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ABSTRACT. By a 1997 result of R. Freese, an n-element lattice has at most
27~1 congruences. This motivates us to define the congruence density cd(L)
of a finite n-element lattice as |Con(L)|/2"~ !, where |Con(L)]| is the number
of elements of the congruence lattice Con(L) of L. We prove that whenever
L is a finite lattice with cd(L) > 3/32, then L has the same number of join-
irreducible and meet-irreducible elements. This result is sharp, since there
exists a six-element lattice Rg with cd(Rs) = 3/32 but fewer join-irreducible
than meet-irreducible elements. By R. Freese, C. Muresan, J. Kulin, and the
present author’s results, lattices with congruence densities larger than 1/8
have already been described. Here we decrease the lower threshold from 1/8
to 3/32. That is, we describe all finite lattices L such that cd(L) > 3/32. As a
corollary, we give the kth largest number of congruences of n-element lattices
forn>8and k€ {n+1,n+2,n+3,n+4}.

1. INTRODUCTION AND THE FIRST THEOREM

We assume that the reader is familiar with the basic concepts of lattice theory
or universal algebra. Several auxiliary results from Czédli [§] (open access at the
time of writing) and from other sources will be used, but all of them will be recalled
when needed.

All lattices considered in this paper are assumed to be finite and L always denotes
a finite lattice, even when these conventions are not explicitly repeated. For a lattice
L =(L;V,A), we denote by Con(L) the lattice of congruence relations of L, in short,
the congruence lattice of L. Then the number of congruences of L is |Con(L)|. As
the main concept in this paper, we define the congruence density cd(L) of a finite
lattice L by cd(L) := |Con(L)|/2/*I=1. Since |Con(L)| < 2/¥1=1 by a result of Freese
[13], cd(L) < 1. Note that cd(L) = 1 if and only if L is a chain. Our first goal is to
prove the following theorem.

Theorem 1.1. FEvery finite lattice L with cd(L) > 3/32 has the following two
properties.

(jml) L has the same number of join-irreducible and meet-irreducible elements.
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(jm2) More generally, for every nonnegative integer k, the number of elements
of L covering exactly k elements equals the number of elements covered by
exactly k elements.

The letters in “jm” come from “join-irreducible” and “meet-irreducible”. As
indicated by the phrase “more generally”, property (j straightforwardly implies
(jnfI)). By Dilworth’s Covering Theorem [12] (see also Kung [18, Theorem 464]),
every finite modular lattice has property (jm2)) and thus also property (j. Note
that the modularity of L and the condition cd(L) > 3/32 are independent, that is,
neither implies the other.

As the following observation (to be proved later) shows, Theorem is sharp.

Observation 1.2. The siz-element lattice Rg in the middle of Figure |1 has only
three join-irreducible but four meet-irreducible elements, and cd(Rg) = 3/32.

Still in connection with Theorem let us point out that cd(L) has a similar
effect on another lattice property: Czédli [6] proved that for every finite lattice L,

if cd(L) > 1/16, then L is planar. (1.1)

The eight-element Boolean lattice, which is not planar and has congruence density
1/16, witnesses that this result is also sharp.

Results proved by Freese [13], Muresan and Kulin [19], and Czédli [3] and [8]
present a reasonable structural description of all finite lattices L such that cd(L) >
1/8; this description is obtained by combining Lemmas 3 and 10 of Czédli [§], and
it is presented here as Lemma Motivated by this result and Theorem |1.1} our
main goal is to improve the threshold from 1/8 to 3/32.

Although the passage from 1/8 = 4/32 to 3/32 may appear minor, it requires
nontrivial work. In particular, while the lattices with cd(L) > 1/8 are of width at
most 2 (i.e., without 3-element antichains), this no longer holds for lattices with
cd(L) > 3/32. The passage in question also requires two new methods. First, in
this paper, we occasionally work with “distant” elements of Foot(a, b) (to be defined
in due course); see, for example, Lemma and the proofs of Lemmas and
Second, we can now apply the result of Czédli [9]EL formulated here in (3.15)), to
certain subsets; for instance, see the proofs of Lemmas and

2. STATING THE MAIN THEOREM AND ITS COROLLARY

We need to borrow some notations and notions from the folklore and Czédli [§].
For 4 <n e Nt :={1,2,3,...}, let Circ(n) denote the class of n-element lattices
whose (Hasse) diagrams are n-element circles, that is, cycles of length n in graph-
theoretic terms. For example, Circ(6) consists of two latticesEl7 Ng and N§, depicted
in Figure[I]

For finite lattices Ly and Lo, the glued sum L; + L is the special Hall-Dilworth
gluing of Ly and Lo such that the intersection of L; and Lo (which are sublattices
of Ly + Ls) is a one-element sublattice. In other words, we obtain the (Hasse)
diagram of Ly + Lo by putting Lo atop Li, and identifying the top 17, of L; with
the bottom 0, of Ly. Note that (Ly + Lo) + Ly = Ly + (L2 + L3), so we can
drop the parentheses and we can write expressions like Ly + --- + Lj,. Another
special Hall-Dilworth gluing of L; and Lg is their edge gluing, where |L; N Lo| = 2.

1[9] was written and submitted later than [8].

2Here and later, we do not distinguish between two isomorphic lattices.
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FIGURE 1. Some lattices occurring in the paper

For n € Nt :={1,2,3,...}, C, will stand for the n-element chain. A subset Y of
a lattice L is convex if for all x,z € Y and y € L, x < y < z implies y € Y. With
the notation

Nar(L) := {x € L : x is comparable with every element of L},

a non-singleton set X is a narrow chain component of L if it is a maximal subset of
Nar(L) that is a convex subset of L. Let L be a non-singleton lattice. Then there
is a unique h € NT and there are uniquely determined elements ug = 07, < u; <
-+« < up = 1y, such that for each i € {1,...,h}, the interval [u;—1,u;] :={x € L:
ui—1 < o < u;} is either a narrow chain component of L or [u;—1,u;] N Nar(L) =
{wi—1,u;} # [ui—1,u;]. In this case,
L = [ug, 1] + [ur,ug) + -+ [up—1, upnl, (2.1)
which is the canonical glued sum decomposition of L. This is exemplified by L,
K (with h = 3), and M (with h = 4) in Figure [2 If L is a non-singleton chain,
then h =1, (2.1)) turns into L = [ug,u1] = [0, 11], and L is the only narrow chain
component of itself. The one-element lattice has neither a canonical glued sum
decomposition nor a narrow chain component.
L =B;+ Ns+ Cs M =Cy+ N¢+ Ca + By
C2

Cs

K =Ng+ Cs+ By
FiGureg 2. Illustrations for the canonical glued sum decompositions

We say that a finite lattice L is a core lattice if x <, y holds for no z,y € Nar(L)
or, equivalently, none of the summands in the canonical glued sum decomposition
of L is a chain. Note that the one-element lattice is a core lattice. For
core lattices L and K, we say that L and K are rearranged-glued-sum isomorphic
(in notation, L =, K) if, using the notation for the canonical glued sum
decomposition of L, there is a permutation 7 of {1,...,h} such that

K = [Uur(1)—1,Ur1)] + [Ur@)=1, Ur2)] + - F [rn)—1, Un(n)]- (2.2)

Let us emphasize that L =, K is defined only if L and K are core lattices.
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If L is a finite chain, then its core, denoted by Cor(L), is the one-element lattice.
Assume that L is a finite lattice that is not a chain. With respect to , let
L; = [uj—1,u;] fori e {1,...,h},and let J := {i: 1 <i < h and L; is not a chain}.
Then J is nonempty and has the form J = {j1,...,J:} such that 1 < j; < js <

- < jy < h, and we define the core of L by

COI‘(L) = le + sz —|— e —|— th. (23)
Note that, regardless of whether L is a chain or not, Cor(Cor(L)) = Cor(L), and
Cor(L) is a core lattice. Cores are convenient tools for describing most of the classes

of finite lattices we need. (Here, based on Footnote [2| we could say “sets” instead
of “classes”.) For example,

{L:|L| =11 and Cor(L) =45 Bs + X for some X € Circ(6)},

where B, stands for the four-element Boolean lattice drawn in Figure[l] is a concise
description of a 24-element set of lattices, and L, K, and M shown in Figure [2]
belong to this set. Similarly, {L : Cor(L) =, By + X for some X € Circ(6)}
describes an infinite set of finite lattices; since |L| > |Cor(L)|, each lattice in this
class (or set) has at least 9 elements. Quite often, Cor(L) will be interesting for us
only up to rearranged-glued-sum isomorphism. However, our rearranged-glued-sum
isomorphism reduces to the usual isomorphism when L; = L;, ...~ L;, in
(in particular, if t = 1).

As in [8], we will often express congruence densities in the form x/64, even when
simplification would be possible or the numerator is not an integer. The common
denominator 64 facilitates comparison and improves readability. We recall the
following lemma from Czédli [8, Lemmas 3 and 10], but note that its (, (,
and (d3)-(d5) parts were proved in Freese [13], Czédli [3], and Muresan and Kulin
[19], respectively. The letter e in the labels ({I)~({10) indicates that we display
results from earlier papers. Similarly, the letters ¢ and p in the labels (d1))—(d8])
and (f( will refer to the current paper and to previous results, respectively.

Lemma 2.1 (CzEdli [8, Lemmas 3 and 10]). Let L be a finite lattice. Then cd(L) >

8/64 if and only if one of the following ten conditions holds.

(el) |Cor(L)| =1, that is, L is a chain. (In this case, cd(L) = 64/64.)

(e2) Cor(L) = By. (In this case, cd(L) = 32/64.)

(e3) Cor(L) = N5. (In this case, cd(L) = 20/64.)

(ed) Cor(L) >~ Cy x C3. Equivalently, Cor(L) is an edge gluing of two copies of
(In this case, cd(L) = 16/64.)

(eb) Cor( ) = By + By. (In this case, cd(L) = 16/64.)

(e6) Cor(L) € Circ(6). (In this case, cd(L) = 14/64.)

(e7) Cor(L) € Cire(7). (In this case, cd(L) = 11/64.)

(e8) Cor(L) is an edge gluing of By and Nj, in either order. (In this case,

cd(L) = 10/64.)
(€9) Cor(L) =45 By + Ns. (In this case, cd(L) = 10/64.)
(e10) For some 8 < n € N*t, Cor(L) € Circ(n). (In this case, we have that
cd(L) = (8+3/2""7)/64.)

