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SUMS AND TOLERANCES OF LATTICES

SUM (Graczynska-Gratzer sum, Ptonka sum)
Given L/« and all the a-blocks, recreate L.
Time = only finite |lattices are considered here; no details.

Traditional look: by a pair of adjoint functors, see, e.g.,
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A new look at sums [Czédli, Order 26 (2009), 309-318.] :
Forget about recreation (of L from L/a and the a-blocks)!
Starting point: how to put one lattice above another lattice.
Given L1 and Lo, disjoint. A relation o C L1 X Lo will be called
an atop relation, if (L1 U Ly; <1 U <5 Up) is a lattice.

Generally, o € L1 x Lo will be called an atop relation, if
((L1x{1}) U (Lox{2}); <} U <5 Uf) is a lattice.

Four examples:
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Example 1. o= L1 X L»:
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Ex.3: o= ({0} x Ly) U{(1,1)}:
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Ly

Ex.3: 0= ({0} x Ly) U{(1,1)}: (L x 2)

Ly

Example 4: o — I, (z,y) € o iff Iz €
I with = < z and ¢(2) < vy, ,the Hall-Dilworth gluing without

gluing™.
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Atop systems Czédli-Gratzer, AAASO 7'/13’

Theorem The class of all lattices with atop relations, as mor-
phisms, relational product, as product of morphisms, and lattice
orderings, as identity morphisms, constitute a category. Finite
lattices constitute a subcategory.

Definition By a finite atop system we mean a functor from a
finite lattice K to the above subcategory.

Finite atop systems are exactly the systems that allow forming
sums (in the finite case).

No details, only an example of an atop system S:
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An example of an atop system Czédli-Gritzer, AAASO 9'/11’

For example, the edge O < b is a morphism in K. S sends it
to an atop relation o C S(0) x S(b). This o induces a Galois-
correspondence, see the color-filled vertices.



An example of a sum Czédli-Gratzer, AAASO 11’/9’

By connecting the equally colored vertices, we obtain the sum:

(Make all dotted lines solid.)
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the square). How to get a tolerance?

Trivial observation: Let K be a lattice. Let a be a congruence
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Tolerances Czédli-Gratzer, AAASO 12//8’

Tolerance: reflexive, symmetric, compatible (= subalgebra of
the square). How to get a tolerance?

Trivial observation: Let K be a lattice. Let a be a congruence
of K. Let o: K — L be surjective lattice homomorphism. Then

e(a) = {(e(x),e(y)) : (z,y) € a}

is a tolerance of L.
Remark: if Ker(y) C «, then ¢(«) is a congruence.

MAIN THEOREM [Czédli-Gratzer, AU, to appear] For each
tolerance p of a lattice L, there is a lattice K, a congruence « of
K, and a surjective lattice homomorphism ¢: K — L such that

0 = p(a).
Proof:
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Block of p; maximal subset X of L with X2 C p.
Zorn's Lemma = for =,y € L, (x,y) € p iff there is a p-block
containing both.

Recall from Czédli, G.: Factor lattices by tolerances, Acta Sci.
Math. (Szeged), 44 (1982), 35-42. that the p-blocks of L
form a lattice, denoted by L/p, such that for any A, B € L/p,
AV B (taken in L/p) is the unique p-block that includes the

{xVy:x € A, and y € B}, and dually. (%)
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Let K :={(A,x):x € A} C (L/p) x L; a sublattice by (x).
Let p: K — L, (A,x) — =z, the second projection mo; it is a
surjective homomorphism.

Define a 1= Ker(my), a congruence of K.
For x,y € L, compute:
(z,y) € o iff

J a p-block A with x,y € A iff

d o-blocks A, B with x € A, y€ B, and A = B iff
3 (A,z),(B,y) € K collapsed by Ker(m1) = « iff
(z,y) € p(a). Hence o = ¢o(a). Q.e.d.

Connection with sums: K is a sum of the p-blocks.

12



Why LATTICE tolerances Czédli-Gratzer, AAASO 19//1°
F



Why LATTICE tolerances Czédli-Gritzer, AAASO 19'/1°

Feeling: It is lattices where tolerances are most important.

Why?:



Why LATTICE tolerances Czédli-Gritzer, AAASO 19'/1°

Feeling: It is lattices where tolerances are most important.

Why?: If the equational theory of a variety is too large (like
J.D.H. Smith’s Mal'cev varieties): tolerances are congruences.



Why LATTICE tolerances Czédli-Gritzer, AAASO 19'/1°

Feeling: It is lattices where tolerances are most important.

Why?: If the equational theory of a variety is too large (like
J.D.H. Smith’s Mal'cev varieties): tolerances are congruences.
If the equational theory is too small (like semigroups): toleran-
ces have no useful known properties.



Why LATTICE tolerances Czédli-Gritzer, AAASO 19'/1°

Feeling: It is lattices where tolerances are most important.

Why?: If the equational theory of a variety is too large (like
J.D.H. Smith’s Mal'cev varieties): tolerances are congruences.
If the equational theory is too small (like semigroups): toleran-
ces have no useful known properties.

But for lattices, M. Kinderman (1978): a finite lattice is order-
polynomially complete iff tolerance-simple. For other properties

see I. Chajda’s book ,,Algebraic Theory of Tolerances”, Olo-
mouc 1991.



Why LATTICE tolerances Czédli-Gritzer, AAASO 19'/1°

Feeling: It is lattices where tolerances are most important.

Why?: If the equational theory of a variety is too large (like
J.D.H. Smith’s Mal'cev varieties): tolerances are congruences.
If the equational theory is too small (like semigroups): toleran-
ces have no useful known properties.

But for lattices, M. Kinderman (1978): a finite lattice is order-
polynomially complete iff tolerance-simple. For other properties
see I. Chajda’s book ,,Algebraic Theory of Tolerances”, Olo-
mouc 1991. Q.e.d.

Some more references
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