (parenthesized) superscript 1 in-
stead of k, a/, and the prime symbol ’, respectively, Lemma [2| yields an eligible
system 2, = ([8] U {bl};d’(l);uél),ugl)). In the next step, we use ks, by, and
the parenthesized 2. And so on; we use k;, b;, and (¢) in the ith step to obtain
A; = (8] U {b1,...,bi}; d’(i);u(()l),ugl)) from 2;_1. The base set of 2, is [n]. Since
we have made an even number of steps to obtain 2, from 2y, Lemma [2] and
imply that the partition set of 2, is a generating set of Part(n) of block count
type (0,42,i3,44). There are 2™ - m! vectors (E, l;) So we can construct 2™ - m)!
eligible systems in this way; call them the constructed systems. To show that they
are pairwise distinct, it is sufficient to show that 2l,,, determines both k and b.

To do so, assume that 2, is given, and let B; denote the base set of 2; for
i € {0,...,m}; in particular, By = [8] and B,, = [n]. By Lemma Ap—1 and k,
are uniquely determined. Applying Lemma |§| to A,,_2 and 2A,,,_1, we obtain that
Apm—o and k,,—1 are uniquely determined, too. Next, the same lemma applied to
A3 and A,,,_o yields that A, _3 and k,,_o are uniquely determined. And so on;
after m applications of Lemma |3 we obtain that k and all the A;, i € {0,...,m},
are uniquely determined. For ¢ € [m], b; is the unique element that belongs to (the
base set of) 2(; but not to 2A;_;. Hence, bis uniquely determined, too.
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Next, we give an upper estimate of how many constructed systems 2,,, give rise
to the same generating set. First, 24 = 4! different generating vectors give the same
four-element generating set. Second, we claim that (u (m) ugm)) can be chosen in
at most m(m + 1) ways. (We have added “at most” since the generating set can

(m) gm))

exclude some choices.) Indeed, there are (at most) m(m—1) pairs (u, such

that none of their components is in [8]. If u{™ € [8], then u{™ = ug and we can

(m)

choose u;  in (at most) m ways, and similarly if ugm) € [8]. So the number of

possible pairs (u(()m), (ugm)) is at most m(m — 1) + m +m = m(m + 1), indeed.
Finally, if we divide the number 2™ - m! of the constructed systems by the just-
obtained number 24m(m + 1), then we obtain a lower estimate of the four-element
generating sets of Part(n) with block count type (0,1i2,143,74). Since this division
results in the number given in 7 the proof of Theorem [1|is complete. O

7. APPENDIX

In all of the proofs below, the trivial verification of f will be omitted.
We present the proof of only, that is, we show that X := {ao,0, ®o.1, 01,0,
aq,0} generates Part(n). Each numbered equation shows that the partition on its
left belongs to the sublattice S generated by X

Proof of Lemma[4)
0,0 = pt(14;37; 56), (7.1)
a1,0 = pt(15;23;46), (7.2)
a11 = pt(12;367), (7.3)
.1 = pt(26;457), (7.4)
pt(1456;237) = pt(14; 37;56) V pt(15; 23; 46) by and (7.2)), (7.5)
pt(124; 3567) = pt(14; 37;56) V pt(12; 367) by (7.1) and (7.3), (7.6)
pt(37) = pt(14;37;56) A pt(12; 367) by and (7.3)), (7.7)
pt(15;237;46) = pt(15;23;46) V pt(37) by (7.2) and ., (7.8)
pt(45) = pt(26;457) A pt(1456;237) by ) and (7.5), (7.9)
pt(57) = pt(26;457) A pt(124; 3567) by ) and (7.6), (7.10)
pt(1456; 37) = pt(14;37;56) V pt(45) by (7.1) and -, (7.11)
pt(14;3567) = pt(14;37;56) V pt(57) by (7-1) and (7.10), (7.12)
pt(1456;23) = pt(15;23;46) \V pt(45) by and (7.9)), (7.13)
pt(12;3567) = pt(12;367) V pt(57) by (7.3) and (7.10), (7.14)
pt(12357;46) = pt(15;237;46) \/pt(57) by and ([7.10)), (7.15)
pt(457) = pt(45) Vv pt(57) by (7.9) and -, (7.16)
pt(14;56) = pt(14; 37; 56) /\pt(1456 23) by (7-1) and (7.13), (7.17)
pt(15;46) = pt(15;23;46) A pt(1456; 37) by and (7.11)), (7.18)
pt(14567;23) = pt(15;23;46) V pt(457) by (7.2) and ( -, (7.19)
pt(367) = pt(12;367) A pt(14;3567) by ) and (7.12)), (7.20)
pt(12;37) = pt(12;367) A pt(12357;46) by and (7.15), (7.21)
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pt(56) = pt(1456; 23) A pt(12;3567) by and (7.14), (7.22)
pt(15;23467) = pt(15;23;46) V pt(367) by (7.2) and ( -, (7.23)
pt(125;3467) = pt(12;367) V pt(15;46) by (7.3) and (7.13), (7.24)
pt(67) = pt(12;367) A pt(14567;23) by ) and (7.19), (7.25)
pt(124567) = pt(26;457) V pt(14;56) by (7.4) and (7.17), (7.26)
pt(126; 3457) = pt(26;457) V pt(12;37) by (7.4) and (7.21)), (7.27)
pt(12;67) = pt(12;367) A pt(124567) by and (7.26), (7.28)
pt(26;47) = pt(26;457) A pt(15;23467) by and (7.23), (7.29)
pt(12) = pt(12;37) A pt(124567) by (7.21)) and -7 (7.30)
pt(12;347) = pt(125; 3467) A pt(126; 3457) by and (7.27), (7.31)
pt(12347;56) = pt(14; 37;56) V pt(12; 347) by and (7.31)), (7.32)
pt(12467) = pt(12;67) V pt(26;47) by (7.28) and (7.29), (7.33)
pt(14) = pt(14;37;56) A pt(12467) by and ( -, (7.34)

pt(23) = pt(15;23;46) A pt(12347; 56) by and (7.32). (7.35)

In particular, pt(12) € S by (7.30), pt(23) € S by (7.35), pt(37) € S by (7.7,
pt(76) € S by (7.25), pt(65) € S by (7.22), pt(54) € S by (7.9), and pt(41) € S by
(7.34). Consequently, Lemma completes the proof. O

Proof of Lemma 5

a0, = pt(168; 237),
a1, = pt(178;345),
aq,1 = pt(12;467; 58),
ap1 = pt(135;26;47),
pt(18) = pt(168;237) A pt
pt(134578;26) = pt(178;345) V pt
pt(35)
pt(47)
pt(18 37)
pt(168;2357)
pt(168;2347)
pt(134578)
)
)
)
)
)
)
)

178;345) by (7.36) and (7.37),
135; 26; 47) by and -,
t(178; 345) A pt(135;26;47) by (7.37) and (7.39),
t(12;467; 58) A pt(135;26;47) by and (7.39),
£(168; 237) A pt(134578; 26) by and (7.41)),

