DEFINABILITY IN THE EMBEDDABILITY ORDERING OF FINITE
DIRECTED GRAPHS

ADAM KUNOS

ABSTRACT. A directed graph G € 2 is said to be embeddable into G’ € Z if there exists
an injective graph homomorphism ¢: G — G’. We consider the embeddability ordering
(2,<) of finite directed graphs, and prove that for every G € 2 the set {G, G } is definable
by first-order formulas in the partially ordered set (2, <), where G denotes the transpose
of G. We also prove that the automorphism group of (2, <) is isomorphic to Z;.

1. INTRODUCTION

In 2009-2010 J. Jezek and R. McKenzie published a series of papers [1-4] in which
they have examined (among other things) the first-order definability in the substructure
orderings of finite mathematical structures with a given type and determined the automor-
phism group of these orderings. They considered finite semilattices [1], ordered sets [2],
distributive lattices [3] and lattices [4].

In this paper we consider (the isomorphism types) of finite directed graphs. Let us con-
sider a nonempty set V and a binary relation E C V2. We call the pair G = (V, E) a directed
graph or just digraph. The elements of V(= V(G)) and E(= E(G)) are called the vertices
and edges of G, respectively. The directed graph G” := (V,E~!) is called the transpose
of G, where E~! denotes the inverse relation of E. A directed graph is finite if the num-
ber of its vertices is finite. In the papers [1-4] the authors have investigated substructure
orderings, meaning that H < H’ if and only if H is isomorphic to a substructure of H’.
Differently, we investigate the embeddability ordering, namely we say that the directed
graph G is embeddable into G’ if there exists an injective map @ : V(G) — V(G') such that
(v1,v2) € E(G) implies (@(v1),9(v2)) € E(G'). It is obvious that isomorphic digraphs are
indistinguishable in terms of embeddability. So from now on by a given digraph G we al-
ways mean its isomorphism type, for we intend to work with embeddability. Let 2 denote
the set of isomorphism types of finite digraphs. For G,G’ € 2, by G < G’ we mean that
G is embeddable into G'. It is easy to verify that (2,<) is a partially ordered set. It is
also easy to see that the map G + G! (G € 2) is a non-trivial automorphism of the poset
(2,<). We will prove that there is no other non-trivial automorphism of (2, <).

Let (o7, <) be an arbitrary poset. An n-ary relation R is said to be definable in (&7, <)
if there exists a first-order formula W(x;,x5,...,x,) with free variables x;,x5,...,x, in the
language of partially ordered sets such that for any aj,a,...,a, € o, ¥(a1,az,...,a,)
holds in (&7,<) if and only if (aj,as,...,a,) € R. A subset of &7 is definable if it is
definable as a unary relation. An element a € &/ is said to be definable if the set {a} is
definable.

This research was realized in the frames of TAMOP 4.2.4. A/2-11-1-2012-0001 “National Excellence
Program—Elaborating and operating an inland student and researcher personal support system” The project was
subsidized by the European Union and co-financed by the European Social Fund.
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FIGURE 1. The “bottom” part of the Hasse diagram of (2, <).

In the poset (2,<) let G < G’ denote that G’ covers G. Obviously < is a definable
relation in (2, <). It is easy to see that if there exists an automorphism of an arbitrary
poset (7, <) that maps the element a € 7 to b € 7 then a and b are indistinguishable in
(o, <) with first-order formulas. This tells us, considering the fact that G — G is a non-
trivial automorphism of (2, <), that the “best” we can prove is that the set G := {G,G" }
is definable for every G € 2. We prove this in the next section.

2. THE DEFINABILITY OF THE SETS {G,G"}

Definition 1. Let us introduce the following digraphs:
E] : V(El) = {vl}, E(E]) = @,

Ly V(L) ={vi}, E(L1) ={(vi,v1)},

E2 : V(Ez) = {V17V2}, E(Ez) = 0, and

L:V(h)= {V1,V2}, E([z) = {(vl,vz)}.

