Fractal lattices and what they generatej

Gabor CZEDLI (Szeged)
Talk: Budapest (March19), Novi Sad(March23,2007)

in memoriam of Andras P. Huhn (1947—1985)

2007. marcius 220.

*http://www.math.u-szeged.hu/~czedli/



In colloquial usage, a fractal is a geometric shape that is self-
similar (at least approximately) to its arbitrarily small parts. Na-
ture has many objects that approximate fractals. These objects
include river networks, systems of blood vessels and pulmonary
vessels, cauliflower or broccoli, snow flakes, mountains and light-
ning bolts. Fractals are frequently used tools to make mathe-
matics popular for wider audience. Therefore it is quite natural
to investigate the related notion in algebra and, first of all, in
lattice theory.

Recall: if L € HSPVY and L is a subdirect irreducible lattice then
L € HSP,V (Jonsson Lemma).
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Def: Semifractal: for all a < b, 3 embedding ¢ : L — [a,b].
O—1-semifractal: 0,1 € L and ¢ above is a O—1-embedding.
Quasifractal: 0,1 € L andVa<be L 3 L — [a,b] and [a,b] — L
O—1-embeddings.

Fractal (lattice): Va<be L L = |a,b].

p-fractal: any of the above. 2 is a fractal. If a @-fractal has at
least 3 elements then it is infinite.
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Answers: very few. Problems: the rest.

We start with an application.
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V: class of lattices. It is called a convexity if it is closed with
respect to the operators H, C (convex sublattices) and P.

Ervin Fried (Conference in Krems, 1988). He proved: HCPV.
He asked: how many? Jakubik (1992): too many. Jakubik
(1992): HCP{2} is minimal convexity. Is it the only one?

Hint: each variety includes a minimal one. If L € VYV has a
nontrivial distributive interval or distributive homomorph image.
Lihova: even in other cases.

Answer: not yet. But:
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Thm 1: If L is an M3z-simple semifractal then HCP{L} has no
minimal subconvexity.

Def: L is M3z-simple if |[L| > 3 and each z <y < z € L is a subset
of a sublattice = M3. (Note: then L is simplel)

Remark: Such an L exists; even a quasifractal and as many as
possible: 2% many L with |L| = .
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Proof: Let W CV :=HCP{L}. Let M be a subdirectly irredu-
cible lattice in W. (Exists!). Lihova = M € HCP,{L}. So 3 an
ultrapower K of L and a convex sublattice S of K s.t. M is a
homomorphic image of S.

(K| > |L|. tos: K is Msz-simple. New operation 4 tos: K is a
semifr. Sois S. M = S. M is Mz-simple semifr. with |M| > |L|.

Let L' € P,{M} with |L'| > |M|. W := HCP{L'}. Above =
every sub.irr. in W is an Ms-simple semifr. with > |L’| elements.
Hence L (which is simple) ¢ W/. Thus W/ Cc W. Q.e.d.
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tos and Lowenheim—Skolem: if a lattice variety V is generated by
an infinite g-fractal then for any infinite cardinal «, V is generated
by a B-fractal of power «.

The main theorem comes. (Asserts more than used for conve-
xities.)
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Main thm. (1) V), is generated by a simple countable fractal. 3
2No many simple O—1-semifractals such that none of them is a
quasifractal and each of them generates V,. (p prime of 0.)

(2) 3 four fractals with power < Xy generating D.

(3) V nondistributive & of residually finite length = not semifrac-
tal generated. (There are 2% many such V !)

(4) |L| > 3 = L is 0—1-embedded in an Ms3-simple quasifractal.
3 2%o many countable quasifractals generating {all lattices}.
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Proof of (4) (Each lattice is is O—1-embedded in an M3-simple
af.) Lo := L. In w steps do: (a) glue (amalgam) an M3 to each
r <y<z€ Ly to obtain L),. Then (b) To each a < b€ L], glue
all nontrivial intervals of L] to a and b. Then U Ly +/.

0
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How to get 2% many? Put FL(w) and, for T C {prime numbers},
the Sub(Zg’) into a single lattice L(T'), and use one of Herrmann
and Huhn's result (on Huhn's 3-diamonds) to show that the L(T)
are embedded in distinct quasifractals.

Question: why could not I prove that these quasifractals are
fractals? Answer: Easy to O—1-embed Ly into [a,b] N L,41
and [a,b] N Ly into L, ;1. But what of it?

(N, <) is the directed union of the chains n, n € N. The same
holds for (N,<)¢ | Too bad. Remedy:
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Def: B is a homogeneously unique subalgebra (here: 0—1-
sublattice) of A (shortly: B <;, A ) if for any subalgebra C
of A such that C = B each isomorphism ¢ : B — C can be
extended to an A — A automorphism.

Lemma: (A) if Az <hu AZ_|_1 then UzENA’L IS unique. (B) If
A; <pu Ajx1, Bi <py Bi41 and A; <, B; then U;en A < Uien Bs.

