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ABSTRACT. Let L be a lattice of finite length and let d denote the minimum path

length metric on the covering graph of L. For any & = (z1,...,2;) € L*, an element
y belonging to L is called a median of € if the sum d(y,z1) + - - -+ d(y, zx) is minimal.
The lattice L satisfies the ci-median property if, for any & = (z1,...,z) € L* and

for any median y of £, y < 1 V -+ V . Our main theorem asserts that if L is an
upper semimodular lattice of finite length and the breadth of L is less than or equal
to 2, then L satisfies the ¢;-median property. Also, we give a construction that yields
semimodular lattices, and we use a particular case of this construction to prove that
our theorem is sharp in the sense that 2 cannot be replaced by 3.

1. INTRODUCTION

Given a lattice L of finite length and & = (x1,...,2%) € L*, an element y € L is called
a median of £ if the sum d(y, x1) + - - -+ d(y, x1) is minimal, where d(y, x;) stands for the
path distance in the Hasse diagram of L. Our goal is to prove that

whenever L is, in addition, upper semimodular and
of breadth at most 2, to be defined in (1.10), then
y < x1V---Vxg holds for every k > 2 and for any
median y of every £ = (x1,..., 1) € LF;

(1.1)

see our main result, Theorem 4.1, for more details.

1.1. Outline. The paper is structured as follows. In Subsection 1.2, we survey some
earlier results on medians in lattices. Subsection 1.3 recalls some definitions, whereby
the paper is readable with minimal knowledge of Lattice Theory. In Section 2, we give
a new way of constructing semimodular lattices; see Proposition 2.1, which can be of
separate interest. As a particular case of our construction, we present a semimodular
lattice L(n, k) with breadth k and size |L(n, k)| = 2n* — (n — 1)* for any integers k > 3
and n > 4 such that L(n, k) fails to satisfy the ¢;-median property. Section 3 is devoted to
two technical lemmas that will be used later. Finally, Section 4 presents our main result,
Theorem 4.1, which asserts somewhat more than (1.1). Using the auxiliary statements
proved in Sections 2 and 3, Section 4 concludes with the proof of Theorem 4.1. Note
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that the survey given in Subsection 1.2 is mainly for lattice theorists; this is why some
well-known lattice theoretical concepts occurring there are only explained thereafter.

1.2. Survey. For any metric space (X, d) and for any k-tuple £ = (z1, ..., z)) belonging
to X*, y € X is called a median of ¢ if
k
r(y,§) = d(y, ) (1.2)
i=1
is minimal. Medians are frequently used numerical attributes of, say, (discrete) probability
distributions, and they are interesting in other areas of mathematics and even outside
mathematics; see, for example, Monjardet [15].

The k-tuple £ above is called a profile and {£} denotes the set of all elements belonging
to the profile. Repetition among the z;’s is permitted, so [{£}| < k. The notation M (€)
is used for the set of all medians of £ and r(y, £) is called the remoteness of y from £. One
can view M as a function with domain the set of all possible profiles and range the set of
all nonempty subsets of X. In this case, M is called the median function or the median
procedure. The median function has been extensively studied and we refer the reader to
Day and McMorris [8] for more information about this function.

If X is a lattice L of finite length and d is the minimum path length metric on the
covering graph of L, then it is sometimes possible to describe a median set M (§) explicitly.
For example, if L is a finite distributive lattice and ¢ = (21, ...,2) € L*, then

M (&) = [m(&), m ()] = {z € L:m(§) < 2z <m'(§)} where
m(&) = \/{ /\xizlg{l,...,k},|l|zg+1} and

icl

k

m (&) = i I CH{l,... )k} || > =+ 1}.

© = \{ 16\/1 { bz 5 +1}
This result is due to Barbut [2] and Monjardet [15]. Their result was extended by Bandelt
and Barthélemy to median semilattices [1]. In addition, Barthélemy showed that M (&) is
a sublattice of the interval [m(§), m’(§)] if L is a finite modular lattice [3]. In the case
where L is assumed to be a finite upper semimodular lattice, Leclerc [14] proved that
M(€) C [m(€), 1] for every € € L*. Leclerc also showed the converse. Specifically, if a
finite lattice L has the property that M (&) C [m(€), 1] for every £ € L*, then L is upper
semimodular. Leclerc’s work was generalized to finite upper semimodular posets in [17].

