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It is well-known thet in & finite distributive
lattice the set of join-irreducible elemenis and any
meximal chain heave the seme cerdinality. In this note we
give = gereralization of this theorem, using the following
notions.

Definition. A subset H of & lattice L is called
weakly independent iff for all h,hy,b5,...,0 €H which
satisfy b€ Byv BV ...vhy there exists an i {1<€ i€ n)
such that hﬁShi. 4 meximel weakly independent set is
celled 2 basis of L.

Every subchein of L is = weakly independent subset
and any maximal chein is & basis. In this paper 1L

denotes a finite distributive lattice and let JO(L)

denote the set of all join-irreducible elements c¢f L. By
using Lemma 1 {cf. later) it is easy to show thet J, (L)
is s bessis of L.

Theorem 1. Any iwo bases of & finite distributive

laitice have the same number of elementsz,

To charscterize the bases we need the fcllowing
concepi: & sublattice K of L is called a sublattice of

meximel length iff K conizins a meximal chein of L (i.e.q
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every meximel chain of K is a meximal chain of L),

Thegrer 2, & subset E of 2 finite distributive lattice

L is & besis if and only if the sublattice K §enéra‘ted

ty B is 'a sublettice of maximal length end H = JO'(K).

"”he proof of Theorem 1 starts with the following

wel1 —known

Lemms 1. Whenever erO(L) end x < ylv IURVE

then x <y, for some i (1< i<n),
o R .- .

From now on ler. T be & bassis of L.

Lemma 2. For- every pg£ JO(L) there exists & uw€ U

such that pSu.

Proof. Bv Lemna 1 1» is squlclen* 'to show that
V1 = 1. Ir we had \/U 15 1 ‘ch'n Uu{l‘g woul_c‘ne a'weg.kly
. 1nde‘pendent suoso'f: aga:m, yonujadlc ting the meximality
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Now let. p be an element:of JO(L}';. ¥e define the

element ;A(u; vEV,.pLul. By Temme 2° 7 exists

ane 3L D
Lemma 3. For evé;:‘y péJO{L) D Eglongs ‘o T.

. FProof., .A11 we-hﬁvevto prove is thet Uu{ﬁ} is
weakly independent. Firstly, we consider ihe cese
PE BV se eV u, . where uq... .,unE'U. From Lemme 1 and
v ;E,i;f, Uy '”..\';uii -we ‘obiain p L u, for some i. Hence

5 <u;l Thersecondroase is u g ﬁv‘ulv Lo iVEL where

ugulg...,unﬁ U. We can amsume that RE UV eee VU, . For



any vEU satisfying p<v we have p<v, whence
ug vy WV ... vu. Since U is weskly independent we -

conclude u<v. Therefore A VET, p<v) = P. P
Lemms 4. The ‘map- (r T (L)—>U p&—»p ':is.bnto.

:M. Let u be an ‘r'bitrary element of U. Then''
u=py ...vp for sultable pl,...,p €3, (L) From
P, < I_’i (1 = l,...,n) we hLave u < nlv .. V‘D Since
T is weakly 1ncepenqent, u < ﬁi holds for some . - -

Finelly, p.< u. yields p.< u, i.e. u =D.v - . @
- i

i= =

The following lemma is not only to complete <ies

proof of Thedrem 1, it is. interesting in itself,

o
v

. Lemma 5. The map Q: JO("L)—QU, Pr> D - i bilective,

Proof. Let us assu.me tna"' a.:.tnoug q,i;é J‘OA(VLy) arc
c#r, we have 3 =%, Pz.t x VH where . T o
B= Ay yGJ (L) y‘ q, and q# y} Tlﬂen 14\/\:7»;5;’-3)4
55 Byv Lemma 1 ‘a $x. ‘zﬁe c"alm ‘that xéU Inaee rﬂe‘_H
implies r € x, whence if x€U +themn q <€ q = T< 3 -
contradicts. g 451. Now. weprove that: Uu{x}

weskly independent. We nave 1o discuss. two cases. Pirstly,

X< U V...Vu, where Upseee,u € U. From Lemmsa: ¥*zng -

Tr£X we have r‘u for some i (l‘ :L-<n) . whenc

We have already seen that x f_- g = f, so x’ éu

Seconuly, UL VU,V vy {u,u,€U). We can’ agsume
1 i

that u $ Uy VieowVRoo Then 2.5 ~impliestsinto [loswe
u<y Vul_\[ eee V. Since .U is ..weaklyfinde;'i-enderit -‘-ufz%ﬁ.

