238 B. Csékany: All minimal clones on the three-element set

[5] CsAkANy, B., Homogeneous algebras are functionally complete, dlgebra Universalis, v. 11,
1980, pp. 149—158. ]

Il CsAKAI;pY, B., Three-clement groupoids with minimal clones, Acta Sci. Math. (Szeged), v. 45,
1983, pp. 111—117. )

[71 CsAkANY, B., T. GavaLcovA, Finite homogeneous algebras I, Acta Sci. Math. (Szeged),
v. 42, 1980, pp. 57—65. o o _

[8] Friep, E., A. F. PixLEy, The dual discriminator function in universal algebra, Acta Sci. Math.
(Szeged), v. 41, 1979, pp. 83—100. )

[9] GRATZER, G., Universal Algebra, Van Nostrand, Princeton, 1968. )

10] JaBLonskIi, S. V., Functional constructions in k-valued logic (Russian), Trudy Mar. Inst.
Steklov, v. 51, 1958, pp. 5—142. ) - ) .

111 Kepka, T., Quasi-trivial groupoids and balanced identities, Acta Univ. Carolin., v. 22, 1981.

. 49—64. )

12] K’?AR&ENKOV, S. S., J. DeMeTRovICS, L. HANNAK, On the closed classes of selfdual functions
in P; (Russian), Diskret. Analiz., v. 34, 1980, pp. 38—73. ) ) )

13] Pronka, J., On algebras with » distinct essentially n-ary operations, Algebra Universalis,
v. 1, 1971, pp. 73—79.

14] PronNka, J., R-prime idempotent reducts of groups, Arch. Math., v. 24, 1973, pp. .129—132.

15] Post, E., The two-valued iterative systems of mathematical logic, Ann. of Math. Studies, No. 3,
Princeton, 1941. . ]

16] PoscrEL, R., L. A. KALUZNIN, Funktionen- und Relationenalgebren, DVW, Berlin, 1979.

17] RosenBERG, I. G., Uber die funktionale Vollstindigkeit in den mehrwertigen Logiken,

" " Rozpravy Ceskoslovenské Akad. Véd Ser. Math. Nat. Sci. v. 80(4), 1970, pp. 3—93.

18] SwiErRCcZKOWSKI, S., Algebras which are independently generated by every # elements,
Fund. Math., v. 49, 1960, pp. 93—104. ] i

19] Takasaki, M., Abstraction of symmetric transformations (Japanese), T6hoku Math. J., v. 49,
1943, pp. 145—207. ) ’

20] WeRNER, H., Discriminator-Algebras, Akademie-Verlag, Berlin, 1978.

( Received Dec. 12, 1982)

83-2054 — Szegedi Nyomda -— F. v.: Dobéd Jézsef igazgaté

Acta Cybernetica, Tom. 6, Fasc. 3, Szeged, 1983

A

A2

All minimal clones on the three-element set

By B. CsAkANY

1. Preliminaries

A clone on a set M is a set of finitary operations on M which is closed under
composition and contains all projections. The clones on M form an algebraic
lattice; the atoms and the dual atoms of this lattice are called minimal clones and
maximal clones on M, respectively. A full description of all clones, hence of all
minimal and maximal clones for |M|=2 was given by Post; a complete list of all
maximal clones was found by Jablonskii for [M|=3 and by Rosenberg for any
finite M (see [15], [10], and [17]). Until now, only special examples of minimal
clones were known for the case |M|=2. In this paper we determine all minimal
clones on a three-element M.

We use the standard universal algebraic terminology [9] except that funcrion
stands for operation and term function for polynomial. All functions (and hence
all clones) are defined on the base set 3={0, 1,2}. If f is a function, [f] is the
clone generated by f ie. the clone of all term functions of the algebra (3; f).
Projections will also be called trivial functions. We use the notation ¢ for the set
of triplets consisting of distinct entries from 3 and 1 for 33\o.

In what follows we often make use of functions of the following types 1)—4).

1) Unary functions. Such a function f is denoted by u,, where n=9. JO)+
+3./(D+1(2).
2) Binary idempotent functions. Such a function with the Cayley table

01 2
010 ny; ny
Ling 1 ny
2|ny nyg 2
will be denoted by b,, where n=}_,3n,.
3) Majority functions. A ternary function m satisfying m(x, x, »=mx, y,x)=
=m(y, x, x)=x for any x, ye3 is called a majority function.