F1GURE 1. A nonplanar semimodular lattice of breadth two

While Leclerc [14] above gives a lower bound of M (&), here we are interested in a
reasonable upper bound. Namely, following White [21], we will say that a lattice L satisfies
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the ci-median property if for any positive integer k and any & = (z1,...,zx) € L*,
k
y<c1(€) = \/ T (1.3)
i=1

for all y € M (&). This is obviously equivalent to \/ M (&) < ¢1(§). Since m/(§) < ¢1(€) for
all ¢, it follows that every finite modular lattice satisfies the c;-median property. Finite
(upper) semimodular lattices are known to be graded. (As usual, “semimodular” will
always mean “upper semimodular”.) Czédli, Powers, and White [5] proved that

every planar graded lattice satisfies the ¢;-median property. (1.4)

Let us emphasize that a planar lattice is finite by definition; see Grétzer and Knapp [11,
page 447] or Czédli and Grétzer [4, page 92]. Clearly, (1.4) implies immediately that

planar semimodular lattices satisfy the (1.5)
c1-median property. '
It belongs to the folklore and we will prove in Section 3 that
every planar lattice is of breadth at most 2. (1.6)

Hence (1.1) is a generalization of (1.5). Furthermore, this is a proper generalization since
there are non-planar finite semimodular lattices of breadth 2; see Figure 1 for an example.
Note at this point that the class of all semimodular lattices of finite length and breadth
2 is plentiful since, for example, Rival [18] proved that this class contains lattices with
arbitrarily large finite width and length. Note also that a graded lattice need not be
semimodular, and so it is easy to see that none of (1.1) and (1.4) implies the other one.

In 2000, Li and Boukaabar [13] gave a semimodular lattice with 101 elements that fails
to satisfy the ci-median property; we will denote this lattice by Liigoy. Hence, (1.1)
cannot be extended to all semimodular lattices of finite length. Our Theorem 4.1 will
assert even more: as L(n,3) in Section 2 exemplifies, (1.1) cannot be extended to finite
length semimodular lattices of breadth 3. Note that Section 2 builds on the essence of
L1,iBou but, in addition that we will show that L(n, 3) is of breadth 3, there is a significant
difference between the two approaches. Namely, as opposed to [13], where Ly,;igoy is defined
by its involved Hasse diagram, tedious work is needed to show that it is a lattice and it is
semimodular, and most of this work is left to the reader, our argument proving the same
properties of L(n, 3) does not rely on any diagram and it is easy to read.

It was proved in White [21] that

semimodular lattices of height at most 6 sat- } (1.7)

isfy the ci-median property.

Each of the conditions given in (1.1), (1.4), (1.5), and (1.7) determines an interesting
class of semimodular lattices of finite length satisfying the c;-median property. Although
interesting additional such classes of semimodular lattices will hopefully be discovered in
the future, we do not see much hope for a reasonable characterization of semimodular
lattices of finite length that satisfy the c;-median property.
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1.3. Basic concepts. All the elementary concepts and notation not defined in this paper
can easily be found in Grétzer [9] or in its freely downloadable Part I. A Brief Introduc-
tion to Lattices and Glossary of Notation at tinyurl.com/lattices101, and also in
Nation [16], freely available again. Alternatively, the reader can look into Davey and
Priestley [7] or Stern [20]. However, for convenience, we recall the following. A lattice L
is of finite length if there is a nonnegative integer n such that every chain of L consists of
at most n+ 1 elements; if so, then the smallest such n is the length of the lattice, denoted
by ¢(L). A lattice of finite length is graded if any two of its maximal chains have the same
(finite) number of elements. A lattice L is upper semimodular, or simply semimodular, if
for every x,y € L, the covering x A y < = implies y < z V y. The condition lower semi-
modular is defined dually. It is well known that every semimodular lattice of finite length
is graded. For x,y € L, the distance between x and y in the undirected covering graph
associated with L is denoted by d(x,y). It is straightforward to see that in a semimodular
lattice L of finite length, for any z, y, u,v,w € L,

d(z,y) = d(z,zVy) + d(xVy,y) = (([z,2V y]) + [y, 2 V y]) (1.8)
and v < v < w implies that d(u,w) = d(u,v) + d(v,w). (1.9)

Finally, recall that

the breadth of a lattice L, to be denoted by br(L), is the
least positive integer n such that any join /-, z;, z; € L, (1.10)
m > n, is always a join of n of the joinands z;.

