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An extension of the L evi-Weckesser method to the stabilization of the

inverted pendulum under gravity
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Abstract Sufficient conditions are given for the stability of
the upper equilibrium of the mathematical pendulum (in-
verted pendulum) when the suspension point is vibrating
vertically with high frequency. The equation of the motion
isof theform

6 T(g+a(t)o =0,

wherel,g are constants and a is a periodic step function. M.
Levi and W. Weckesser gave a simple geometrical explana
tion for the stability effect provided that the frequency is so
high that the gravity g can be neglected. They also obtained a
lower estimate for the stabilizing frequency. This method is
improved and extended to the arbitrary inverted pendulum
not assuming even symmetricity between the upward and
downward phases in the vibration of the suspension point.
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1 Introduction

The mathematical pendulum has two equilibria: the lower
one is stable, the upper one is unstable. It was a surprising
discovery [1, 11] that the unstable upper equilibrium can be
stabilized by vibrating of the point of suspension vertically
with sufficiently high frequency. (One can directly experi-
ence this phenomenon by the simulation on the instructive
web site [18].) Many papers (see, e.g., [24, 6-8, 12-16, 20,
22, 24] and the references in them) have been devoted to
the description of this phenomenon (see dso [1, 5,9, 17])
and related problemsin physics[19,21,23]. M. Levi and W.
Weckesser [15] gave a smple geometrical explanation for
the stability effect provided that the frequency is so high that
the gravity can be neglected, and the two half-periods of the
periodic excitation of the parameter is symmetric. They ob-
tained also alower estimate for the frequency in this gravity-
free case. In its original form, the Levi-Weckesser method
does not work in the case when there acts gravitation, so it
isavery natural challengeto find an extension of the method
to this more natural case. On the other hand, in applications
(e.g., in control theory) it is also important to consider cases
when the excitation is not symmetric [10, 12, 17].

In this paper we extend the Levi-Weckesser method to
the arbitrary inverted pendulum not assuming even sym-
metricity between the upward and downward phases in the
vibration of the suspension point. Meanwhile we can im-
prove the method and give a sharper estimate for the fre-
quency in the gravity-free case, too.

In Section 2 we set up the model and review some defini-
tions and facts from the theory of periodic linear differential
eguations. In Section 3 we establish our method for analyz-
ing the phase plane of non-autonomous second order differ-
ential equation with step function coefficient describing the
motion of the inverted pendulum, and estimate the angles of
rotations during the different phases of motions. In Section



4 we deduce a sufficient condition for the stabilization of the
inverted pendulum and compare the result and its corollaries
with the earlier conditions.

2 Theoretical background

As is well-known [1,5, 17] the mathematical pendulum is
a particle of mass m connected by an absolute rigid and
weightless rod to a base by means of a pin joint so that the
particle can move in a plane. If the friction at the pin joint
and the drag is neglected, and the particle is only subject
to gravity, then motions of the mathematical pendulum are
described by the second order differential equation

i+ Jsiny =0, (1)

where the state variable y denotes the angle between the
rod of the pendulum and the direction downward measured
counter-clockwise; g and | are the gravity acceleration and
the length of the rod, respectively. The lower equilibrium
position v = 0 is stable, and the upper one v = 7 is un-
stable. We want to stabilize the upper equilibrium position,
S0 we use the new angle variable 6 = y — &. Rewriting the
equation of motion (1) with this state variable, and setting 6
instead of sin@, we abtain the linear second order differen-
tial equation

59

9—|—9=0,

which describes the small oscillations of the pendulum
around the upper equilibrium position 6 = 0.
Suppose now that the suspension point is vibrating ver-
tically with the T-periodic acceleration
if KT <t <KT+T,

An
at):=< —Ae if KT +Th <t < (KT 4+ Th) + Te,
(k=0,1,...);