4) Semiprojections. A ternary function s is called a semiprojection if there
exists a k€3 such that s(xo, x,, x;)=x, for arbitrary (x,, x;, Xg) €L
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A function belonging to one of the above four classes will be referred to as
a special function. For n>1 we call an n-ary nontrivial function f sharp if
Sos ooy Xj_14 Xiy Xjygs uns Xp_1)=X,,, where 0=m;<n for all i#j, 0=i,j<n.
A binary function is sharp iff it is idempotent. Majority functions and nontrivial
semiprojections are sharp ternary. As a trivial consequence of the definition, an
n-ary function f is sharp iff all k-ary functions in [ f] are trivial provided k<n.

A sharp ternary function f is uniquely determined by the values £(0,0,1),
f(0,1,0), f(0, 1, 1), and all f(p) with ¢co. Call the numbers

x(f) =4.(0,0, )+2.£(0, 1, 0)+£(0, 1, 1)
#(f) = 3.£(0,1,2)+3 £(0, 2, ) +3%.f(1, 0, 2)+ 32 f(1, 2, 0) +
+3./(2,0, )+£(2, 1, 0)

the characteristic and mantissa of f, and let the pair y(f), u( /) stand for f. For
example 4,44 is Pixley’s ternary discriminator function ([20], p. 8) and 1,624 is the
dual discriminator [8] on 3. Observe that 1,¢ (t=0, ...,728) are the majority
functions, and 0, ¢ are the semiprojections with i=0. As these ternary functions
will play an important role, we also use an alternative notation m, for 1,t and
s, for 0,1; e.g. myyg is the majority function on 3 whose value is 2 on each Qca.
Clearly, every majority function or semiprojection f is uniquely determined by the
sequence of its values on o, called the range of f; further, the number v(f) of
distinct entries in the range of f is called the variance of f.

Let ¢ be a permutation of 3. To each n-ary function f we assign f¢, called
a conjugate of f, defined by f°(x,, ..., X,_1)=(F(xp0 7, s Xpm10 7Y@, The
map f—f¢ carries each clone % onto the clone %°; in particular [f]°=[f?], and

*) g€[f] implies g®c[f*].

We can permute the variables of f as well: for a permutation ¢ of n (={0, ..., n— 1)

put fy (xo, -y Xu—1)=S(Xoy, ..., X(u—1)y)- Remark that always (f' ?)y=(fy)?; hence
we can write simply f?. Note also that [f,]=[f] for any y.

The conjugations and permutations of variables generate a permutation group
T, of order 3!n! on the set of all n-ary functions on 3. The classes 1)—4) are closed
with respect to Ty, T,, Ty, and T, respectively. Two functions are said to be
essentially distinct if they have different arities, or belong to distinct orbits
of T,.

We conclude the introduction with the following immediate observation:
a nontrivial clone % is minimal iff ¥=[f] for each nontrivial f€%.

and

2. The list of minimal clones

First we approximately locate the functions generating minimal clones.

Proposition. Let ¢ be a minimal clone and m the minimum arity of nontrivial
functions from €. Then 1=m=3. If fc% is m-ary then f is special: moreover
f f,8€% are m-ary then both f and g are of the same type i (1=i=4).
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Proof. The statement is clear if m=1. If m=2, then each nontrivial binary
function g€% is sharp and hence idempotent.

Let mz=3. First we show that & contains a sharp ternary function. Indeed,
to each sharp at least quaternary f on 3 there exists an i such that f(x,, ..., x,_,)=
=x; (icn) whenever x,, ..., x,_; are not all distinct ([18]; see also the proof of
Thm. 1, §33 in [9]). This proves that on 3 each sharp function is at most ternary.