( (7.36)
(17 (7.37)
( (7.38)
( (7.39)
( ( (7.40)
(17 ( (7.41)
( (7.42)
( (7.43)
( (7.44)
t(168;237) V pt(35) by (7.36) and -, (7.45)
( (7.46)
( (7.47)
( (7.48)
( (7.49)
( (7.50)
( (7.51)
( (7.52)
( (7.53)
( (7.54)

t(168;237) V pt(47) by (7.36) and (7.43),
t(178;345) V pt(47) by (7.37) and (7.43),
t(12;467;58) V pt(18) by and ( -,

t(12; 467; 58) A pt(134578 26) by and (7.41),
t(18) V pt(35) by (|7.40) and -,

t(12;467; 58) th(18 35) by (7.38)) and ( -,
t(135; 26;47) A pt(134578) by (7 and (7.47),
t(168; 2357) A pt(1258;467) by and -,
t(178;345) V pt(18;25) by (7.37) and -7

pt(1258; 467
pt(47; 58
pt(18;35
t(12358; 467
pt(135; 47

pt(18;25
pt(178;2345

p
p
p
p
p
p
p
p
p
p
p
p
p
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t(123568;47) = pt(135;26;47) V pt(18;25) by (7.39) and (7.53)), (7.55)
pt(168;23) = pt(168;237) A pt(123568; 47) by and (7.55)), (7.56)
pt(12;47;58) = pt(12;467; 58) A pt(123568; 47) by and ﬂ, (7.57)
pt(18;234) = pt(168;2347) A pt(178;2345) by and (7.54), (7.58)
t(1678;2345) = pt(178;345) v pt(168; 23) by (7.37) and -, (7.59)
pt(67) = pt(12;467;58) A pt(1678;2345) by and , (7.60)
pt(18;25;67) = pt(1258;467) A pt(1678;2345) by (7.48)) and | . (7.61)
pt(18;235;67) = pt(12358;467) A pt(1678; 2345) by and q . (7.62)
pt(123678) = pt(168;237) V pt(67) by (7.36) and ( -7 (7.63)
pt(1235678) = pt(168;237) V pt(18;25; 67) by and , (7.64)
pt(135;2467) = pt(135;26;47) V pt(67) by (7.39) and -, (7.65)
pt(18;23567) = pt(18;37) V pt(18;235;67) by and (7.62), (7.66)
pt(26; 35) = pt(135;26;47) A pt(18;23567) by and (7.66),  (7.67)
pt(58) = pt(47;58) A pt(1235678) by (7.49) and -, (7.68)

pt(13) = pt(135;47) A pt(123678) by (7.52) and (7.63), (7.69)

pt(24) = pt(18;234) A pt(135;2467) by and (7.65), (7.70)
pt(123;467;58) = pt(12;467;58) V pt(13) by (7.38) and (7.69), (7.71)
pt(126; 358;47) = pt(12;47;58) V pt(26; 35) by and ( -, (7.72)
pt(23) = pt(168;237) A pt(123;467; 58) by and (7.71),  (7.73)

pt(16) = pt(168;237) A pt(126;358;47) by (7.36) and (7.72).  (7.74)

In particular, pt(18) € S by (7.40), pt(85) € S by (7.68), pt(53) € S by (7.42)),
pt(32) € S by (7.73), pt(24) € S by (7.70), pt(47) € S by (7.43), pt(76) € S by

, and pt(61) € S by . Thus, Lemmacompletes the proof. O
Proof of Lemma6

ag,0 = pt(16;234), (7.75)

a1, = pt(12;45), (7.76)

11 = pt(134;56), (7.77)

.1 = pt(14;26;35), (7.78)

pt(34) = pt(16;234) A pt(134;56) by (7.75) and (7.77), (7.79)

pt(14) = pt(134; 56) A pt(14; 26; 35) by and (7.78), (7.80)

pt(12346) = pt(16;234) Vv pt(14) by (7.75) and ( -7 (7.81)

pt(12;345) = pt(12;45) V pt(34) by (7.76) and (7.79), (7.82)

pt(1345;26) = pt(14;26; 35) \V pt(34) by and (7.79), (7.83)

pt(12) = pt(12;45) A pt(12346) by (7.76) and (7.81)), (7.84)

pt(45) = pt(12;45) A pt(1345; 26) by and (7.83)), (7.85)

pt(14;26) = pt(14; 26; 35) A pt(12346) by ) and (7.8, (7.86)

pt(35) = pt(14;26;35) A pt(12; 345) by and (7.82), (7.87)
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pt(12456) = pt(12;45) v pt(14; 26) by ) and (7.36)), (7.88)
pt(13456) = pt(134;56) V pt(45) by (7.77) and (7.85), (7.89)
pt(16;34) = pt(16;234) A pt(13456) by ) and (7.89), (7.90)
pt(14;56) = pt(134;56) A pt(12456) by (7.77) and (7.88), (7.91)
pt(1456) = pt(12456) A pt(13456) by (7.88) and -, (7.92)
pt(16) = pt(16;234) A pt(1456) by (7 and (7.92)), (7.93)
pt(14;2356) = pt(14;26; 35) V pt(14; 56) by and -, (7.94)
pt(126;34) = pt(12) V pt(16;34) by (7.84) and ( -, (7.95)
pt(23) = pt(16;234) A pt(14; 2356) by (7.75) and (7.94), (7.96)
pt(26) = pt(14;26;35) A pt(126;34) by and (7.95)). (7.97)

In particular, pt(16) € S by (7.93), pt(62) € S by (7.97), pt(23) € S by (7.96),
pt(35) € S by (7.87)), pt(54) € S by (7.85), and pt(41) € S by (7.80)). Consequently,

Lemma [I] completes the proof. O
Proof of Lemma[7]
a0, = pt(146; 27; 35) (7.98

a1 = pt 15 247 36

a1 = pt(123;47;56

pt(27) = pt(146; 27; 35

pt(47) = pt(15;247; 36
pt(12467;35) =

b

b

A pt(15;247;36) by (7.98) and (7.100)),
A pt(123;47;56) by (7 and (7.101)),
= pt(146;27;35) V pt(47) by (7.98) and m

pt(26; 3457) = pt(26; 34;57) V pt(47) by (7.99) and (7.103),
pt(12347;56) = pt(123;47;56) V pt(27) by (7.101) and (7.102),

= L I

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

(

(

(

(

(

(

) = (
pt(35) = pt(146;27; 35) A pt(26;3457) by (7.98) and (7.105)), (7.107
pt(14;27) = pt(146; 27; 35) A pt(12347; 56) by (7.98) and (7.106)), (7.108

pt(26) = pt(26;34; 57) A pt(12467; 35) by (7.99) and (7.104)), (
pt(34) = pt(26;34; 57) A pt(12347; 56) by m and ml) (7.110
pt(12;47) = pt(123;47;56) A pt(12467;35) by (7.101)) and (7.104), (7.111
pt(12457; 36) = pt(15;247; 36) V pt(14;27) by m and (]Tozgl) (7.112
pt(345) = pt(35) V pt(34) by m and (7.110), (7.113
pt(134;27) = pt(14;27) V pt(34) by (7 and ( m, (7.114
pt(126;47) = pt(26) V pt(12;47) by (7.109) and (7.111)), (7.115
pt(16) = pt(146;27; 35) /\pt(126 47) by m and (7.115)), (7.116
pt(57) = pt(26;34;57) A pt(12457;36) by (7.99) and (7.112)), (7.117
pt(13) = pt(123;47;56) A pt(134;27) by (7.101)) and (7.114)), (7.118
pt(45) = pt(12457;36) A pt(345) by (7.112) and (7.113). (7.119
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In particular, pt(16) € S by (7.116), pt(62) € S by (7.109), pt(27) € S by (7.102)),
pt(75) € S by (7.117), pt(54) € S by (7.119)), pt(43) € S by (7.110)), and pt(31) € S

by (7.118). Therefore, Lemma [I] completes the proof. O
Proof of Lemmal[8
.0 = pt(123;45), (7.120)
a1,0 = pt(35), (7.121)
aq,1 = pt(15;246), (7.122)
o1 = pt(14;25;36), (7.123)
pt(12345) = pt(123;45) V pt(35) by (7.120) and (7.121)), (7.124)
pt(135;246) = pt(35) V pt(15;246) by m and (7.122), (7.125)
pt(14;2356) = pt(35) V pt(14;25; 36) by (7 and (7.123), (7.126)
pt(13) = pt(123;45) A pt(135;246) by m and (7.125), (7.127)
pt(23) = pt(123;45) A pt(14; 2356) by (7.120) and (7.126), (7.128)
pt(26) = pt(15;246) A pt(14;2356) by (7.122) and (7.126)), (7.129)
pt(14;25) = pt(14;25;36) A pt(12345) by (7.123) and (7.124), (7.130)
pt(135) = pt(35) Vv pt(13) by (7.121]) and (7.127), (7.131)
pt(235) = pt(35) V pt(23) by (7.121)) and (7.128)), (7.132)
pt(15;2346) = pt(15;246) V pt(23) by m and (7.129), (7.133)
pt(1346; 25) = pt(14;25; 36) V pt(13) by (7 and (7.127), (7.134)
pt(134;25) = pt(13) V pt(14;25) by (7. 127|) and ([7-130)), (7.135)
pt(15) = pt(15;246) A pt(135) by (7.122) and (7.131)), (7.136)
pt(46) = pt(15;246) A pt(1346;25) by m and (7.134), (7.137)
pt(25) = pt(14;25;36) A pt(235) by (7 and (7.132), (7.138)
pt(34) = pt(15;2346) A pt(134;25) by (]7.133[) and (7.135). (7.139)

