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INDUCTIVE CLONES
B. CSAKANY - T. GAVALCOVA

1. PRELIMINARIES

Throughout this article, we restrict ourselves to
algebras whose base set is finite, has #n = 3 elements
and is identified with {0,1,...,n-1}.

A well-known theorem of SWIERCZKOWSKI[6] says that
if the base set of an algebra A 1is independent then A
is trivial. This theorem can be reformulated as follows:
let A be an n~element algebra; whose at most n—ary
term functions are projections; then all term functions
of A are projections. A very close result was proved
independently by HARNAU[3] (Lemma 2.2.): let C _be a
clone on an n-element set, whose at most n-ary functions
are essentially at most unary; then every function in ¢C
is essentially at most unary. ;

Consider a k—-ary function f :Ak - 4, and a parti-
tion 1 of the set X = {l,...,k}. Let o Dbe a self-
map of X mapping every «x€Xk on the least element of
the block of 1 containing « and let {il""’it}

(with 2, <... <7,) be the image of o. We define the

| S
t—ary function fTE by fn(xl,...,xt) = f(x@(l)""
""xw(k))' It is said to be a factor function (short-

ly: factor) of f. The factor fTr is proper if 1w is
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not the least partition (i.e. has a nonsingleton block).
We associate with f and = also the restriction fn
of fFf to the set of all k-tuples (al,...,ak)GAk with
a, = aj whenever ¢ and J belong to the same class
of . :

Clearly, if C is a clone and Ff€C then any fac-
tor fﬁ of f also belongs to (€. As we shall see,
the converse is not true in general; however, it is easy
to see that the theorem of Swierczkowski mentioned above
is equivalent to the assertion that every more than n-
ary function is a projection provided all of its proper
factors are projections. Substituting "projection" by
"essentially at most unary function" here, we obtain
Harnau's result. These examples suggest the following
definition: call a clone C on an n-element set Znduc—
tive if every more than n-ary function belongs to ¢(
provided all of its proper factors are members of C.

In this note, we prove the inductivity or the non-
-inductivity of several clones, especially of those oc-
curring in Rosenberg's completeness theorem (see, e.qg.,
[51, p. 155), and we give an application of the inducti-
vity of clones of linear functions.

2. INDUCTIVE CLONES

The following lemma is trivial:

LEMMA. Let @ bDe a subset of the poset P of par-
titions of {l,...,k} (k 2 4) distinect from the least
partition. If

(1) o€Q whenever p > 1€Q

(2) at least two minimal elements of P belong to
@, and
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(3) @ contains every minimal element of P

covered /in P/ by two elements of @,
then P = 4.

The above guoted results can be expressed as fol-

lows:

PROPOSITION 1. The clome of projections P and the
clone U of essentially at most unary functions are
both inductive.

For reader's convenience we give a short proof
based on the lemma. Let % > »n and let f be a k-ary
function whose all proper factors belong to P (U). For
each partition = of {1,...,k} denote by T the
block of = such that fn(xl,...,xk) = g(xj) for some
je€t and g unary (where g is the identity if the
clone is P). It suffices to show that there exists an

2 (< k) such that <€1 for every proper .

The number of minimal partitions of {I,...,k} is

(5), which is greater than %k, since %k = 4. Hence
there exists an < such that iEEl,E for two distinct

2
9° We show that the set @ of

proper. partitions t satisfying <€71 fulfils the con-

minimal partitions L

ditions of the Lemma. If 1 < p, then fp is a factor
of fn, whence (1) follows. (2) is true by the choice
of <. Now assume that two distinct partitions o and
o. from & cover a minimal element 1 of P. As 1 =
=p Ao and <€), ¢€5, we have <€3 N 6 = 1, whence
1€Q follows, proving (3).
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PROPOSITION 2. Let R be a ring /ring with unit 1/
and A a faithful R-module. Then the clone

= el S> 1.
C {A]xl+...+kkxk-+a.k._1, A],...,AkER, a€A}

(c' = {Alx oo FA, 2tk 1, €r,

1 x“x preee iy

18 inductive.

We prove this for € only; for (', the same argu-
ment works. Suppose that f is a k-ary function (k> #n)
on A whose all proper factors are in C(C. It is enough

€R and a€4 such that fn(xl,...,xk)=

to find Opreee sy

= u]x]+...+akxk-ka for every ©. Assume
f(xl,xl,x3,...,xk) = B,x; + Baxat...t kak + b,
f(x],x3,x3,...,xk) = Y@, f YaZgte..t y@, + oo

We show that O T Ypr o0y =B Yy, 0y = 63,...,ak = By

a = b will do. By the lemma, we have to show that the

set ¢ of proper partitions = satisfying fn(xl,...
crxy) = oygx b (B -y e, + Bawgt. . 4B T b fulfils

the conditions of the lemma. Indeed, f(xl,x],x3,...,xk)=

=v,%, * (Bl-yl)xl + B, +...+Bkac7< + b = a.x, + a,%, +

373 171
+ a3x3+...+akxk + a, and f(x],x3,x3,...,xk) = y,%, +
+ (Y3-B3)x3 + BTy F oy ,E e bY@yt e = Xt ooy,
+ G2 gt . oy Xy + a since ¢ = f(0,...,0) = b,
(Y3~B3)x = flx,z,2,0,...,0) - ‘(63+Y])x-c = (B, =v)z,