Let ¢ be a sharp ternary function from %. We show that [¢] contains a non-
trivial semiprojection or a majority function. Indeed, if (r)=0, 3 or 5 then 7 itself
is a semiprojection, and if x(¢)=1 then ¢ is a majority function. Thus let (g
§{0, 1, 3, 5}. We show that yx(g)=6 for some g€[t]. First if y(s)=2 x@®=7)
then exchanging the last (first) two variables we obtain r with x(r)=4. Thus let
7(t)=4. Then the characteristic of

Ht(x, y, 2), 1(x, ¥, 1(x, 2, ), t(x, 2, y))

equals 6 (as direct verification or Lemma 1.10 in [20] would show). Let x(¢)=6.
Write 1'(x, y,z) for #(t(x,y,2),y,z). Then x(t)=0 and if t'#e(=0,44) we
are done. Now if u(r)#44 then t(a, b, c)=d+a for some (a, b, c)cc and there-
fore t'(a, b, c)=t(d, b, c)=d a. It remains to consider u(r)=44. In this case
t(y, 1z, y, x), z)=0,424 is the required semiprojection.

We thus have that there is a majority function or a nontrivial semiprojection
in %. Taking into account that for g a semiprojection each ternary f€lg] is a semi-
projection and that a similar assertion is valid for majority functions, this proves
the first part of the proposition. The second part is implied by the following simple
observation: if i<j and the functions f and g are of type i) and j) then féigl

In virtue of the Proposition our task is to find the different minimal clones
generated by functions of the four types above.

1) Unary functions. A nontrivial unary function f generates a minimal clone
iff either f is a retraction of M (ie. fof=f) or a permutation of prime order
({16], Theorem 4.4.1). The functions u, and wu, are representatives of the two
orbits of retractions while u, and u;; are representatives of the two orbits of prime
order permutations. The table below shows the minimal clones generated by unary
functions on 3. The clone standing at the meet of the row starting with [4] and
column marked by the permutation ¢ is [u]*. The place of [u]® is empty if [u]®
is equal to some [u]¥ which appeared earlier. One may check directly that the clones
in the table are pairwise distinct.

Table 1

01 (02) (12) (012) (021)

[#0] [13]  [ua6]
[u5) [#14]  [us] [u5] [44] [#25]

(7] (1] [un

2) Binary functions. We proved in [6]: every minimal clone on 3 containing
an essentially binary operation is a conjugate of exactly one of the following twelve
clones: [5;] with ic{0, 8, 10, 11, 16, 17, 26, 33, 35, 68, 178, 624}.

Table 2 (which is constructed on the same principle as Table 1) displays the
minimal clones generated by binary functions on 3. The clones are pairwise distinct
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because each [b] in the table contains no nontrivial binary function other than
b(x, y) and its dual b(y, x). In other words, the free algebra with two free generators
in the variety generated by (3;b) consists of no more than four elements; in this
form, our observation may be found in Berman’s paper on three element algebras [2].
Thus, it remains to check that Table 2 has no pair of dual functions.

Table 2
(01) (02) (12) 012) 021)
[50] [5324) [5725]
[bS] [b368] [bSO] [b36] [b40] [bli 92]

(510} [H2s0] [D4ss] [520] [b14s] {b1ga]
[611] [D2s6] [b215]

[blﬁ] [b‘lBl] [b‘ZQG] [b47] [b205] [b179]
[b17] [Dss7) [bss] [bas] [bas] [D20e]
(53] [D4so] {bar]

(535 [b12] [bss:]

[b3s] [5125) [bo1] [bael [b41] {b530]
[bas] [Ds2s] [b116]

(6176 [basol

(D62l

The next lemma serves as a tool for handling the remaining two cases. It is
a direct consequence of the definition of a minimal clone.

Lemma 1. Let G, H be subsets of the set F of special functions such that
1. H= G,

IL (gl F=G for every g€G;

HI. [g]NH =0 for every g€G;

IV. If hy, hs€ H and hy7#h, then hyd[h,].

Then {[h]: h¢ H} is the set of pairwise distinct minimal clones generated by g¢G.