Lemma 2. The digraphs E, L1, E», I are definable.

Proof. Ej is the unique digraph X € & for which X < G holds for every G € &. There
are two elements covering £y, namely L; (= LT) and E»(= ET), hence the set {L|,E,} is
definable. In this set only L has a unique cover so L; and E, are distinguishable, which
implies that L; = {L} is definable and so is E; = {E»}. I is the unique element among
the covers of E5 which has 4 covers and does not cover L; (see Fig. 1). O [l

Definition 3. For a positive integer n, we say that G € Z is on level n if [V (G)|+|E(G)| =
n. Let ., denote the set of all digraphs on level n.
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FIGURE 2. The digraphs O», A, I3, L, L.

It is an easy observation that if G < G’ then G’ is exactly one level above G, so our
definition corresponds to the levels of the Hasse diagram of (2, <) (see Fig. 1).

Lemma 4. The set ., is definable for every positive integer n.

Proof. %) was already defined in Lemma 2. .%;,;1 can be defined recursively: .#, is the
set of digraphs X € & for which Z < X holds for some Z € .7,. O (]

Definition 5. We say that the digraph X is n level under Z if there exist Z;,...,Z, € I
such that Z > Z; > --- > Z, = X. Similarly, we say that the digraph X is n level above Y if
there exist Yq,...,Y, € Z suchthatY <Y} <--- <Y, =X.

Definition 6. Let E, (n = 1,2,...) be the “empty” digraph with n vertices: V(E,) =
{vi,vayeooyvnt, E(Ep) =0. Let F, (n=1,2,...) be the “full” digraph with n vertices:
V(E) ={vi,v2,...,vn}, E(F,) =V(F,)? Let 7, = {G € 2 : |V(G)| = n} be the set of all
digraphs having n vertices.

Lemma 7. The digraphs E,, F, and the set ., are definable for every positive integer n.

Proof. The set .# = {E, :n € {1,2,...}} is definable, because its elements are those di-
graphs X € & for which L; £ X and I, £ X. In .# we have E| < E; < E3 < ..., therefore
it is easy to see that E,(= E[') is definable for every n. .7, contains exactly those digraphs
X € 9 for which E;, < X and E,, 1 ﬁ X, so it is definable. F, is the digraph X € 2 which
has n vertices and X < Z implies that Z has n+ 1 vertices. (I (I

Definition 8. Let us set notations for the following digraphs (see Fig. 2):
0,: V(Oz) = {vlaVZ}’ E(02) = {(Vlav2)v (Vzavl)}’

A:V(A) ={vi,v2,v3}, E(A) = {(v1,v3), (v2,v3) },

13 . V(13) = {V17V27V3}, E(I3) = {(Vl,V2)7(Vz,V3)},

L2 . V(Lz) = {V],Vz}, E(Lz) = {(vl,vl), (VQ,VQ)}, and

Loy 1 V(Lay) = {vi,m2}, E(Lat) = {(vi,v1), (v2,v2), (vi,v2) }-

Lemma 9. The digraphs O,, I, Ly, L and the set A are definable.

Proof. O>(= O%}) is the maximal digraph X that has 2 vertices and L; % X.

Let G € 2 be the following digraph: V(G) = {vi,v2,v3}, E(G) = {(v1,v2)}. Then G(=
GT) is definable since it is the only element covering both I, and E3.

Now the set A U I3 turns out to be definable, for it contains exactly those digraphs X € &
for which G < X, 0, £ X, E4 £ X and L; £ X hold. Now 5 = {13} is the unique digraph
X € AUL for which there exists X < Z such that W < Z implies X = W (with the notation
to be introduced in Definition 10, Z = O3), meaning Z covers only X. From this we also
get that A is definable because A = (AUR) \ k.

