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Abstract

Using purely elementary methods, necessary and sufficient conditions
are given for the existence of 27 -periodic and 47 -periodic solutions around
the upper equilibrium of the mathematical pendulum when the suspension
point is vibrating with period 27. The equation of the motion is of the form

.1
60— 7(g+a(t))0: 0,
where /,g are constants and

() {A if 2kT <t < 2k + T, o

A if Qk+ DT <t<Qk+2)T, (k=0,1,...);

A, T are positive constants. The exact stability zones for the upper equilib-
rium are presented.
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1 Introduction

It was a surprising discovery at the beginning of the last century (see [1, 14]) that
the upper (unstable) equilibrium of the mathematical pendulum can be stabilized
by vibrating of the point of suspension vertically with sufficiently high frequency.
Many papers (see, e.g., [2, 4, 8, 15, 16, 17, 20, 21] and the references therein) have
been devoted to the description of this phenomenon (see also [1, 5, 19]). Inves-
tigating the small oscillations around the upper equilibrium V. I. Arnold [1] and,
later on, M. Levi and W. Weckesser [17] estimated the stability zones on parame-
ter planes. It is well known [1] that the boundary curves of these zones correspond
to the equations of motions having 27-periodic or 47T -periodic solutions, where
2T 1is the period of the vibration of the suspension point. In this paper we give
necessary and sufficient conditions for the parameters in the equation of motions
so that the equation have periodic solutions of 27 or 4T. These conditions define
the exact stability zones on the parameter plane. The conditions and their proofs
are based upon purely elementary methods; we do not use even Floquet’s theory
[1,5,19].

In Section 2 we set up the model describing the small oscillations of the excited
pendulum around the upper equilibrium. The model is a non-autonomous sec-
ond order linear differential equation with a 27 -periodic step function coeflicient.
We reduce this equation to an equivalent discrete dynamical system on the plane.
In Section 3 we construct periodic solutions of period 27 or 47T to this equiva-
lent system. In Section 4 we formulate the Oscillation Theorem and present the
stability zones on the parameter plane introduced by Arnold [1].

2 The model

It is well-known [1, 5, 19] that motions of the mathematical pendulum are de-
scribed by the second order differential equation

{/}+§sm¢/=o (=00 < i < o0), Q.1



where the state variable ¢ denotes the angle between the rod of the pendulum
and the direction downward measured counter-clockwise; g and [/ are the gravity
acceleration and the length of the rod respectively. The lower equilibrium position
Y = 0 (mod 2n) is stable and the upper one ¢ = n (mod 2x) is unstable. We
want to stabilize the upper equilibrium position, so introducing the new angle
variable 6 =  —r and linearizing equation (2.1) we obtain the linear second order

differential equation
. g
0—-=60=0,
l
which describes the small oscillations of the pendulum around the upper equilib-
rium position 8 = 0 (mod 2n).

Suppose that the suspension point is vibrating vertically with the acceleration

) {A if 2kT <t < (2k+ DT, 02

-A if Qk+ DT <t<@k+2)T, (k=0,1,...);

A, T are positive constants, so that the motion of the suspension point is 27-
periodic. Since the suspending rod is rigid the acceleration of the vibration is
continuously added to the gravity, and the equation of motion of the pendulum is

b - %(g +a(1)0 = 0. (2.3)

Every motion of (2.3) has two phases during every period, a hyperbolic and an
elliptic one, that are described by the equations

O0—wid=0 (kT <t< (k+1)T) (2.4)
and
0+w0=0 (Rk+ DT <t < (2k+2)T), (2.5)
where
A+ A -
wy = lg, W, 1= Tg, keZt=1{0,1,2,...)

denotes the hyperbolic and the elliptic frequency of the pendulum, respectively.
We introduce two different phase planes for the two different phases of the mo-
tions. Starting with the hyperbolic case, we introduce the new phase variables
0
Xp = 97 yh =
Wy



