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All lattices in this talk are assumed to be finite.
L is (upper) semimodular, if a < b implies aVe¢<bVe.

L is slim, if no three join-irreducible elements form an antichain.
Equivalently, if J(L) is the union of two chains.

Slim lattices are planar. (We always fix a planar diagram.)

Gratzer and Knapp (2007): V planar semimodular lattice is a
4-cell lattice. (Like M3 but not Ng.)

Easy to understand them (witnessed by the result of this talk).
They are useful because:
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Gratzer and J.B. Nation (AU, published online): given two com-
position series H and K of a group; there is a matching between
their factors such that the corresponding factors are isomorphic
for a very specific reason: they are related by the composite of
a down-perspectivity with an up-perspectivity.

Cz+Sch: this matching, i.e., this permutation o is unique (AU,
to appear)!

Moreover (Cz+4Sch, submitted), o determines the meet-
subsemilattice generated by the members H; and Kj of the
two composition series. Corollary: {slim semimodular Iattices}
—d {meet-subsemilattices generated by two composition series}.

Cz+0Ozsvart+Udvari counted these lattices, and submitted this
to EJC under the title “How many ways can two composition
series intersect?” .
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Cz: Representing homomorphisms of distributive lattices as re-
strictions of congruences of rectangular lattices, AU, to appear.

Ad 3) Each planar semimodular lattice can be obtained from
a slim semimodular lattice by adding “eyes”, that is, turning
covering squares into M3 sublattices in a finite number of steps.

The present talk is based on Cz+4Sch: Slim semimodular lat-
tices. I. A visual approach, Order, published online May 6,
2011. , and it will be included in the book

G. Gratzer, F. Wehrung, with several contributors: Lattice The-
ory: Special Topics and Applications. (in progress).
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These applications motivate that we should pictorially under-
stand slim semimodular lattices. This understanding is used in
some of the mentioned results. In fact, usually this understand-
ing is the starting point when we want to find something new
and interesting.

Note that beside the pictorial understanding (what this talk is
about) and the description by o, there is a third way of treating
these lattices:

Cz: The matrix of a slim semimodular lattice, Order, to appear.

Now we return to the topic of the present talk: the visual struc-
ture.
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We want to derive our lattices from simpler ones. The main step
is called adding a fork to L to obtain a new lattice L'

More exactly, we start from a covering square (= 4-cell) S.
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We change S into an 57:
St

Starting from s, we proceed to the southeast and the southwest

to keep the “4-cell” property as long as we reach the boundary:
w w

Z — Z

Y
going to the southwest

If L is a slim semimodular lattice, then so is L’.
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(an> and d). Note that, necessarily, a1 = as.

Note that L4 is a slim semimodular lattice iff so is Lo
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Conversely, adding a strong corner d to Lq; we obtain Lo:

We assume that b < a < ¢ on the boundary, b is meet-irreducible
and c is join-irreducible.

Note again that L7 is a slim semimodular lattice iff so is Lo

Next, we formulate a pair of “twin theorems’.
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Theorem 1 Each slim semimodular lattice I. can be obtained
from a chain by using the operations

(i) adding a fork, and

(ii) adding a strong corner,
in a finite number of steps.

We have already mentioned that the class of slim semimodular
lattices is closed with respect to both operations.

A nontrivial chain means a chain with at least two elements.
10
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Theorem 2 Let L be a slim semimodular lattice consisting of
at least three elements. Then L can be obtained from the direct
product of two nontrivial finite chains such that

(i) first we add finitely many forks one by one, and then

(ii") we remove strong corners, one by one, finitely times.

This theorem seems to be more useful than its'twin brother”
since all the forks can be added at the beginning.

Again, we have already mentioned that the class of slim semi-
modular lattices is closed with respect to both operations.

We conclude the talk with some of the lemmas needed in the
proof.

11
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Lemma 1 (mainly Gratzer and Knapp) For every finite lattice
L, the following five conditions are equivalent:

(i) L is a slim semimodular lattice;
(ii) L is a slim semimodular 4-cell lattice;

(iii) L is a planar semimodular lattice without cover-preserving
Msz-sublattices;

(iv) L is a planar semimodular lattice in which 4-cells and cov-
ering squares are the same;

(v) L is a 4-cell lattice in which no two distinct 4-cells have the
same bottom.

12
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Lemma 2 (Gratzer and Knapp) Each element of a slim lattice
has at most two covers.

Lemma 3 (Lemma 1.2 of D. Kelly and I. Rival [10]). Let x <y
in a planar lattice L. If x and y are on different sides of a maximal
chain C in L, then there is a z € C' such that z < z < y.

Lemma 4 If L is a planar lattice, a and b belong to the same
boundary chain of L and a < b, then either a is meet-irreducible,
or b is join-irreducible.

13
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Lemma 5 If L is a slim lattice, then it is planar, and J(L) is a
subset of the boundary (for any planar diagram of L).

Lemma 6 The boundary of a slim lattice L is uniquely deter-
mined. If O and 1 are the only elements comparable with all ele-
ments, then even the boundary chains are uniquely determined.

Let B(L) = (B(L); <) denote the boundary of a slim lattice; it
IS a uniquely defined poset. We say that the contour of L is
arbitrary, if no matter which planar diagam of (B(L); <) is taken
(in the in the Euclidean metric), we can extend the diagram to
a planar diagram of L. (Note that only straight lines are allowed
as edges; proper curves are forbidden.)

14
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The contour of a slim lattice is not arbitrary in general:

B(L) L

Lemma 7 T he contour of a slim semimodular lattice is arbitrary.

(In fact, instead of semimodularity, it suffices to assume that L
satisfies the Jordan-Holder chain condition.)

15



Our websites Czédli-Schmidt, Krakéw 2011 19'/1°

Our papers are available at:
http://www.math.u-szeged.hu/~czedli/
and
http://www.math.bme.hu/~schmidt/

T his file will be available at
http://www.math.u-szeged.hu/~czedli/
from the next week.

Thank you for your attention!
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