Y& = f£(0,0,0,2,0,...,0) —¢c = B4x, and so on. Thus ¢
contains two minimal partitions. Clearly, if T, < 1y,
and ©,€Q then 7,€Q.
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Finally we show that & satisfies (3), too. Let
T = (12), » = (123), x» = (12) (34}, where the parenthe-
ses indicate the at least two-element classes of the
partition; the further possible cases may be treated a-

nalogously. Suppose

f(xl,xl,xl,xh,...,xk) =

= .+ + ees x, +a.
(oc1 o a3)x}-+a x, + P

2 474 k

f(xl,x],x3,x3,...,xk) =

= (al-Fa )x -F(u3-+a4)x3~+...-+akxk-+a,

2771

f(xl,x],x3,x4,. .,xk) =
= 6]x1 +63x3-+64x4-+... +6kxk-+d,

-with suitable 61,...,6k€R, d€4d. Then d = f(0,...,0) =
=a;6ﬁ==fmﬂm0“.”0)—a= wl+aﬂx,ie., % =
= o, ta,g w]+6yx==fm“mxm,”.m)-a= (o) +a, +
+ a3)x whence 53 = 0ag; considering £(0,0,x,2,0,...

.,0) and f(0,0,0,0,2,0,...,0) we obtain 54 = 0,
55 = og etc., showing that f(xl,xl,x3,x4,...,xk) =
= (al-Faz)x]-+a3x3-+a4x4-+...-+akxk-+a, which was need-
ed.

a special case of C 1is the clone of all functions
of form foixi4-a, where A 1is a p—elementary Abelian
group considered as an R-module with R the full endo-
morphism ring of A. (This is the third type of maximal
clones in Rosenberg's theorem.)

It is,éasy to observe that the clone of all func-
tions preserving a given non-trivial equivalence rela-
tion on 4 and the clone of all functions invariant un-
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der a given permutation p of 4 are also inductive.
Indeed, let ¥ :Ak -+ A where |4l < k and sup-
pose that, for any proper =, fﬁ preserves a given non-

~trivial equivalence ~ on 4. Let ai’biEA and as-

sume ai“fbi (2 = 1,¢0e.,k). Since 14l < k, at least
two ai's - say, a, and a, - coincide; the same is
valid for the »b.'s. If b, =5 then fl(a,,a,,...
7 1 2 (12) 1 2
.,ak)“lf(bl,bz,...,bk), since preserves V.

If b] =5 then f(al,az,a3,a4,...,ak)“ff(bl,b],bl,

3
b4""’bk)’ since a, = «a “zbl, a «,b3 = bl’ and

2 3
f(lz) preserves ~; further, f(bl,bl,b},b4,...,bk)w

1

Nf(bl,bz,b3,b4,...,bk), since bl“Ja = az’vbz and

1
f(]3) preserves V. The remaining case b, =5, can

be settled in the same fashion. Thus, f preserves V.

As for the clone of p-invariant functions, it suf-
fices to remark that bi = a;p implies that the pattern
of equalities in («a ,...,ak) is the same as in

1
<b1""’bk)' whence (f(al,...,ak))p = f(bl""’bk)’

. T . . .
since every f is invariant under p.

3. NON-INDUCTIVE CLONES

Let < be a non-trivial partial order on 4. Then
the clone of all functions preserving < is not induc-
tive. We show this by constructing an (n+1)-ary non-mo-
notone function on 4 with monotone factor functions
only.

For this aim, denote by A?Z;) the set of all

(n+1)-tuples from 4 whose <th and kth entries co-
incide. Then An+] = U A”Tl . Making use of the com-
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n+1

ponentwise partial order on 4 ; we define a new par-
tial order on it as follows: for a,beAn+1 let » X ¢
iff the;g exist ey = b,cl,...,ct =g (¢t 2 0). in An+l
such that, for every 4 =1,...,%, cj—l < cj in An+l,

and there exist 7 = Z2(J), k = k(j) such that e, ,,c.€
n+1 J=1""g

S4 i)

Now =X 1is weaker than <; still they coincide on
each A?Z;). Hence it is enough to find a function F :
amtt A which is not monotone with respect to < and
is monotone with respect to =. Indeed, an n-ary fac-
tor f(ik) of f 1is monotone exactly when f(ik) is

monotone, and the latter one is the restriction of f
to An+l

(Zk) "

