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A NOTE ON TOLERANCES OF IDEMPOTENT ALGEBRAS

G. Czédli and L. Klukovits, Szeged, Hungary

Abstract. Tolerances of algebras are defined as binary, refiexive, synunetric
and compatible relations. It is advantageous to describe tolerances by certain cove-
ring systems, namely, the systems of aH blocks. The present paper gives a charac-
terization by covering systems associated with tolerances of idempotent algebras.
This result makes possible to characterize tolerances of a wide class of lattices,
containing alI the ones of finite length, via covering systems.

Given an algebra (A, F), a binary, reflexive, symmetric and com-
patible relation e so A X A is said to be a tolerance relation (or shortly
tolerance) of the algebra A. (We denote algebras and their base sets
by the game letter.) Tolerances of algebras were firstly investigated
by B. Zelinka [5]. For a tolerance e of the algebra A, a subset B of A
is called a block of e if B2 so e, but C2 so e for no B c C so A. The
set of all blocks of e is denoted by ~ lJ' There is a familiar correspon-
dence between congruences (equivalence relations) and compatible
partitions on a given algebra (set). 1. Chajda in [1] (1. Chajda, T. Niederle
and B. Zelinka in [2]) established a game type of connection between
tolerances of algebras (of sets) and certain coverings. The aim of this
Dote is to present a simpIer and more handlable condition for coverings
connected with tolerances of idempotent algebras, Since sets can be
considered as idempotent algebras (having one projection only as
fundamental operation) we can simplify the conditions given in [2]
for sets.

The first author in [4] characterized the set of alI blocks of a
tolerance on alattice. We can easily derive his result from our theorem
for lattices satisf)ring the Chain Condition.

THEOREM. For an z'dempotent algebra (A, l!) and a family of
subsets f(f ~ p+ (A) (the set of ali non-void subsets of A) the following
two conditions are equivalent:

(i) f(f is the set of ali blocks of a suitable tolerance of A.

(it) f(f has the following properties,

(a)u(B IBEf(f) =A
(fJ) For any B, D E f(f, B ~ D implies B = D.
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Cy) For any n-ary operation f
a set DE t'(f such that f (BH
1 ..: i ..: n} !; D.

(ó) For any subalgebra E of A
tained in a set Da,b E re, then there

Proof. The part (i) ~ (ii) is obvious. To prove the implication
(ii) ~ (i), let CC be a family of nonvoid subsets of A (CC s;; p+ (A))
satisfying the conditions (a), (P), Cy), (b). Define a binary relation e
on A in the fo11owing way: for anya, b E A, Ca, b) Ee irr there exists
a set B ECC such that {a, b} s;; B. Obviously e is symmetric, moreover
the conditions (a) and (y) imply the reflexivity and compatibility
of e. Therefore e is a tolerance of A, and let CCQ denote the set of its
blocks. By the definition of the relation e a set B ECC does not belong
to CCQ iff there is an element d E A" B such that (b, d) Ee for a11
b E B. Using the Zorn-Iemma we get a e-block D ECC such that

B s; {d} uB s; D.

The idempotency of the algebra A implies that D is a subalgebra of
A (this was observed by 1. Chajda and B. Zelinka in [3]). Moreover
D being a e-block we have (d, e) Ee for alI d, e ED. By the definition
of the relation e each pair of elements of D is contained in some set
in f#f. Now applying the condition (~) we get a set E Ef#f such that
D s; E. Thus B s; D s; E, and from this we can derive B = D = E
by the condition (fl), which means B E f#f {1' This proves f#f s; f#f e'

On the other hand let D be an arbitrary e-block. D is a subalgebra
of A and for each pair of elements a, b E D, (a, b) Ee holds. By the
detinition of the relation e and the condition (õ) we have a set EE re
containing D. Using the Zorn-Iemma again we get ae-block G E re(l
such that

D s; E s; G.