Figure 1: Hyperbolic and elliptic rotation

in which (2.4) has the following symmetric form:
Xpn = WnYn, Vi = WhXp. (2.0)
Using polar coordinates ry, ¢, and the transformation rules
Xp = FpCOSQy, Yp = rpsingy, (rp > 0, —00 < ¢y < ),
(2.6) can be rewritten into the system
' = rpwy, Sin 2y, @n = Wy, €OS 2¢y,. 2.7

The derivative of Hy(x,y) := x; — y7 with respect to system (2.6) equals identi-
cally zero, i.e., Hj is a first integral of (2.6), so the trajectories of the system are
hyperbolae; (2.7) describes “hyperbolic rotations" (see Figure 1). We will need
the solution of the second equation in (2.7). This equation is separable, so we can

write . q
fmzwht, 0<1<T,
0 €08 2¢(s)
and so "
Ph d T
f —wnts o= @n(0) £ 2 (2.8)
o  COS2¢ 4

Let G(g) := [ dg/cos2¢p. Then

1
G(p) = ) In

tan(z— )'
4 ¢)
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whence |

-5 lntan(% - 90) if — /4 < <n/4,

G(y) = . (2.9)

-5 Intan (cp - %) if —37/4 < @ < /4.

From (2.8) we obtain
on(1) = G (wit + G(go)) -

Especially,

on(T = 0) = G~ (Wi T + G(gp)), (2.10)

where ¢, (T — 0) denotes the left-hand side limit of ¢ at 7. Now, we can give the
solution of the second equation of (2.7):

;—T — arctan (6‘2“”1’ tan (g — cpo)) if —n/4<¢y<n/4,

on(t; ¢o) 1= (2.11)
;—T + arctan (e‘z“‘”tan (gao - %)) if —3n/4 <¢y<-—-n/4.

Let us repeat the same procedure for the second phase of the period with the new
phase variables x, = 6, y, = 6/w,. Then we get the systems

Xe = WeYes ye = —WeXe, (212)

iﬁe = 0’ ‘pe = —We. (2.13)

Now H,(x,y) := xf + yﬁ is a first integral, and the trajectories of (2.12) are circles
around the origin; (2.13) describes uniform “elliptic (ordinary) rotations".

Equation (2.3) has a piecewise continuous coefficient, so we have to modify the
standard definition of a solution of a continuous second order differential equation.
A function 6§ : R — R is a solution of (2.3) if it is continuously differentiable on
R, it is twice differentiable on the set

S = R\ kT Yezy»

and it satisfies equation (2.3) on the set S. Any solution 6 consists of solutions
xp o [2kT,(2k+1)T) —» Rand x, : [2k+ 1)T,(2k+2)T) — R of (2.6) and (2.12),
respectively (k € Z;). To guarantee the continuity of the derivative § on R we have



to require the “connecting conditions"

QD)= lim o0, w(@kT) = lim

0y (Qh+DT) = Hm oy, ok DT) = lim w0,
(2.14)

Geometrically this means that at the ends of the hyperbolic and elliptic phases
jumps happen in the dynamics: there acts on the phase point (x, y) a linear trans-
formation (a contraction or a dilatation)

(x,y) = (x,dy) =: (x,9) (0<d=const, d# 1)

in the direction of y-axis. Namely, d = wj,/w, att = 2k + 1)T, and d = w,./wy, at
t=Q2k+2)T.

The steps of dynamics of the system can be described as follows. The phase
point starts from (xg, yp) and moves along a hyperbola during the interval [0, T').
At the moment t+ = T a dilation of measure w;,/w, > 1 happens parallel with
y—axis. Then the phase point turns clockwise around the origin by w,T. Finally,
a contraction of measure w,/w;, < 1 happens. These four steps are repeated ad
infinitum.