Let S and T Dbe arbitrary posets: take an arbit-
rary a€S, and let ¢,d€T, ¢ < d. Then the function

le if = < «a,

flx) =
d otherwise

is monotone. Apply this fact to the case S = An+l with
=, T =4= {a],...,an_z,o,l} where 1 covers 0, ¢ =
=0,d=1, a-= (O,I,I,al,...,an_z). Then f is mono-
tone with respect to =. Put b = <0,0,1,a1,...,an_2>.
Then b X a fails, because there is no cEAn+1 with
b < ¢ < a, and there are no <,k with" a,b€A7Zi).
Hence it follows 0 = f(a) < f(b) =1, though » < a,

showing that f is not monotone with respect to <.
The inductivity of the remaining clones appearing
in Rosenberg's theorem will be refuted by a common

counter—-example. Define f':An+l - A as follows:
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. ‘ <
0 if I{al,...,an+1}l < n-1,
f(a],...,an+l) = <(p=~1 1if {al,...,an+l} = 4,
a =a , r < 8.
r 8
Then (Ci)
Fly2y0eeri,0,0,2+41,242,0.0,m-1) = ¢
holds for each <Z€4.
Now, let p be an h-ary (2 £ % < n) central re-

belongs to the centre of
(ci)l"-l(ch)
On the other hand,

lation on 4; suppose that ©0
{1,2,...,h)p. Then
show that f does not preserve op.

p and together
every factor of fF takes on at most two values one of

07
This
tions preserving o
this,

which is always thus, p 1is preserved by every

factor of f. means that the clone of all func-
is not inductive. In contrast with
the clone of all functions preserving a unary

central relation is inductive.

Finally, let T be a h-regular family of equiva-
lences on the set 4 = {0,!,...,n=-1} (2 < » £ n), and
denote by A the relation determined by 7. We can

T
assume without loss of generality that {0,1,...,h-1}

is a full system of representatives for some equivalence
(0,1,...,=1)A5) . Then (Cy),e..s(Cp_))

together show that f does not preserve A As in the

in T (i.e.,
7
preceding case, we can check that each factor of f

preserves A Thus, the clone of all functions pre-

7
serving AT is not inductive.

.ous function generates the clone of all homogeneous func-

4. AN APPLICATION

Consider the three-element set 4 = {0,1,2}. We

write rB(x,y) for 2x+2y{(mod 3), d for the dual
discriminator, and 23 for the ternary near-projection
on 4 (see, e.g. [1]). We prove that in the lattice of

clones on 4 the clone [r3] is covered by [rB,d].

This was discovered by MARCENKOV [4] , who determined the

lattice of clones of homogeneous functions on the three-

-element set. We give another proof here, using the in-
which is the same as the

2z, with Zh, =1,

is the base set of GF(3) AieGF(B)

in Proposition 2). Taking into account that

ductivity of the clone [r3]
clone of functions of form

where 4 and
(clone ('
[r*3,d]

(see Theorem 2 in

is the clone of all homogeneous functions on 4

(21,
in the following more symmetric way:

our assertion can be formulated
on the three ele-
ment set an arbitrary nontrivial linear homogeneous

function together with an arbitrary non-linear homogene-

tions.
We have to show that

o)
(%) [ry,f1 2 [ry,d]
whenever f 1is homogeneous and fé[r3]. First, let f
be a non-trivial pattern function. Then, as the minimal
clones of pattern functions on 4 are exactly [Zﬁ
and [d] (see [2], Theorem 1), Z3e[f] or deEI[f]

(%)
the former can be settled using the identity

holds. The latter case implies immediately, while
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(%%) d(x,y,z) = 13(23(y,x,z), 1’3(-’1712/)' 13(z,y,x)). f] (fl (2,y,2) 12,8) = d(x,y,z),

Secondly, let f be a non-pattern function. Then f4(f4(w,y,z),fa(y,z,x),f4(z,x,y)) = o (zsy,2),
f 1is at least ternary. It suffices, however, to con- / fz(g,y,fz(y,g,x))

ly(=,y,2),
sider only the case when f is exactly ternary. Indeed,

f7(31f7(zlx/y)ry) f’g(-%',ypz),

if »n > 3 1is the minimal integer with the property that

there exists an n-ary homogeneous non-linear f such fs(x,x,fs(x,y,z)) f3(x:y:2)r

that [rB,f] does not contain [r3,d], then, for each ‘ f3(x,z,f3(y,x,z)) = fln(x'y’z)'

roper factor T [r Tt] (€ir,,f]) does not contain '
P P f ’ 3’f TE 3 f ' . f]o(z,y,flo(g,y’x)) =p(x,y,z)
[rS,d] a fortiori, whence f e[r3]. As [r3] is in-

ductive, this implies € [r a contradiction. 3 )
' P fel 3]’ where p is Pixley's ternary discriminator (it is well-

Thus, let f Dbe a ternary homogeneous non-pattern ~known that de[p]).

function on 4 with fé[r3]. Such a function is deter-
mined uniquely by the valuwes f(0,1,2), F£(0,0,1), f(0,1,
0), and f(0,1,1). A trivial computation shows that

there exist 51 such functions and each of them can be Fo(Fg@rzyy) 1 Fo iy, 2), fy,2,2)) = 1y(2,y,2),

fs(xrfs(xrzly)rx) = f6(xlyrz) ’

]

obtained by a permutation of variables from exactly one fg(x,y,fg(y’x,g)) plx,y,2).

of the following ten functions:
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