In particular, pt(13) € S by (7.127)), pt(34) € S by (7.139), pt(46) € S by (7.137),
pt(62) € S by (7.129), pt(25) € S by (7.138), and pt(51) € S by (7.136). Hence,

Lemma [If completes the proof. O
Proof of Lemma[9

0,0 = pt(12;37;456), (7.140)

a0 = pt(13;67), (7.141)

1,1 = pt(156;23;47), (7.142)

ap1 = pt(157;234), (7.143)

pt(56) = pt(12;37;456) A pt(156;23;47) by (7.140) and (7.142), (7.144)

pt(15;23) = pt(156;23;47) A pt(157;234) by m and m, (7.145)

pt(1235;67) = pt(13;67) V pt(15; 23) by (7.141)) and (7.145)), (7.146)

pt(1567;234) = pt(157;234) V pt(56) by (7. 143[) and ([7.144)), (7.147)

pt(156;23) = pt(56) V pt(15;23) by (7.144) and (7.14F)), (7.148)

pt(12) = pt(12; 37;456) A pt(1235 67) by (7.140) and (7.146),  (7.149)
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pt(67) = pt(13;67) A pt(1567;234) by (7.141)) and (7.147), (7.150)
pt(123567) = pt(13;67) V pt(156; 23) by (7. 141[) and (7.148)), (7.151)
pt(12; 34567) = pt(12;37;456) V pt(67) by (7.140) and (7.150)), (7.152)
pt(12;37;56) = pt(12;37;456) A pt(123567) by (7.140) and (7.151]), (7.153)
pt(123;67) = pt(13;67) v pt(12) by (7 and (7.149), (7.154)
pt(12356; 47) = pt(156;23;47) V pt(12) by (]7 142) and (7.149), (7.155)
pt(14567;23) = pt(156;23;47) V pt(67) by (7.142)) and (7.150)), (7.156)
pt(123457) = pt(157;234) V pt(12) by (7.143) and ml) (7.157)
pt(456) = pt(12;37;456) A pt(14567;23) by (7 and (7.156), (7.158)
pt(13) = pt(13;67) A pt(12356;47) by (7 and (7.155), (7.159)

pt(23) = pt(156;23;47) A pt(123;67) by ml) and (7.154), (7.160)
pt(34;57) = pt(157;234) A pt(12;34567) by (7.143) and (7.152), (7.161)
pt(12;37) = pt(12;37; 56) A pt(123457) by (7.153) and (7.157), (7.162)
pt(1457;23) = pt(14567;23) A pt(123457) by (7.156) and (7.157), (7.163)
pt(45) = pt(12;37;456) A pt(1457;23) by (7.140) and (7.163),  (7.164)
pt(1456;23) = pt(15;23) V pt(456) by (7 and (7.159), (7.165)
pt(34567) = pt(456) V pt(34;57) by (7.158) and (7.161)), (7.166)
pt(134;57) = pt(13) V pt(34;57) by (7 and (7.161)), (7.167)
pt(37) = pt(12;37) A pt(34567) by m and (7.166)), (7.168)

pt(14) = pt(1456; 23) A pt(134;57) by (7 and (7.167). (7.169)

In particular, pt(12) € S by (7-149), pt(23) € S by (7-160), pt(37) € S by (7-168),
pt(76) € S by (7.150)), pt(65) € S by (7.144]), pt(54) € S by (7.164]), and pt(41) € S

by . Consequently, Lemma completes the proof. O
Proof of Lemma[10

ap,0 = pt(12; 34; 56), (7.170)

1,0 = pt(13;26), (7.171)

1,1 = pt(24;56), (7.172)

ap,1 = pt(146; 35), (7.173)

pt(1234;56) = pt(12;34;56) V pt(24; 56) by (7.170) and (7.172), (7.174)

pt(56) = pt(12;34; 56) A pt(24;56) by ml) and (7.172), (7.175)

pt(13;2456) = pt(13;26) V pt(24; 56) by (7.171)) and (7.172), (7.176)

pt(13) = pt(13;26) A pt(1234;56) by m and (7.174), (7.177)

pt(14) = pt(146; 35) A pt(1234; 56) by (7.173) and (7.174), (7.178)

pt(46) = pt(146;35) A pt(13;2456) by m and (7.176)), (7.179)

pt(12; 3456) = pt(12; 34;56) V pt(46) by (7 and (7.179), (7.180)

pt(13;246) = pt(13;26) \V pt(46) by m and (7.179), (7.181)

pt(124;56) = pt(24; 56) V pt(14) by (7.172)) and (7.178)), (7.182)
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pt(146) = pt(14) V pt(46) by (7.178) and (7.179), (7.183)
pt(12;56) = pt(12; 34;56) A pt(124;56) by (7.170) and (7.182)), (7.184)
pt(12346) = pt(13;26) V pt(146) by (7.171) and (7.183), (7.185)

pt(24) = pt(24;56) A pt(13;246) by and (7.181)), (7.186)
pt(35;46) = pt(146; 35) A pt(12;3456) by (7.173) and (7.180)), (7.187)
pt(12356) = pt(13;26) V pt(12;56) by and ([7.184), (7.188)

pt(12) = pt(12;56) A pt(12346) by and (7.185), (7.189)

pt(35) = pt(35;46) A pt(12356) by and (7.188). (7.190)

In particular, pt(13) € S by (7.177), pt(35) € S by (7.190), pt(56) € S by (7.175]),
pt(64) € S by (7.179), pt(42) € S by (7.180), and pt(21) € S by (7.189). Thus,

Lemma [1| completes the proof. O

Proof of Lemma

o0 = pt(124; 37; 56), 7.191
aq,0 = pt(237;46), 7.192
a1,1 = pt(256;34), 7.193
a1 = pt(13;25;467), 7.194
pt(37) = pt(124; 37; 56) A pt(237;46) by (7.191)) and (7.192)), 7.195
pt(56) = pt(124;37;56) A pt(256;34) by (7.191)) and (7.193)), 7.196
pt(46) = pt(237; 46) A pt(13;25;467) by (7.192) and (7.194), 7.197
pt(25) = pt(256; 34) A pt(13;25;467) by (7.193) and (7.194)), 7.198
pt(23456) = pt(256;34) V pt(46) by m and (7.197), 7.199
pt(13467;25) = pt(13;25;467) V pt(37) by (7 and (7.195)), 7.200
pt(13;24567) = pt(13;25;467) V pt(56) by (7.194) and (7.196). 7.201
pt(456) = pt(56) V pt(46) by (7.196) and m 7.202
pt(14;37) =
pt(23;46) = pt(237;46) A pt(23456) by (7.192) and ( m, 7.204

pt(27; 46)
pt(25; 34)
pt(146; 237)
pt(1235; 467)
pt(14; 25;37)

P
P
P
P
P
P
P
P
P
pt(237;46) A pt(13;24567) by (]7 192[) and ([7-201),
pt(256; 34) A pt(13467;25) by m and ([7.200)),
P
P
P
P
P
P
P
P
P

t(237;46) V pt(14; 37) by (7.192) and (7.203),

£(13; 25; 467) V pt(23; 46) by (]7 194) and (7.204),
t(25) V pt(14; 37) by (7.198)) and (7.203),