3. Majority functions. For a majority function f generating a minimal clone
we have two possibilities:

a) v(f)=3. We prove that up to permutation of variables f is the dual discri-
minator d (i.e. the majority function with d(a, b, c)=c if (a, b, ¢)€0). Following
|8], a non-empty binary relation C on 3 is called p-rectangular if for every pair
(i, /)¢ C there are no more than two elements in C which have the form ¢, x)
or {y,j). First we show that the subalgebras of (3; f)* are p-rectangular relations
on 3. In the opposite case, we may suppose without loss of generality (renaming
the clements and taking C ~! if necessary) that there is a subalgebra C of (3;f)?
such that (0,0)¢ C but (0, 1), {0, 2), (1, 0)€C. By assumption v(f)=3, the range
of f contains 0, and we may permute the variables of f so that f(2,0, 1)=0.
Then (0, 0)={f(0, 1, 0), f(2, 0, 1))=£((0, 2), (1, 0), (0, 1))€C, a contradiction. How-
ever, d preserves the p-rectangular relations on 3 (see [8]), hence it preserves all
subalgebras of (3;f)%. Now we can apply the following theorem of Baker and
Pixley ([1], see also [20], Theorem 1.2): if a finite algebra A has a term function
which is a majority function, then every function preserving all subalgebras of
A? is a term function of A. We obtain that d is a term function of (3; f), hence
de[f]. On the other hand, [d] is a minimal clone ([7], Theorem 1), hence f¢[d].
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As d is a homogeneous function (i.e. a function preserving all permutations),
f must be a homogeneous majority function. Thus f coincides with d up to
ordering of variables.

b) v(f)<3. There exists 3-2°—3=189 majority functions with this property,
and they belong to 10 distinct orbits of T,. Here we list the representatives having
the least index for these orbits (the number in brackets indicates the number of
functions constituting the represented orbit):

Table 3

my(3) my(18)  1myee(6)
my(36) Myg(36)  my5(18)
my(18)  mg(18)

myo(18)  mgs(18)

We prove that the minimal clones generated by majority functions having
variance less than 3 are exactly [mg], [M3s4] (Mga0=(mp)OV), [Mizgs] (795 =(mp)?),
[100], [M475] (m473=(m109)(°2)), and [m;;,] (m510:(m109)(12)); note that the remaining
functions in the orbit of m,,, may be obtained from the listed ones by permutations
of variables and hence do not generate further clones.

Apply Lemma 1. Let F be the set of special functions, G the set of majority
functions with variance <3, and H={m;: i=0, 364,728, 109, 473, 510}. The
requirement I is fulfilled by definition. As for 1I, it is a consequence of the follow-
ing lemma which will be used once more later.

Lemma 2. Let [ be a majority function whose range does not contain the element
a (€3). Then the same holds for every non-trivial ternary function in [ f1.

Proof. Clearly, a non-trivial ternary function in [f] is a majority function.
Assume that [f] contains a non-trivial ternary function whose range includes
a, and let g be such a function with a shortest f-term: g(x, y, 2)=7(g,(x, », 2),
gi(x, ¥, 2), g, y, 2)). For a suitable p€a we have g(0)=/1(g0(¢), 21(), g:(9))=a.
Thus {g,(¢), g1(), g2(@))€1, and hence g;(p)=a for at least two distinct i€3.
By the minimality of g, these g; must be trivial and hence both of them equal
the same projection. But then g also equals that projection, i.e. g is trivial, a
contradiction.

Next we prove III. In virtue of (*) it is enough to show that for each function
m; in Table 3 there is an m;€H such that m;€[m;]. Write f=f(x,y,2) for
f(fa f(mz)’f(ozl)) :f(f(xa Vs 2), f(y, z, x), f(z, x, J)) Then

Mg =ty = Hiy = Hiyy = Hiyg
and
Mygy = (Myz) o1y = Hiag = (Mize) (o) = Mlgs,

ie. mo€lmy], [my], [myo), [myge] and  myge€[mys), [mag], [ms), Imgs), as required.
Finally, we have to prove that IV is fulfilled, i.e. that none of the functions in
H is contained in the clone generated by another one. The unique non-trivial
permutation of 3 preserved by myg; and mgyg is (01), that preserved by migy
and my,, is (02), and that preserved by m, and m,.,, is (12). Hence no function
in one of these three pairs is included in the clone generated by a function appearing
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in another pair. Furthermore, the ranges of my,; and my, have no common
entry; thus, by Lemma 2, 494 [mq95] and myeg ¢ [myge]. Concerning the remaining
pairs we can argue-in the same way. )

Now we see that the conclusion of Lemma 1 also holds. This combined with
the result in the case v(f)=3 allows us to summarize the minimal clones generated
by majority functions as follows:

Table 4
o1y 02) (12)

| [m324] [#71725]
[#7210] [#12425] [ms10]
[#71524]

4) Semi-projections. There are 3.3%=2187 semiprojections, and they belong
to 74 distinct orbits of T,. Table 5 shows representatives of these orbits (the
number of functions in the orbit is added in brackets if it differs from 36). Every
orbit is represented by its member of characteristic 0 having the least mantissa.
For the sake of brevity we write down the mantissa only.

