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Con(L) and planar semimodular lattices . ..

The study of congruence lattices led Gratzer and Knapp, in their
2007 Acta Sci. Math. paper, to the introduction of slim
semimodular lattices. Some benefits of this concept are as follows.
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brought us:

@ A uniqueness part to Jordan—Hdlder theorem from 1870 (CzG
& Schmidt, E.T., AU 2011)

@ Representing (0,1)-preserving lattice homomorphisms
D; — D, by the restriction of a rectangular lattice to a
rectangular filter (CzG, AU 2012)

@ Swing Lattice Game (CzG & Makay G.)

@ New description of join-distributive lattices (CzG &
Adaricheva, AU 2014)

@ Circles and convex geometry (CzG & Kincses, 2016)

e Excursion to Combinatorics (CzG, Dékany T., Gyenizse G.,
Kulin, J., Ozsvart L., Szakacs N. , Udvari Balazs, 2012-2016;
e 2. (n—2)!/2.
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How did join-semidistributivity entered 7

Slim semimod. lattices~~Swing Lattice Game (CzG-Makay, 2016)

First step towards circles: a referee of the CzG—Ozsvart—Udvari
paper (DM, 2012): swing semimodular lattices are join-distributive!

Many definition; the first one by Dilworth, 1940. Monjardet: "A
use for frequently rediscovering a concept" (1985)

Definition

If Ji L is the union of two chains, then L is slim. x* stands for the
join of all covers of x € L. If, forall x,y,z€ L, x ANy =xAz
implies x Ay = x A (y V z), then L is meet-semidistributive.

The next statement is known and gives a good understanding of
join-distributive lattices. For further characterizations, see

S.P. Avann [8], which is recalled in P.H. Edelman [17, Theorem
1.1], and see also M. Stern [23, Theorem 7.2.27].
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Charaterizing join-distributive lattices

Proposition (for a finite lattice L, tfae:)

L is join-distributive (semimodular & meet-semidistributive).
L has unique meet-irreducible decompositions.
For each x € L, the interval [x, x*] is distributive.

For each x € L, the interval [x, x*| is boolean.

°
°
°
°
@ The length of each maximal chain of L equals [Mi L|.
e L is sm (=semimodular) and diamond-free.

@ L is sm with no cover-preserving diamond.

@ L is a cover-pres. \/-subsemilat. of a finite distributive lattice.
°

Ldval = Syb(finite convex geometry) [ Part II].

Adaricheva-CzG (2014): L is sm, length(L) < oo, and every
trajectory intersects every maximal chain C exactly once.

@ Adaricheva-CzG (AU 2014): as above with at most once.
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The concept of convex geometries (only tangentially) 11'/29

Definition (Edelman [16]; Adaricheva, Gorbunov, Tumanov [?])
A pair (E, ®) is a convex geometry, also called anti-exchange
system, if ®: P(E) — P(E) is a closure operator, ®(0)) = ), and

o fP(A)=AcP(E) x,ycE,x¢A y¢A x#y, and
S(AU{x}) = P(AU{y}), then x = y. (Anti-exchange
property; x cannot be exchanged.)
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Circles enter. Circles characterized.

Theorem (CzG (in DM, 2014))

Each slim semimodular L =4,,, Sub(a conv. geom. of circles).

Theorem (CzG 2016, http://arxiv.org/abs/1611.09331 )

If Ko is a compact convex subset of the plane R?, then tfae..
@ Kp is a disk.

@ For every K1 C R? and for arbitrary points Ag, A1, Ay € R?, if
Ky is similar to Ky and both Ky and Ki are included in the
triangle Conv({Ao, A1, A2}), then there exist a j € {0,1,2}
and a k € {0,1} such that Ky_y is included in
Conv(Kk U ({Ao, A1, A2} \ {Aj}))

© The same as the second condition but “similar” is replaced by
“isometric”.

(1)—(2): Adaricheva & Bolat (Sept.1, 2016) (Shorter: CzG, Oct.8)

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



The sketch of the proof starts here 15'/25

Theorem (CzG 2016, http://arxiv.org/abs/1611.09331 )

If Ky is a compact convex subset of the plane R?, then tfae:.

Q@ Ky is a disk.

@ For every K1 C R? and for arbitrary points Ag, A1, Ay € R?, if
Ki is similar to Ky and both Ky and Ki are included in the
triangle Conv({Ao, A1, A2}), then there exist a j € {0,1,2}
and a k € {0,1} such that Ky_ is included in
Conv(Kk U ({AQ, A1, A2} \ {Aj}))

© The same as the second condition but “similar” is replaced by
“isometric”.

(2)—(3): Trivial.
In what follows, K := Ky = (3). K’ or K* stands for K; = K;
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Cross Lemma 17'/23

The figure below is impossible: K and K’ cannot cross each other.