( (7.191)
( (7.192)
( (7.193)
( (7.194)
( (7.195)
( (7.196)
(23 (7.197)
( (7.198)
( (7.199)
( (7.200)
( (7.201)
( (7.202)
t(124;37;56) A pt(13467;25) by and (7.200), (7.203)
( (7.204)
( (7.205)
( (7.206)
( (7.207)
( (7.208)
( (7.209)
( (7.210)
( (7.211)
( (7.212)
( (7.213)
( (7.214)
( (7.215)

pt(1347;25) = pt(14;37) V pt(25; 34) by (7.203)) and ml)
pt(12) = pt(124;37;56) A pt(1235;467) by (7 and (7.208), (7.211
pt(1256; 34) = pt(256;34) V pt(12) by (7.193) and m 7.212
pt(123467) = pt(146;237) V pt(12) by (7.207) and (7.211)), 7.213
pt(1245; 37) = pt(14;25;37) V pt(12) by (7.209) and (7.211]), 7.214
)

pt(123457 t(1347;25) v pt(12) by (7.210) and (7.211]),
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pt(45) = pt(456) A pt(1245;37) by m and (7.214), (7.216)
pt(27) = pt(27;46) A pt(123457) by (7 and (7.215), (7.217)
pt(34) = pt(25; 34) A pt(123467) by (7 and (7.213), (7.218)
pt(16) = pt(146;237) A pt(1256; 34) by (]72_07|) and (7.212). (7.219)

In particular, pt(12) € S by (7.211)), pt(27) € S by (7.217), pt(73) € S by (7.195)),
pt(34) € S by (7-218), pt(45) € S by (7.216), pt(56) € S by (7-196), and pt(61) € S

by . Consequently, Lemma completes the proof. O
Proof of Lemma[13
o0 = pt(15;234; 67), (7.220)
aq,0 = pt(36;45), (7.221)
a1 = pt(12;47;56), (7.222)
a1 = pt(126; 35; 47), (7.223)
pt(12;34567) = pt(36;45) V pt(12;47;56) by (7.221)) and m (7.224)
pt(12;47) = pt(12;47;56) A pt(126; 35;47) by (7.222)) and m, (7.225)
pt(12356;47) = pt(12;47;56) V pt(126; 35;47) by (7 and (7:223),  (7.226)
pt(34;67) = pt(15;234;67) A pt(12;34567) by (7.220) and m, (7.227)
pt(15;23) = pt(15;234;67) A pt(12356;47) by (7.220) and (7.226), (7.228)
pt(36) = pt(36;45) A pt(12356;47) by m and ml) (7.229)
pt(15;23467) = pt(15;234;67) V pt(36) by (7.220) and (7.229), (7.230)
pt(145; 236) = pt(36;45) V pt(15;23) by m and ([7.228)), (7.231)
pt(1235;47) = pt(12;47) V pt(15;23) by (7.225) and m (7.232)
pt(47) = pt(12;47;56) A pt(15;23467) by (7.222) and (7.230),  (7.233)
pt(26;47) = pt(126; 35; 47) A pt(15;23467) by and (7.230), (7.234)
pt(26) = pt(126; 35;47) A pt(145;236) by (7 and (7.231),  (7.235)
pt(236;457) = pt(36;45) V pt(26;47) by m and m (7.236)
pt(1256;47) = pt(12;47;56) V pt(26;47) by (7.222) and (7.234), (7.237)
pt(267;34) = pt(34;67) V pt(26) by (7 and m, (7.238)
pt(23) = pt(15;234;67) A pt(236; 457) by (7 and (7.236),  (7.239)
pt(15) = pt(15;234;67) A pt(1256;47) by (7 and (7.237),  (7.240)
pt(125;47) = pt(1235;47) A pt(1256;47) by ml) and ([7.237)), (7.241)
pt(12457;36) = pt(36;45) V pt(125;47) by (7.221)) and ( m, (7.242)
pt(15;24) = pt(15;234;67) A pt(12457; 36) by and (7.242), (7.243)
pt(27) = pt(267;34) A pt(12457; 36) by ml) and ([7.242), (7.244)
pt(1245;36) = pt(36;45) V pt(15;24) by (7.221)) and (7.243)), (7.245)
pt(124567) = pt(12;47;56) V pt(15;24) by (7.222) and (7.243), (7.246)
pt(267) = pt(26) V pt(27) by (7.235) and ml) (7.247)
pt(67) = pt(15;234;67) A pt(267) by (7 and (7.247), (7.248)
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pt(45) = pt(36;45) A pt(124567) by (7-221)) and (7-246), (7.249)
pt(12) = pt(12;47;56) A pt(1245; 36) by (]7.222[) and (|7.245)). (7.250)

In particular, pt(12) € S by (7.250)), pt(23) € S by (7.239), pt(36) € S by (7.229)),

pt(67) € S by (7.248)), pt(74) € S by (7.233)), pt(45) € S by (7.249)), and pt(51) € S
by ({7.240)). Therefore, Lemma completes the proof. O
Proof of Lemma[13}
ap o = pt(138;246;57), (7.251)
Q1.0 = pt(2357 46), (7 252)
ay1 = pt(26;37;458), (7.253)
ap1 = pt(12;356;478), (7.254)
pt(46) = pt(138;246; 57) A pt(235;46) by (7.251) and (7.252),  (7.255)
pt(26) = pt(138; 246; 57) A pt(26;37;458) by (7-251) and (7.253),

(7.256)

pt(35) = pt(235;46) A pt(12;356;478) by (7.252) and (7.254),  (7.257)
pt(48) = pt(26;37;458) A pt(12;356;478) by (7.253)) and (7.254)),

(7.258)
pt(13578;246) = pt(138;246;57) V pt(35) by (7.251)) and (7.257), (7.259)
pt(123468;57) = pt(138;246;57) V pt(48) by (7 and (7.258), (7.260)
pt(23456) = pt(235;46) V pt(26) by (7 252[) and (]7 256), (7.261)
pt(24568; 37) = pt(26; 37;458) V pt(46) by (7 and (7.255), (7.262)
pt(26; 34578) = pt(26; 37;458) V pt(35) by (7 and (7.257), (7.263)
pt(12;345678) = pt(12;356;478) V pt(46) by and (7.255)), (7.264)
pt(12356; 478) = pt(12;356;478) V pt(26) by and (7.256)), (7.265)
pt(468) = pt(46) V pt(48) by (7.255)) and (7.258)), (7.266)
pt(26;48) = pt(26) V pt(48) by (7.256) and (7.258), (7.267)
pt(26; 38;57) = pt(138;246; 57) A pt(26; 34578) by (7.251)) and (7.263), (7.268)
pt(13;26) = pt(138;246;57) A pt(12356;478) by (7.251) and (7.265),
(7.269)
pt(25;46) = pt(235;46) A pt(24568;37) by (7.252) and (7.262)), (7.270)
pt(235) = pt(235;46) A pt(12356;478) by m and (7.265),  (7.271)
pt(234568) = pt(235;46) V pt(26;48) by (7 and (7.267), (7.272)
pt(26; 37; 58) = pt(26; 37; 458) A pt(13578; 246) by (7253) and (7.259), (7.273)
pt(26;45) = pt(26; 37;458) A pt(23456) by (7.253) and (7.261]), (7.274)
pt(12; 36; 48) = pt(12; 356; 478) A pt(123468;57) by (7.254) and (7.260)),

pt(12; 3468; 57) = pt(123468; 57) A pt(12; 345678) by (7-260) and (7.264), (7.277
pt(1236;48) = pt(123468; 57) A pt(12356; 478) by (7-260) and (7.265),

(7.
pt(135;26; 78) = pt(13578;246) A pt(12356;478) by (7.259) and (7.265), (7.276