The digraph L; is the maximal X € & that has 2 vertices and for which I, £ X. Finally,
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the digraph L, is the only X € 2 having 2 vertices, being on level 5 for which L, <
X. O O

Definition 10. Let I,, O,, L, (n =2,3,...) denote the following digraphs:
V(L) =V (0,) =V (Ly) = {vi,v2,---,Vn},
E(L) ={(vi,v2),(v2,v3),..., (Vva—1,v) },
E(0,) =EL)U{(va,v1)} ={(v1,v2),(v2,v3),.-+, (Vu—1,Vn), (vu,v1) },and
E(L,) ={(v1,v1),(v2,v2),-- o, (vu,vu) }
Lemma 11. The digraphs Ly, Oy, I, (n =2,3,...) are definable.

Proof. L,(= LT') is the unique digraph X on level 2n that has n vertices and for which

L£X.
We define the digraphs O,(= O!') and I,(= I!) together, recursively. O, and I, were
already defined in Lemma 9 and Lemma 2, respectively. Suppose that O, b, ..., Oy, I,

have already been defined. Then O, is the unique digraph X that:

has n+ 1 vertices,
L<X,Li£X,0,£X,0, %X,

is on level 2n + 2, and

there exists no Z € A for which Z < X.

Finally, the digraph I, is the only element X for which X < O,,. ] O

Definition 12. Let G be an arbitrary finite directed graph with no loops. Let L(G) denote
the digraph that we get from G by adding loops to every vertex. For a set ¢ C Z of finite
digraphs with no loops let £ (¥) := {L(G) : G € ¥}.

Definition 13. For an arbitrary G € Z let M(G) denote the digraph we get by leaving all
the loops out from G. For a set ¢4 C 9 of finite digraphs put .Z (%) := {M(G) : G € 4}.
Lemma 14. Let Y C 2 be a definable set of finite digraphs with no loops. Then the set
ZL(9) is definable.

Proof. We define the binary relation

(D) o ={(G,M(G)):G e 7}

as the set of pairs (X,Y) € 22 for which Y is the maximal digraph with ¥ <X and L; £ Y.

Now Z(¥) is the set of those digraphs X for which there exists ¥ € ¢ such that X is the
maximal digraph with (X,Y) € a. O O
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FIGURE 4. The digraph O3 .
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FIGURE 5. The digraph O;(3,4,5).

Lemma 15. Let 9 C 2 be a definable set of finite digraphs. Then the set M (9) is defin-

able.
Proof. The set .4 (%) is definable as the set of those digraphs X for which there exists
Y € ¢ such that X is the maximal digraph with X <Y and L; £ X. O O

Definition 16. Let O,,; be the following digraph (see Fig. 4): V(O, ) = {vi,v2,...,Va},
E(Opr) = E(Oy)U{(vi,v1)}, which means that

E(On,L) = {(V],V[),(V],Vz), (VZ,V_?,),.. .,(anl,v,,), (vn,vl)}.

Lemma 17. The digraphs O, 1 (n =2,3,...) are definable.

Proof. On1(= 0,{ 1) is the unique digraph X on level 2n+ 1 for which O, < X and L; <
X. O O

Definition 18. For arbitrary finite directed graphs G|, G, ..., G, let us denote their dis-
joint uniun by Gy UG, U ... UG, = ULIGi, as usual.

Definition 19. Let ny,n,,...,n; be pairwise distinct integers greater than 1. Let

-k -k
O(i’l],l’lz, s 7nk) = i:10ni; 0L(”l)”27' "ank) = Ui:]onf’L'

Lemma 20. The digraphs O(ny,na,...,n;) and Op(ny,ny,...,ny) are definable.

Proof. O(ny,na,...,m)(= (0(ny,na,...,n;))7) is the unique digraph X having ny + ny +

-+ +ny vertices, being on level 2(ny +ny+- - - +ny) for which 0,, <X (i=1,2,...,k) and

there exists no Z € A such that Z < X.