Let us consider this system in polar coordinates. Denote by (rg, ¢g), and (¢, ¢c) =
(o(r, ¢; d), (¢; d)) the image of the point (r,¢) at the rotation of a clockwise
angle o and the contraction-dilatation, respectively. Then, obviously, rg(r,¢) =
r, @r(r, ) = ¢ — a; furthermore,

pUrgid) = NRE R = 11+ (@ = Dsin’ ¢ = figido,

flo,d) := \/1 +(d? - 1)sin® g, (d>0,—00 < @ < ).

It is easy to see that tan ¢(p;d) = dy/x = dtang (x # 0, i.e., ¢ £ /2 (mod n)),
SO

T
o+ x
$(p: d) = arctan(d tan ¢) + - ifo#Qk+ 1)5,
¢ if o = (2 + 1)’—2r, k € ),

where [x] denotes the integer part of x € R.

The detailed description of properties of functions f and ¢ can be found in [10].
During our calculations we will use from these properties that f is even and ¢ is
odd, furthermore ¢(- + km; d) = ¢(-;d) + kn (k € Z); ¢ (P(@;d); 1/d) = ¢ (¢ € R).
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3 The construction of periodic solutions

Let us start a trajectory ¢ +— (r(t), ¢(¢)) from ry, ¢y at tp = 0. With D := w;,/w, > 1,
for the first five notable points of the trajectory we introduce the notations

ro
r
r
r3
Iy

= r(0), ¢©o := ¢(0) (mod 27), =21 < ¢y < 0;

=r(T -0), ¢1:= (T - 0);

=r(T) = f(e1;D)ry, p2:=¢p(T) = ¢ (p1;D); (3.1
= 12T - 0)(= r), @3 := (2T - 0);

=rQ2T) = f(p3; 1/D)r3, @4 := (2T) = ¢(¢3; 1/D).

Since systems (2.4) and (2.5) are linear, it is obvious that if ¢ — (x(¢), y(¢)) is a
solution of a system then ¢ — (—x(#), —y(¢#)) is also a solution. So, it is sufficient
to consider the half plane of the right-hand side, namely, when —n/2 < ¢y < /2.

Y

I

\

0,4

Figure 2: Steps of the dynamics. 1

Lemma 3.1. Let ¢y € [—n/2,n/2). Then t — (r(t),¢(t)) is a trajectory of a
2T -periodic solution of (2.3) if and only if either

(a) —n/4 < ¢y < 0 and there is a non-negative integer k such that

or

@Y1 = —%o
Y3 = —@r

_ 2k, (3.2)



Figure 3: Steps of the dynamics. 2
(b) —m/2 < @y < —n/4 and there is a non-negative integer k such that

1=~ 7
{ 3 =—py—m—2k+ D)m. (3.3)

Proof. Necessity. Let 6 be a 2T -periodic solution of (2.3) such that —7/2 < ¢y <
m/2. From equations (2.7) we obtain that every hyperbola satisfies some differen-
tial equation

d
é):”anz‘p (—%+mg<¢p<%+mg, me{—l,O,l}). (3.4)

(3.4) is separable, so integrating it we have

r | cos 2¢| ( n T T T )
— = —= ([-=+m=<py, o< =+m=, me{-1,0,1}]. 3.5
7o \/ lcos2g]  \ g Ty Y@< grmy, med ) (3-3)

Using (3.1) and the features of the function f we can write

r3 = f(@o; D)ro, ry = f(e1; D)ry.

Since the solution is 27 -periodic and r; = r, we have

rno_ [leos2pl _ flpo; D) _ |1+ (D = Dsin’ g 3.6)
70 |cos2¢1|  f(e1; D) 1 +(D? - 1)sin’ 901' '
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By the use of the function

| cos 2¢|
+(D? - 1)sin’ ¢

h(g) := . (3.7)
(3.6) can be expressed by h(¢g) = h(py).