@)
An, Ae, Th, Te are positive constants (Ae > g, Th+Te=T) S0
that the motion of the suspension point is T-periodic. (Here,
and in what follows, indices 1, and ¢ point to the hyperbolic
and the elliptic phase of the motion, respectively; for the
attributives see (10) and (13) later.) If Q and P denote the
amplitude and the velocity in the vibration of the suspen-
sion point respectively, and Q(0) = 0, P(0) < 0, then it can
be seen that the motion of the point is represented by the
function

%Ah(t—kT)(t—kT—Th)
if KT <t <KT+Th,
Qt) == —%Ae(t —KT —Th)2 + %AeTe(t —KT—T)
if KT +Th <t < (k+1)T,
(k=0,1,...).

Q(t)

Y

Fig. 1 Verticaly excited inverted pendulum

The maximum amplitudes of the vibration in the first and
second phase within one period T, + Te = T are expressed
by the formulae

1 1
Dn=gAnTh,  De=gAeTe’,

and, presuming the natural condition that the velocity of the
point of suspension is continuous, the six parameters of the
vibration satisfy the following two assumptions:

An_Te Dn_Th
Ae Th ’ De Te '
Since the suspending rod is rigid, the acceleration of the vi-
brationis continuously added to the gravity, and the equation

of motion of the pendulumis

3

é—l—l(g—i—a(t))G:O @

(see Figure 1). For this linear equation we use the stability
notions accepted in [1, 15]. Equation (4) is called stable if
(X(t),x(t)) is bounded on (—eo, ) for every solution x. (4)
is caled strongly stable if it is stable together with al of
its sufficiently small perturbation, i.e., there existsan € > 0
such that 6 — ((g+4&(t))/1) 0 = Ois stable if (A, — An)? +

(Ae—Ae)? + (Th — Th)? < €2, where the step function & be-
longsto A, Ae, T, in the sense of the definition (2), provided
that T = T — Th, and the first equality in (3) is satisfied for
the parameters with™

Let 61, 6, denotethe solutions of (4) satisfying theinitial

conditions

01(0)=1, 61(0)=0; 6,(0)=0, 6,(0)=1
The matrix
M := ((62(T),62(T))", (62(T),62(T))"), (5



where (.,.)T denotes the column vector in R? transposed to
therow vector (., .), iscalled the monodromy matrix of equa-
tion (4). By the Liouville Theorem[1,5,9], det(M) =1, i.e,,
the linear transformation x — Mx preserves the area on the
plane R2. Such amatrix M is called stableif (M¥), _, have
a uniform bound in norm. Such a matrix is called strongly
stable if all area preserving matrices near M are stable. It
follows from the Floquet Theory [1,5, 9] that (4) is strongly
stableif and only if its monodromy matrix M is strongly sta-
ble. It can be seen that M is strongly stable if M has no real
eigenvalues.

Levi’s and Weckesser's method is based upon the geo-
metrical observation that the linear transformation M has no
real eigenvaluesif it turns every non-zero vector of R2 with
anon-zero angle (mod 7). In the next section we estimate
this angle for an arbitrary vector of R2.

3 The method

Every motion of (4) has two phases during every period,
a hyperbolic and an elliptic one, that are described by the
eguations

0—w?0=0 (KT <t<KT+T) (6)
and

0+wi0=0 (KT+Th<t<(KT+Th)+Te), (7)
where

o = /Ah|+g’ e = /Ael—g

denotes the hyperbolic and the elliptic frequency of the pen-
dulum, respectively.

Now we introduce two different phase planes for the two
different phases of the motions. Starting with the hyperbolic
case, we introduce the new phase variables

Yh=—, 8
in which (6) has the following symmetric form:

Xp = OnYh,  Yh = OnXn. )
Using polar coordinatesry, ¢, and the transformation rules
Xnh = I'n COS @,

Yh=ThSiN@n  (rh >0, —eo < @ < o),

the second order differential equation (6) can be rewritten

into the system
Th = r@hSIN2¢n, ¢n = R COS2¢p. (10)

The derivative of Hp(x,y) := x2 — y2 with respect to system
(9) equalsidentically zero, i.e., Hy, isafirst integra of (9), so

the trajectories of the system are hyperbolag; (10) describes
“hyperbolic rotations’ (see Figure 2).