Or(n1,n2,...,m)(= (Op(n1,na,...,m))7) is the unique digraph X being on level 2(n; +

ny + - +ng) +k for which O(ny,na,....m) <X, Ly <X and O,, 1 <X (i=1,2,....k).
O [l

Definition 21. Let i and j be different positive integers both bigger than 2. Let us define
the digraph O; j 11 (see Fig. 6) the following way. Let V(0;) = {v1,...,v;} and V(0;) =
{V/l, - ,V/j}. Now let V(O,'J)Ll) = V(O,’UO/),

E(0ij11) =E(0: U0;) U{(vi,v1),(v},V}), (vi,v)) }-
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FIGURE 7. A digraph X € &}, and a digraph W € O ,.

Let O[,jA’Lz: V(OLLLQ) = V(Oi,j.u), E(O,‘JﬁLz) = E(O,‘Jﬁu) U {(V/17V1>} and ﬁnally let
0i,j1 =M(0jj11), Oijr=M(O;12).

In words, O; j 11 consists of two circles which are connected by an L, (see Fig. 6).

Lemma 22. Let i and j be different positive integers both bigger than 2. Then the sets
Oi,j,Ll; 0,'_]'71‘2, 0,‘7}"’1 and 0,‘71‘72 are deﬁnable.

Proof. 517 ;L1 1s the set of those digraphs X that:

e have i+ j vertices,
e are on level 2(i+ j)+ 3, and
 Op(i,j) <X, Loy <X,L3£X.
0,; j,L2 consists of those digraphs X that:
e are on level 2(i+ j) +4,
e F, <X, and
e there exists Z € O; j 11 such that Z < X.

Finally, the definability of the digraphs 0,3 il 0~,-7 ;2 Tollows from Lemma 15. U O

Definition 23. Let ﬁfjl denote the set of those digraphs covering Z in & which are ob-

tained by adding an edge to Z that is not a loop, where Z € 0,', j.1. Similarly, let ﬁfj_z
denote the set of those digraphs covering Z in & which are obtained by adding an edge to
Z that is not a loop, where Z € O; ;. (see Fig. 7).

Lemma 24. The sets 0"

AIRE ﬁ:j,z are definable for every distinct positive integers i, j both
bigger than two.

Proof. @";rjl consists of those digraphs X for which Z < X for some Z € 0~i,j,1, Ly f X
and E; j+1 £ X. Similarly, ﬁ;rj , is the set of those digraphs X for which Z < X for some
yAS 0~i,j,2’ Ly f X and E;y j1q f X. O O
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Definition 25. For a finite directed graph G € 2, let </ (G) be the set of those digraphs
that can be obtained from G by reversing some edges.

Definition 26. Let u, v, w be 3 distinct vertices of a directed graph G € 7. Let G|y}
denote the digraph induced by the vertices u, v, w. Let [u,v,w|g denote the digraph for
which V ([u,v,w]g) := V (G} ) and

E([”vva W}G) = E(G|{u,v,w}) N {(”av)v (Va ”)a (vv W)v (W’ V)}

Lemma 27. Let G € & be a weakly connected digraph with vertices vy, ...,v, for which
0> % G. Then

{G,G"}y ={X € (G) : ([vi,vj,vlx = B) & (vi,vj,vilc = B),

(2) - -
([V,ij,Vk}X EA) <~ ([V,’,Vj,vk]G EA)}

Proof. We can suppose that G has an edge because otherwise G must have a single vertex
which is a trivial case. We can also suppose that (vi,v;) € E(G), for it is only a matter
of notation. Let H denote the right-hand side of (2). It is clear that for any X € H, there
is exactly one edge between the vertices v; and v, since H C &/ (G) and O, f G. Let us
suppose first that for an X € H, similarly to G, (vi,v2) € E(X) holds. We claim that X = G.
Let us consider an arbitrary pair of vertices v/,»” € V(X) that are connected by an edge in
X. Since G is weakly connected there exists a series