2. SEMIMODULAR CONSTRUCTS AND AN EXAMPLE

An element v in a lattice L is join-irreducible if for every z,y € L, u = x V y implies
that v = = or w = y. Similarly, if v < = V y implies that v < z or u < y, then
u is join-prime. Finally, u is codistributive (or dually distributive) if for every z,y € L,
uA(zVy) = (uAz)V (uAy); see, for example, Seselja and Tepavéevic [19] and Gritzer[10].
Clearly, a join-prime element is join-distributive. If an element is codistributive and join-
irreducible, then it is join-prime; see (the easy proof of) Nation [16, Theorem 8.6(1)]. So
there are many examples of join-prime elements in lattices. Note that each of the three
free generators of the 28-element free modular lattice is join-prime, join-irreducible, but
not codistributive; see Grétzer [10, Figure 20 in page 85]. Observe that, for every positive
integer ¢ and any lattices K7, ..., K, of finite length,

a nonzero element e = (e1,...,¢e;) € K3 X -+ x K is join-prime
if and only if there exists a unique i = i(e) € {1,...,t} such that
e; is a nonzero join-prime element of K; and e; is the bottom
element 0; of K; for all j € {1,...,¢}\ {i}.

(2.1)

In order to verify (2.1), assume that e has at least two nonzero coordinates, say, e; and
e2. Then e < (e1,02,....0¢) V (01, €2, ...,e;) witnesses that e is not join-prime. The rest
of the argument proving (2.1) is even more trivial and will not be detailed.

Proposition 2.1. Let K be a lattice of finite length.

(i) If e is a nonzero join-prime element of K, f € K, and e < f, then the subposet
L:=K\le, f] of L is a lattice.
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(ii) If t is a positive integer, K1, ..., K; are semimodular lattices of finite length,
K =Ky x - x Ky is their direct product, e = (e1,...,e;) € K is a nonzero join-
prime element, i = i(e) denotes the subscript defined in (2.1), and f = (f1,..., ft)
is an element of K such that f; is the top element 1; of K;, then the subposet
L:=K\|e, f] of K is a semimodular lattice, and it is a join-subsemilattice of K.

Note that (2.1) and the assumptions of part (ii) above imply that e < f, whereby the
interval [e, f] in (i) makes sense. Note also that the case t = 1 is also interesting, but this
case would be easier to prove than the general case ¢t € {1,2,3,...}.

Proof. First, we are going to prove (i). Since Ok < e, the subposet L has a least element,
0 := O0x. Observe that L is of finite length since so is K. Thus, to prove that L is a
lattice, it suffices to prove that L is join-closed. So it suffices to show that L is a join-
subsemilattice of K. Suppose, for a contradiction, that x,y € L but 2 Vy ¢ L. Then
e <xVy < f. Since e is join-prime, we obtain that e < x or e < y, and we can assume
that e <z by symmetry. This with x < 2V y < f lead to = € [e, f], contradicting x € L.
Thus, L is join-closed and part (i) holds.
Next, we turn our attention to (ii). We can assume that ¢ = 1. Then, by (2.1),

er > 01, e =09, ..., ¢ =0;. (2.2)

We obtain from part (i) that L is a lattice. We are going to show that

whenever {z,y} C L and y covers x in L, (2.3)
then y covers x in K. '
First of all, observe that for any a,b € K, we trivially have that
a <k b if and only if a; < b; for exactly one subscript j and
as = bs for every other subscript s; note that this holds even } (2.4)
if Ky, ..., K are not assumed to be semimodular.