(

(

o — D T

7.278
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pt(256; 48) = pt(24568; 37) A pt(12356; 478) by and (7.265), (7.279)
pt(34578) = pt(26; 34578) A pt(12; 345678) by and (7.264), (7.280)
pt(23) = pt(235;46) A pt(1236; 48) by m and (7.278)), (7.281)
pt(25) = pt(235;46) A pt(256;48) by (7 and (7.279), (7.282)
pt(235678) = pt(26;38;57) V pt(235) by (7.268) and (7.271), (7.283)
pt(26;38;457) = pt(26; 38;57) V pt(26;45) by (]7.268[) and ((7.274)), (7.284)
pt(137;26;58) = pt(13;26) V pt(26;37;58) by (7.269) and (7.273), (7.285)
pt(125;3468) = pt(25;46) V pt(12;36;48) by (7.270) and (7.275), (7.286)
pt(1257; 3468) = pt(25;46) V pt(12;3468;57) by (7.270) and (7.277), (7.287)
pt(3458) = pt(234568) A pt(34578) by and ([7.280), (7.288)
pt(38) = pt(138;246;57) A pt(3458) by (7.251)) and (7.288)), (7.289)

pt(47) = pt(12;356; 478) A pt(26; 38;457) by (7.254) and (7.284),
(7.290)
pt(68) = pt(468) A pt(235678) by ([7.266]) and m, (7.291)
pt(15) = pt(135; 26; 78) A pt(125; 3468) by (7 and (7.286), (7.292)
pt(17) = pt(137; 26; 58) A pt(1257; 3468) by m and m (7.293)
In particular, pt(15) € S by (7.292), pt(52) € S by (7.282)), pt(23) € S by (7.281),

pt(38) € S by (7 pt(86) € S by (7.291)), pt(64) € S by , pt(47) € S

by , and pt(71) € S by . Consequently, Lemma [1| completes the

proof. O
Proof of Lemma I3}

ap,0 = pt(167;234; 58), (7.294)

a0 = pt(12;36;57), (7.295)

a1,1 = pt(267;45), (7.296)

ap 1 = pt(148;26;357), (7.297)

pt(67) = pt(167;234; 58) A pt(267;45) by (7.294) and (7.296),  (7.298)

pt(57) = pt(12;36;57) A pt(148;26; 357) by ml) and (]7.7971), (7.299)

pt(26) = pt(267;45) A pt(148;26;357) by and , (7.300)

pt(15678;234) = pt(167;234;58) V pt(57) by and (7.299), (7.301)

pt(123467; 58) = pt(167;234;58) V pt(26) by and (7.300)), (7.302)

(7.303)

(7.304)

(7.305)

(7.306)

(7.307)

(7.308)

(7.309)

(7.310)

)
)
)
)
pt(12;3567) = pt(12;36;57) V pt(67) by (7.295) and (7.298),
pt(1236; 57)
)
)
)
)
)
)

t(12;36;57) V pt(26) by (7.295) and (7.300)),

pt(24567
pt(148; 23567
pt(16; 23
pt(24; 67
pt(18; 57
pt(14; 26;37

(
(
(
(
t(267;45) v pt(57) by (7.296) and (7.299),
(
(
(
(
(

t

148;26;357) V pt(67) by (7.297) and m,

t(167;234; 58) A pt(1236;57) by (7.294)) and (7.304),
t(167; 234; 58) A pt(24567) by (7. 294[) and (7.305),
) A pt(
) A pt(

t(148; 26; 357) A pt(15678;234) by (7.297) and (7.301)), (7.309
t(148; 26; 357) A pt(123467;58) by (7.297) and (7.302)), (7.310

p
b
p
p
p
p
p
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pt(357) = pt(148; 26; 357) A pt(12;3567) by (7 and (7.303), (7.311)
pt(18;23; 567) = pt(15678;234) A pt(148;23567) by (]7 301[) and (]7 306), (7.312)
pt(1236) = pt(123467; 58) A pt(1236;57) by (7 and (7.304),  (7.313)
pt(236;57) = pt(1236;57) A pt(148;23567) by (7 and m, (7.314)
pt(23) = pt(167;234; 58) A pt(236;57) by (7 and (7.314),  (7.315)
pt(124;3567) = pt(12;36;57) V pt(24;67) by (7. 295[) and ([7-308), (7.316)
pt(128;36;57) = pt(12;36;57) V pt(18;57) by (7.295) and m (7.317)
pt(1235678) = pt(12;36;57) V pt(18;23;567) by (7 and (7.312), (7.318)
pt(145;2367) = pt(267;45) V pt(14; 26; 37) by ml) and (7.310)), (7.319)
pt(16;2357) = pt(16;23) V pt(357) by (7-307) and (7.311)), (7.320)
pt(18;24;567) = pt(24;67) Vv pt(18;57) by (7.308) and m (7.321)
pt(167;23;58) = pt(167;234; 58) A pt(1235678) by (7 and (7.318), (7.322)
pt(1248; 3567) = pt(12;36;57) V pt(18;24;567) by (7 and (7.321)), (7.323)
pt(27) = pt(267;45) A pt(16;2357) by ml) and ml) (7.324)

pt(14; 357) = pt(148;26;357) A pt(124;3567) by m and (7.316)), (7.325)
pt(15;23;67) = pt(15678; 234) A pt(145;2367) by (7.301)) and (7.319), (7.326)
pt(1257;36) = pt(12;36;57) V pt(27) by (7.295) and m (7.327)
pt(12367; 458) = pt(267;45) V pt(167;23;58) by (7.296) and (7.322), (7.328)
pt(148; 357) = pt(148; 26; 357) A pt(1248;3567) by (7.297) and (7.323)), (7.329)
pt(14; 2357) = pt(23) V pt(14;357) by (7.315) and m (7.330)
pt(12578;36) = pt(128;36;57) V pt(27) by (7 and (7.324), (7.331)
pt(17) = pt(167;234; 58) A pt(1257; 36) by (7 and (7.327), (7.332)

pt(17; 58) = pt(167; 234; 58) A pt(12578; 36) by (]7 204) and (7:331)), (7.333)

pt(26; 37; 48) = pt(148; 26; 357) A pt(12367; 458) by (7.297) and (7.328)), (7.334)
pt(15) = pt(15;23;67) A pt(1257; 36) by m and (7.327), (7.335)
pt(1267;458) = pt(267;45) V pt(17;58) by (7 and m, (7.336)
pt(156;23) = pt(16;23) V pt(15) by (7 and (7-335), (7.337)
pt(148;26; 37) = pt(14;26;37) V pt(26; 37; 48) by (7 and (7.334),  (7.338)
pt(12356) = pt(1236) V pt(15) by (7 and m, (7.339)
pt(123457) = pt(14;2357) V pt(17) by ml) and (7.332), (7.340)
pt(18) = pt(15678;234) A pt(148;26;37) by (7.301) and (7-338)), (7.341)

pt(56) = pt(12;3567) A pt(156;23) by m and (7.337), (7.342)

pt(24) = pt(24;67) A pt(123457) by (7 and (7.340), (7.343)

pt(35) = pt(357) A pt(12356) by m and (7.339), (7.344)

pt(48) = pt(148;357) A pt(1267;458) by (7-329) and (7.336). (7.345)