Vi = Wi, v =wa, Wi, e, Wi, V = wieg, V= wy
of pairwise distinct vertices such that for all j € {1,2,...,k — 1} there is exactly one edge
between the edges wj, w;i1. Let us consider the neighbouring vertices in this series. We
know that (w;,wz) € E(G),E(X). Observe that the direction of the edge between the
vertices w», ws in X is determined by the conditions
([wi,w2,wa]x = I) & (w1, w2,ws]G = h),
(w1, w2, w3lx € A) & ([wi, w2, w3l € A),
moreover it has the same direction in X as in G and so on, the direction of the edge between
the vertices wj, w41 is determined by the conditions
(wj—1,wjswinlx =k) & (wj-1,wj,wjnle = D),
(wj—1,wj,wjrilx €A) & ([wj—1,wj,wjsi]c €A)
and it has the same direction in X and G. We proved that the direction of the edge connect-

ing vertices v/, v is the same in X as in G, therefore we proved X = G. If we suppose the
converse: (v2,v1) € E(X) then X7 = G by the previous case. O O

Definition 28. For pairwise distinct positive integers i, j, k greater than 2 we define the
digraph O;_,j_ (see Fig. 8) the following way. Let V(0;) = {vi,v2,...,vi}, V(0;) =
vy, .V} and V(Og) = {V],vy, ..., v/} Now let V(0; ) = V(0; U O U Oy) and

E(Oiﬁjﬁk) = E(Oi U Oj U Ok) U {<v1’v1)7 (v/17vll)’ (V/l/vv/l/)’ (Vl 7‘/1)7 (V/lvv/ll)}'
O, jc i is defined similarly, by modifying the definition of O, ,; 4 naturally by replacing
(V)] with (v],v]).

In words, O, j_x and O;_, j consist of three disjoint circles O;, O, Oy with one loop
on each that are connected in the way i — j — k and i — j <— k according to the sizes of
the circles they are on (see Fig. 8).
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FIGURE 8. The digraphs O3_,4_,5 and O3_,4. 5.

Lemma 29. Let i, j, k be pairwise distinct positive integers bigger than 2. Then the sets
Oij—i and O;_, j. i are definable.

Proof. OH j—k is the set of those digraphs X that:

have i+ j + k vertices,

0L(i,j,k) < X,

are on level 2(i+ j+k&)+5,

there exist Z € O; j 1 and W € Oj 4 11 such that Z,W < X, and

L(5) <X.

We can define O, j«k almost the same way as 0, j—k» the difference is that we replace
the condition L(l3) < X by: there exists Z € .Z(A) for which Z < X. O O

Definition 30. Let G be a finite directed graph with n vertices and no loops and let v =
(vi,v2,...,vs) be a vector containing all the vertices of G in some fixed order. Let us define
the digraph K(G, ) the following way. Let us consider the circles O,11, 0,12, . . ., 02, With
V(Onyi) ={vij: 1 < j<n+i}. Now let

VK(GY) =V( | Ouri),

1<i<n

E(K(G,v)) =E( | 0md) UL(via,vi1) = (vi,v)) € E(G)}

1<i<n
U{(i1,vip) s 1 <i<n}.

In words we get K(G,v) from G by adding loops and big, differently sized circles to all
the vertices of G (see Fig. 9).

Example 31. Figure 9 shows K(I3,v) as an example (with vy = (v, vz,v3)).

This type of graph will be useful because in this graph—thanks to the big circles—we
can distinguish between the vertices of G which will allow us to define which pairs of
vertices are connected with how many edges, so we will be able to define the set o7 (G).

Lemma 32. For an arbitrary weakly connected finite digraph G € 9 with no loops the set
G = {G,G"} is definable.

Proof. First we consider all the pairs of vertices that have edges in both directions between
them and we clear one of the two edges for each such pair. We may get different digraphs
clearing different edges but as for the proof it does not matter which one we take so let us
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FIGURE 9. I3 and a corresponding K (13,v).

fix one such digraph G’ with O, £ G’ for the rest of the proof.
Letv = (vi,v2,...,v,) be a fixed vector of the vertices of G. We first define the set

= {K(G,v),K(G)",v)}.