Proof: (A) exercise or the uniqueness of direct limit (in category
theory). (B) exercise.
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Lemma: (C) Sub(F™) <p1 Sub(F*m) (J. von Neumann). (D) If
F is a prime field and 3 < n then Sub(F") <j,, Sub(F*n).

n(i—1)
Pr: m : F"" — Fk" (2q,...,2y) — (0,...,0,21,...,2n,0,...,0).
Induces ; : Sub(F") — Sub(F*"). Then ~ : Sub(F") —
SUb(F*), M — tp1 (M) 4 - - - + b (M).

Def: spanning n-diamond (Andras P. Huhn): @ = (agp,a1,...,an)
with V;z;a; = 1 and a;AV,grj 5y a; = 0 forall j # k € {0,1,...,n}.
Eg.: g =m(F") (1 <i<n)and ag = {mi(v) + -+ mp(v) :
v € F™} (the diagonal) in Sub(F*"). Call this as the canonical
spanning n-diamond of Fk". (Depends on the basis!)
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Sub(F%") and ¢ : B — C. Then ¢ sends a spanning n-diamond
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Crucial step: (Hermmann and Huhn): Each spanning n-diamond
of Sub(F*") is canonical w.r.to an appropriate bases. If F is a
prime field then every spanning n-diamond in Sub(F™) generates

Sub(F™).

Now let B & Sub(F"), C = Sub(F™), B <p1 Sub(FF"), C <o1
Sub(F%") and ¢ : B — C. Then ¢ sends a spanning n-diamond
a of B to a spanning n-diamond ¢(a) of C. H-H = 3 a basis
€= (e1,...,er,) in FFk" such that @ is the canonical n-diamond
w.r. & Similarly, 3 a basis f s.t. (&) is the canonical n-diamond
w.r. f. The e; — f; (Vi) induces an automorphism n of Sub(E*7).

Since n|z = ¢lz, nlp = ¢|B, 9.e.d.
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Proof of (1) (generating V, by a fractal.) For b= (b1,bo,...),
a strictly increasing chain in (N, |), let Lp(b) = UpeN Sub(Fbn).

Lemmas =: (x) if b; | ¢; for all 4 then Lp(b) < Lp(b). If b and &
are cofinal with each other then Lgy(b) = Ly(C).

For H = {p1,p2,p3,.-.} C {prime numbers} let ho = 1 and hy
hyp_1p1p2...pn. Let LH = LF(h)

Consider u < v € L. Then u,v € Sub(FM). Keep ¢ fixed. A; :=
[u, v] N Sub(FM+i). Put gg = length(Ag). For g; = length(A;) we
have g; = g;—1p1pP2---Pi+i- g |u,v] =UA; = Lp(9).
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We had: hg =1 and hy = hy_1p1pP2-.-Pn- go = arbitrary, g; =
9i—1P1P2 - - - Pt4i- Ly = Lp(h), [u,v] = Lp(g).

Always: h; | g; & (x) = Ly <o1 [u,v], so Ly is a 0—1-semifractal.

Only when H = P = {all prime numbers}: § and h are cofinal
with each other & (%) = Ly = [u,v], so Ly = Lp is a fractal.

When p ¢ H: the thm. on canonical n-diamonds (ag = the dia-
gonal, etc.) gives that Sub(FP) <gi; Sub(F™) = p | m. So
Sub(FP) <g1 Sub(Fh) for no n, so Sub(FP) <£p1 Ly. But
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Sub(FP) < Ly. Hence Ly is not a quasifractal.



Sub(FP) < Ly. Hence Ly is not a quasifractal. Now
Sub(FP) <pg1 Ly iff p € H, proving that the Ly are distinct.#
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Proof of (4) (3 four fractals generating D): Qo.1) = Q0,17 \{1}-
L: lattice. g : Q[o,1) — L is called a sectionally constant function
if 3 rational numbers 0O =ag < a3 <an <--- < ap =1 such that
9l[a;,_4.a) 1S @ constant function for each :. Let C(Q(g 1), L) be
the set of these g. O(Q[O’l),L) is a lattice.

Lemma: L is a fractal = so is C(Q[Ojl),L). Proof: routine.

Now the four distributive fractals: 2, C(Q[Ojl),Z) (known, atom-
less boolean lattice), Q[o,1] and C’(Q[OJ),Q[O,”) (neither a chain
nor a complemented lattice). Q.e.d.
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Problems: (1) Are £ and M fractal generated? Others?

(2) Define f(B,V) = |{L : |L] < Xg, HSP{L} =V and L is a
B-fractal}|. Calculate f(8,V). (Main thm. = f(quasi, £) = 2%o,
f(fractal, D) > 4, f(0—1-semi,V,) = 280, f(fractal,V,) > 1.)

(3) What is the cardinality of the set of (-fractal generated
varieties?
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