We are now ready to present the main result of the paper. The lattices By, M3,
N5, Ng, and N§ appearing in the theorem below are defined by Figure [l while the
symbol 2,5 was introduced earlier, in the sentence including (2.2). Note that each
occurrence of = in the theorem could be replaced by =4, but not conversely.
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FIGURE 3. The core lattices in Theorem (

Theorem 2.2 (Main Theorem). For a finite lattice L, the congruence density of L
exceeds 3/32 (i.e., cd(L) > 6/64) if and only if one of the following eight conditions
is satisfied.

(cl) cd(L) > 8/64; for a complete characterization of lattices with this property,
see Lemmas 3 and 10 in [8] or, equivalently, see Lemma here.

(c2) Cor(L) = Ms. In this case, cd(L) = 8/64.

(¢3) Cor(L) =& By +1 By +2 By, where each of the symbols +1 and 42 denotes
either the glued sum operation + or an edge gluing. In other words, Cor(L)
is isomorphic to one of the five lattices given in Figure [3 In this case,
cd(L) = 8/64.

(c4) Cor(L) = Ns5; see the left side of Figure[J In this case, cd(L) = 7/64.

(c5) For some X € Circ(6), Cor(L) =, By + X. In other words, Cor(L) =44
By + Ng or Cor(L) =45 By + N{. In this case, cd(L) = 7/64.

(¢6) Cor(L) is obtained by an edge gluing of By and an X € Circ(6) in one of
the two possible orders. That is, Cor(L) is isomorphic to one of the siz
lattices drawn in Figure[5 In this case, cd(L) = 7/64.

(c7) Cor(L) is an edge gluing of two copies of N5. In this case, cd(L) = 6.5/64.

(¢8) Cor(L) = N5 + Ns. In this case, cd(L) = 6.25/64.

¥ )

FIGURE 4. Nj5 and illustrations for the proof of Lemma [4.2]

SALS N GRS

FIGURE 5. The core lattices in Theorem [2.2(d6)

For n,k € Nt let led(n, k) denote the k-th largest value among the congruence
densities of n-element lattices. Note that led(n, k) is not always defined. For
example, Inc(3,2) and Inc(4, 3) are undefined, since |[{cd(L) : |L| = 3}| = 1 and
[{cd(L) : |L| = 4}| = 2. With straightforward reformulations of parts (pI)—(pff)),
we recall the following statement from four different papers.
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(pl) led(n,1) =1 =64/64 for alln € N (proved by Freese [13]).

(p2) led(n,2) = 32/64 for 4 <n € Nt (proved by Czédli [3]).

(p3) led(n,3) =20/64 for 5 <n € Nt (proved by Muresan and Kulin [19]).
(p4) led(n,4) =16/64 for 6 < n € Nt (proved by Muresan and Kulin [19]).
(p5) led(n,5) =14/64 for 6 < n € Nt (proved by Muresan and Kulin [19]).
(p6) led(n,6) =11/64 for 7 <n € Nt (proved by Czédli [§]).

(p7) led(n,7) =10/64 for 7 <n € Nt (proved by Czédli [§]).

(p8) led(n, k) = (8 +3-277%)/64 for 8 < k < n (proved by Czédli [8]).

In particular, if 8 < n € NT, then led(n, k) is known and is given by a simple
formula for each k € {1,2,...,n}. By tedious work, Section 4 of Czédli [8] presents
led(7, k) for all k such that lcd(7,k) is defined. In the following statement, we
establish three new values of led(n, k) for n = 8 and foulﬁ new values for n > 8.

Corollary 2.4.

(A) For 9 < n € Nt we have that led(n,n + 1) = 8/64, led(n,n + 2) = 7/64,
led(n,n+3) =6.5/64, and led(n,n+4) = 6.25/64. Furthermore, 1lcd(8,9) = 8/64,
led(8,10) = 7/64, and led(8,11) = 6.5/64.

(B) Multiplying the lcd(n, k) values given in part (A) by 2”1, we obtain the kth
largest number of congruences of n-element lattices.

The lattices witnessing the lcd-values given above are described in Theorem
Corollary 24 follows immediately from Theorem [2.2] and Lemmas 2.1 and 2.3} thus
no separate proof will be given.

3. TooLs

The congruence density of a lattice depends only on its core. Indeed, recall from
Czédli [8, Lemma 3] that for every finite lattice L,

cd(L) = cd(Cor(L)). (3.1)

A quasiorder on a set is a reflexive and transitive relation. If p is such, then
a <, band a =, b will stand for (a,b) € p and (a,b) € pN p~ !, respectively.
For a quasiordered set (A;p), a subset B of A is an ideal if for all x,y € A,
y € Band z <, y imply € B. The ideals of (4, p) form a distributive lattice
Idl(A; p) = (Id1(A; p); U,N). When the quasiorder p above is antisymmetric, (A, p)
is a poset.

For a finite lattice L, let Ji(L) stand for the set of join-irreducible elements of
L; an element of L is join-irreducible if it has exactly one lower cover. The (dually
defined) set of meet-irreducible elements is denoted by Mi(L). The unique lower
cover of an element x € Ji(L) will be denoted by x,. We will often use the following
notation, in which pr comes from “pair”:

For x € Ji(L), let pr(x) or, if confusion threatens, pry (z) stand for (z.,z). (3.2)
Note that the notation pr(z) is meaningless if z is not a join-irreducible element.

3Obtaining a few further values for small n with computer assistance would be possible, but one

cannot go too far in this direction. Determining a few further values by theoretical considerations

over dozens of pages might also be possible in the future. However, computing, for example,
lcd(1019,102) in the foreseeable future seems unlikely.
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For z,y € L, = || y denotes that z and y are incomparable, that is, z £ y and
y £ x. An element z € L is join-reducible if it has at least two lower covers; the
set of such elements is denoted by Jr(L), while Mr(L) stands for the set of (dually
defined) meet-reducible elements. Since 0 ¢ Ji(L) U Jr(L) and 1 ¢ Mi(L) UMr(L),

|L| = |Ji(L)| + |Jr(L)] + 1 = |Mi(L)| + [Mr(L)| + 1. (3.3)

By the classical structure theorem of finite distributive lattices,

D = 1d1(Ji(D); <) (3.4)
for every such lattice D, where “<” stands for the restriction of the lattice order of
D to Ji(D). For elements a and b of a finite lattice L, the least congruence collapsing
a and b will be denoted by con(a,b) or, if ambiguity threatens, by cony(a,b). In
particular, for b € Ji(L), con(pr(b)) = con(bs,b).

Let Edge(L) stand for the edge set (set of edges) of L; that is, Edge(L) :=
{(a,b) : a,b € L and a < b}. In other words, Edge(L) := {(a,b) : [a,b] is a prime
interval of L}. We recall the following fact from Grétzer [14]; see also the very first
sentence of Grétzer [I5]: For every finite lattice L,

Ji(Con(L)) = {con(a,b) : (a,b) € Edge(L)}. (3.5)
We define a quasiorder v(L) on Edge(L) by letting

(z,y) <y (u,v) LN con(z,y) < con(u,v) (3.6)
for (x,y), (u,v) € Edge(L). Combining (3.4), (3.5), (3.6), and the fact that the

congruence lattice of a lattice is always distributive, we obtailﬁ that
Con(L) = I1d1(Ji(Con(L)); <) and Con(L) = Idl(Edge(L);v(L)) (3.7)

for every finite lattice L. Since (3.7) in itself is not sufficient for our purposes, we
need an additional concept. A subset B of Edge(L) is a congruence-determining
edge set if for each (z,y) € Edge(L) there is an edge (u,v) € B such that (u,v) =, (1)
(z,y), that is, con(u,v) = con(z,y). Combining the facts gathered above, it is not
hard to show (and it has been shown above (2.8) in Czédli [§]) that for every
congruence-determining edge set B of a finite lattice L,

Con(L) 2 1d1(B;v(L)). (3.8)

Fora <bandc<din L, [a,b] and [c, d] are perspective intervals if [a,b] 7, [c,d],

which means that bV ¢ = d and b A ¢ = a, or [a,b] “\p [¢,d], which means that

[e,d] 7 [a,b]. We denote the perspectivity relation on the set of intervals by ~p,
so [a,b] ~p [c, d] means that [a,b] 7, [¢,d] or [a,b] \p [c,d]. As it is well known,

if [a,b] ~p [c,d], then con(a,b) = con(c,d). (3.9)

Lemma 3.1. In a finite lattice L, let a,b,x € L such that a | b, b < a Vb, and
aANb=<xz<a. Then[aAb,x] 7, [b,aVb] and con(a Ab,z) = con(b,a VD).

Proof. By virtue of (3.9)), it suffices to show that [a A b, 2] 7, [b,a V b]. If we had
r < b, then x < aAb would be a contradiction. Thus x ﬁ b. Since aAb =z ANaNb <
xAb<zand aAb< x, we obtain  Ab=aAb. From z £ b, we also obtain that
b<axVb whence b<xzVb<aVbandb <aVbyield that x Vb = aVb. Thus,
[aAb,z] 7 [b,aV b], completing the proof. O

4Alternatively, (B.7) consists of (2.1) and a particular case of (2.8), both from Czédli [§].
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To formulate the result of Grétzer [I5] in a slightly weakened (but simpler) form,
we recall the following lemma.

Lemma 3.2 (Gritzer [15]).

(A) For a finite lattice L and edges (u,v), (p,q) € Edge(L), we have (p,q) <,(r)
(u,v) or, equivalently, con(p, q) < con(u,v) if and only if there is a number k € Ny,
a sequence (To,yo), (x1,41), ..., (Tk,yr) of edges, and a sequence [E1,11], ...,
[Tk, U] of intervals such that (zo,y0) = (u,v), (zk,yx) = (p,q), and for each i €
{1,... k}, we have [x;—1,yi-1] ~p [T, 9i] 2 [zi,yi]-

(B) The “if” direction of part (A) remains valid under the weaker assumption
that x; < y; fori € {0,...,k}, instead of requiring the pairs (x;,y;) to be edges.

For u in a quasiordered set (A4;p), idl(u) or idla(u) denotes {x € A : = <, u},
while fil(u) or fil4(u) stands for {z € A : u <, z}. These notations apply in posets
and lattices as well. For an edge (a,b) € Edge(L) of a finite lattice L, let Foot(a, b)
or Footy (a,b) denote the set of minimal elements of idl(b) \ idl(a); we often denote
its elements by b or b”. The following paragraph, which is now well known, is
basically taken from Day [11], Page 71].