For the sake of contradiction, suppose that x < y but Ak y. Then there is at least
one element in [e, f] N [z,y]. Hence, for a := eV z and b := f Ay, we have that a < b.
Note that © < a < b < f, so x ¢ [e, f] yields that e £ z. Similarly, e < a < b < y and
y ¢ [e, f] give that y £ f. Since a € [e, f] but = ¢ e, f], we have that z < a. If we had
an ¢’ € K such that © < 2’ < a, then z < 2’ < a < b < y and z <1 y would imply that
2’ ¢ L, whereby e < 2’ would lead to the contradiction a = eV < a’ < a. Thus, z <k a
in K. Similarly, b <x y. Let us summarize:

r<grxVe=a<b=yAf=<xuy,
efx, y£f, e<y, v<f

Since e £ z, (2.2) gives that e; € z1. We know from (2.5) that z < f, and so we obtain
that o < fo, ..., ¢y < fi. Hence, if we had that xo = y2, ..., 1 = ¥y, then we would
get that y < f since fi; = 11, but y < f would contradict (2.5). Thus, there is a subscript
j € {2,...,t} such that z; < y;. By symmetry, we can assume that j = 2, that is,
Zg < ya. Take the element z := (z1, Y2, x3, ..., x¢) in K. Since e; € x1 = 21, we have that
e £ z, whereby z € L. Using x5 < y3 = 22, we obtain that x < z. Since z < y, we have
that z < y. Using that e; € 21 = 21 but (2.5) gives that e; < y1, it follows that z # y.
So z < y. Since z < z, z < y, and z € L contradict x <y, y, we conclude (2.3).

(2.5)
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Next, recall from Czédli and Walendziak [6] that
the direct product of finitely many semimodular lattices is semimodular. (2.6)

This yields that K is semimodular. This fact, (2.3), and Exercise 3.1 in [4] imply the
semimodularity of L. This proves part (ii) and completes the proof of Proposition 2.1. [

Lemma 2.2. For any integert > 2 and non-singleton lattices L1, ..., L of finite breadth,
br(Ly X ---x Ly) =br(Ly) + - - -+ br(Ly).
Having no reference at hand, we present a straightforward proof of this easy lemma.

Proof. We can assume that ¢t = 2, because then the lemma follows by induction. For
i € {1,2}, denote br(L;) by n;, and pick an n;-element subset {a(i)1,...,a(i)n,} of L;
such that no element of this subset is the smallest element of L; (which need not exist),
and b(i) := a(i)1 V-V a(i)p, € L; is an irredundant join, that is, none of the joinands
can be omitted without making the equality false. Pick c(i) € L; such that c(i) < b(7)
and c(i) < a(i); for all j € {1,...,n;}; this is possible either because n; > 1 and we
can let ¢(i) = a(i)1 A -+ Aa(i)p,, or because n; = 1 and we can pick an element smaller
than a(i);. Since the join (b(1),b(2)) of the elements (a(1)1,c(2)), (a(l)2,¢(2)), ...,
(a(1)n,,¢(2)), (e(1),a(2)1), (c(1),a(2)2), ..., (c(1),a(2)n,) is clearly an irredundant join,
br(L; x Lg) > ni +ne = br(Ly) 4+ br(Ls). To prove the converse inequality, assume that
(wi,w2) = VS in Ly x Ly with [S| > ny 4+ na. For each ¢ € {1,2}, we can pick an
n;-element subset T; of S such that w; = VveTi v;. Letting T be an (n; + ns)-element
subset of S such that T3 UT, C T, we have that (wy,ws) < VT <V S = (wy,ws). Thus,
bI‘(Ll X LQ) <ni+ng = bI‘(Ll) + bI‘(LQ) O

For integers n > 4 and k > 3, we define a lattice L(n, k) as follows. Let C, =
{0,1,2,...,n—1} be the n-element chain with the usual ordering from Z. Let K = K(n, k)
be the (k4 1)-fold direct product

K=K(nk)=CpxCpx--xCpxCa.
After defining e = (e1,...,ext1) and f = (f1,. .., fet1) by
e:=(0,...,0,1,0)and f:=(n—2,...,n—2,n—1,0),
we define L = L(n, k) as K \ [e, f]. At present, L(n, k) is only a poset.