This set contains exactly those digraphs X that:

(1) have (n+1)+(n+2)+---+ (n+n) (: W) vertices,

(2) Or(n+1,n+2,....,n+n) <X,

(3) Luy1 £X, )

(4) if there is no edge between the vertices v;, v; in G', then for all Z € Ountintj1,Z j{ X
holds,

(5) if there is an edge between the vertices v;, v; in G’ then thereisan Z € OH,;,H j.L1 for

which Z < X but forall W € ﬁyf+i7n+“, W £ X holds,
(6) if [v;,vj,vi] = I3, there exists a Z € O (1) (ntj)—s (nk) TOr which Z < X, and
(7) if [vi,vj,vi]c € A there exists a Z € O (1) s(ntj)e(n+k) for which Z < X.
The conditions (1)—(3) ensure the structure of “big” circles, determine the number of
loops. The conditions (4)—(5) tell how many and what kind of edges are to be drawn
between the “big circles”. The conditions (1)—(5) define the set

{K(Z,v):Ze (G}
while the conditions (6)—(7), by Lemma 27, choose the set # from it.
It is easy to see that the conditions (1)—(5) can similarly define the set
M :={K(Z,v):Z € o/ (G)}
with the following condition added (and writing G instead of G’ in every other condition,
naturally):
(8) if there are edges between the vertices v;, v; in both directions then there exists a
digraph Z € énﬂnﬂ-ﬂ for which Z < X but for any W € ﬁntri‘nﬂ 2» W ﬁ X holds.
Now the set
M= {K(G,v),K((G)",v)}
can be defined the following way. It consists of those digraphs X that:
9) X € 4, and
(10) there exists a digraph Z € J#{ for which Z < X.
Finally the set /% = {L(G),L(G")} consists of those X that:
(11) have n vertices,
(12) L, <X,
(13) X < Z for some Z € 4, and
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FIGURE 10. A digraph G and a corresponding H € 0'(G).

(14) X is maximal with the previous properties.

Finally we can prove the definability of G using Lemma 15, for .# (%) = {G,G"}. O
O

Let Gy, Gy, ..., G, be the weakly connected components of an arbitrary G € 2. Let
vi €G1,v2 € Gy, ..., vy € Gy, be arbitrary but fixed vertices. Let N = |V (G)|. Let us build
the digraph H the following way. We add the vertices v/, vj, ..., vy to the digraph G so
that they constitute an Oy circle. We make this digraph, having n+ 1 weakly connected
components, weakly connected by adding the edges (V|,vi), (v5,v2), ..., (V,,vn). Itis
clear that this contruction depends only on the choice of the v;’s.

Definition 33. Let us denote by &'(G) the set of all digraphs H that can be created this
way.

Example 34. In Figure 10 we can see a digraph G having 2 weakly connected components
and an H € 0(G).

Lemma 35. For every finite directed graph G € 9 with no loops the set {G,G" } is defin-
able.

Proof. We only need to deal with those G € Z that have more than one weakly independent
components, for we have dealt with the other case before. Let us consider a digraph H €
0(G). Since H is weakly connected and does not have loops, we know that H is definable
by Lemma 32. Let H' be the digraph that we get from H by adding loops to all the vertices
corresponding to G (that do not belong to the “big circle”).
Let [V(G)| = N. H' is the set of those digraphs X € & such that

o there exists Z € H such that Z is N level under X, and

o Ly<X,Onp £X.
In H' there are loops exactly on those vertices that correspond to G which allows us to
define .Z(G): it is the set of those digraphs X such that:

e X < ZforsomeZec H,

e X has N vertices and Ly < X, and

e X is maximal with the previous properties.

We are done since G = .#(.Z(G)) is definable by Lemma 15. O a

Definition 36. Let &, denote the following digraph (see Fig. 11). Let V(0,) = {vi,...,v,}
and let us define &, with V(&) = V(0,)U{v} and E(5,) = E(0,) U{(v1,v)}. Let &
denote the digraph that is obtained from &', by adding a loop the following way:

E(dy) =E(n) U{(nv)}.