L et us repeat the same procedure for the second phase of
the period with the new phase variables

6

=0, = —. 11
Xe Ye o (11)
Then we get systems
Xe = WeYe, Ye = — WeXe, (12)
fe == O, (i)e == —a)e. (13)

Now He(x,y) := X3+ yZ isafirst integral, and the trajectories
of (12) are circles around the origin; (13) describes uniform
“elliptic (ordinary) rotations”.

The second differential equation in (10) is separable,
consequently, it isintegrable. If cos2¢(0) = 0, then

cos2¢n(t) =0 (t € [0, Th));

the phase point (rp(0), 1 (0)) does not turn. If cos2¢p(0) #
0, then

T ¢ on(Th—0)
/hi(ph(t) dt:/ " dr = nTh.

0 COS2¢n(t) on(0) cos2t
To estimate | on(Th — 0) — ¢n(0)| we can assume without |oss
of generality that |¢n(0)| < m/4 (see Figure 2, (a)). If we

introduce the notation f (& — 0) for the left-hand side limit
limy_g_o f(u), then

on(Th—0) = G onTh+ G(¢n(0))],

whereG1:R — (—%, %) denotes the inverse function of
. [? dTt 1+tang T T
G((p)'_/o cos2t \/ 1-tang ( 4<‘p<4)’
S0 we get
onTh 1+tangn(0) _

on(Th— 0) = arctan 1_ :z <Ph(8) .

onTh + (ph( )+l

1—tangn(0)

G lisan odd function, whichis concavein [0, «|; therefore,

gnth 1

—— V)
o (19

max |on(Th —0) — @n(0)| = 2arctan

*ZS(Ph(O)SZ

and we have obtained the desired upper estimate for the hy-
perbolic turn. By the second equation in (13), for the elliptic
turn we have

Pe(Th+Te—0) — @e(Th) = —weTe. (15)
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Fig. 2 (a) Hyperbolic rotation; (b) Elliptic rotation

Besides the hyperbolic and elliptic phases, two impul-
sive effects, so called “jumps’ happen to the phase point
during the interval [0,T] att =Ty, andt =T. Now we es-
timate the turns

®e(Th) — on(Th — 0),

during these jumps.

Equation (4) has a piecewise continuous coefficient, so
we have to modify the standard definition of a solution of a
continuous second order differential equation. A function 6 :
R — Risasolution of (4) if it is continuoudly differentiable
on R, it istwice differentiable on the set

S: =R\ ({KT }kez U{KT — Telkez),

and it satisfies equation (4) on the set S. Any solution 6
consists of solutions xy, : [KT,KT +Tp) — R and xe : [KT 4+
Th, (k+21)T) — R of (9) and (12) respectively (k € Z). To
guarantee the continuity of 8 on R we have to require the
“connecting conditions”

On(Th+Te) — Pe(Th+Te—0)

KT +Th) = lim
Xe(KT +Th) t—kT +Tp—0

X((k+1)T) = H(lﬂrlr;ﬁoxe(t);

@eYe(KT +Tp) = _ Him _ onyn(t),

Xn(t),

(16)

onyr((k+D)T) = lim_ oeye(t).

t—(k+1)T-0
Geometrically this means that at the ends of the hyperbolic
and elliptic phasesthere acts on the phase point (x,y) alinear
transformation (a contraction or a dilatation)

(xy) = (x,qy) = (xy)  (0<qg=const, q#1)

\ |
&Y

(x(T = 0).yT ~0))

x(T),y(T))

Fig. 3 A piece of atrajectory during aperiod

in the direction of y-axis (see Figure 3). Now we estimate
the turn of the phase point during this “jump”.
If o € (—n/2,7/2), then ¢ € (—7/2,7/2), where ¢ de-
notes the polar angle of the point (x,V), and