For (a,b) € Edge(L), let b’ € Foot(a,b). Clearly, b’ # 0. If 2 and y were distinct
lower covers of V', then (by the minimality of b’) they would belong to idl(a), whence
b =z Vy € idl(a) would be a contradiction. Hence

for every (a,b) € Edge(L), we have Foot(a,b) C Ji(L). (3.10)

Note that in some cases (3.10]) will be used only implicitly. For b’ € Foot(a, b), the

covering relations a < b and b, < b’ easily imply that [a,b] \p [b],b]. Hence (3.9)
implies con(b’,,b’) = con(a,b). This equality, (3.5)), and (3.10]) give that

con(pr(b')) = con(a,b) for all (a,b) € Edge(L) and b’ € Foot(a,b), (3.11)

Ji(Con(L)) = {con(pr(x)) : « € Ji(L)}, and (3.12)

pr(Ji(L)) := {pr(z) : « € Ji(L)} is a congruence-determining edge set. (3.13)

As (3.13) indicates, Con(L) can be studied via Ji(L) rather than Edge(L), as demon-

strated by, say, Day [L1], Freese [I3], and Nation [20, Theorem 316]. Nevertheless,

we usually rely on Edge(L), since the “critical part” of L often lacks join-irreducible

elements and Edge(L) offers better insight; for example, see the H = Hs case in
the proof of Lemma We need the following lemma.

Lemma 3.3. Given a finite lattice L, let (u1,v1), (ug,v2) € Edge(L). Pick v} €
Foot(u1,v1) and vy € Foot(usz,ve). Assume that either u; < uy and vy % va, or
that v1 < uy. Then vy # vh.

Proof. Suppose, contrary to the assumptions, that v{ = v}. For i € {1,2}, v; =
w; Vui. If ug < ug but v1 £ vg, then vy = v} Vuy =05 Vuy <vhVuy = v, which
contradicts vy ﬁ vg. If v1 < wo, then u; < v1 < ug implies ug = us V uy, whence
vy = ug V Uy = ugs VU] =ugVuy Vo] =ug Vo = usg is a contradiction, completing
the proof. O

The following lemma is straightforward, so we omit its proof.

Lemma 3.4. Every meet-semilattice generated by three pairwise incomparable ele-
ments is isomorphic to one of those depicted in Figure [0
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FIGURE 6. The meet-semilattices generated by a three-element antichain

Lemma 3.5. If |Jr(L)| > 4 or |Mr(L)| > 4 for a finite lattice L, then cd(L) < 4/64.
Similarly, if L has an at-most (|L| — 5)-element congruence-determining edge set,
then cd(L) < 4/64.

Proof. Let n := |L|. To verify the second part, let B be an at-most (n — 5)-
element congruence-determining edge set. Then |Con(L)| < 2"~ by (3.8)). Hence
ed(L) < 2"75/2"~1 = 4/64, as required. When proving the first part, we may, by
dualityﬂ assume |Jr(L)| > 4. Then pr(Ji(L)), which is a congruence-determining
edge set by , has at most n—5 elements by . Hence the already established
second part applies, completing the proof of Lemma O

With the notation introduced in (3.6) and with B C Edge(L), we say that the
quasiordered set (B;v(L)) is an antichain if for every =,y € B, x <, (1) y implies
x=y.

Lemma 3.6. Assume that L is an n-element lattice, B C Edge(L) is a congruence-
determining edge set, |B| < n—4, and (B;v(L)) is not an antichain. Then cd(L) <
6,/64.

Proof. Pick e,d € B such that d <, (1) e and d # e. Then B has exactly 21B[—2
subsets X with e € X but d ¢ X. Using (3.8) and the fact that these subsets X
are not ideals,

|Con(L)| = [1dI(B; v(L))| < 2Bl — 2lBI1=2 = 3. 9lBI=2 < 3. gn=6,
Thus cd(L) < 3-2776/2771 = /64, which completes the proof of Lemma O

Sometimes, the following statement is more convenient than Lemma

Lemma 3.7. Let L be a finite lattice with |Jr(L)| > 3, and let (uy,v1), (ug,v2) €
Edge(L) such that con(uy,v1) and con(ug,ve) are comparable. If either u; < usg
and v1 % vy or v1 < ug, then cd(L) < 6/64.

Proof. Let B := pr(Ji(L)). Then B is a congruence-determining edge set by (3.13)),
and |B] < n —4 by (3.3). Pick v € Foot(u1,v1) and v5 € Foot(us,vs). Lemma

and (3.10) imply that v # v4 and v],v5 € Ji(L). Hence pr(v}) and pr(v})
are distinct members of B. Since con(uq,v1) and con(ug,vs) are comparable, so

are pr(v]) and pr(vh) in (B;v(L)) by (3.6) and (3.11). Thus Lemma applies,
completing the proof of Lemma O

For 2 < k € NT, we denote by M}, the (k + 2)-element lattice consisting of the
elements 0 and 1, together with k atoms; for k € {2,3,4}, My, is drawn on the right

of Figure

5Since Con(L) = Con(L4u2!), the Duality Principle applies.
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Lemma 3.8. Let L be a finite lattice with cd(L) > 6/64. For 3 < k € NT, [et
S ={u,aq, ..., ar,v} be a (k+2)-element sublattice of L such that u < a; < v for
alli e {1,...,k}. (In particular, S = My.) Then k + |Jr(L)| < 4.

Proof. Assume the hypotheses. For i € {1,...,k}, pick an element b; € L such that
a; < b; < v, and pick an element a € Foot(u, a;). By Lemma Hal,...,a.} =
k. The dual of Lemmaimplies that con(u, a;) = con(b;,v) forall i, j € {1,...,k}

with ¢ # j. Hence con(u,a;) = con(bs,v) = con(u,as) = --- = con(u,ax). Thus,
by (3.11)), con(pr(a))) = --- = con(pr(ay,)). By (3.6), this means that pr(a;) =,z

pr(a}) for all 4,5 € {1,...,k}. Combining this fact with (3.13), we obtain that
B = pr(Ji(L)) \ {pr(aQ) ..,pr(ak)} is a congruence-determining edge set. By
{al,...,a.}| =k and (3.10), |B| = |Ji(L)| — (k—1). Taking into account and
denotlng |L| and |Jr(L )| by n and j, respectively, we have |B| =n—1—j—(k—1) =
n—j—k If wehad k+j > 5, then |B| < n —5 and Lemmawould imply
cd(L) < 4/64, which is a contradiction. Therefore, the integer k + j is at most 4,
as required. The proof of Lemma is complete. O

For a sublattice S of a finite lattice L, we say that L is a dismantlable extension
of S if there are sublattices Ty, Ty, ..., T} for some k € Ny := Nt U {0} such that

S=TycTyC---CTy_1 CTp =1L and ‘Tz\n—l| =1forie {1,,]6} (314)
Recall from Czédli [9] that for any sublattice S of a finite lattice L,
if L is a dismantlable extension of S, then cd(L) < cd(S). (3.15)

We present the following lemma, as it will be used repeatedly.

Lemma 3.9. If S is a nonempty subset of a finite lattice L, then the following two
assertions hold.
(1) IfMr(L) C S and Jr(L) C S, then S is a sublattice of L and cd(L) < cd(S).
(2) Ifcd(L) > 4/64, |SNJIr(L)| > 3, and |[SNMr(L)| > 3, then S is a sublattice
of L, Mr(L) C S, Jr(L) C S, |Mr(L)| = |Jr(L)| =3, and cd(L) < cd(S5).

Proof. Assume that Mr(L) C S and Jr(L) C S. We need to show that for every
z,y € S, the join  Vp y (taken in L) isin S. If z || y, then 2 VvV y € Jr(L) C S.
For z fy, x VL y € {z,y} C S. Hence S is closed with respect to joins. Thus S is
a sublattice of L by the duality principle. Clearly, L is a dismantlable extension of
S. Hence, by (3.15)), cd(L) < c¢d(S). This proves Part .

To prove Part ‘, observe that cd(L) > 4/64 and Lemma [3.5]imply |Jr(L)| < 3
and |Mr(L)| < 3. These inequalities, |S N Jr(L)| > 3, and |S N Mr(L)| > 3 yield
that Mr(L) C S and Jr(L) C S. Hence the already proven Part implies Part
of Lemma O

The following lemma will also be needed.

Lemma 3.10. Assume that H and K are finite lattices, K € Circ(k) with4 <k €
NT, and L is an edge gluing of H and K (in either order). Then

(1) cd(L) < cd(H)/2, and

(2) c¢d(L) = cd(H)/2 if and only if k = 4 (that is, if K = By).

Proof. We know from Czédli [8, Lemma 4] that k& = 4 implies c¢d(L) = cd(H)/2.
Next, let & = 5, that is, K = Ns; we need to show that cd(L) < ¢d(H)/2. By
duality, we can assume that N5 is the “upper lattice” in the gluing. As in Figure
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(a,c) € Edge(Ns) denotes the so-called monolith edge of Ns. Since ¢ € L is
outside H, L' := L\ {c} is an edge gluing of H and By = N; \ {c}. We already
know that cd(L') = cd(H)/2, whence it suffices to show that cd(L) < cd(L’).
Let B’ := pr(Ji(L')) and B := pr(Ji(L)). Since Ji(L) = Ji(L') U {c}, we have
B =B U{pr(c)} = B'U{(a,c)}. We claim that for any X,

if X € Idl(B;v(L)), then X N B' € IdI(B’; v(L')). (3.16)

For pr(u) € X N B’ and pr(v) € B’, assume that pr(v) <,z pr(u). Note at this
point that none of u and v equals the join-reducible element 1;, = 15/, whence
pr(u) and pr(v) mean the same in L as in L'. The inequality pr(v) <, pr(u)
means that pr(v) = (v.,v) € conp(us,u) = congs(pr(u)). By Lemma ),
this membership is witnessed by sequences of edges and intervals of L’. Even
though an edge (z;,y;) € Edge(L’) need not be an edge of L, Lemma B) implies
pr(v) € cong (pr(u)), that is, pr(v) <, () pr(u). Using X € Idl(B;v(L)), we obtain
pr(v) € X. Hence, pr(v) € X N B, proving (3.16).
By , the assignment X — X N B’ is a function
f:1di(B;v(L)) — 1dI(B’;v(L")).