Since &', is weakly connected and has no loops, &', is definable by Lemma 32.
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FIGURE 12. G for a given G with a given order of vertices.

Lemma 37. The digraphs 5’1,: (n=2,3,...) are definable.

Proof. &ﬁ is the set of those digraphs X such that:
e Z < X for some Z € c?,,, and
e L;<Xand O, £X. O
O

Lemma 38. For an arbitrary weakly connected finite directed graph G € 9 the set {G,G" }
is definable.

Proof. Letvy, va, ..., v, be the vertices of G. Let us consider the circles {On+i}?=1 so that
V(Ouii) = {vusij: 1 < j < n+i}. We define the digraph G, with

V(Gs) =V (GU (U:;]O"‘H)) , and

E(Gy)=E(GU (U;o,,ﬂ-)) U{(npin,vi): 1 <i<n).
In words, we add big circles to G and connect them to the vertices of G with edges pointing
in G’s direction. (Goz depends on the order of vy, v2, ..., v,. We do not emphasize this in
the notation because we need this structure only once and here it is enough to think of any
fixed order of the vertices.) An example of the construction is shown in Figure 12.

Since M(G ) is weakly connected and has no loops, the set .# (G ;) is definable by
Lemma 32. We can suppose that G has at least one loop because we dealt with the other
case in Lemma 32. Let v;;, vj,, ..., v;, be the list of vertices of G with loops. Goz is now
the set of those digraphs X such that:

e X is k level above some Z € . (G 4 ), and
o forevery 1 <[ <k there exists Z € 5”,LH_,~[ for which Z < X.
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Let Gg, =GU (ULIOH,-). Then G’d is the set of those X that:

e are n level under Z for some Z € Goz R
CRVAS 5’,,“ implies Z ﬁ X forevery 1 <i<n,and
o Oy <Xforeveryl <i<n.

Finally, G consists of those X that:

e X <ZforsomeZ¢c G/Oz,
e have n vertices and L; < X, and
o Z <X forsome Z € .4 (G). O

Lemma 39. For a digraph G € 2 that has at least one loop in every weakly connected
component, the set {G,G" } is definable.

Proof. We can still suppose that G has more than one weakly independent components, for
we have dealt with the other case previously. Let us consider a digraph H € &/(G). Since
H is weakly connected, the set A is definable by Lemma 38. Let n(> 1) be the number
of weakly connected components of G and m be the number of its vertices. Let H' be the
digraph that we get from H by leaving the edges out that connect the “big circle” to the
components of G, meaning we leave n edges out and get H' = G U O,,,. H' contains exactly
those digraphs X such that

e X is n level under Z for some Z € H,
e thereisno Z € &', for which Z < X, and
o 0, <X.

H' consists of n+ 1 weakly connected components from which exactly n have loops in
them, exactly the components corresponding to G. Finally G is the set of those digraphs X
such that:

X < Z for some Z € H',

[}

e X has m vertices and is on the same level as G,

e X has the same number of loops as G has, and

o Z <X forsome Z € .#(G) (#(G) is definable by Lemma 35). O
O

Theorem 40. For all G € 9, the set {G,G" } is definable.

Proof. We can still suppose G has more than one weakly independent components for the
same reason as above. Let us consider a digraph H € 0(G) again. By Lemma 38 the set
H is definable. We can define A’ just as in the proof of Lemma 39. Let G, denote the
digraph that consists of those weakly connected components of G that contain a loop. By
Lemma 39 the set Gy is definable. G is the set of those digraphs X such that:

X has the same number of vertices and is on the same level as G,

X < Z for some Z € H',

Z < X for some Z € .#(G), and

Z < X for some Z € Gj. O
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3. THE AUTOMORPHISM GROUP OF (2, <)

So far we know two automorphisms of (2, <), namely the trivial one and G — GT.
In this section we prove that there is no other, meaning that the automorphism group of
(2,<) is isomorphic to Z.