An elementary calculation shows that 4 is strictly decreasing on the closed in-
terval [n/4 + mn/2,7/2 + mn/2], and strictly increasing on [mx/2, /4 + mm/2]
(me2Z).

If ¢y € [0,7/4] or ¢y € [n/4, /2], then ¢; must be found in the same interval.
Since 4 is strictly monotonous in these intervals, i(¢) = h(y;) cannot be satisfied.
So, a 2T -periodic solution cannot start from such a .

Function 4 is even and periodic of period 7/2, so if ¢y € (-n/4,0) or ¢y €
(—m/2,—m/4) then there exists exactly one ¢; € (0,7/4) or ¢, € (=3n/4,—n/2) for
which h(pg) = h(¢); 1.e., (3.2) or (3.3) are satisfied, respectively.

Sufficiency. Case (a). Let us suppose that the phase-point moves on the phase
plane such that (3.2) is satisfied. Using the notations (3.1) and the properties of
the function f és a ¢ we have

@1 = $(—p2 — 2km; 1/ D) = ¢(—¢2; 1/D) — 2k = ¢p(—¢(¢1; D); 1/ D) — 2kn
= ¢(=¢(—po; D); 1/D) = 2km = ¢y — 2k,
On the other hand
ry = f(g3;1/D)rs = f(=p2 = 2km; 1/D)ry = f(=¢(¢1; D); 1/D) f(¢1; D)ry
= f(¢(=¢o; D); 1/D) f(=¢o; D)ro = f(=¢(=¢o; D); 1/D) f(po; D)ro = ro.

Case (b) can be treated by a similar computation.
O

Lemma 3.2. Let ¢y € [-n/2,7n/2). Then t — (r(t), (1)) is the trajectory of such
a 4T -periodic solution of (2.3) which is not 2T -periodic if and only if either

(a) —m/4 < ¢y < 0 and there is a non-negative integer k such that

Y1 = —¢¥o
{ @3 = gy — 7~ 2k, 3:8)

or



6\ 7

Figure 4: 4T-periodic solution 1.

Y

72y
2|

Figure 5: 4T-periodic solution 2.

(b) —m/2 < @y < —n/4 and there is a non-negative integer k such that

P1=—¢o—T
{ @3 = —py — 21 — 2kn. (3.9)

Proof. (2.3) is linear, so a solution ¢t +— (r(1), ¢(t)) is 4T-periodic but not 27 -
periodic if and only if r(2T) = r(0), ¢(2T) = ¢(0) — m (mod 2x). Therefore the
necessity can be proved in the same way as in Lemma 3.1.
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Sufficiency. Case (a). If (3.8) is satisfied, then, using notaions (3.1) we can write
¢4 = P(—pp — = 2km; 1/D) = p(—¢2; 1/D) — (2k + D = ¢(—¢(p1; D); 1/D)
— 2k + D = ¢(=¢(=¢o; D); 1/D) — 2k + D1t = ¢o — (2k + D).
Therefore, ¢, = ¢y — m (mod 2m), what we want to prove. Furthermore, we have
ry = f(p3:1/D)rs = f(=@p — 7 = 2km; 1/D)ry = f(=¢(p1: D); 1/D) f(¢1; D)ry

= f(¢(po; D); 1/D) f(=po; D)ro = f(¢(wo; D); 1/D)f(po; D)ro = ro.

Sufficiency, case (b). It is the same as in the proof of Lemma 3.1.
O

We can give two theorems which yield necessary and sufficient conditions for
the existence of 27T -periodic and 47 -periodic solutions of (2.3).