Since B\ B’ = {pr(c)}, each Y € Idl(B’;v(L’)) has at most two f-preimages: Y
and Y U {pr(c)}. Therefore,

I1dL(B; v(L))| < 2 - |1dY(B'; v(L'))), (3.17)

and the inequality in (3.17])
is an equality <= each Y € Idl(B’;v(L’)) has exactly two f-preimages. (3.18)

Now, consider the element b € N5 shown in Figure [I} and pick Y € Idl(B’;v(L'))
such that pr(b) € Y; for example, we may take Y := B’. Here pr(b) = (by,b) =
(Ong,b). From [by,b] 7, [a,1] and (3.9)), we obtain (a,1) € cony (pr(b)). Since the
blocks of any lattice congruence are convex subsets, a < ¢ < 1 and the convexity of
the cony, (pr(b))-block of a imply pr(c) = (a,c) € cong(pr(b)). Thus cony(pr(c)) <
cong,(pr(b)), which means that pr(c) <,z pr(b). Hence Y, which does not contain
pr(c), cannot be an f-preimage of Y, whence the only f-preimage of Y is YU{pr(c)}.
Thus and imply |Idl(B;v(L))| < 2 - [Idl(B’;v(L'))|. This inequality
turns into [Con(L)| < 2 - [Con(L')| by (3.8). Therefore, using [L| — 1 = L[,

cd(L) = [Con(L)|/2H~1 < 2. |Con(L)|/2H1-1 = |Con(L))|/2/F71 = cd(L),
proving the lemma for k = 5.

Finally, assume that ¥ > 6. In K, we can find a (k — 5)-element set U of
doubly irreducible elements such that U N H = () and K’ := K \ U € Circ(5).
Then L is a dismantlable extension of its sublattice L' := L\ U, and L’ is an edge
gluing of H and K'. Since K’ € Circ(5) and thus K’ = Nj, we have already seen
that cd(L’) < cd(H)/2. Therefore, using that cd(L) < cd(L’) by (3.15), we have
cd(L) < cd(H)/2, completing the proof of Lemma [3.10] O

We conclude this section with the following convention, which will be used in
the diagrams occurring in the paper.

Convention 3.11. If a diagram contains edges of different line styles, then

e a thin edge directed upward from a vertex x to a vertex y represents = < y,
e a thick edge from z to y represents x < y, and
e a dotted edge from z to y represents = < y.
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In diagrams containing only thin edges, an edge from = upwards to y can represent
either a covering x < y (as usual) or, when only a few elements of a larger lattice
L are depicted, z < y. If we label an edge (a,b) with a black Greek letter, then we
may label an edge (z,y) or an interval [z, y] with the same red (grey in non-color
prints) Greek letter whenever con(z,y) = con(a, b).

4. THE CASE OF A THREE-ELEMENT ANTICHAIN

As the lower covers of an element form an antichain, the following lemma ad-
dresses a particular case in this section. For Mj, see Figure

Lemma 4.1. Assume that L is a finite lattice with 6/64 < c¢d(L), v € L, and v
has at least three lower covers. Then cd(L) < 8/64, and v has exactly three lower
covers. Furthermore, denoting by u the meet of these lower covers, the interval
[, v] is isomorphic to Ms.

Proof. Lemma 6 of Czédli [§] states that if L has a three-element antichain, then
cd(L) < 8/64. Hence cd(L) < 8/64, as required. (A weaker statement, Lemma 5
of [8] would also suffice for this conclusion.)

Let n := |L|. Our plan is to construct a small congruence-determining edge set.
We start with By := pr(Ji(L)). Using (3.13)) and 0,v ¢ Ji(L), we obtain that
By is a congruence-determining edge set and |By| < n — 2. (4.1)

Let a1, a2, as be distinct lower covers of v, and denote a; A az A ag by u. Let H
stand for the meet-subsemilattice generated by {ai,as,as}. By Lemma H is
isomorphic to one of the four meet-semilattices drawn in Figure [l Depending on
H, there are four cases to consider.

First, assume that H = H;; see Figure @ Then H \ {ay,az2,a3} is a four-element
subset of Mr(L), whence |Mr(L)| > 4. Thus Lemma implies cd(L) < 4/64,
which contradicts 6/64 < cd(L). This excludes the case H = H;.

Ficure 7. Ilustrations for the proof of Lemma

Next, assume that H = Hy. Then S := {u,a1,a9,as,v} is a sublattice of L,
and it is isomorphic to Ms. We claim that S is a cover-preserving sublattice of L,
that is, u < a; < v for ¢ € {1,2,3}. Suppose, for a contradiction, that S is not
a cover-preserving sublattice. Then, by symmetry, we may assume that there are
elements b; and ¢ such that v < b < ¢ < aj. The situation is visualized in the
left part of Figure [7} note that, here and later in some illustrations, if a diagram
is not labeled by L, then L may contain elements not shown. For i € {2,3}, pick
an element b; € L such that v < b; < a;. Since a; A a; = u, it follows easily that
b; || b; for distinct 4,j € {1,2,3} and, furthermore, a; || b2 and a; || b3. Denote
con(u,b;) by a. Applying Lemma and several times, we obtain that
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a = con(ag,v) = con(u,bs) = con(ai,v) = ..., that is, @ = con(u,b;) = con(a;,v)
for all i, € {1,2,3}.

Let 3 := con(c,a1). Since [as,v] \yp [u,a1], we have (u,a1) € a by (3.9). The
blocks of a lattice congruence are always convex sublattices. Hence the a-block of
ay contains ¢. Thus (¢, a1) € o, whence 5 < a.

Note that our considerations like the one in the previous paragraph will be
presented more concisely later; for example, in the form “[ag, v] N\ [1, a1] 2 [c, a1]
implies 8 = con(c, a;) < con(ag,v) = ”.

For ¢ € {1,2,3}, pick an element b, € Foot(u,b;), and pick an a} € Foot(c, aq).
Since con(u, b;) = « for every i € {1,2,3}, each con(pr(b})) is o by (3.11)). Com-
bining this with (4.1)), we obtain that By := By \ {pr(b}), pr(b5)} is a congruence-
determining edge set. By Lemma |3.3

|{pr(a’1),pr(b’1),pr(b’z),pr(bé)}\ = |{a/17 /17 ,27 g}l =4.

This equality, (3.10), and give that |By| = |Bg| —2 < n—4 and that pr(a}) and
pr(b}) are distinct elements of By. Since con(pr(a})) = 8 and con(pr(b})) = a by
(3-11), B < « turns into pr(a}) <,(r) pr(b}), whence (By,v(L)) is not an antichain.
Thus Lemma yields cd(L) < 6/64, which is a contradiction. This proves that
S ={u,a1,as,as,v} is a cover-preserving sublattice of L.

Next, we show that [u,v] = S. Suppose, for a contradiction, that S C [u,v],
and pick a minimal element a4 € [u,v]\ S. Since S is a cover-preserving sublattice,
we have ay4 || a; for i € {1,2,3}. Thus, for i € {1,2,3}, the coverings u < a; and
a; < v yield that a; V aqg = v and a; A ag = u. Hence, S’ := SU{a4} is a sublattice
of L, and S’ =2 M,. The minimality of a4 implies v < a4. Thus 4 + |Jr(L)] < 4
by Lemma [3.8] and so |Jr(L)| = 0. This contradicts v € Jr(L), whence [u,v] = S.
Therefore [u,v] =S = Mj.

Finally, let d be a lower cover of v such that d ¢ {a1,as}, and let w and T denote
a1 A ag A d and the sublattice generated by {a1, as,d}, respectively. Since (d,w,T)
and (as,u,S) play the same role, T = [w,u] &2 M3. Hence d € T = [w,v] =
[a1 A ag,v] = [u,v] = S. This implies d = a3, whence v has only three lower covers.
Consequently, whenever H & Hy, the statement of Lemma holds.

Next, we deal with the case when H = Hj3. Apart from indexing, a; A ag = as A
as = u < ay Aag =: w; see the middle of Figure[7] Pick elements by, ...,bs € L such
that w < by < a1, w < by < ag, u < bz < az, and u < by < w. Furthermore, select
by € Foot(w,by), b, € Foot(w,bs), by € Foot(u,bs), and b € Foot(u,bs). Define
a = con(u, bs) and B := con(u,bs). Using Lemma and three times, we
obtain for 7 € {1,2} that con(w, b;) = con(as—_;,v) = a and con(as,v) = 8. Hence,
by (B.11)), con(pr(b})) = a for i € {1,2,3}. Note at this point that, for brevity, the
application of will often be implicit. Since [ag,v] \yp [u,a1] 2 [w,b1], we
have oo = con(w, by) < con(as,v) = B. Hence, con(pr(bs)) = a < 8 = con(pr(b})).
That iSa pr(bé) SV(L) pr(bﬁl)

Since by < b3 would lead to w < by = by Abs < a; A ag = u, while by < by to
bs = by Abs < a1 A az = u, we have by || bs. Similarly, by || b3. These facts, the
obvious comparabilities and incomparabilities like by || b2 and by < w, and Lemma
-3 imply that

{pr(bh), pr(bs), pr(bs), pr(by) b = b1, b5, b3, by }| = 4. (4.2)
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Combining (3.10)), the fact that con(pr(b;)) = a for i € {1,2,3}, ([4.1), and ([d.2), it
follows that By := By \ {pr(d}), pr(b5)} is an at-most (n — 4)-element congruence-
determining edge set containing pr(bz) and pr(by). Thus pr(bs) <,(z) pr(b}) and
Lemma imply cd(L) < 6/64, a contradiction. Therefore the case H = Hj
cannot occur.

Finally, we deal with the case when H 2 Hy; see Figure[f] Our aim is to exclude
this case. Since Con(L"®) = Con(L), we can work in K := LI where the
join-reducible elements are easier to handle. All order-theoretic symbols such as
<, V, <, etc. will be understood in K. In particular, v < a; for i € {1,2,3}, and
w; :=a; Vas < ayVag=:uforiée {1,3}. The situation is shown in the right part
of Figure[7] Clearly, |Jr(K)| > 3. Take an element by € K such that a; < by < wy,
and let a; := con(v,q;) for i € {1,2,3}. By and the dual of Lemma
con(by,w1) = ag. Since [v,as] p [a1,u] D [b1,wi], we obtain that con(v,as) =
as = con(by,w;) < con(v,as). Hence Lemma [3.7] implies c¢d(L) = cd(K) < 6/64,
which is a contradiction excluding the case H = H,. Thus the proof of Lemma [1]]
is complete. O

Lemma 4.2. Let {ay,a2,a3} be a three-element antichain in a finite lattice L with
cd(L) > 6/64, and assume that Cor(L) % Ms. Then the sublattice generated by
{a1, a2, as} is isomorphic to N5 5 (depicted on the left of Figure .