We have u = P1V...vp, for.suitable Pys -«.,Dk€~~(L7

If g% u then, for all-i, $ pyrend By €L g, -

e a e A Cae g oamare
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.whence piéﬁ end u = pyv e Vpks\/ﬁ'z X. Finally, if

g<un, i.e. 3 <1, then Lemma 1 yields that either

g<x or g£ us *or some i. But we heve shown
thet ¥ . Therefore u 4 g .follows from a éui‘ end
= g. This proves Theorem 1. o ] . ®

Proof of Theorem 2. Let'H"be e besis of L and let
EA ={BA .. ALy s 1€ n€@ and by, ++sb € E]. Further, |
let K be the sublettice genersted by H. Then every element
of K has & representation as & join of elements of H'.
Now we.prove’ thet H [ ;TO(K)l Tet z & Xyy where z€ H,
X, yEK. Then = = £,V ... Ve, 7 =8,

K+1V ...Vam with

8yseeeig € E®. Therefore 2 =/ hij for sizitai’:le'hijeﬂéi; o

By dist{ributivity, z is the meet of 21} possible

hljlv ceeVhy ms_° Iif ‘sheré exis‘ted.é\n- L:z for e}éch o’ .

(1£4€m) such that zf‘_ hnﬁ then the weak ihé'epend;née

of E would yield z&£ h12 Voo Vnml . COI’.\‘.‘.IE.d‘C»lOn. ‘

Therefore there is'a flxed n such that 4 < h holas S

for &1l j.'"Consequently z £ a,, which' y*elds X = z".: o

(if 1£nXk) "or'y = 2 (if k< nfm). This proves

2€3,(K);'ie. BE J‘éﬁK’). ‘Since JOiK)'i‘s weekly “inaepe’ﬁdgit

in X snd therefore in. f., 'wé'ééﬁ-cl:luﬂé H=J (K . ) .
Fow™ suppo;e the 1eng‘ch of X is’ sma]ler than tnat “of

L. Choose a minimel b in X na'ung the propertv: 'h

exisis an a€X wh:\.ch is cove'"ed by b in X but not in L; A

From the fact that transnosed 1ntervals are :Lsomo*"oh"c

we conclifde that b is'a 301n-1rreduc1b1e element in X,

i.ges lbé‘«JO(ﬂX) » H. Let ¢ be & cover of e in L such that

e ch, The;g.c§ﬁ and, to get 8 "‘equz.*eu cont iction,
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it is suffieient to show thet - Hufcl is & weskly indepen-
dent subset of L. Fireily, consider the case c_é hiV :..V b
where Byyee.,n €H. Then a<c€bA (n \{ 2 )< b. Since
bA(h1V...Vh )€ &, we have bl\(hlv ...vh ) = b, ile.

= BV ...V b, . From b€ JO(K) end Temms 1 we conclude
c< b< hi' Jfor some i‘, Seco_ndly, let h< ey hl\/......:/'._l;ﬁ
end h& hV ...V h  where h,h, 1222+28 €H. Then ,
h< bV hlv ...\{h _and the woak ;nuebenuence of J C {Ki.= H .
{or Lemma 1) yJ.e;.us h < b, In order %o show h £ b surpose
h = b. Then b= hft_l'- bV ...vh, implies bA \hl\/ PR 2 LS. =
whence bEJo(K) vields bA (n 1V ‘..vh <a<c. ‘
Conseouently c =cv (b/\(h Y .f..vh (cv b)A- (cv

VB,V ...Vh )2 BAh=DbAb =b, & contradiction.

nug

h<b, vielding h< a< c.

Ncw, jbo prove ..he converse, suppose K ﬁs aﬂsub“awi;e -
of ma.x.Lmal leng‘th end H = 9 {¥]. w.nce E is a besis in X, -

it is weak;y 1ndepencent :Ln L. To p*'ove that E is & . besig..,. -

in I suppose hu{a} ﬂs weak_Ly 1nden°naent for some.ag N Ee v

Put b /\(y. yEK, asy)€K ) ana chcose & f‘oss’e* cover gr

of b im K heﬂ b ccvers c. 1n L, too, when eb=ave.

T"u:*ner, c = hlv ven Vh . for _suiiable nl,...,.h £E = ’Cgﬁ)
ince b thl.. .. vh end . Hufal . .1s.weekly indepen-;

dent, b§H. Let {gl,“.,,gk}; be a mulmal subget . of . . . e -

BEedJ ‘K) for which b o= g.!\/_... V.8 Then k22 and . ...
glv .... ng con‘t adlc'cs- the weak 1nﬂependence of

_Bu{a}. The prooi"vof Thg-:-o;‘em; 2 is complete. . ... @ . .

Remarks.-So fer we hevé not used the welllknows fadt =

that JO(L) ‘has thé ‘seme cardinaliiy ‘es dny maximal

subchein of L. Hence this cen be a corpllary to Theorsm 1.
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Can the other hand, Thecrem 2 together with this corollary
yield another proof of Theorem 1, but this procf avoids
Lemme 5. Finally we give & modular lattice ¥ in

‘which bcih Theorems fail:

-
Indeed, H = {C,a,b,c] is & besis of four elemernts and
every meximel chaln i1s & tasis with six elements. Further,

B £ JO([H]) = JO(M).

e