A — O _ y
fa(p) =249 =0¢—¢=arctan(q_)
= arctan(qtang) — ¢ ;
__l+tan’e
N q1+q2tan2(p '

- arc’[anX
X

fo(@)
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Therefore,

1
ax  |f = |arctan,/q— arctan —|.
| Ta(@)| = |arctan /g vl

<p<—=

272

Obviously, the same estimate
¢ € (r/2,3r/2), and consequently

is true dso for

1
max |Ag| < |arctan,/q— arctan—|

0<p<2rm \/_

By the use of the trigonometric additional theorems, there
can be proved the identity

1
arctanx — arctan; = 2arctanx — g (x> 0);
therefore,
Ap| <2 - = 17
ol?,,‘isz ¢| < 2|arctan/q | (17)

Remark Jumps are mathematical tools needed by the dif-
ference between the two transformations (8) and (11), i.e.,
between the two corresponding phase planes xn,yn and

Xe, Ye. The size of jumps can be expressed by

[ (An—Ae) +2g
e (Ae—9)(An+0)+ (Ae—Q)’

SO we can say that it measures the deviation from the case
when the vibration is symmetric and there acts no gravite-
tion (this case was considered by Levi and Weckesser). If
thevibration is symmetric (A = Ac = A), then

g

g
g-1=3+0(3) (A=)

q-1=

asymptotically equals the proportion of the accelerations g
and A.

4 Theresults

The main result is concerned with the general case of the
excited inverted pendulum when the particle is objected to
gravity and the vibration of the suspension point is not sup-
posed to be symmetric.

Theorem 1 Let Rem(¢; ) denote the reminder of the real
number ¢ € R modulo 7 (0 < Rem(g;x) < 7).
If

e®nTh — on, T

1
2arctan——— + 4 =_Z
e‘*’hTh—i—l+ we 4

< min{Rem (weTe;); m — Rem(weTe; 1)},

arctan

(18)

then equation (4) is strongly stable.

Proof We formalize the geometrical thoughts of the previ-
ous section. Let Ry(wn, Th), and Re(we, Te), denote the ma-
trix of the rotation

(%n(0),¥1(0)) = (%n(Th— 0),Yn(Th — 0)),

and

(%e(Th), Ye(Th)) —

defined by (9), and (12), respectively, and introduce the no-
tation

o= (32)

Then we can represent the monodromy matrix M (see (5))
in the form of the product

o2 memin(2)e (2
x Ry(on, Th)C (%)
)

—c? i)C(%)&m@um(
on n
1 1) -~ 1
X Rn(on, Th)C [ — —c—l<—) MC(—).
R, Tn) <60h) Wn Wn
Since (MX),_;, is bounded if and only if (M¥), oy, is
bounded, it is enough to provethat M has no real eigenval-

ues, i.e., M turns every non-zero vector in R2 with anonzero
angle (mod 7). But Re(we, Te) turns every vector exactly

with — weTe (see (13)), and the turns of Rn(an, Tn), C(Zh),

e

) are estimated by (14) and (17), so condition (18)

(Xe(Th+Te—0),Ye(Th + Te— 0)),

(A >0, A #1).

S

andC(—
Wn 5
guarantees that M turns every vector in R? trough an angle

different from0 (mod 7). O

Now let us compare Theorem 1 with earlier results. Levi
and Weckesser established their method for the very special
case o, = we in (6)-(7),i.e, wheng=0and A, = Acin (4),
and proved the following theorem.

Theorem A (M.Levi and W.Weckesser [15]) Consider the
inverted pendulum (4) in the gravitation-free case (g = 0)
provided that the suspension point is vibrated symmetrically
(An=Ac=A>>1; consequently, T, = Te =T/2). If

oT <7x <a) = |é> , (19)

then (4) is strongly stable.