Proof. Let n := |L|, u:= a1 Aas Aas, and v := a1 V as V az. Denote by S” and SV
the meet-subsemilattice and the join-subsemilattice generated by {a1,as,a3}. By
Lemma/3.4/and its dual statement, S* € {Hy,..., Hy} and SV € {Hdval . [Hgual}
(both understood up to isomorphism). There are several cases to consider.

Case 1: We assume that S™ = H; or SV = H{ual, Then |Mr(L)| > 4 or |Jr(L)|
4, which implies cd(L) < 4/64 by Lemmal3.5] contradicting the assumption cd(L)
6/64. Therefore, Case 1 cannot occur; that is, S" % H; and SY 2 H{ual,

Case 2: SN = Hy or SV = HY"l Then, by duality, we may assume that
SV ngal. We have that v :=a; Vas = a1 Vag = a2 V ag. For i € {1,2,3}, pick
an element b; € L such that a; < b; < v. These elements are distinct lower covers
of v; indeed, if we had, say, by = b, then v = a1 Vas < by V by = by < v would be
a contradiction. Let ug := by A by Abs. By Lemma [uo,v] = M3. In particular,
ug < b; < v for i € {1,2,3}. Hence, it follows from Lemma and its dual that
|[Jr(L)| <1 and [Mr(L)| < 1. Combining this with uy € Mr(L) and v € Jr(L), we
have that Mr(L) = {up} and Jr(L) = {v}. If there were an element z € L with
z || up or = || v, then & Aug € Mr(L) \ {ug} = 0 or z Vo € Jr(L) \ {v} = 0,
respectively, would follow, which is impossible. Hence no such x exists. Therefore,
ug,v € Nar(L) and L = idl(ug) + [uo,v] + fil(v). This glued sum decomposition,
together with Mr(L) = {uo}, Jr(L) = {v}, and the already established [ug, v] = M3
implies that idl(ug) and fil(v) are chains and, moreover, that Cor(L) = [ug, v] = M3.
This contradicts our assumption and excludes Case 2.

Case 3: SN = Hy or SV = H{"a! Duality allows us to assume SV = H{ual Up
to a permutation of the subscripts, b1 := a1 Vas < a1 Vag =:v, bg :=as Vag < v,
and v = by V bs. We know from Cases 1 and 2 that S 2 H; and S" % H,. Thus,
by Lemma 3.4 S" 2 H3 or S" = Hy.

2
>
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First, to derive a contradiction, we assume that S = Hs. Let ¢ be the unique
element of S™\ {u,a1,az2,a3}, where u still denotes the smallest element of S™.
Apart from symmetry, ¢ is either a; A as or a; A as.

Suppose, for a contradiction, that ¢ = a; A as; see the lattice diagram in the
middle of Figure Since ¢ || a2 (in S*, and hence also in L), ¢V ay € Jr(L).
Given that ¢V as < a1 Vag = by, ¢V as < agVay = bz, and by || b3, we obtain
that ¢V as ¢ {b1,bs,v}. Hence {cV ag, by, bs,v} is a four-element subset of Jr(L),
whence Lemma [3.5| implies ¢d(L) < 4/64, a contradiction. Thus ¢ # a1 A as.

Therefore ¢ = ay Aas, as shown on the right of Figure Then by := by Abs > as,
whence {bz, ¢, u} is a 3-element subset of Mr(L). Therefore, since {b1, b3, v} is a 3-
element subset of Jr(L), Lemma yields that S := {u,v, a1, as,as, by, be, b3, c}
is a sublattice of L and ¢d(L) < cd(S). Note that—depending on whether as equals
by or not—|S| is 8 or 9. We claim that

S is correctly depicted on the right of Figure [ (4.3)

Since S being a sublattice of L does not by itself imply , we provide some details
here. (Later, in analogous situations, we will usually omit such details and simply
say that the argument would be similar to the one proving (4.3).) The “Mr(L) C S,
Jr(L) € S, and |Mr(L)| = |Jr(L)| = 3 part” of Lemma , together with our
assumption on SV and S”, suffices to verify as follows. From SV, we know
that by || as. Hence by A ag € Mr(L) = {ba,c,u}. Since ¢ £ a3 (even within S™)
and by %_ as (as otherwise ¢ < as < b < az would give ¢ < a3), neither ¢ nor by
is by A as. Thus by Aas € {ba,c,u} \ {c, b2}, whence by A az = u. Similarly, since
¢ || as implies that ¢V ag € Jr(L) = {b1, b3, v}, only b3 and v among the elements
of Jr(L) are common upper bounds of ¢ and as, and since moreover by < v, we
obtain ¢V a3 = bs. Finally, since the lattice operations are isotone (in other words,
order-preserving), the already established equalities combined with our knowledge
of SV and S" yield (4.3).

Working in S, [u, as] 7 [¢,bs] 2 [c, as] yields cong(c, az) < cong(u,as). Thus
Lemma together with implies c¢d(L) < 6/64, which is a contradiction.
Consequently, S 2 Hj.

Second, in pursuit of a contradiction, assume that S = H,. For a permutation
pof {1,2,3}, ap) A apz) € 8™ and ap2) A ayg) € S are incomparable elements.
Thus, (ap1)Aap))V (ap2) Aays)y)—which is in idl(ap(2))—and by, b3, v—which are
out of idl(ay(2y)—are four different elements of Jr(L). Hence, Lemma implies
cd(L) < 4/64, which contradicts the assumption cd(L) > 6/64. Consequently,
SN 22 Hy. Since every possibility for S” has led to a contradiction, we conclude
that Case 3 cannot occur.

Next, having excluded Cases 1, 2, and 3 for every three-element antichain, it
follows that S = H3 and SV = H{"¥. Without loss of generality (after permuting
the subscripts, if necessary), we may assume that b := a; V as < v, and

either as A az > u or a1 A as > u. (4.4)

To exclude the first possibility in (4.4)) by contradiction, let us suppose that
¢ := asAaz > u; see the left part of Figure[s] We claim that, under this assumption,

aaVe=b and bAag=c (4.5)

By duality, it suffices to deal with the first equality. Let x := a; V ¢. To obtain
a contradiction, suppose @ < b; see the two middle lattice diagrams of Figure [8]
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FIGURE 8. Tllustrations of the S = H3 and SV = HJ"! case

Since < as would lead to a1 < ag, x < aztoa; <az,as <ztob<z, andaz <z
to v < x, we obtain that {x,as,as} is a 3-element antichain. Since Cases 1, 2, 3
(for every 3-element antichain) have already been excluded, the meet-semilattice
generated by {z,as,a3} is isomorphic to Hz. Thus, using as Aag =c =z Ac =
x A as A ag, it follows that exactly one of x A as and = A ag is strictly larger than
¢, while the other equals c. The corresponding two subcases are drawn in the two
middle lattice diagrams of Figure [§] The treatment of these two subcases is the
same. Denote by y the larger of z A az and x A ag; the other one is c¢. Since
ar £ az and a1 £ ag , we have that a; £ y. Discarding its previous meaning, define
S :={u,v,a1,as,as,b,c,x,y}, which is a subposet of L. Similarly to the argument
used to verify , we obtain from Lemma that S is a sublattice of L, that
it is correctly depicted, and that ¢cd(L) < ¢d(S). In S, let « := cong(u,a1) and
B := cong(c,y). Again in S, we have that [u,a1] 7} [¢,z] D [¢,y], whence 5 < a.
Thus, Lemma yields that c¢d(S) < 6/64, whence cd(L) < c¢d(S) < 6/64 is a
contradiction proving .

It follows from S" & Hjz, SY = H{"! and that Ty := {a1, as, a3, u,v,b,c}
is a sublattice of L, and that T is isomorphic to the lattice on the left in Figure 8]
Using Lemma[3.2]and (3.7)), it is straightforward to see that Ji(Con(Tp)) is correctly
drawn in Figure [§ |Con(7p)| = 5, and c¢d(Tp) = 5/64. Clearly, {b,v} = Jr(Tp) C
Jr(L) and {c,u} = Mr(Tp) C Mr(L). These inclusions (which will also be used in
the next sentence) and Lemma [3.5] yield that |Jr(L)| and [Mr(L)| belong to {2, 3}.
If |Jr(L)| = |Mr(L)| = 2, then Jr(L) UMr(L) C Tp, whence Lemma [3.9|() together
with ¢d(Tp) = 5/64 yields that cd(L) < c¢d(Tp) = 5/64, a contradiction.

Therefore, we may assume that one of |Jr(L)| and |[Mr(L)| equals 3. In fact,
duality allows us to assume that |Jr(L)| = 3. Let T := Ty U Jr(L) U Mr(L). Pick
an element z € T such that ¢ <7 z < as, and observe that

z || a1 and z || as. (4.6)

Indeed, since z < a; would lead to z < a1 Aas =u, a1 < ztoa; < ag, z < ag to
z<asANag =c, and a3z < z to ag < ag, we infer the validity of .

By Lemma [3.9([1)), T is a sublattice of L and c¢d(T) < cd(L). Furthermore,
[Je(L)| = 3, [Mr(L)| < 3, {b,v} C Jr(L) N Tp, and {c,u} C Mr(L) N7, imply that
|T'\ To| < 2. This inequality yields that at least one of the edges (u,a1), (u,c),
(c,a3) € Edge(T)) remains an edge of T'. If (u, ay) € Edge(T'), then (using that Tj is
a sublattice of T, while considering the intervals in T') [u,a1] 7, [¢,b] D [c, 2] gives
cony(c, z) < conr(u,a;), whence Lemma [3.7) together with implies cd(L) <
cd(T) < 6/64, a contradiction. If (u,c) € Edge(T), then [u,c] b [a1,8] “\p
[u,a2] D [e, 2] implies conr(e,z) < conr(u,c), and Lemma gives the same
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contradiction as above. Finally, if (¢, as) € Edge(T'), then

[Cv CL3] /‘p [a27v] = [a27b] \lp [uval] /‘P [Cv b] = [Ca Z]

implies conr(c, z) < conr(c, az). Thus Lemmal3.7|together with gives cd(L) <
cd(T) < 6/64, a contradiction again. Consequently, we have excluded the first
possibility, as A ag > u, in .