K/

t1

Uy Uy
Proof: slide-turn the (common) supporting
lines as indicated in the next two figures!
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Proof of the Cross Lemma

s AQ

&tll Slide-turn the (com-
mon) supporting lines!
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Slide-turning is possible in every crossing situation ~ 21'/19
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Perpendicularity Lemma 23' /17

The thick densely dotted line is perpendicular to sy and s;.
Otherwise the Cross Lemma leads to a contradiction; see below. [

(Th + Un)/2 (Th + Uh)/2
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Rectangularity Lemma 25'/15

For two parallel supporting lines, dist( Ty, Up) = dist( T1, U1).

Otherwise the Cross Lemma leads to a contradiction; see below. [
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Corner-free Lemma 28' /12

There is no corner.
Otherwise the Cross Lemma leads to a contradiction; see below. [
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Shrink Lemma 31'/9

No proper “tangent interval” is possible.
Otherwise the Cross Lemma leads to a contradiction; see below. [

Now we have opposite points, which determine diagonals, and
tangent lines that are perpendicular to the corresponding
diagonals.
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Half Lemma 34'/6

Cross Lemma yields:

Any two perpendicular diagonal halve each other.
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Symmetry Lemma: K is centrally symmetric.

Otherwise use Cross Lemma (it suffices to prove axial symmetry):
D:C/ *
0 K
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The final step with a differential equation. 39'/1

) and Of /Oy are continuous in U, then the solution of
f(x, u(x)) with inital value u(0) = yp is unique. Q.E.D.

If f(x,y
u'(x) =

These slides: http://www.math.u-szeged.hu/"czedli/

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



[§ Adaricheva, K.: Representing finite convex geometries by
relatively convex sets. European J. of Combinatorics 37, 68-78
(2014)

[@ Adaricheva, K.; Bolat, M.: Representation of convex
geometries by circles on the plane. arXiv:1609.00092v1

[3 Adaricheva, K.; Czédli, G.: Note on the description of
join-distributive lattices by permutations. Algebra Universalis
72, 155-162 (2014)

[A Adaricheva, K.V: Gorbunov, V.A., Tumanov, V.l.: Join
semidistributive lattices and convex geometries. Advances in
Mathematics 173, 1-49 (2003)

@ Adaricheva, K.; Nation, J.B.: Convex geometries. In Lattice
Theory: Special Topics and Applications, volume 2, G. Gratzer
and F. Wehrung, eds., Birkhduser, 2015.

[3 Adaricheva, K.; Nation, J.B.: A class if infinite convex
geometries. arXiv:1501.04174

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



Armstrong, D.: The Sorting Order on a Coxeter Group. Journal
of Combinatorial Theory Series A 116, 1285-1305 (2009)

Avann, S.P.: Application of the join-irreducible excess function
to semimodular lattices. Math. Ann. 142, 345-354 (1961)

Avann, S.P.: Increases in the join-excess function in a lattice.
Math. Ann. 154, 420-426 (1964)

Czédli, G.: Coordinatization of join-distributive lattices.
Algebra Universalis 71, 385-404 (2014)

Czédli, G.: Finite convex geometries of circles. Discrete Math.
330, 61-75 (2014)

e O 1 1 A 11

Czédli, G.: An easy way to a theorem of Kira Adaricheva and
Madina Bolat on convexity and circles.
http://arxiv.org/abs/1610.02540

[§ Czedli, G.: Characterizing circles by a convex combinatorial
property. http://arxiv.org/abs/1611.09331

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



[§ Czedli, G.; Kincses, J.: Representing convex geometries by
almost-circles. arXiv:1608.06550

[ Czédli, G., Schmidt, E.T.: The Jordan-Hdlder theorem with
uniqueness for groups and semimodular lattices. Algebra
Universalis 66, 69-79 (2011)

[1 Edelman, P.H.: Meet-distributive lattices and the
anti-exchange closure. Algebra Universalis 10, 290-299 (1980)

[§ Edelman, P.H.: Abstract convexity and meet-distributive
lattices. In: Proc. Conf. Combinatorics and ordered sets
(Arcata, Calif., 1985). Contemp. Math. vol. 57, pp. 127-150.
Amer. Math. Soc., Providence, RI (1986)

[d P. H. Edelman; R. E. Jamison: The theory of convex
geometries. Geom. Dedicata 19, 247-271 (1985)

[§ Jamison-Waldner, R.E.: Copoints in antimatroids. Proceedings
of the 11th Southeast. Conference, Boca Raton/Florida 1980.

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



Combinatorics, graph theory and computing, vol. II, Congr.
Numerantium 29, pp. 535-544 (1980)

@ Kashiwabara, Kenji; Nakamura, Masataka; Okamoto, Yoshio:
The affine representation theorem for abstract convex
geometries. Comput. Geom. 30 129-144 (2005)

[ B. Monjardet: A use for frequently rediscovering a concept.
Order 1, 415-417 (1985)

@ Richter, Michael; Rogers, Luke G.: Embedding convex
geometries and a bound on convex dimension. Discrete
Mathematics; accepted subject to minor changes;
arXiv:1502.01941

[§ Stern, M.: Semimodular Lattices. Theory and Applications.
Encyclopedia of Mathematics and its Applications vol. 73.
Cambridge University Press (1999)

Gabor CZEDLI and Janos KINCSES(This part: by G. Czéd  Finite convex geometries