Table 5
0(9) 21(18) 86 108 150(12)
1 22 87 109(18) 153
2 23 88 110 154
4(18) 25 90 111(18) 156
5 26(18) 91 113 157
8(18) 44(3) 92 126 324(18)
10 49 96 127 325(18)
11(18) 50(18) 99 128 342
12 52(18) 100 135 343
13 76(9) 101 136 345
14 81 102 138 346(18)
15(18) 82 103 139(18) 396(6)
16 83 104(18) 140 424(6)
17 84 105 141 426(18)
19(18) 85 106 144

We prove that the semi-projections generating minimal clones are exactly
S0 Sg» Sags S76, Saz4, and the functions in their orbits. This means that the minimal
clones generated by semi-projections are exactly those in the following table (which
is constructed in the usual manner).

Table 6
1) (02) (12) (012) (021)

[s0] [$36a]  [$726]

[ss] [s36s] [sso]  [Sae]  [S40]  [Sesel
[525] [$240) [537]

[57¢] [Sesa]  [53s2]

[5424]
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Denote by S the set of functions appearing in Table 6, and let S; stand for
the set of conjugates of s;.

For the proof, we again apply Lemma 1. Let F be the set of special functions,
G the set of semi-projections, and H=S. Clearly, they fulfil I and II. However,
the verification of III and IV demands tiresome computations.

Consider two semi-projections, s;s;, which are representatives of orbits
of T; (i.e. whose indices appear in Table 5). Draw an arrow from s; to s; if
there exists an s;-term function which is conjugate to s; (i.e. (s;)*€[s;] for some
permutation of 3). To prove III, in view of (*) it is sufficient to produce a set of
arrows such that in the resulting oriented graph, for each non-trivial representative
s there exists a path which starts from s and ends in one of &g, Sg, 544, 576, and
S424- Such a set of 68 arrows is in the appendix at the end of the paper.

Our concluding task is to prove that for any different functions s,, 5;€ S 5;¢[s;]
is valid. We start with a trivial lemma.

Lemma 3. Let f, g be functions. If there exist a subset K and an element
k of some direct power 3" such that k belongs to the subalgebra of (3; g)" generated
by K but does not belong to the subalgebra of (3; )" generated by K, then g¢[f].

We also need a special case of this lemma.

Lemma 3*. Let f,g be as above. If there exists a permutation of M which is
an automorphism of the algebra (M f) but not of the algebra (M;g) then g¢[f]
(cf. the proof of IV for majority functions with variance <3).

Apply Lemma 3 for the case M =3,n=2, K={(0,2),(1,0)2,1)}. The
set K may be visualized by means of the figure

1/06—\—2

Then the subalgebras of (3; s5;)2 generated by K appear in the following figures
(i 1s indicated below the given figure):

@ 0 0 @
A A A A

1‘-—'@ 2

0 364 728 8
0 0 @ 0
OZ—\:TZ 1</—‘\3> 1{—‘}-\2 l:/—\2

368 80 36 40
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() 0 (

A A A A
S B O B

692 449 37

GZ_L\S AT ANERY A

[e—2 rle=—=2 |—0132

76 684 332 424

It can be read:

@) [$424] NS = {5424},

B) if s€Sg, [s]NS={s},

7)) if s€S,U Sy, then [s1N(S,U SsU Sz6)= {s},

0) if s€S8;, then [s]N Sy={s},

&) So&[s6], Saeaé [Sesals Sraet [S330].

Observe further that for s5,€S5,US;USys the algebra (3;s) has a non-
trivial automorphism, while for s;€S; the algebra (3; s;y does not. Hence, by
Lemma 3*, we have

) if 5,€S8,USpUSy and s;€8;, then s;4[s).

The transposition (01) is an automorphism of (3; s3,) and not an automor-
phism of (3;s;) for i=0, 364, 26,449. Hence

) s;¢ [555,] for i=0, 364, 26, 49.