In particular, pt(18) € S by (7.341)), pt(84) € S by (7.345), pt(42) € S by (7.343),
pt(23) € S by (7.315)), pt(35) € S by (7.344), pt(56) € S by (7.342)), pt(67) € S by
(7.298), and pt(71) € S by (7.332)). Therefore, Lemmacompletes the proof. [
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Proof of Lemma
ao,0 = pt(125; 346; 789), (7.346)
a1,0 = pt(267; 34; 89), (7.347)
a1 = pt(158;239), (7.348)
ao,1 = pt(147;238; 569), (7.349)
pt(34; 89) = pt(125; 346; 789) A pt(267; 34; 89) by (7.346) and (7.347),  (7.350)
pt(15) = pt(125; 346; 789) A pt(158;239) by (7.346) and (7.348)), (7.351)
pt(23) = pt(158;239) A pt(147;238; 569) by m and (7.349), (7.352)
pt(123456; 789) = pt(125; 346;789) V pt(23) by (7 and (7.352), (7.353)
pt(23467;89) = pt(267;34;89) V pt(23) by (7. 347]) and (7.352)), (7.354)
pt(1234589) = pt(158;239) V pt(34;89) by ml) and (7.350)), (7.355)
pt(145679; 238) = pt(147;238; 569) V pt(15) by (7 and (7.351)), (7.356)
pt(125; 34; 89) = pt(125; 346; 789) A pt(1234589) by (]7 346) and (7.355), (7.357)
pt(15;46;79) = pt(125; 346; 789) A pt(145679;238) by (7.346) and (7.356), (7.358)
pt(67) = pt(267; 34; 89) A pt(145679;238) by (7 and (7.356), (7.359)
pt(14;23; 56) = pt(147; 238; 569) A pt(123456; 789) by m and (7.353), (7.360)
pt(23;47) = pt(147;238; 569) A pt(23467;89) by (7.349) and (7.354), (7.361)
pt(14;238;59) = pt(147;238;569) A pt(1234589) by m and (7.355), (7.362)
pt(23;467) = pt(23467; 89) A pt(145679; 238) by m and (7.356), (7.363)
pt(125; 346789) = pt(125; 346;789) V pt(67) by (7 and (7.359), (7.364)
pt(46) = pt(125; 346; 789) A pt(23;467) by m and (7.363)), (7.365)
pt(12567; 34; 89) = pt(267; 34; 89) V pt(125; 34; 89) by (7.347) and (7.357), (7.366)
pt(158;2379;46) = pt(158;239) V pt(15;46;79) by (7.348) and (7.358), (7.367)
pt(12345789) = pt(1234589) V pt(23;47) by (7.355) and (7.361)), (7.368)
pt(15;4679) = pt(15;46;79) V pt(67) by (7.358)) and (7.359), (7.369)
pt(14; 23; 567) = pt(67) V pt(14; 23; 56) by (7.359) and (7.360), (7.370)
pt(14; 238; 569) = pt(14;23;56) V pt(14;238;59) by (7.360) and (7.362)), (7.371)
pt(27) = pt(267; 34;89) A pt(158;2379;46) by (7.347) and (7.367), (7.372)
pt(158;234679) = pt(158;239) V pt(15;4679) by (7.348) and (7.369), (7.373)
pt(17;56) = pt(147;238;569) A pt(12567; 34; 89) by m and ml), (7.374)
pt(38) = pt(14;238;59) A pt(125;346789) by (7 and (7.364), (7.375)
pt(14;23;57) = pt(12345789) A pt(14;23;567) by m and m (7.376)
pt(69) = pt(15;4679) A pt(14;238;569) by (7.369) and (7.371)), (7.377)
pt(123589) = pt(158;239) V pt(38) by (7.348) and (7.375), (7.378)
pt(34) = pt(34;89) A pt(158;234679) by (7.350) and (7.373)), (7.379)
pt(14;2378; 59) = pt(14;238;59) V pt(27) by (7.362) and m (7.380)
pt(57) = pt(12567; 34; 89) A pt(14;23;57) by (7 and (7.376), (7.381)
pt(127; 56) = pt(27) V pt(17;56) by (7.372) and (7. 374[) (7.382)
pt(78) = pt(125; 346; 789) A pt(14;2378;59) by (7.346) and (7.380), (7.383)
pt(12) = pt(125; 346; 789) A pt(127;56) by (7.346) and (7.382)), (7.384)
pt(89) = pt(267;34;89) A pt(123589) by (7.347) and (7.378). (7.385)
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In particular, pt(15) € S by (7.351), pt(57) € S by (7.381), pt(78) € S by (7.383),
pt(89 € S by (7-385), pt(96) € S by (7.377), pt(64) € S by (7.365), pt(43) € S by
7.379), pt(32) € S by (7.352)), and pt(21) € S by (7.384). Hence, Lemmacompletes

Od

the proof.

Proof of Lemma[18
ap,0 = pt(26; 35), (7.386)
a1,0 = pt(15;24), (7.387)
1,1 = pt(23;45), (7.388)
ap,1 = pt(12;346), (7.389)
pt(135; 246) = pt(26;35) V pt(15;24) by (7.386]) and , (7.390)
pt(23456) = pt(26; 35) V pt(23;45) by (7.386]) and ( , (7.391)
pt(12345) = pt(15;24) V pt(23;45) by (7.387) and (7.388), (7.392)
pt(35) = pt(26;35) A pt(12345) by (7 and (7.392), (7.393)
pt(46) = pt(12;346) A pt(135;246) by ml) and mlh (7.394)
pt(346) = pt(12;346) A pt(23456) by (7 and (7.391)), (7.395)
pt(12;34) = pt(12;346) A pt(12345) by (7 and (7.392), (7.396)
pt(2345) = pt(23456) A pt(12345) by (7 and (7.392), (7.397)
pt(126;345) = pt(26; 35) V pt(12;34) by (7.386) and (7.396)), (7.398)
pt(15;2346) = pt(15;24) V pt(346) by m and m (7.399)
pt(23;456) = pt(23;45) V pt(46) by (7.388) and (7.394)), (7.400)
pt(12;3456) = pt(12;346) V pt(35) by ml) and (7.393), (7.401)
pt(34) = pt(12;346) A pt(2345) by (7 and (7.397), (7.402)
pt(45) = pt(23;45) A pt(126; 345) by ml) and (7.393), (7.403)
pt(23) = pt(23;45) A pt(15;2346) by (7.388) and (7.399), (7.404)
pt(456) = pt(23;456) A pt(12;3456) by (7.400) and (7.401)), (7.405)
pt(2356) = pt(26;35) V pt(23) by (7.386) and (7.404), (7.406)
pt(1245) = pt(15;24) V pt(45) by m and m (7.407)
pt(12) = pt(12;346) A pt(1245) by (7 and (7.407), (7.408)
pt(56) = pt(456) A pt(2356) by ml) and (]W%[) (7.409)
pt(25) = pt(2356) A pt(1245) by (7.406) and (7.407), (7.410)
pt(125; 346) = pt(12;346) V pt(25) by (7.389) and (7.410)), (7.411)
) = (7.412)

pt(15) = pt(15;24) A pt(125; 346) by (7.387) and (7.411).

In particular, pt(15) € S by (7.412)), pt(56) € S by (7.409), pt(64) € S by (7.394),
pt(43) € S by ([7402), pt(32) € S by (T404), and pt(21) € S by (7408). Conse-

quently, Lemma [I] completes the proof. O
Proof of Lemma[I7
ao,0 = pt(145; 36), (7.413)

a0 = pt(16; 245), (7.414)



24

G. CZEDLI

ay1 = t 17 26 35)

Qp,1 = t 13 257 46)
pt(45) = pt(145; 36) A pt(16;245) by (7.413) and (7.414),
pt(25) = pt(16;245) A pt(13;257;46) by (7.414) and (|7.416[),

pt(1245; 36) =
pt(17; 26; 345) =
pt(17; 2356) =
pt(13;24567) =
pt(36) =
pt(26) =
pt(256) =
pt(12456) =
pt(1346; 257) =
pt(145) =
pt(14;36) =
pt(16;25) =
pt(34) =
pt(13456) =
pt(13457; 26) =
pt(147; 2356) =
pt(1256)
pt(1346) =
pt(16; 45) =
t(16) =
t(35) =
pt(13;57) =
pt(125) =
pt(12346) =
pt(56) =
pt(1267; 345) =
pt(13;457) =

)

)

)=

p
p

£(12
(27
pt(47

p
p

p
p
p
p
p
p
p
p
b
p
p
b
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p
p

(
(
(
(
t(145; 36) V pt(25) by (7.413) and (7.418),
t(17;26;35) V pt(45) by (7.415)) and (7.417)),
t(17;26; 35) V pt(25) by m and (7.418),
t(13;257;46) V pt(45) by (7 and (7.417),
t(145; 36) A pt(17;2356) by m and (7.421)),
t(17; 26; 35) A pt(13;24567) by (7 and (7.422),
t(17;2356) A pt(13;24567) by m and ([7.422),
t(16;245) V pt(26) by (7 414[) and (7-424)),
t(13;257;46) V pt(36) by (7.416) and (7.423),
t(145; 36) A pt(12456) by (7 and (7.426),
t(145; 36) A pt(1346;257) by m and (7.427),
t(16;245) A pt(1346;257) by (]74_14|) and (7.427),
t(17; 26; 345) A pt(1346;257) by (7.420) and (7.427),

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

(

t(145; 36) V pt(34) by (7.413) and m,
t(17;26;35) V pt(145) by and (7.428),
t(17;26; 35) V pt(14; 36) by (7-415) and (7.429)),
t(26) V pt(16;25) by (7 and (7.430),

t(14; 36) V pt(34) by (7 and ( m,

t(16;245) A pt(13456) by and (7.432),
t(16;245) A pt(1346) by (7. 414[) and (7. 436|),
t(17;26; 35) A pt(13456) by (7.415) and ml)
t(13;257; 46) A pt(13457; 26) by ) and m,
t(1245;36) A pt(1256) by (7 and (7.435)),

t(26) V pt(1346) by and ,

t(256) A pt(13456) by (7.425)) and (7.432)),
t(17;26;35) V pt(16;45) by (7.415) and (7.437),
t(45) V pt(13;57) by and (7.440),

t(125) A pt(12346) by (7.441)) and (7.442)),

t(13; 257; 46) A pt(1267; 345) by (7 and (7.444),
t(147; 2356) A pt(13;457) by (]7T34|) and (7.445)).