Sin ce the set of a11 blocks of a tolerance satisfies the condition cP)
we have D = E = G, i. e., D E'{j and therefore '{je S '{jo Thus we
proved '{j = <'(Ie' which finishes our proof.

Now we are ready to derive the following

COROLLARY [4]. Let L be a lattice satisfying the Chain Con-
dition (i. e.. any chain in L is finite) and let 'ti s p+ (L). Then the
following two conditions are equivalent:

(i) 'ti is the set of ali blocks of a suitable tolerance fl of L.

(ii) 'ti is of the form {[ay. by] I 'Y EF} where [ay. b)] are intervals
of L (thus ay < by) and the following three axioms are satisfied.

(CI) U ([ay, by] Ii' Er) = L;

(C2) For any i', <'} Er ab = ay is equivalent to by = bb;

EF and BI, ..., BR E <'c there exists
..., BR) = {J (bI, ..., bR) I bi E BI,

if any two elements a, bEE are con-
exists a set B E ~ containing E.
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(C3) For any 1', Ö Erthere exists ap. Er such that ali = ay Vad'
b/l > by V bd and, dually, there exÚts a "E r st/ch that a. <: ay 1\ ad,
b. = b)' 1\ bd.

Proof. To prove the (i) = (ii) irnplication first we show that the
blocks of a tolerance (! arc convex sublattices (ef. I. Chajda and B.
Zelinka [3]). As we have mentioned, the blocks of a tolerance of án
idempotent algebra arc subalgebras. To prove the convexity assume
AE~=~Q' a<c<:b, and a,bEA. Then by (a) CECE~ holds
for some C. By making use of (1') twice we obtain D, E E~ such that
D;2 {x V y Ix E C, Y E A} and E;2 {x 1\ y Ix ED, Y E A}. Since
c = c Va E D, c = c 1\ bEE, and for any x E A x = (c V x) 1\ x E E,
we have CE E;2 A. Thus (fl) irnplies c E E = A, showing the con-
vexity of A. The Chain Condition yields that convex sublattices arc
intervals, whence ~ is of the form ([a)', b)'] Ir Er}. (CI) follows
from (a). If a = a)' = ad then by (1') there exists an A E~ such
that A ;2 {x V y I x E [a)', by], y E [ad' bd]}, By convexity, A;2 [ay V
Vad' by V bd] ;2 [a, bJ for t E{r, ö}. Hence by = bd follows from (fl),
showing (C2). Similarly, for any 1', ö Erthere exists a p. E r such
that

[ali' bI'] ;2 {x V y I x E [ay, by], y E [ad' bd]}

and, by convexity, [ali' bI'] ;2 [ay Vad' by V bd], Hence alI <: ay V
V ad and bll > by V bd. Now for t E {r, ö} by (1') and convexity again,
[a" bi] S; [a. 1\ a,., b.] = [a. 1\ a,., b. 1\ b/l] s; B. E~. From (fl) we
conc1ude [a" b.] = B., so a. = a. 1\ al" Therefore a, <: a,. (t E {r, ö}),
which irnplies ay V ad <: ali' The duality principle settles the rest
of (C3).

(ii) implies (z). Suppose (iz), then it suffices to show that (a),
(fl), (1') and (ö) hold. Evidently (a) and (1') follow from (CI) and (C3),
respectively. If 1', ö Er and [av, by] s; [ad, bd] then considering a
suitable p. from (C3) and using (C2) twice we obtain

a)l = ay V ad = a,.,

, by <: bd = by V bd <: b/l = by, ay = ad.

Hence (fl) holds. Since any sublattice of L is bounded by the Chain
Condition, (ö) is obvious.
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Saddai

.epis to1erandja pomoéu sistema pokrivanja ti. sistema svih b1oko-
va, ima stanovite prednosti pred ostalima. U factu je dana karakteriza-
dja sistema pokrivanja pridruzenih to1erandjama idempotentnih a1-
gebri.
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