Therefore, a; A as > u, which is the second possibility in . Forgetting its
meaning in the previous paragraph, let ¢ stand for a; A az. Reusing the symbol S,
we claim that

S :={a1,az2,as,b,c,u,v} is a sublattice of L and that S = Nj 5. (4.7)

We already know S” = H3 with a; Aag = ¢ > u and SV = H{"! with a1 V ag =
b < v. Thus, by duality, to prove , it suffices to show that ¢V as = v. Suppose
the contrary, and denote ¢V ag by x. Then ag < z < v; see the right part of Figure
At this point, a; and ag play symmetric roles. For ¢ € {1,2}, the inequality
z < a; would imply az < a;, while a; < x would yield v = a; V a3 < x; that
is, we would get contradictions. Hence, x || a1 and z || as, whence {a1,as,x} is
a three-element antichain. Since Cases 1, 2, and 3 have been excluded for every
3-element antichain, the meet-subsemilattice generated by {a1,as,x} is isomorphic
to Hs. Therefore, using a1 A as = ¢ < x, exactly one of the meets a; Ax and as A x
equals c. By symmetry, we may assume that a1 Ax = c and y := as A x > c¢;
see the right of Figure Similarly to its use when proving , Lemma
implies that ST := S U {x,y} is a sublattice of L, that it is correctly depicted,
and that cd(L) < ¢d(S*). Using as % as or the figure, we obtain as £ y. Since
[u,as] /% [e,x] 2 [e,y] holds in ST, we have cong+ (c,y) =: 8 < a := cong+ (u, as).
Hence Lemma implies ¢d(ST) < 6/64, whence cd(L) < c¢d(ST) < 6/64 is a
contradiction. This proves (4.7]).

Finally, since S is generated by the antichain {a1,as,as}, completes the
proof of Lemma [4.2 O

Lemma 4.3. If cd(L) > 6/64 holds for a finite lattice L, then |Jr(L)| = |Mr(L)|.

Proof. First, assume that L has an element v with more than two lower covers or
more than two covers (i.e., upper covers). By duality, we may assume that a1, as,
and ag are three distinct lower covers of v. Since the sublattice generated by the
antichain {aq,az2,as} is clearly not isomorphic to Ns 5, the conclusion of Lemma
fails here, whence its hypothesis cannot hold. Therefore Cor(L) = Mj, and
|[Jr(L)| = 1 = |Mr(L)|, as required.

Second, assume that each element has at most two lower covers and at most two
covers. We count the number |Edge(L)| of edges according to their top elements:
0 is the top of no edge; each of the |Jr(L)| join-reducible elements is the top of two
edges; and each of the |Ji(L)| = |L|—1—|Jr(L)| join-irreducible elements is the top of
a single edge. Thus |Edge(L)| = 2-|Jr(L)|+(|L|—1—|Jr(L)]) = |L|—=1+|Jr(L)|. By
duality, |Edge(L)| = |L|—1+|Mr(L)|. Comparing the two expressions for [Edge(L)],
we obtain the required equality |Jr(L)| = |Mr(L)|, completing the proof. O

Lemma 4.4. If L is a finite lattice with cd(L) > 6/64, then L has no four-element
antichain.
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Proof. Suppose the contrary, and let {a1, as, a3, as} be a four-element antichain in
L. Clearly, Cor(L) 2 Mj3. Hence, by Lemma for every three-element X C L,

it X C{ai,...,a4}, then X generates a sublattice isomorphic to N55.  (4.8)
Let B == {a; Va; : 1 <i < j <4}, Lemma combined with B C Jr(L)
and (4.8)), implies that 2 < |B| < 3. Moreover, (4.8) shows that each element of

B is comparable to at least one other element of B. Hence there are only four
possibilities for the poset (B; <). These will be discussed in Cases («), ..., (4).

Case («): We assume that B is a two-element chain. Since holds for
{a1,a2,a3}, we may assume by symmetry that B = {v1,ve} with vy := a3 Vag <
a1Vas = asVas =: vy. Since holds for {a1, as, as}, {a1Vayg,asVays} C {v1,v2},
and a1 V ay = v; < vy, we have that a1 Vas = a2 V as = vs. Hence, using
az Vay € {1)171)2}, v < V2 =az2Vaz =azVay, and applylng (' to {a2,a3,a4},
we obtain a3 Va4 = v1. Therefore, vo = asVas < (a1 Vaz)V(azVas) =v1 Vo =01
is a contradiction, as required.

U1 U2
U3

al a2 as aq

FI1GURE 9. Illustrations for the proof of Lemma [1.4]

Case (8): We assume that B is a three-element chain. Let B = {v1, va, v3} with
v] < vy < vz. First, we show that there exists a three-element Y C {aq,...,a4}
that generates a sublattice containing both v; and ve. Suppose the contrary. Then,
by symmetry, we may assume that a; V as = v;. Applying (4.8)) to {a1,as,as}
and {a1, as, a4}, the nonexistence of such a Y implies a1 V a3 = v, as V az = vs,
a1 Vay = vs, and as V ag = vg. Since five of the six possible joins are different from
vg, the remaining join equals vo, that is, az V ay = vo. Hence

vs=a1 Vasz < (a1 Vag)V(azVag) =v1 Vg =g,

which is a contradiction. This shows that Y exists.

By symmetry again, we may assume that Y = {a1, a2,a3} with a1 V as = v;.
By applied to Y, we have a1 V ag = v2 and as V a3 = ve. To obtain v, we
need a4. That is, as V ay = vs for some s € {1,2,3}. If we had ay V ay # vs3
and az V aq4 # vz, then s would be 1 and would fail for {a1,as,a4}. Thus
asVag = vs orazVayg = vs. If ag Vag = vz, then as V ag = vo < vz together
with applied to {ag,as, a4} yields asz V ag = vz. Similarly, if ag V aqy = vs,
then as V as = vy < v3, whence applied to {as,as,as} yields as V ay = vs.
Therefore, as V ay = vz and a3z V ags = v3. We have established five equations:
a1 Vas =v1, a1 Vaz =vg, as V az = v, as V ag = v3, and az V aq4 = v3. The sixth
one, a1 V a4 = vs, follows by applying (4.8)) to {a1,as,a4}.

Hence, the joins of the form a; V a; are correctly visualized on the left side of
Figure @ In other words, for i # j, a; V aj = Unmax{i,j}—1- The meets are also
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correctly visualized, since we know from that the meets behave dually to the
joins. Fori € {1, 2,3}, let u; be defined by the rule that a;Aa; = w; if and only if a;V
a; = v;; see the figure. It follows from (4.8)) (or, alternatively, from applying Lemma
in a similar way to its use for hat S:={ai,...,a4,v1,v2,v3,u1, Uz, us}
is a sublattice of L, that cd(L) < c¢d(S), and that S is correctly depicted on the left
of Figure @ Since [uz,a4] p [u2,vs] D [uz,as] implies cong(uz,a3) =: f < « :=
cong(us,aq), Lemma applied to S gives that cd(L) < ¢d(S) < 6/64. This is a
contradiction, as required.

Case (7): We assume that B = {v1,v2,v3} with v; < vs, v2 < vz, and vy ||
vy. By (4§), there is no {i,j,k} C {1,...,4} such that v; = a; V a; and vy =
a; V ap. Hence, we may assume that v; = a1 V a2 and v2 = a3 V as. Applying
, it straightforwardly follows that both the join-subsemilattice and the meet-
subsemilattice generated by {ai,...,a4} are correctly depicted in the middle of
Figure@ We claim that u; £ vs_; for i € {1,2}. By symmetry, it suffices to consider
i = 1. If we had u; < vg, then—since a4 < v and applied to {ay, as, a4} yields
u1 V aqg = vs—we would obtain v = uq V aq < uy V v2 = vg, which is impossible.
Hence u; £ vs—; for i € {1,2}, indeed. This allows us to apply Lemma in a
way similar to its use for to conclude that S := {ay, ..., a4, us, uz,us, v1,v2,v3}
is a sublattice of L, that S is correctly drawn as a lattice in the middle of Figure
E[, and that cd(L) < cd(S). Since [ug,us] p [u1,v3] 2 [u1,a2], we have that
cong(ug,uz) =: o > f3 := cong(uq,az). Thus, Lemma 3.7 implies cd(L) < cd(S) <
6/64. This inequality is a contradiction, as required.

Case (0): We assume that B = {v1,v2,v3} with vs < v1, v < va, and vy || va.
Apart from indexing, the situation is drawn on the right in Figure[J] Since vy, v,
vz, and v1 Vvs are four distinct elements of Jr(L), Lemma [3.5|implies cd(L) < 4/64.
Again, we have obtained a contradiction.

Since each of the four cases leads to a contradiction, the proof of Lemma [{:4] is
complete. O

Lemma 4.5. If a finite lattice L has a three-element antichain and cd(L) > 6/64,
then

e cither Cor(L) = M; and cd(L) = 8/64 (see (d2) in Theorem ,
e or Cor(L) = N5 5 and cd(L) = 7/64 (see ({4)) in Theorem .

Proof. Let L be an n-element finite lattice with cd(L) > 6/64 and a three-element
antichain {a1, as,as}. Since Cor(M3) = 2/257! = 8/64 and we know from
that cd(L) = cd(Cor(L)), we may assume that Cor(L) 2 Ms.