Applying Theorem 1 to this case, we get the following
extension and approvement of Levi's and Weckesser's re-
sult:



e?T/2_1

y= 4arctaan/2+ 1

T 3.75 2n

Fig. 4 Stability intervals for oT

Corollary 1 Supposethatg=0and A, = A =Ain(4). If

eoT/2—1
T2 (20)
< min{Rem(wT;2r); 2n —Rem(wT;2x)},

4arctan

then (4) is strongly stable.

We have to admit that condition (20) in our corollary is
essentially more complicated than condition (19) in Levi's
and Weckesser’s theorem. Thereason isthat Corollary 1 es-
sentialy improves Theorem A. In fact,

e?T/2_1

m<0)1—

4arctan 0< oT < m),

so thefirst stability interval onthe T -axis satisfying (20) is
(0,3.75...) (see Figure 4) instead of (0, 7r) yielded by (19);
thisisan improvement of 19%. Besides, Corollary 1 also ex-
tends Theorem A finding stability intervalson o T -axis after
2n (see the thickened intervals on Figure 4). This can bein-
terpreted mechanically that stabilization is possible with ar-
bitrarily large @ T = T /A/I, which cannot be deduced from
(29).

Investigatingthe symmetriccase Ap =Ae =A, Th=Te =
T/2,V. Arnold [1] introduced the parameters

._ /b _ /9
SN |

9.38 9.46 4r oT

and supposed that these parameters were small (e << 1,
U << 1). Using series expansion for the trace of the mon-
odromy matrix, one can prove that u < &/3 is sufficient
for the strong stability [1]. Let us apply Theorem 1 to get
aglobal stability map onthe e — u plane.

Corollary 2 Suppose Ap =Ac=A Th=Te=T/2.If
@V2e\/1+u2 _ 1 . 1+H2
———— arctan 5 —
e2V2e\/1+p? 4 q 1-u

< min{Rem(2v2e+\/1— u?; n);
m—Rem(2v2e\/1—u?; n)},

then (4) is strongly stable.

2arctan +4 <

N

(21)

Obvioudly, the stahility region on the ¢ — p plane has
infinitely many components separated by the curves 2v/2¢
V31—pu?=kr (k=0,1,2,...). Sincethefirst term onthe
left-hand side of (21) tendsto /2, as € — o, and the sec-
ond term tends to «, as u — 1 — 0, the stability region has
no point close to the line u = 1, and the “heights” and the
“width” of the componentstend to zero, as k — « (see Fig-
ureb).

Theright-hand side of (21) takes its maximal value /2
along the curves

Gy 2\/58\/1—;12:(2k+1)g k=0,1,...), (22
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Fig. 5 Solution set Sto inequality (21).

so the kth component of the solution set SC R2 of the in-
equality (21) is located along Gi. In fact, let us denote by
Su—o theintersection of Sand the e-axis. Then the points of
S,—o satisfy the inequality

Ve 1
v 4]
< min{Rem(2V/2¢;

2arctan

); m—Rem(2V2¢; )},

whichisfulfilledat e = (2k+1)r/4v2 (k=0,1,...). Since
Sisopen, it hasacomponent along Gy for every k near the e-
axis. On the other hand, since the functionx +— (x—1)/(x+
1) (x> 0) isincreasing, every component of S;_g has to
contain the endpoint of Gy for some k. Furthermore, it can
be seen that every component of S contains points on axis
g,i.e.,in S —o. This completes the proof of the fact that Sis
located along Gy. In other words, we can say that curves Gy
are the “backbones’ of S(see Figure5).

Thelarger ¢ isthe harder to stabilize (4). Since D = £2l,
we can practically say that the larger maximum amplitudes
of the vibration of the suspension point isthe harder to stabi-
lize theinverted pendulum. Nevertheless, there exist critical
values of maximum amplitudes

(2k+1)?m?

DK
32

| (k=0,1,...), (23)

tending to « as k — < such that the pendul um can be stabi-
lized by appropriate accelerations A . Of course, A — oo
ask — oo; see (21).