Proposition 2.3. For integers n > 4 and k > 3, L(n, k) is a (2n* — (n — 1)¥)-element
semimodular lattice of breadth k, and this lattice fails to satisfy the ci-median property.

Proof. In a chain, every element is join-prime. Thus, it follows from Proposition 2.1 that
L = L(n, k) is a semimodular lattice. Clearly, |L| = |K| — |[e, f]| = 2n* — (n — 1)*.

The 2*-element boolean lattice is isomorphic to, say, {2,3} x -+ x {2,3} x {1}, which
is a join-subsemilattice of L. Hence, we obtain from Lemma 2.2 (or we conclude easily
even without this lemma) that br(L) > k. In order to prove the converse inequality, let
W = {w(l),w(2),...,w(m)} with m > k 4+ 1 be a collection of elements from L. (In
order to avoid avoid four-level formulas with microscopic subscripts of superscripts later,
we prefer w(i) to the notation w®.) The j-th component of w(i) will be denoted by
w(i);. Denote \/ W by y. It suffices to find an at most k-element subset W* of W such
that \VW* = y. For each i = 1,...,k + 1, we can find at least one w(j;) € W such
that y; = w(j;)i. Let W = {w(j1),...,w(Gk+1)}. Clearly, YW =y and [W/| < k + 1.
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Suppose that y; = 0 for some i € {1,...,k +1}. Then VW' \ {w(j;)}) still equals y,
so W'\ {w(ji)} serves as W*. Now assume that every coordinate of y is nonzero; in
particular, yx+1 = 1. We can also assume that w(j)r+1 = 0 since otherwise the equality
w(jk)k+1 = 1 would make w(jx+1) superfluous, that is, we could let W* := W\ {w(jr+1)}-
Since w(jr )k = yr # 0 gives that e < w(jx) but w(jx) ¢ [e, f], it follows that w(jx) £ f.
This fact and w(jg)r+1 = 0 give that w(jx); = n — 1 for some ¢ € {1,...,k —1}. So
n—1=w() <y =w(j;)i, where the inequality turns into an equality since n — 1 is
the largest element of C,,. Thus, we can let W* := W'\ {w(j;)}. We have proved that
br(L) = k.
Next, to prove that L does not satisfy the ¢;-median property, let

z(0)=( 0, 0, 0, , 0, 0, 0 ),
z(1)=( n-—1, 0, 0, ..., 0, n—1, 0 ), (2.7)
$(2):( ) Tl—l, Oa ) Oa Tl—l, 0 )a

with respect to & is
2

k—1
r(y, &) = [(n—1) —yi +2u] + > 3y +2(n—1) —
1=3

i=1
k—1
+3ykt1 =4(n —1)+y1 +y2 — Yk + 3Yrt1 + Z 3Yi- (2.8)
i=3
Consider z = (0,0,0,...,0,n—1,1) € L. By (2.8) or trivially,
r(z,)=2(n—1)4+n—-1+3=3n. (2.9)
We are going to show that, for every y € K = K(n, k),
r(y,&) <r(z ) implies y & L. (2.10)

Suppose that r(y, &) < r(z,£). Thus, using y, < n — 1, (2.8), and (2.9), we obtain after
rearranging and simplifying that
k—1
nA Y +ye 3k + Y 3y <ye+4<n—3. (2.11)
i=3
This implies that y1 +y2 + 3 (yk41 + Yory ¥i) < 3, whereby
yi = 0fori e {3,4...,k—1,k+ 1} and
Yy <2<n-2fori=1,2.
The first inequality in (2.11) together with n > 4 yield that that 1 < y;. This fact and

(2.12) imply that y € [e, f], that is, y ¢ L. Consequently, (2.10) holds, and so z € M(£).
Since z £ ¢1(£), it follows that L does not satisfy the ¢;-median property. O

(2.12)

For lattices (L'; <) with top 1’ and (L”; <") with bottom 0", their glued sum is defined
to be ((L'\ {1'}) U{l" =0"} U (L"\ {0"}); <) where 2/ <y for any (a/,y") € L' x L”
and the restriction of < to L’ and that to L' are <’ and <", respectively. Saying in a
pragmatical way for the finite case: we put the diagram of L atop that of L' and we
identify 1’ with 0”. For example, the glued sum of the 2-element chain and the 3-element
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chain is the 4-element chain. The following remark is a trivial consequence of the case
(n, k) = (4, 3) of Proposition 2.3; note that the proof of this particular case would not be
significantly shorter than that of Lemma 2.3.

