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Frankl's conjecture (from 1979): If F is a union-closed family
of subsets of an m-element set A and |F| > 2, then there exists
b € A such that at least half of the members of the family contain
b. Alternatively, then

wd) ={XeF:beX-|{XeF:b¢g X}>0

for some b € A.

We say that F satisfies the averaged Frankl’ property if the
average of w(b), b € A, is non-negative. We know that some
union-closed families fail this property!

Trivially, when |F| reaches its maximum, 2™, then F = 24 satis-
fies the averaged Frankl's property. Much less trivially:
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and Frankl's conjecture holds over all m-element base sets, then
JF satisfies the averaged Frankl' property.
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By the height of an order ideal I we mean h(l) = > {h(a) : a € I}.

The proof in the above paper needed an answer to the following
question: for a given n and a given finite Boolean lattice, what
IS the maximal height of n-element order ideals?
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By a greedy sequence of order ideals of a poset P we mean:
I.CIl>C:-- Cl‘p‘
such that |I,| = n and, for each order ideal X,

h(X) < h(Ix))-

That is, each I, maximizes the height among n-element order
ideals.

Greedy order ideal = member of some greedy sequence of order
ideals.



P without greedy sequence Czédli—-Marsti, Bern /2009 6'/14’

Here, among four-element order ideals, the height takes its ma-
xXimum only at |a. Among five-element order ideals, the height
takes its maximum only at |b.



P without greedy sequence Czédli—-Marsti, Bern /2009 6'/14’

Here, among four-element order ideals, the height takes its ma-
xXimum only at |a. Among five-element order ideals, the height
takes its maximum only at |b. Thus, there is no greedy sequence

here! Even distributive lattices are difficult!
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Schedule of the rest of this talk

e Each finite Boolean lattice has a greedy sequence of order ideals
([~, ~, E.T. Schmidt]). This gives the maximum of heights of
n-element order ideals easily. We outline the proof.

e \We extend the results for direct products of chains.

e A consequence for digit-sum seqguences.

e Some open problems.
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We prove by induction on size. Suppose X C By, iS an order
ideal. Aim: h(X) < h(Ix|). If there is an atom a with X C la’,

then apply induction on m.

Hence we can assume that there is no such atom. I.e., all atoms
€ X. Fix an atom a. In the figure, X is the grey subset.

X 1s the grey part
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X 1s the grey part

Let G be the , lower half” of X (below the dotted line), that is,
G =Xnld, and let H = X N Ta be the , upper half”. 3 a few
cases, the most interesting one is this: |H| < 2™~ 2 < |G| and

| X| < 2m 1,
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X 1s the grey part

We can change G into greedy in |a’. Then, since 2M—2 G|, it
contains a coatom p of |a’. Let ¥ = aV p. Change H greedy in

Ta. Since |H| < 2™~2, there is a coatom v of Ta with H C |v.

By rotational symmetry, we can assume that v =¥, like in the
figure.
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X 1s the grey part

Now G U H is an order ideal (that is why we chose v = V'),
and h(X) < h(GU H). But it is not necessarily greedy. Since

G = G1 UG5 is greedy, G5 is greedy in Tb, and also in [b,a’]. And
H is greedy in [a,?b'].
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H' be a greedy order ideal in [a,b] of size |G| + |H| — 2™ 2. In
both cases, G1 UG, U H' is a greedy order ideal of size |X]|.



|H| < 2m=2 < |G| and |X| < 2™~1  czedii-Maroti, Bern/2000  13//7’

Bml,

a

1
/)‘
p
\\ X 1s the grey part
Ve

If |Go| + |H| < 2™~2, then let G5 be a greedy order ideal in [b,a]
of size |G|+ |H|, and let H' = (. Otherwise let G5 = [b,d/] and
H' be a greedy order ideal in [a,b] of size |G| + |H| — 2™ 2. In
both cases, G; UG, U H' is a greedy order ideal of size |X|. The
proof (of this case) will be completed by the following lemma.
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Shifting lemma for Boolean lattices: Let (X1, X5) and (Y7,Y5)
be pairs of greedy order ideals of B, such that |Xi| 4+ |Xo| =
1Y1| + |Y>2|, and either Y1 = By, or Yo = (. Then

h(X1) + h(X2) < h(Y1) + h(Y2).

We have outlined the Boolean case.
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Direct product of chains. Let Cq,...,Ct be finite chains
such that 2 < |C1| < |Cs| < --- < |G, and let D =Cp x --- x C4.
Besides that D is a lattice, we also consider the lexicographic
ordering of D.

Greedy order ideal theorem for direct products of chains:
the initial segments of the lexicographic ordering of D form a
greedy sequence of order ideals.

In what follows, by a greedy order ideal we mean an initial
segment of the lexicographic ordering of D.

There is no rotational symmetry — the proof is much more
complex. For example, it is not sufficient to formulate the shif-
ting lemma for pairs of greedy order ideals.

14



Shifting Lemma for D Czédli—Marsti, Bern/2009 16’ /4

The Shifting Lemma holds in D, but we have to formulate it
for t-tuples of greedy order ideals rather than for pairs of them.

Namely, if Xq,..., Xy, and Yq,...,Y, are greedy order ideals of
D such that

™m m

> 1Xil = > v

i=1 i=1
and there exists 1 < < m such that

Yi=---=Y,_ 1= Bmnm, Yi—|—1:"':Ym:@a
then

> h(X;) < ) h(YD).
i=1 i=1



Shifting Lemma for D Czédli—-Maréti, Bern/2009

16/ /4’

The Shifting Lemma holds in D, but we have to formulate it
for t-tuples of greedy order ideals rather than for pairs of them.

Namely, if Xq,..., Xy, and Yq,...,Y, are greedy order ideals of

D such that
™m m
> 1Xil = > v
i=1 i=1
and there exists 1 < < m such that

Yi=---=Y,_ 1= Bmnm, Yi—|—1:"':Ym:@a
then

> h(X;) < ) h(YD).
i=1 i=1
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Trivially, Shifting Lemma gives the following shifting property for
digit sum sequences. Although a search in MathSciNet for ,, title
— sum of digits” returns > 70 papers, the following statement
seems to be unnoticed so far.

Corollary for digit sums: Take k consecutive integer numbers
in the interval I = {0,1,2,...,10* — 1}, and consider the sum
s of all (decimal) digits of these £ numbers. Then s takes its
minimum when the first & numbers of I is chosen. Similarly, s
achieves it maximum at the last £ numbers of I.
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Open problems:

1. Find some large function f:N — R and a constant ¢ > O
such that we can prove that |F] > 2m — ¢ . 2/(m) — avera-
ged Frankl's property. We know this for (¢, f(m)) = (1,m/2)
[gCz, J. Combin. Theory A, 2009]. If Frankl's conjecture is true,
then (¢, f(m)) = (1/3,m) is the best choice. Even finding some
(¢, f(m)) with f(m)/(m/2) — oo would be a good advance.

2. Which finite (distributive) lattices have a greedy sequence
of order ideals? Direct products of chains do, the distributive
lattice of the first figure does not.

3. Given a poset P, let fp(n) denote the maximum of heights
of n-element order ideals in P. Determine the function fp for
a large class of finite posets P. We have just determined it for
direct products of chains.
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