By Lemma the sublattice Sy generated by {a1,as,as} is isomorphic to Ns 5.
Hence, |Jr(L)| > 2 and |[Mr(L)| > 2. Apart from indexing, we have b := a1 V a2 <
v:i=ay1Vaz =asVazand c:= a1 Aas > u:=ai; Aaz = as A az; see the left part
of Figure [d We claim that

\Jr(L)| = [Mr(L)| = 2. (4.9)

Seeking a contradiction, suppose that (4.9)) fails. We know from Lemma that
|[Jr(L)| = |Mr(L)|. Hence Lemma and the failure of (4.9)) imply |Jr(L)| =

[Mr(L)| = 3. Therefore, since {u,c} = Mr(Sy) C Mr(L) and {b,v} = Jr(Sy) C
Jr(L), there are unique elements p and ¢ (not necessarily distinct and not necessarily
outside Sy) such that Mr(L) = {u,c,p} and Jr(L) = {b, v, q}.
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Ji(Con(S1))  Ji(Con(51))

Y

F1GURE 10. A part of S on the left and three possibilities for S;

Let S := So U {p,q}. Since Mr(L) U Jr(L) C S, Lemma yields that S
is a sublattice of L and cd(L) < cd(S). Since S has been obtained from Sy by
adding only at most two new elements, at least two of the four prime intervals
(that is, two-element intervals) [u, ¢|g,, [u,as]s,, [b,v]s,, and [as, v]s, remain prime
intervals of S. Thus, duality allows us to assume that a3 <g v or b <g v in S.
Before inspecting these two cases, pick an element z € S such that u <g z < ¢,
and take an edge (z,y) € Edge(S) with ¢ < z <g y < b. The situation is shown on
the left of Figure but note that the elements p, ¢, * and y are not specified and
need not be drawn. We are going to compute in Sy = N5 5, but the intervals are
understood in S.

First, assume b <g v. Then [b,v] N\ [u,a3] 7 [¢,v] D [¢,b] D [z,y] implies
cong(z,y) < cong(b,v). Thus, letting (x,y, b, v, S) play the role of (u1, vy, us, ve, L),
we obtain from Lemma [3.7] that cd(L) < cd(S) < 6/64.

Second, assume a3 <g v. With (¢, as, z) playing the role of (a,b, z), Lemma
gives cong(u, z) = cong(as,v). Thus [az,v] \yp [, b] D [z,y] implies cong(z,y) <
cong(ag,v) = cong(u, z). Hence, letting the quadruple (u, z,z,y, S) play the role
of (u1,v1,u2,v2, L), we obtain from Lemma [3.7] that cd(L) < cd(S) < 6/64.

We have seen that regardless of whether az <g v or b <g v, we obtain cd(L) <
6/64, a contradiction that proves (4.9).

It follows from (4.9), Mr(Sy) = {¢,u} C Mr(L), Jr(Sp) = {b,v} C Jr(L), and
Lemma that for every subset X of L,

if Sp C X, then X is a sublattice of L and cd(L) < cd(X). (4.10)

Next, we claim that [u, v] is the union of the eight intervals corresponding to the
eight edges of N5 5 drawn on the left of Figure |4} that is,

[u,v] = [u, ] Ulc,a1] Ulc,az) Ular, b U [ag, b] U [b,v] U [u,as] U [ag,v].  (4.11)

To derive a contradiction, suppose that = € [u, v] is outside the union above. Then
x || ag. Since {a1,as2,as,x} is not an antichain by Lemma x is comparable
with aq or ag. If x were comparable with both a; and as, then a; || az would imply
that either x > a; and © > ag, whence © € [b,v], or x < a1 and z < as, whence
x € [u,c]. Thus, x is comparable with exactly one of a; and as. By symmetry and
duality, we may assume that a1 || # and as < z. Since x < b would give z € [ag, b]
and b < z would give a1 < xz, the set {b,x, a3} is a three-element antichain. Since
Jr(L) = {b,v} by ([£9), we obtain that, in addition to bV a3 = v, the equalities
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bVxz =wv and 2 Vaz = v also hold. Hence the antichain {b,z,a3} contradicts
Lemma and we have proved .

Assume that there is an element x € Nar(L) N [u,v]. Since a; || ag, either
r < a; and z < ag, whence x = u, or x > a; and x > agz, whence x = v. Hence
Nar(L) N [u,v] € {u,v}, and [u,v] is glued sum indecomposable. If there were an
element y € L such that y || w, then y A u would be a third meet-reducible element
of L, contradicting ¢,u € Mr(L) and . Hence, u € Nar(L). Dually, v € Nar(L),
whence L = idl(u) + [u,v] + fil(v). Furthermore, idl(x) and fil(v) are chains by
([£.9). Thus, Cor(L) = [u,v].

Next, we claim that [u,v] = Sp. Seeking a contradiction, suppose the contrary.
Then Sy C [u, v], whence we can pick an element d € [u,v]\ Sp. Let Sq := SoU{d};
it is a sublattice and cd(L) < cd(S;) by (£10). Using duality, the symmetry
between a; and as, and (4.11), we may assume that © < d < ¢, u < d < as,
or ¢ < d < ajp. A trivial argument, similar to the one proving , shows that
these possibilities are correctly diagrammed in Figure Using Lemma [3.2] and
7 it is straightforward to verify that, in each of the three possibilities, the
labeling is correct, the poset Ji(Con(S)) is correctly drawn, and |Con(S7)| is 11 or
8. Thus cd(S7) is 5.5/64 or 4/64, whence cd(S7) < 6/64. Hence cd(L) < 6/64, a
contradiction. This shows that Cor(L) = [u,v] = Sop = Ns 5, as required.

Finally, based on Lemma the poset Ji(Con(Ns5)) is shown in Figure 4| By
(3-7), |Con(L)| = 7. Therefore cd(L) = 7/64, and ({4)) in Theorem holds. This
completes the proof of Lemma g

5. IF THE WIDTH OF L IS AT MOST 2

The width of a finite lattice L, denoted by width(L), is the maximum size of an
antichain in L. This section deals with finite core lattices L such that width(L) =
2 and cd(L) > 6/64. There are several ways to observe that such a lattice is
necessarily planar (that is, it has a planar diagram); for example, this follows from
or Lemma 2.2 of Czédli and Schmidt [I0]. In this section, we always work
with a fixed planar diagram of L, and terms like left or right refer to this diagram.
Although our treatment is visual at some points, the relevant theory of planar
lattices is rigorously presented in Kelly and Rival [16]. (Neither here nor later in
the paper does the reader need to consult [I6].) Let Bndl(L) and Bndr(L) denote
the left boundary chain and the right boundary chain of (the fixed diagram of) L.

Lemma 5.1. For every finite lattice L with width(L) = 2, we have that L =
Bndl(L) UBndr(L).

Proof. Suppose, for the sake of contradiction, that there exists an element x € L
such that © ¢ Bndl(L) U Bndr(L). Since Bndl(L) is a maximal chain and = ¢
Bndl(L), there is an element y € Bndl(L) such that y || . Moreover, since Bndl(L)
is the left boundary chain, y is to the left of = (see the definition of the left boundary
and Propositions 1.6 and 1.7 in Kelly and Rival [16]). By left-right duality, we
obtain an element z € Bndr(L) such that z is to the left of z and, in particular,
2 || z. By aresult of Zilber, appearing as Proposition 1.7 in Kelly and Rival [16], the
relation “to the left of” is transitive. Hence, y is to the left of z and, in particular,
y || z. Thus, {y, z, z} is a 3-element antichain. This antichain violates width(L) = 2
and completes the proof of Lemma [5.1 O
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Lemma 5.2. Let L be a finite lattice such that width(L) =2 and 6/64 < cd(L) <

8/64. Then one of the possibilities (, (dd)), (C@, (, and ( listed in Theorem
holds.

Proof. Since cd(L) = ¢d(Cor(L)) by and width(L) = width(Cor(L)), we may
assume that L is a core lattice. Furthermore, |L| > 1, since otherwise cd(L) would
be 64/64. Let L = Ly 4 --- + L; be the canonical glued sum decomposition of L;
here t € Nt and none of the Ly, ..., L; is a chain. Since L = Cor(L) is interesting
only up to =4, we may assume that cd(Ly) > --- > cd(L¢). Czédli [8, Lemma 2],
applied to L = Ly + --- + L;, asserts that

cd(L) = cd(Ly) - --cd(Ly), where cd(Ly) > -+ > cd(Ly). (5.1)

We know from Czédli [8, Lemma 10], or even from Czédli [3], that cd(L;) < 1/2
for i € {1,...,t}. Hence cd(L) < 1/2'. Thus, since 6/64 < c¢d(L), we have that
t <3.

First, assume that ¢t = 3. Then cd(L) < 1/23 = 8/64. If cd(L;) < 1/2 = 32/64
for some i € {1,2,3}, then cd(L;) < 20/64 by Lemma [2.1 whence

6/64 < cd(L) = cd(L1)ed(La)ed(Ls) < 1/2-1/2-20/64 = 5/64,

which is a contradiction. Hence ¢d(L;) = 1/2 and, by Lemma 2.1} L; = B, for all
i € {1,2,3}. Furthermore, cd(L) = 1/2% = 8/64 and Cor(L) = L = By + By + By.
That is, ( holds, as required.

Second, assume that ¢ = 2. Observe that |Nar(Li)| = |Nar(Lg)| = 2, since
otherwise ¢t would be larger than 2. As the first subcase, we assume cd(L;) = 1/2.
By Lemma 2.1] L; = By. Since 6/64 < cd(L) = cd(L;)cd(Ls) < 8/64, we have
12/64 < cd(Lg) < 16/64. Hence, taking |Nar(Ls)| = 2 into account as well,
Ly = Cor(Ly) satisfies (f4)) or (d6) of Lemma [2.1] That is, Ls is an edge gluing of
two copies of By and c¢d(Ly) = 16/64, or L belongs to Circ(6) and cd(L2) = 14/64.
Thus, taking L, = By, cd(By) = 1/2, and into account as well, (43) or (d5)
holds for L = Cor(L), as required.

In the second subcase of the case t = 2, we assume that cd(L;) < 1/2. Then
cd(Ly) = 20/64 or c¢d(Ly) < 16/64 by Lemma and cd(Ls) < cd(Ly) by
(5.1). We focus on cd(Lq). If we had cd(L2) < 16/64, then 6/64 < cd(L) =
cd(Ly)ed(Le) < 20/64 - 16/64 = 5/64 would be a contradiction. Hence, c¢d(Lg) =
cd(L;) = 20/64, and Lemma [2.1] implies L; & Ly = N5. Hence L = N5 + N5 and
cd(L) = cd(Ly1)cd(L2) = 20/64 - 20/64 = 6.25/64. Therefore (q8) of Theorem
holds, as required.