Now let us turn to the general (asymmetric) case choos-
ing Arnold's parameters:

D D
&=/ T uh::,/%; gei=1\/ 7" Iie:_\/g~

They are not independent (see (3)). Introducing the new pa-
rameter

& _ / /Th _ /D
ge Te D e

which measuresthe “ratio” of the hyperbolic phaseto the el-
liptic one in the vibration of the suspension point, we elimi-
nate ey, up and use the independent parameters ee, Le, d (the
symmetric case is characterized by d = 1). Theorem 1 has
the following form:

Corollary 3 If
exp[Z\/_dee 1+d2ue}

+
exp [2\/_dee 1+d2ue} +1

2arctan

1+d%ud
Vi-w =
d 4

< min{Rem (2v/2e¢\/1— u2; m);
T— Refn(Z\/ége\/ l_,uezy ﬂ')},

then equation (4) is strongly stable.

+ 4 |arctan < (29)

A part of the stability region yielded by this corollary can be
seen on Figure 6. The section d = 1 of the body on Figure 6
correspondsto the first component of the stability region on
Figure5.

Condition (24) offers the stabilization an essentialy
greater chancethan (21). It isagood situation from the point
of stability when the second member of the left-hand sidein
(24) equals zero and the right-hand side takes its maximal
valuer/2,i.e. if

1+dzl~l§ = dz(l_ug)v

2v/260\/1— p2 = (2Kk+ 1)%

These definethe g —

(k=0,1,2,...).

— d-space curves

Ck:dH<(2k+1)7r d \/d2—1,d> > 1
(25)

4 V@1 v
(k=0,1,2,...).
Equation (4) is strongly stable along these curves be-
cause thefirst member of the left-hand sidein (24) isalways
less than 7 /2. The components of the stahility region in the




Fig. 6 A part of stability region.

C
1 d

Fig. 7 Stability region in the - 11e-d-space.

€e— Ue — d-space arelocated "along” these curves (see Fig-
ure7).

As we mentioned in the symmetric case, the inverted
pendulum can be stabilized even if the maximum amplitudes
of the vibration of the suspension point is arbitrarily large
(see the critical values (23)). However, the appropriate val-
ues AK of the acceleration had to tend to infinity ask — oo,
what is hard to realize. Now the stabilizer has much more
chance; namely, the acceleration can be a prescribed fixed
value. Mathematically formulating, for every pe  (0< e <
V2/2) thereexistd > 1and e (&8 — o ask — o) such
that equations (4) with parameters Eék),ﬁe, d are strongly
stable. What is more, the rule of the appropriate device of
the parametersis known:

(k=0,1,...).

5 Conclusions

The Levi-Weckesser geometric method for the stabilization
of the upper equilibrium position of the linearized mathe-
matical pendulum (linearized inverted pendulum) by verti-
cal vibration of the suspension point with high frequency is
generalized to the case when the gravity is not neglected.
By the use of appropriate coordinates the hyperbolic, and
thedlliptic pieces of trajectoriesaretransformed into regular
hyperbolae, and circles, respectively. The presence of grav-
ity results in impulsive effects (“jumps’) in the dynamics
on the new phase plane. The method handling these effects
is suitable also to handle the asymmetric vibration of the
suspension point without any new difficulties, so we con-
sidered this more general case. The main result (Theorem
1) gives the new sufficient condition for the stability in the
form of an inequality with the parameters. The analysis and
application of this result yields, among others, the following
conclusions:

— Levi’sand Wickesser's conditionisimproved with 19 %.

— The inverted pendulum can be stabilized by symmet-
ric vibration with arbitrarily large maximum amplitudes
choosing sufficiently large acceleration.

— Allowing asymmetric vibration givesthe stabilizer much
more chance; namely, the inverted pendulum can be sta-
bilized by vibration with arbitrarily large maximum am-
plitudes and fixed acceleration.
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