Similarly, with the aid of (02) we obtain

0) 5,4 [sesa] for i=0,728, 449, 37,
and using (12) there follows

1) 5,4[s5] for i=364, 728,26, 37.

Lemma 3 can be used also to prove

%) for s5;€8, i2424, always s,,4[s].

Indeed, subalgebras of (3;s5,,)2 must be p-rectangular, since for a subalgebra
C and distinct elements x,, x,€3 it is impossible to have (i, /)¢ C and {, x,),
{1, xa), (v, jY€C because of s34 ({iy X1), (3, 1), G, X)) =i, j). Now, for 5,€S,i424,
consider the subset of 3% displayed in the above figure with subscript i, and call
it K;. Take this subset for X, s; for f, and s, for g. Then, by its definition,
K; is a subalgebra of (3; s? but it is not p-rectangular (see the figure) and thus
the subalgebra of (3;s,,,) generated by K; contains at least one element k¢ K.
Lemma 3 then applies and gives ).

The last step is:

A) 84196 [56], 5264 [Sesa], 5374 [35]- o
We prove the first assertion, the proof of the others being similar. As the range
of s,y does not contain 0, we are done if we show that the range of any function
in [s,¢] contains 0. In the contrary case, take the shortest s;e-term function ¢ whose
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range does not contain 0. Let #(x, y, 2)=s5(t,(x, y, 2), t,(x, ¥, 2), t(x, ¥, z)). Then
1, (¢)=0 for a suitable ¢€o, and hence t(p)=0, a contradiction.

a)—A) together mean that for any s, 5;€S, 5s;4¢[s;] whenever i>=j. We have
verified IV of Lemma 1, hence Table 6 really is the list of all minimal clones on 3
generated by semi-projections.

3. Summary

In the preceding part we have proved the following result:

Theorem. There exist 84 minimal clones on 3 and each of them is a conjugate
of exactly one of the following 24 clones:
(o], (s, [147], [t115];
[bo]a [bS]’ [b10]9 [bll]a [blﬁ]a [b17]9 [b26]’ [b33]s [b35]9 [bGS]’ [b178]7 [b624];
[}, [M106], [Mg24] s
[o], [ss], [s26], [s76]> [S424]-

The other minimal clones may be read from Tables 1, 2, 4, and 6. The Cayley
tables of the binary functions in the Theorem may be found in [6]. The ranges of
the ternary functions appearing in the Theorem may be seen in the following:

Table 7
f fO,1,2) £0,2,1) £(1,0,2) £(1,2,0) f(2,0,1) f(2,1,0)
o 0 0 0 0 0 0
Mg 0 1 1 0 0 1
Migaa 2 1 2 0 1 0
So 0 0 0 0 0 0
Sg 0 0 0 0 2 2
S26 0 0 0 2 2 2
Sa6 0 0 2 2 1 1
Saoa 1 2 0 2 0 1

Several functions occurring here are familiar from earlier research. (3; by
and (3; byy) are the two three-element semilattices. They and (35 bir), (35 bogy
(left zero semigroups with an outer zero, resp. unit element) are bands satisfying
xyx=xy identically. Hence the minimality of clones they generate is involved by
Theorem 4.4.4 in the book of Péschel and KaluZnin [16].” The minimality of [b,]
was proved in [12] by Mar&enkov, Demetrovics, and Hannik ((3; byqs) is a tourna-
ment; it is known as “the paper-stone-scissors algebra™). The algebra (3; bgyy)
is essentially the affine space [4] over GF(3).

The functions by, by;, b,;, and bg appeared in Plonka’s paper [13]; the last
one goes back to Takasaki [19]. Kepka deals with 5,5 and by; in [11].

As for the ternary functions, m, is the median function on the chain 1<0< 2,
and the minimality of [m,] is a special case of 4.4.5 in [16]. Finally, the minimality
of [mep4] and [s4,,] was established in [7].
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Appendix

81 "’Sozsl(sly Dz, x) :51(51(3‘, ¥, 2), s1(x, z, ), x)
53 >S5 =52(s2 s (32)(12) B J’)

S48 = 54(54 s ($a)co2) » x)

S5 "Slzss(ssa (S5)coz) » (55)(12))

S10 51 :510(510 » (S10)az) » Y)

81180 2511(511 > (511125 (511)(01))
§19 81 :312((512)(12) s S125 Z)