Remark 2.4. For k > 3, we can easily construct a finite semimodular lattice G(k) of
breadth k such that G (k) does not satisfy the c¢;-median property and its size is less than
|L(4,k)| = 2 - 4% — 3%, Namely, let G(k) be the glued sum of L(4,3) and the 2*-element
boolean lattice; its size is |G(k)| = 2 - 4% — 33 +2F — 1 = 2F + 100.

3. TWO TECHNICAL LEMMAS

Before formulating two technical lemmas, we prove (1.6), simply because we could not
find any reference to this almost trivial statement.

Proof of (1.6). For the sake of contradiction, suppose that L is a planar lattice but not
of breadth at most 2. Then we can take a join x1 V---V x, =: y in L such that n > 3 but
y # x;Va, forany i, j € {1,...,n}. Since {x1, ..., z,} is clearly not a chain, we can assume
that x1 and x9 are incomparable (in notation, z1 || 2) and x1 V 22 is a maximal element
of {w; Va;: {i,j} € {1,...,n}}. Thereisat € {3,...,n} such that ; £ x1 V z2 since
otherwise we would have that y = x1Vxo. We claim that H := {x1 Vao, 21V ay, z2Var } is
a three-element antichain. Since z; € 1V 22, we have that x; Vo, £ 21 Vs for i € {1, 2}.
In particular, x; Vz; # x1Vxs. So if we had x1 Ve < x;Vxy, then x1 Vo < z; Vg would
contradict the maximality of x1 Vxo. If we had that x1Vaz, )| 2V ay, say, x1Vay < xoVay,
then 1 Vago < (21 Vay) V (z2 V 2y) = 22 V 2 would lead to an already excluded case.
So H is a three-element antichain. We know from, say, Gratzer [10, Lemma 73] that H
generates a sublattice isomorphic to the eight-element boolean lattice. This contradicts
the planarity of L by Kelly and Rival [12]. O

The next two lemmas will be needed later in the paper.

Lemma 3.1 (White [21]). Let L be a semimodular lattice of finite length. If§ = (z1,22) €
L?, then for all x € M(€), © < 1 V 2.

Let L be a lattice and & = (x1,...,2x) € LF. Recall that {¢} denotes the set
{z1,...,z}. Suppose z € L with z € ¢1(£). We note that for each z; € {&} it is
the case that z; | z or &; < z . Let

&p ={i:a; € {&} and z; || z} and
52 ={i:z; € {£} and z; < z}; } (3.1)

the subscripts come from “parallel” and “below”, respectively. Note that |€p| + [€g] = k.

Lemma 3.2. Let L be a semimodular lattice of finite length. Let &€ = (x1,...,x3) € LF
and z € L such that z £ c1(§). If |€p| < |€B], then z & M(§).

Proof. If |£p| = 0, then z > ¢1(£). By Lemma 2.2 in [5], 2 ¢ M (). From now on we will
assume that |€p| > 1 and so z || ¢1(§). If |€p| = |ép| = 1, then z ¢ M () follows from
Lemma 3.1. Assume that |€g| > 2 and let y := \/{z; € {¢} : s < z} = V{z: : i € &g}
Since y < ¢1(§), y < z, and z || ¢1(§), it is the case that y < z. We observe that for each
x; € {&} with x; || z (that is, for each i € &p) the triangle inequality gives that

d(y, z;) < d(y,z) + d(z, z;), (3.2)
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and for each x; € {¢} with z; < z (that is, for each i € &g), (1.9) implies that