Theorem 3.3. There is a solution of (2.3) of period 2T if and only if there are
positive constants A and T in (2.2) and a non-negative integer k such that either

wpT _ 1
2 arctan (D i 1) + 2kn = w,T, (3.10)
or
e +1
2arctan(D — 1)+(2k+ Hr = w,T. (3.11)
ewnl —

Theorem 3.4. There is such a 4T-periodic solution of (2.3) which is not 2T -
periodic if and only if there are positive constants A and T in (2.2) and a non-
negative integer k such that either

wpT _
2arctan (D e 1) + QK+ D7 = w,T, (3.12)
or T
ont 41
2arctan (D — ) + 2kr = w,T. (3.13)
ewnl —1

Proof of Theorem 3.3. Necessity. We suppose that 6 is a 2T -periodic solution of
equation (2.3), furthermore, case (a) of Lemma 3.1 is satisfied. Using notations
(3.1) and the second equation of (2.13) we obtain

03—y = —w,T. (3.14)

11



We eliminate ¢, and 3 in (3.14) in terms of ¢y. We can do it using the formulae

@2 = ¢(¢1; D) = ¢(—¢o; D), ¢3 = ¢(po; D) — 2k

The first one is trivial. For the second one, take into consideration that —7/4 <
@0 < 0and ¢; = —¢o imply

V4
0 <@ =d¢(p1;D) < 5
Therefore (3.2) yields
Vi
—2km — 3 < @3 = =y — 2kn < =2kn.
On the other hand, by the periodicity, @9 = ¢4 = ¢(p3;1/D) (mod 2x), thus

@3 = @(@q; D) = ¢(po; D) (mod 27m). From these we get @3 = ¢(¢po; D) — 2k
Now, (3.14) can be rewritten as

2¢(¢o; D) — 2kn = ~w,T,

therefore
2 arctan (D tan ¢g) — 2kn = —w,T. (3.15)

Using (2.10) and (2.11) we obtain

e 2T — tan (g - "01) tan(g i QOO) (1 + tan QDO)Z
tan (g — (’00) tan (g _ 900) 1 — tan ¢

whence we have

1 —e“n”

1 +ewnT’
Substituting (3.16) into (3.15) we get (3.10).
Now, let us suppose that case (b) of Lemma 3.1 is satisfied. Similarly we obtain

tan ¢y = (3.16)

2 arctan (D tan (—¢g)) — 1+ (k + 1)27 = w,T, (3.17)
and ;
I+ e
tan ¢y = s (3.18)

which yield (3.11).

12



Sufficiency. Suppose that (3.10) is satisfied. We show that the solution with

¢o := arctan ] ;eZZ; (3.19)
is 2T -periodic. Obviously,
wr _ 1 tango (3.20)
1 + tan ¢
By (2.11), this means that
tan(g - (,01) - %zﬁiz, (3.21)

and thus ¢; = —¢y. We show that the second equality in (3.2) is also satisfied. In
fact, from (2.7) and (3.10) we obtain

wpT _

1
2 arctan (D ) + 2k = —(¢3 — ¢2).

ewnT 41

But in view of (3.16) we can write ¢, = ¢(¢1; D) = —¢(¢po; D) = — arctan(D tan ¢)

_ ywnT

= —arctan (D hT)’ therefore 2, + 2km = —@3 + ¢, 1.€., 3 = —p, — 2kn. So
eu)

we have proved that (3.2) is satisfied. Lemma (3.1) guaranties that the solution is
2T -periodic.
If (3.11) is satisfied, then we define

e“”’T+le(_7r 71')

2 4/

(o := — arctan (3.22)

et — 1
Repeating step by step the previous reasoning we get that (3.3) is satisfied, and
the solution with this ¢ is 27 -periodic.

]

Proof of Theorem 3.4. Necessity. Suppose that we have a 47T -periodic solution
such that (3.8) is satisfied. We will obtain (3.12) if we express ¢, and ¢3 in terms
of g in the equality ¢3 — ¢, = —w,T.
Since —m/4 < ¢y < 0 and ¢, = ¢(p1; D) = ¢(—¢p; D) we have 0 < ¢, < /2.
Together (3.8) this implies
-3

T—Zkﬂ<<p3:—(,02—7r—2k7r<—7r—2k7r.