S13 "54:513(513 » ($18)1zy » Y)

S1a "S4=S14(~"14 > (5102 » (514)«)1))
$15 >S5 =515(515 s (515)(021) s (515)(012))
S16 5, :Sle(sle s (S16) 12y 5 (516)(012))
S17 > 8s 2517(317, (317)(12) P (517)(01))
§19 >S50 =519(519 s (519)(12) s (319)(01))
S —>81 2321((521)(12) s (521)(02) s 521)
S22 >813 =522(522 s (522)(12) s (3‘22)(01))
Sa3 —>S11 =523(523 > (S28)c02 » x)

Sa25 > S2s :525(525 > (Sas)azy > (st)(oz))
Sq9 > 85 = (549(54sa (549)(12) , (549)(02)))(021)
S50 >Sag =s50(s50 > (S50)c02)5 )

S52 —>S76 2552(552 » (Ss2)az) » (552)(01))
Sg1 —’302581(5'81 > (Ss1) 12y 5 .V)

Sg3 57 2532(532 > (S2) 12 5 y)

Sg3 “Sozssa(ssa s (Ssa)uz) > Y)
S34~>851="554(S34, X, J)

Sg5 51 =3555(Ss5, X, V)

Sgg 52 =sas(see s (SSG)(lz) B (Sss)(mz))
Sg7 >8= 587((587)(12) > 587, (537)(021))
Sgg >S5y =Sss(sas > (Ss8) 12y » Y)

So0 = So =s90(s90, (Ss0) a2y » J’)

Sg1 51 =s91(591 > (Sa) a2y » J’)
Sgg—>Sp 2392(592 > (%2)(12) > .V)

Sgg >S5 =Sss((596)(12) s So6 5 Z)

Spg >Sg =599(~5‘99s (Sep)cazy » (599)(02))
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S100 51 25100(5100 » (S100) (12> 5 (5100)(02))
S101 52 :5101(5101 , (5101)(12) » (5101)(02))
S102 515 :sz(sloz » (S102)c021) » (3102)(02)?
S103 516 :5103(5103 s (5103)(021) » (5103)(02))
S102 > S26 =5104(S1o4 s (5104)(12) 5 J’)

S105 52 :Sws((slos)(lz) y X, (5105)(021))
S106 > S35 :Sme(sws s (S108) (12 5 (SIOG)(OL))
S108 7 S17 :Sws(xy 2, (5108)(02))

S109 >S26 = (5109(5109 » Vs (S100) 12)))(12)
S110 515 :5110((5'110)(12) > (S110)c023 » Sno)
S111 > S100 :5111(5111 » Xy (5111)(12))

S113 > 516 :Sua((sua)uz) > (5113)c02) » 5113)
S126 >S111 :5126(5126 > (S126) 021 (5126)(02))
S127 ™>S109 :S127(5127 > (S127) (012 » x)

S128 > S126 :5128(5128 s (S128)(12) s (5128)(012))
§135 > So =5135(S135 » (S135)021) » (5135)(012))
S136 > S135 =S1as(5136 » (5136)(012) s Z)

S138 > S135 =S1as(3ms » (S138)c02) » (SISS)(OIZ))
S13p =Sz "—‘5139()‘, S139, (Slas)uz))

S140 >S26 =5140((514o)(12) s (5140)(02) 5 5140)
S141 > 528 =5141(X, S1415 (3'141)(12))

$144 >S90 25144(5144, (CTARTI (3144)(02))
S150 > S396 =5150(S150, (5150)(01) s (S150)(12))
S153 5135 :5’153(5153 » (S153)c02) » (5153)(021))
S154 > S150 =5154()C, (5154)(02) s 5154)

S156 > S105 :5156(5156 » (5156) 02 5 Y)

S157 >817= (3157()5, S1575 (5157)(02)))(021)
S324 > 5111 = Sa24(S324, X, 2)

S325 8111 = S325(S325, X, 2)

S343 >S111 =S342(S342, X, Z)

S343 > S19 =5343(X, S343, (5343)(12))

§345 519 :5'345(X, S3155 (5345)(12))

S316 > Sas =5346(xy 8346 (5346)(12))

S396 >S424 :sass(sasss (S398) (02> » x)

Saz6 >S111 = S126(S126, X, Z)
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