We may assume without loss of generality that 1 € £p and so 1 || 2. Note that y V z1 <
zVx1. Since y V1 < c¢1(€) and 2V z1 £ ¢1(§), it follows that y Vx1 < 2z V1. Thus

dly,y V1) <d(y,z V) and d(y V x1,21) < d(zV 1, 21). (3.4)

We may assume that 2 € €g and so z2 < z. Using (1.8), (3.4), and the triangle inequality
at <', we get

1.8
d(y, 1)+ d(y, z2) 2 d(y, y v or) + dy V o1, 21) + dy, 72)

+d(zVay,x1) + d(y, x2)
z,zVay) +d(zVry,x) +d(y, x2)

)
(
z,21) + d(z, z2). (3.5)
Finally, let &, = &p \ {1} and let £ = &g \ {2}. Using the inequality [£p] < || at </,

we get the following calculation.

T(ya 5) = Z d(ya ‘Tl) + Z d(ya ‘Tl)

i€ép i€EB
= > dy,m) +dy,x1) + Y d(y, ) + d(y, z2)
i€gp i€8y
(3.2,3.3)
<D dz )+ [€p] - dly, 2) + d(y,x1) +
i€Ep
> d(z2:) — |€p| - dlz,y) + d(y, 22)
1E€EG
<D d(zw) +dly,en) + ) d(z ) + d(y, x)
1€EL 1€EL
(3.5)
< Z d(z, i) +d(z, 1) + Z d(z, z;) + d(z, x2) = 7(2,§).
1€EL, €LY
Hence 7(y,&) < r(z,£), and so z & M(€), as required. O

Note that in the proof of Proposition 2.3, where £ is given in (2.7) modulo notational
changes and z = (0,...,0,n—1,1), we have |{p| =2 > 1 = |[¢g|. Therefore the restriction
|€p| < |€B] given in Lemma 3.2 cannot be dropped.
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4. MAIN RESULT

In harmony with the general convention that the empty join is the least element, note
that the breadth of the singleton lattice is 0.

Theorem 4.1.
(i) Let L be a semimodular lattice of finite length. If L is of breadth at most 2, then
L satisfies the c1-median property.
(ii) For each integer k > 3, there exists a finite semimodular lattice of breadth k that
fails to satisfy the c1-median property.
(iii) Let t be a positive integer. For i = 1,...,t, let L; be a lattice of finite length
satisfying the ci-median property. Then the direct product L := Ly X --- X Ly is
a lattice of finite length and it also satisfies the c1-median property. If all the L;
are of finite breadth, then br(L) = br(Ly) + - - -+ br(L). Furthermore, if all the

L; are semimodular, then so is L.

Proof. In order to prove part (i), let L be a semimodular lattice of finite length with
breadth 2. Let & = (z1,...,7,) € L¥ and 2z € L with 2z £ ¢1(£); we need to show that
z¢ M(E). If k=2, then z ¢ M() follows from Lemma 3.1. From now on we will assume
that k& > 3. With the notation of (3.1), |¢p| < |¢p| implies z ¢ M (§) by Lemma 3.2. Now
suppose that [ép| > |{g|. Consider the set T = {zV x; : i € &p}. Let 2V ay,z2Va; € T.
Breadth 2 implies that (zVz;) V(2 V ;) =2zVa; Va; € {z;Vaj,zVa;,zVe;}. Note
that z V z; V z; = x; V x; would imply that z < x; V z; < ¢1(§), a contradiction. So
(zVax;)V(zVeaj) €{zVa;,zVa;}. Thus T is a chain; let 2V x; be its least element.
We claim that for each x; € {£{} with x; || z (that is, for each i € &p),
d(zVzj,z;) < d(z,z;) — d(z, 2V x;). (4.1)

To see this consider that for each i € £ép we have that
d(z,z;) (L8 d(z,zV x;) +d(zV z;, ;)