Third, we assume ¢t = 1. So in the rest of the proof, L = Cor(L), 6/64 < cd(L) <
8/64, and |Nar(L)| = 2. The intersection Bndl(L) N Bndr(L) of the two boundary
chains is Nar(L) = {0,1}. Furthermore, Bndl(L) UBndr(L) = L by Lemma
Let us call an edge (x,y) € Edge(L) a chord edge if {z,y} N{0,1} = ) and z lies in
one of the two boundary chains while y lies in the other. For example, the chord
edges of L on the left of Figure [11] are e; = (z1,41), ..., €4 = (24,y4). Since the
diagram is planar, no two distinct chord edges intersect at their internal geometric
points.

Let h be the number of chord edges, and let n := |L|. If we had h = 0, then
L would belong to Circ(n), whence (d2)), (43), (d6), (47), and ({10 of Lemma [2.1]
would imply cd(L) > 8/64, which would be a contradiction. Hence h > 0.

For a chord edge e = (z,y), L is decomposed as the edge gluing of idl(y) and fil(z)
(along the edge e). If idl(y) or fil(x) contains a chord edge of L distinct from e, then
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Ji(Con(L)

~—

FiGuRrE 11. Illustrations for the proof of Lemma

this decomposition can be repeated. Therefore, there are integers ng,nq,...,ny
greater than 3 and lattices L; € Circ(n;) and M; for i € {0,...,h} such that
My = Lo, My, = L, and M; is an edge gluing of M;_; and L, for j € {1,...,h}. For
example, for L on the left of Figure we have (ng,n1,ne,ns,ns) = (5,7,5,7,6),
Lo = My = idl(y1), Ly = fil(xy), L; = [z;,yi41] for i € {1,2,3}, My = L, and
Mj = ldl(yj+1) for Jj € {1,2,3}

By Lemma 2.1} c¢d(Mo) = cd(Lo) < 1/2. Furthermore, Lemma [3.10|(L) yields
that cd(M;) < cd(M;_1)/2 for j € {1,...,h}. Hence a trivial induction on j gives
cd(L) = cd(My,) < 1/2M1. Combining this inequality with 6/64 < cd(L), we
conclude that i < 3. So we have to deal only with h =1 and h = 2.

Assume that h = 1. We know from the appropriate parts of Lemma [2.1} or
more directly from Czédli [8, Lemma 7], that cd(Lg) = (8 + 3/2"°~7)/64. Thus,
the assumption cd(L) > 6/64 and Lemma yield that

6 8 +3/2m0-7 1

61 < cd(L) <cd(Lg)/2 < — e %

which implies ny < 6. We obtain ny < 6 similarly. Hence, ng,n; € {4,5,6}. We
may assume that ng > nq, since otherwise we could work with the dual of L.

If (ng,n1) = (6,4), then cd(L) = 7/64 by Lemma and Lemma [3.10|(2),
whence (d6]) of Theorem holds. If (ng,n1) = (5,5), then a straightforward
computation, which is illustrated in the middle of Figure yields that cd(L) =
6.5/64, and so (d7) is fulfilled; note that the details of a similar (but slightly longer)
computation will soon be given for the right part of Figure and also that L need
not be isomorphic to the lattice depicted in the middle of the figure.

Since cd(L) < 8/64, ({4) and (d8) of Lemma exclude the possibility that
(no,n1) € {(4,4),(5,4)}. Excluding the remaining possibility that (ng,ni) €
{(5,6), (6,6)} requires more work.

The right part of Figure [11| visualizes how to rule out the case (ng,n1) = (6,5).
Although Ly and L need not be isomorphic to the lattices depicted in the figure,
we can always choose the notation as follows. In L;, let z denote the unique atom
such that pr(z) (defined in (3.2)) is the gluing edge, and let ¢ be the other atom.
In Ly, let = be the unique atom such that [z, z] N\ [z«, 2], and let y denote the
other atom of Ly. Define o := con(pr(y)), B8 := con(pr(z)), and v := con(pr(t)).
Regardless of which of the two members of Circ(6) is Ly and how the gluing edge
in Ly and L is situated, denote the two elements of Ji(Lo) \ {z,y} by u1 and us.
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Set 0; := con(pr(u;)) for i € {1,2}. Let v be the unique element of Ji(L;) \ {z,t},
and set € := con(pr(v)). Since Ji(L) = {y,x, u1,ua,t,v}, it follows from that
{a, B,7,61,082,€} = Ji(Con(L)). Using Lemma [3.2(A), it is straightforward to draw
the poset (Ji(Con(L)); <); see the figure. To count the ideals of this poset, note
that 2% = 8 ideals are disjoint from {a, 3,7}; 22 = 4 contain f3; 2 contain a but
neither 3 nor «v; 22 = 4 contain v but neither a nor 8; and exactly 1 contains a and
~ but not 8. Hence |Id1(Ji(Con(L));<)| =8+4+2+4+1 =19, and gives
that |Con(L)| = 19. Therefore cd(L) = 19/2/%1=1 = 4.75/64, which contradicts the
assumption 6/64 < cd(L) and excludes the case (ng,n1) = (6,5).

Finally, if (ng,n1) = (6,6), then L has a sublattice L’ such that the parameters
of L' satisfy (ng,n1) = (6,5), and L is a dismantlable extension of L'; see (3.14).
We have seen that cd(L') = 4.75/64, and we know from that cd(L) < cd(L’).
Thus cd(L) < 4.75/64, which contradicts the inequality 6/64 < cd(L) and excludes
the possibility (ng,n1) = (6,6). This completes the case h = 1 (within the case
t=1).

Next, we assume that h = 2. If (ng, n1,n2) = (4,4, 4), then cd(L) = 1/2% = 8/64
by Lemma and L satisfies (d3)), as required.

Thus it suffices to rule out all cases with (ng,n1,n2) # (4,4,4). Let, say, no # 4.
Then ny > 5. Since Lo € Circ(ng) is a dismantlable extension of N,
implies cd(Lg) < c¢d(N5). Combining this inequality with Lemma , we have
cd(Lsy) < 20/64. Denote the sublattice Ly U Ly in L by T'; then T is an edge gluing
of L1 and Lo, while L is an edge gluing of Ly and T'. Hence, Lemma yields
that ¢d(T") < cd(L2)/2 < 10/64 and cd(L) < ¢d(T)/2 < 5/64, which contradicts
6/64 < cd(L). We similarly obtain the same contradiction when ng or n; is distinct
from 4, except that in this case we first obtain M; as an edge gluing of Ly and
L1, and then L is an edge gluing of M; and L,. Therefore, the possibility that
(no,n1,m2) # (4,4,4) is ruled out, and the proof of Lemma is complete. O

6. FINAL DEDUCTIONS

From the lemmas established earlier in the paper, we can now easily derive the
results stated in Sections [I and

Proof of Theorem[I.1] Let L be a finite lattice with c¢d(L) > 3/32. For k € Ny, let
uc(k) and le(k) denote the number of elements of L with exactly k upper covers
and the number of elements with exactly k lower covers, respectively. It follows
from and Lemma that uc(l) = |Ji(L)| = [Mi(L)| = le(1). The equality
uc(0) = 1 =1¢(0) is trivial. Combining the already established equations with the
fact, given by Lemma that no element has more than three upper covers or
lower covers, we obtain that

uc(k) = 0 =1c(k) for all k > 4 and uc(k) = lc(k) for all k € Ng \ {2,3}. (6.1)

To handle the remaining values k € {2,3}, we distinguish two cases.

First, assume that uc(3) = 0 = lc(3). Then together with Lemma[4.3]yields
that uc(2) = |Jr(L)| = |Mr(L)| = le(2). Hence (jmf2) holds.

Second, assume that uc(3) > 0 or lc(3) > 0. By duality, we may assume that
lc(3) > 0. Then an interval [u,v] of L is isomorphic to M3 by Lemma Since
the three lower covers of v generate [u, v] = M3, and Ms is not isomorphic to Nj s,
the conclusion of Lemma [£.2] fails in this case, whence its hypothesis cannot hold.
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Hence Cor(L) = Ms. Thus uc(3) = 1 = le¢(3) and uc(2) = 0 = le(2). Hence (jm2)
holds again, and therefore it holds in both cases.

Finally, (jufl), which asserts that uc(1) = lc(1), follows from (jm2). The proof
of Theorem is complete. O

Proof of Observation[1.4 Based on (3.7), Lemma|[3.2] and the middle part of Fig-
ure [1} it is straightforward to see that |Con(Rg)| = |[Idl(Ji(Con(Rs)))| = 3. Hence
cd(Re) = 3/32. Clearly, |Ji(Rq)| = 3 # 4 — |Mi(Rg)|. 0

Proof of Theorem[2.4 Let L be a finite lattice with cd(L) > 6/64. We can assume
cd(L) < 8/64, since otherwise (dI]) holds. Then 1 < width(L) < 4 by Lemmas
and whence width(L) € {2,3}. Therefore Lemmas and imply Theorem
2.2 0

7. CONCLUSION AND OUTLOOK

We have proved that a finite lattice L with congruence density cd(L) larger
than 3/32 has the same number of join-irreducible and meet-irreducible elements
(that is, |Ji(L)| = |Mi(L)|), and pointed out that cd(L) = 3/32 does not imply
[Ji(L)] = |Mi(L)|. In fact, our analysis has yielded a slightly stronger conclu-
sion. Moreover, we have presented a structural description of finite lattices L with
cd(L) > 3/32. Equivalently, we have described finite lattices L with more than
3. 2116 congruences. We guess that, with a lot of work, the threshold 3/32 in
the description might be slightly improved in the future. However, improving the
threshold to, say, 10~8 seems unlikely even with computer assistance; see also Foot-
note

To raise an open problem, whose difficulty is unclear at this moment, let M; be
the one-element lattice, and let M}, be the (k+ 2)-element modular lattice of length
2 for 2 < k € N7; see the right part of Figure [l for £ < 4. Then width(My) = k.
Does every finite lattice L satisfy cd(L) < cd(Myigen(z))? It follows from Lemma
and Theorem that the answer is positive for lattices L with width(L) < 3.

There have been analogous investigations in which “lattices” or “congruences”
have been replaced by other structures, including “semilattices”, or by other com-
patible relations, such as the unary “subuniverse” relation; see, for example, Ahmed,
Salih, and Hale [2], Ahmed and Horvéth [I], Czédli [, [5], and [7], Kwuida and
Muregan [I7], and the Abstract of Zaja, Haje, and Ahmed [2I]. After these an-
tecedents, similar investigations are likely to appear in the future.
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