In particular, pt(12) € S by (7.446)), pt(27) € S by (7.447), pt(74) € S by (7.44%),

pt(43) € S by (7.431), pt(35) € S by (7.439)), pt(56) € S by (7.443)), and pt(61) €

by (7.438). Consequently, Lemma completes the proof.

S
O
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Proof of Lemma[1§
Qp,0 = pt(lG 24; 35)
ay,0 = pt(14 35)
ay1 = pt(16 23 45)
Qp,1 = pt(125 346)

pt(1246; 35) = pt(16;24;35) V pt(14;35) by (7.449) and (7.450),
pt(35) = pt(16;24; 35) A pt(14;35) by (7.449) and (7.450)),
pt(16;2345) = pt(16;24; 35) V pt(16;23;45) by and (7.451)),

pt(16) = pt(16;24; 35) /\pt(16'23'45) by (7 and (7.451)),
pt(146; 35) = pt(14;35) V pt(16) by (7.450) and @,
pt(12;46) = pt(125;346) A pt(1246; 35) by (7.452)) and (7.453),
pt(25; 34) = pt(125; 346) A pt(16;2345) by (7.452) and (7.455)),
pt(12345) = pt(14;35) V pt(25; 34) by (7.450) and (7.459),
pt(46) = pt(125;346) A pt(146;35) by (7.452) and (7.457),
pt(2345) = pt(35) V pt(25;34) by (7 and ( m,
pt(1246) = pt(16) V pt(12;46) by (7 and (7.458),
pt(1456;23) = pt(16;23;45) V pt(46) by m and m
pt(125;34) = pt(125; 346) A pt(12345) by (7.452)) and (7.460),
pt(12) = pt(12;46) A pt(12345) by ml) and ml)
pt(25;346) = pt(25;34) V pt(46) by (7 and (7.461)),
pt(24) = pt(2345) A pt(1246) by ml) and ml)
pt(1236; 45) = pt(16;23;45) V pt(12) by (7.451)) and (7.466)),
pt(15) = pt(1456; 23) A pt(125;34) by (7.464) and (7.465),
pt(36) = pt(25;346) A pt(1236;45) by (7.467) and (7-469).

25

In particular, pt(15) € S by (7.470)), pt(53) € S by (7.454), pt(36) € S by (7.471)),
pt(64) € S by (7.461), pt(42) € S by (7.468), and pt(21) € S by (7.466). Conse-

quently, Lemma 1| completes the proof.

Proof of Lemma[I9
0,0 = pt(36;45),
aq,0 = pt(126;57),
aq,1 = pt(17; 24; 35),
ap,1 = pt(15;23;467),
pt(1236;457) = pt(36;45) V pt(126;57) by and (7.473),
pt(17;23456) = pt(36;45) V pt(17;24;35) by (7.472) and (7-474),
pt(26) = pt(126;57) A pt(17;23456) by (7.473]) and (7.477)),
) = pi(
) = pt(

pt(23;47) = pt(15;23; 467) A pt(1236;457) by (7.475) and (7.476),

pt(236; 45) = pt(1236;457) A pt(17;23456) by (7.476) and (7.477),
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pt(236;457) = pt(36;45) V pt(23;47) by (7.472)) and (7.479), (7.481)
pt(17;246; 35) = pt(17;24;35) V pt(26) by (7.474) and (7-478), (7.482)
pt(123457) = pt(17;24; 35) V pt(23;47) by (7.474) and (7.479), (7.483)
pt(23) = pt(15;23;467) A pt(236;45) by (7.475) and (7.480)), (7.484)
pt(26;57) = pt(126;57) A pt(236;457) by (7.473) and (7.481)), (7.485)
pt(12;57) = pt(126;57) A pt(123457) by and (7-483), (7.486)
pt(46) = pt(15;23;467) A pt(17;246;35) by (7.475) and (7.482)), (7.487)
pt(15;23;47) = pt(15;23;467) A pt(123457) by (7.475) and (7.483), (7.488)
pt(12;36;457) = pt(36;45) V pt(12;57) by (7.472) and (7.486)), (7.489)
pt(3456) = pt(36;45) V pt(46) by and (7.487), (7.490)
pt(1457;236) = pt(36;45) V pt(15;23;47) by (7.472) and (7.485), (7.491)
pt(1357;246) = pt(17;24;35) V pt(26;57) by (7.474) and (7.485), (7.492)
pt(35) = pt(17;24; 35) A pt(3456) by and (7.490), (7.493)

pt(17) = pt(17;24; 35) A pt(1457; 236) by and (7491),  (7.494)

pt(47) = pt(15;23;467) A pt(12;36;457) by (7.475) and (7.489), (7.495)

pt(15) = pt(15;23;47) A pt(1357; 246) by and (7.492).  (7.496)

In particular, pt(15) € S by (7.496)), pt(53) € S by (7.493), pt(32) € S by (7.484]),

pt(26) € S by (7-478), pt(64) € S by (7.487)), pt(47) € S by (7.495), and pt(71) € S

by (7.494). Consequently, Lemma completes the proof. O
Proof of Lemma 20,

0,0 = pt(16;45), (7.497)

a1,0 = pt(16;24), (7.498)

a11 = pt(12;36;45), (7.499)

o1 = pt(134; 256), (7.500)

pt(16) = pt(16;45) A pt(16;24) by (7.497) and (7.498)), (7.501)

pt(16;245) = pt(16;45) V pt(16;24) by (7.497) and (7.498), (7.502)

pt(1236; 45) = pt(16;45) V pt(12;36;45) by (7-497) and (7.499), (7.503)

pt(45) = pt(16;45) A pt(12;36;45) by (7.497) and (7.499), (7.504)

pt(25) = pt(134;256) A pt(16;245) by (7.500) and (7.502), (7.505)

pt(13;26) = pt(134;256) A pt(1236; 45) by (7.500) and (7.503)), (7.506)

pt(12346) = pt(16;24) V pt(13;26) by (7-498) and (7.506)), (7.507)

pt(1245; 36) = pt(12;36;45) V pt(25) by (7.499) and (7.505), (7.508)

pt(1236) = pt(16) V pt(13;26) by (7.501) and (7.506)), (7.509)

pt(13;256) = pt(25) V pt(13;26) by (7.505) and (7.506)), (7.510)

pt(24) = pt(16;24) A pt(1245;36) by (7.498) and (7.508)), (7.511)

pt(12; 36) = pt(12; 36;45) A pt(12346) by (7.499) and (7.507), (7.512)

pt(134;26) = pt(134;256) A pt(12346) by (7.500) and (7.507)), (7.513)