(e, 2V a) +d(zV g2V + Ve,

Hence d(z,z;) —d(z,2V ;) =d(zV xj, 2 V ;) + d(z V x;, x;), which implies (4.1) by the
triangle inequality. Further, for each z; € {{} with z; < z (that is, for i € &),

d(zV xj, ;) (L d(z,z;) +d(z, 2V z;) (4.2)
since z; < z < z V z;. Armed with (4.1) and (4.2), we have that
r(zVz;, &)= Zdz\/xj,xl —|—Zdz\/xj,xl

i€€p i€€B

<> d(z @) — [gpl - d(z, 2V ay) +
i€ép
> d(z @) + €] - d(z, 2V @)
i€€B

=7(2,8) —d(z2Vz;) - (I€p| — |¢B])
<r(z,¢) (since d(z,zV x;) > 0 and |p| > |€B]).
Hence r(2V z;,&) < 7(z,§), and so z ¢ M(£). This proves part (i).
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Part (ii) of the theorem follows from Proposition 2.3 or from Remark 2.4.

Next, to prove part (iii), assume that L := L; x --- x L; such that L; is a lattice of
finite length satisfying the c;-median property for ¢ = 1,...,¢. Clearly, we can assume
that ¢ = 2 since then the case t > 2 follows by a trivial induction. So, L = L; x Ls. We
can assume that none of Ly and Lo is a singleton. We claim that for any x = (1, 22) and
y= (Y1, 92) in L,

d(z,y) = d(z1,y1) + d(22,y2). (4.3)
To prove this, let n := d(z1,y1) and m := d(x2,y2). The neighboring relation “<” U
“>="_ which means connectivity by an edge in the Hasse diagram, will be denoted by
o—o. By the definition of our distance function d, there are sequences z; = ag, a1, ...,
an =1 in Ly and x9 = by, b1, ..., by, = y2 in Lo such that a; oop, a;4; forall i < n
and b; o—or, bj41 for all j < m. Since the pair of any two consecutive members of the
sequence = = (1, z2) = (ao, bo), (a1,b0), - . (an,b0); (An,b1)s -y (An,bm) = (y1,y2) =y
belongs to oo, we obtain that d(z,y) < m +n = d(z1,y1) + d(x2,y2). Conversely, let
x = (z1,22) = (uo,v0), (u1,v1), ..., (us,vs) = (Y1,y2) = y be a sequence in L such that
the pairs of its consecutive members belong to o—o. Let

A:={i:0<i<s, u;oor, Uit1, v; =vi+1} and
B:={i:0<i<s, v; 00, Vit1, Ui = Ujt1}-

It follows from (2.4) that {1,2,...,s} is the disjoint union of A and B. In particular,
|A] + |B|] = s. Observe that {u; : i € A} is a sequence of o—or, -neighboring elements
from 1 to yi; for example, if s = 7 and A = {2,4,5}, then this sequence is z1 = ug =
U] = Uy 00 U3 = Ug 0O U; 00 Ug = uy = y1. Hence, n = d(x1,y1) < |A|. Similarly,
m = d(z2,y2) < |B|. Thus s = |A| + |B| > d(z1,y1) + d(z2,92), and we conclude that
d(z,y) > d(z1,y1) + d(z2, y2), proving (4.3).

Next, for an arbitrary profile ¢ = (x(1),...,z(k)) € L¥ and i € {1,2}, we let & :=
(x(1)s,...,z(k);) € L¥. For every y € L, (4.3) gives that

r(y, &) = r(y1,&1) + (Y2, §2)- (4.4)

Now assume that y € M (), that is, r(y, ) is minimal for this §. Let i € {1,2}. If r(y1, &)
was not minimal for &, then we could pick an element yj € Ly with r(yi,&1) < r(y1, &),
we could take § := (v}, y2) in L, and we would have r(, ) < r(y, &) by (4.4), contradicting
the minimality of r(y, ). Hence, r(y1,&1) is minimal and y; € M (&;). Since the indices
1 and 2 play a symmetric role, we obtain in the same way that yo € M(&;). Since L;
satisfies the ¢;-median property for ¢ € {1,2}, we obtain that y; < ¢1(&) = 2(1); V-V
x(k);. Consequently, y < (1) V ---V (k), which proves that L satisfies the c¢;-median
property. The assertion on br(L) is Lemma 2.2. Finally, (2.6) completes the proof of
Theorem 4.1. O
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