Lemma 41. G” < G U 0, implies G = G for every finite digraph G and integer 2 < n.
Proof. Our first easy observation is that X < O, implies X = X7 . Let us denote the weakly

connected components of G by {G,}seca. Let A = B U C such that b € B if and only if
G}, is embeddable into O,,. Now let us suppose that G' < G U 0,,. With the notation just

introduced ,
acA acA

Jdh < <UGa> 00,

acA acA

() (Ut = (o) () o

which obviously implies
3) UGZ§<UGC>Q<UG,,>UOH.
ceC ceC beB
———
=X
If there exists a ¢ € C for which GLT. <X, then GCT, < Oy, for X consists of weakly connected

components embeddable into O,,. Then, according to our first observation, GCT = G, which
means G, < 0,, a contradiction. This means there is no ¢ € C for which GCT < X so from

(3) we deduce . .
U GCT < U G., and

ceC ceC

T

( U Gc> < |JG..
ceC ceC
By transposing both sides the direction of the embeddability stays the same obviously, but
we get the converse, implying

T
( U GL.) = JG..
ceC ceC
Using our first observation once more, we obtain

T
(UGb> =Uai =
beB beB beB
Finally, putting together what we have we get

] (]
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FIGURE 13. The digraph X4.

03 0}
FIGURE 14. The digraph O3 and a corresponding 05.

Definition 42. Let us call X, (see Fig. 13) the digraph with
V(Xy) = {vvi,va,.. v}, E(Xy) ={(vi,v),(v2,v),..., (vy,v) }.

Theorem 43. The poset (2,<) has exactly two automorphisms, namely the trivial and the
one that maps every digraph to its transpose. Consequently, the automorphism group of
(2,<) is isomorphic to Z.

Proof. 1t is easily seen that an automorphism can only move the elements of & inside
definable sets, therefore from Theorem 40 it follows that it either does not move an element
or maps it to its transpose. Let us consider an automorphism ¢ : Z — 2 for which there
exists G € 2 such that G # G and ¢(G) = G. We must show that ¢ is the identity
function. This can be done by showing that adding G to the language of partially ordered
sets as a constant results in every element of & becoming definable. So let us add G to
the language of partially ordered sets as a constant and pick an arbitrary F € & that is
not isomorphic to its transpose (those digraphs that are isomorphic to their transposes are
definable by Theorem 40). Our goal will be to show that F is definable.

Let V(G) = {vi,v2,...,vn}. Lemma 41 lets us define G U O, as the unique element from
the definable set

{GU0w1,(GUO01) =G UO0u1}

that G is embeddable into. Let us use the notation

V(GUOpi1) =V(G) UV, v, .. Vi T
We create a digraph G’ (see Fig. 14) by adding edges to G U 0,1 as follows:
4) E(G)=E(GUOus1) U{(V1,v1), (a,v1), (V5,v1), oy (V15 vi1) 3

Now G is definable as the unique element of the set {G', (G')T} into which G U O, is
embeddable. X, is the unique element from the set {X,, 11, (X,:1)” } that is embeddable
into G’ so it is definable too. A is the unique element from the set {A,A”} that is embed-
dable into X;, ;1. So far we have proven that A is definable.

Now we do the same as above, but backwards. Let m be the number of vertices of F. X1
is the unique element in the set {X,,.1,(X,+1)’ } that A is embeddable into. Let F’ be
created from F analogously to how G’ was created from G in (4) (see Fig. 14). Now F’ is
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the only element from the set {F’, (F’)T} that X, is embeddable into. Next, F U O, 41
is the only element from the definable set

{FUOu1,(FUO0, 1) =FT U0,.1}

that is embeddable into F’. Finally, by Lemma 41, F is definable as the only element from
the set {F,FT} that is embeddable into F U O, 1. O O
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