13



The solution is 4T -periodic, consequently ¢3 = ¢(@4; D) = ¢(po—n; D) (mod 2r),
therefore
03 = ¢(@y — m; D) — 2kn = ¢(@o; D) — 1 — 2kt

Now the equality ¢3 — ¢, = —w,T has the form
w,T = —((;5(900; D)—nm— 2k7r) — ¢(—pg; D) = 2 arctan(D tan(—¢y)) + (2k + 1)7.

Taking into account (3.16) we obtain (3.12).
If (3.9) is satisfied for a 47 -periodic solution, then the use of (3.18) instead of
(3.16) and a similar calculation yield (3.13).

Sufficiency. Similarly to the proof of Theorem 3.3 one can show that if (3.12)
is satisfied and ¢y is defined by (3.19), then (3.8) is true and the solution is 47'-
periodic by Lemma 3.2. Analogously, if (3.13) is satisfied and ¢y is defined by
(3.22), then (3.9) is true and the solution is 47 -periodic.

O

z z=a(T)+2n
2 z2=w.T
z=pT)+n
z=a(T)+nm
z=p(T)
z=a(T) T
T, T, 7, T,

Figure 6: Conditions (3.10)-(3.13)
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4 Remarks

Oscillation theorem

(2.3) is a special Hill’s equation [12]. As is known [18, 11], one of main results
about Hill’s equations is the Oscillation Theorem. From Theorems 3.3 and 3.4 we
can deduce an oscillation theorem for (2.3), which is analogous to Theorem 3.7 in
[7].

Introduce the notations

e’ — 1

el — 1

T) :=2arctan|D
a(T) arc an( T 1 ]

@l 41
) , B(T) := 2 arctan (D ¢ ) .
« is concave and S is convex from below, consequently, every equation of (3.10)-
(3.13) has exactly one solution provided that the non-negative k, A (i.e., w;, and
w,) are fixed (see Figure 6).

Corollary 4.1. For every A > g there exist sequences {T,}" |, {T,}, such that
0<Ty<T)<Ty<Ty<Ty<-Ty<Tyy <Tyi1 <Tpin--+,

and equation (2.3) with T = T, (respectively, with T = T,) has 2T-periodic
(respectively, 4T periodic) solutions.

Stability zones

Equation (2.3) contains two independent parameters 7, A. Accordingly, there is a
bijection between the set of points (7,A) (T > 0,A > g) on the T-A plane and all
the possible equations of form (2.3). An equation (2.3) is called strongly stable
(strongly unstable) [1] if it is stable (unstable) in the sense of Lyapunov and, in
addition, all the equations close enough are also stable (unstable) in Lyapunov’s
sense. The set on the T-A plane consisting of all the points corresponding to the
strongly stable (strongly unstable) equations is called the stability region (insta-
bility region) of (2.3).
Arnold [1] suggested using the new parameters

1
VBl

e=—TVA (6>0), pu= O<p<l).

%
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0.0 0.5 1.0 1.5 2.0

Figure 7: The exact stability zones

In [6], using a totally different method, we approximated the stability region on the
&-u plane and proved that it has infinitely many components, which are tangential
to the g-axis, they are located “along" the curves

Gy 2\/58\/1—/,12:(2m+1)g m=0,1,...)

in the sense that the heights and the width of the components (stability zones,
stability tongues) tend to zero, as m — oo.

By Floquet Theory [1] the stability region and the instability region are sepa-
rated by curves whose points correspond to the equations of form (2.3) having
2T- or 4T -periodic solutions. Therefore if we draw the solution sets of equations
(3.10)-(3.13) on the e-u plane, then we get the exact boundary curves of the stabil-
ity zones (Figure 7). Figure 8 shows curve G, and the earlier first approximating
and exact stability zones.
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Figure 8: Curve G (dashed); the first earlier approximating, respectively exact
stability zone (thin, respectively thick boundary curve)
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