FOUR-ELEMENT GENERATING SETS OF PARTITION LATTICES 27

pt(14;25) = pt(134;256) A pt(1245;36) by (7.500) and (7.508), (7.514)
pt(12356) = pt(16) V pt(13;256) by (7.501) and (7.510)), (7.515)
pt(124;36) = pt(12346) A pt(1245;36) by (7.507) and (7.508)), (7.516)
pt(12456) = pt(16;45) V pt(14;25) by (7.497) and (7.514), (7.517)
pt(14) = pt(134;256) A pt(124;36) by (7.500) and (7.516)), (7.518)
pt(146;25) = pt(16) V pt(14;25) by (7.501)) and (7.514]), (7.519)
pt(1345;26) = pt(45) V pt(134; 26) by (7.504) and (7.513), (7.520)
pt(1245) = pt(45) V pt(14;25) by (7.504) and (7.514), (7.521)
pt(13;246) = pt(13;26) V pt(24) by (7.506) and (7.511)), (7.522)
pt(1456) = pt(16;45) Vv pt(14) by (7. 497[) and ((7.518)), (7.523)
pt(26) = pt(13;26) A pt(12456) by (7 and (7.517), (7.524)
pt(12) = pt(1236) A pt(1245) by m and ([7.521)), (7.525)
pt(135;26) = pt(12356) A pt(1345;26) by (7.515) and (7.520), (7.526)
pt(46) = pt(146;25) A pt(13;246) by (7-519) and (7.522), (7.527)
pt(12;3456) = pt(12;36;45) V pt(46) by (]ngl) and (7.527), (7.528)
pt(56) = pt(13;256) A pt(1456) by (7 and (7.523), (7.529)
pt(12;346) = pt(12;36) V pt(46) by m and (7.527), (7.530)
pt(34) = pt(134;256) A pt(12;346) by (7.500) and (7.530)), (7.531)
pt(35) = pt(135;26) A pt(12;3456) by (7.526) and (7.528). (7.532)

In particular, pt(14) € S by (7.518), pt(43) € S by (7.531), pt(35) € S by (7.532)),
pt(56) € S by (7.529), pt(62) € S by (7.524), and pt(21) € S by (7.525). Conse-

quently, Lemma [I] completes the proof. O
Proof of Lemma 2]}

g0 = pt(13;57), (7.533)

1,0 = pt(12; 34), (7.534)

a1 = pt(156;47), (7.535)

a1 = pt(17;236;45), (7.536)

pt(1234;57) = pt(13;57) V pt(12; 34) by (7.533) and (7.534)), (7.537)

pt(134567) = pt(13;57) V pt(156;47) by and (7.535)), (7.538)

pt(1256;347) = pt(12;34) V pt(156;47) by (7 and (7.535)), (7.539)

pt(34) = pt(12;34) A pt(134567) by (7 and m, (7.540)

pt(23) = pt(17;236;45) A pt(1234;57) by ) and (7.537),  (7.541)

pt(17;36;45) = pt(17;236;45) A pt(134567) by m and (7.539), (7.542)

pt(26) = pt(17;236;45) A pt(1256; 347) by (7.536) and (7.539), (7.543)

pt(156; 347) = pt(134567) A pt(1256; 347) by (7. 538[) and (7539), (7.544)

pt(123;57) = pt(13;57) V pt(23) by (7 and (7.541)), (7.545)

pt(1234) = pt(12;34) V pt(23) by (7 and (7.541)), (7.546)
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pt(127;3456) = pt(12;34) V pt(17; 36;45) by (7.534) and (7.542)),
pt(236) = pt(23) V pt(26) by (7-541) and (7.543),
pt(156; 2347) = pt(23) V pt(156; 347) by m and (7.544]),
pt(12) = pt(12;34) A pt(123;57) by (7 and (7.545)),
pt(56) = pt(156;47) A pt(127; 3456) by m and (7.547),
pt(36) = pt(134567) A pt(236) by (7-538) and (]7 548),

pt(27; 34; 56)
pt(127; 34; 56)
pt(127; 36; 45

pt(12347; 56

pt(

pt(

pt(

pt(

pt(

pt(

pt(127;3456) A pt(156;2347) by (7 and (7.549),
pt(12;34) V pt(27; 34;56) by m and (7.553)),
pt(17;36;45) v pt(12) by (7.542)) and (7.550)),
pt(
pt(
pt(
pt(
pt(
pt(
pt(
pt(

t(1234) V pt(27;34; 56) by (7.546]) and (7.553)),

)
)
pt(17) = pt(17;236;45) A pt(127; 34; 56) by ml) and (7.554),
pt(17;23) = pt(17;236;45) A pt(12347;56) by (7.536) and (7.556),
pt(27) = pt(156;2347) A pt(127; 36;45) by m ) and (7.555),
pt(1357) = pt(13;57) V pt(17) by (7 and (7.557),
pt(12347) = pt(12;34) V pt(17;23) by m and ([7.558)),
pt(15) = pt(156;47) A pt(1357) by m and (7.560)),
pt(47) = pt(156;47) A pt(12347) by (7.535) and (7.561).

In particular, pt(15) € S by (7.562)), pt(56) € S by (7.551), pt(63) € S by (7.552]),

pt(34) € S by (7.540), pt(47) € S by (7.563)), pt(72) € S by (7.559)), and pt(21) €

by (7.550f). Hence, Lemma completes the proof.

Proof of Lemma

ap,0 = pt(134;2567),
a0 = pt(14;36;57),
a1, = pt(127;56),
ap,1 = pt(15;24;37),
pt(14;57) = pt(134;2567) A pt(14;36;57) by and (7.565),
pt(27;56) = pt(134;2567) A pt(127;56) by (7.564) and (7.566)),
pt(14;23567) = pt(14; 36;57) V pt(27;56) by (7.565) and (7.569)),

pt(124567) = pt(127;56) V pt(14;57) by (7.566) and (7.568),
pt(123457) = pt(15;24; 37) V pt(14;57) by (7.567) and (7.568),

pt(156; 2347)
pt(134; 257)

(

(

pt(

pt(

pt(15;24;37) V pt(27;56) by (7.567)) and (7.569)),
pt(134;2567) A pt(123457) by m and (7.572),
pt(134; 2567) A pt(156;2347) by (7.564) and (7.573),
pt( (

pt(

pt(

pt(

pt(27; 34;56) =
pt(37) = pt(15; 24; 37) A pt(14;23567) by (7 and (7.570),
pt(15;24) = pt(15;24;37) A pt(124567) by (]7 567]) and (7-571)),
pt(27) = pt(27; 56) A pt(123457) by (7.569) and (7.572),
pt(1346;257) = pt(14;36;57) V pt(134;257) by m and (7.574),

S
O
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pt(14;3567) = pt(14;36;57) V pt(37) by (7.565) and (7.576)), (7.580)
pt(1237;56) = pt(127;56) V pt(37) by (7.566|) and (7.576)), (7.581)
pt(2347;56) = pt(27;34;56) V pt(37) by (7.575) and (7.576)), (7.582)
pt(13;27;56) = pt(134;2567) A pt(1237;56) by (7.564) and (7.581),  (7.583)
pt(56) = pt(127;56) A pt(14;3567) by (7.566) and (7.580), (7.584)
(12347, 56) = pt(127;56) V pt(2347;56) by (7. 566[) and (7.582), (7.585)
pt(16;27; 34) = pt(156;2347) A pt(1346;257) by (7 and (7.579),  (7.586)
pt(24) = pt(15;24) A pt(2347;56) by (7 and m, (7.587)

pt(14) = pt(14;36;57) A pt(12347; 56) by and (7.585),  (7.588)
(12567 34) = pt(127;56) V pt(16;27;34) by (7. 566[) and ([7.586)), (7.589)
pt(1356;247) = pt(15;24) V pt(13;27;56) by WI) and (7.583)), (7.590)
pt(36) = pt(14;36;57) A pt(1356;247) by (7 and (7.590),  (7.591)

pt(15) = pt(15;24;37) A pt(12567; 34) by (7 and (7.589).  (7.592)

In particular, pt(14) € S by , pt(42) € S by , pt(27) € S by ,

pt(73) € S by (7.576)), pt(36) € S by (7.591)), pt(65) € S by (7.584)), pt(51) € S by
(17.592)). Consequently, Lemma completes the proof. O
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