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1 Introduction

Ectoparasites are parasites that live on or in the skin but not within the body. These
parasites, e.g. lice, fleas, mites have long been known as vectors of several infectious
diseases including epidemic typhus and plague. It is also commonly known that in
several cases, ectoparasites are transmitted to humans from animals, most often
by rodents. A well-known example for this is plague, caused by the bacterium
Yersinia pestis: the fleas transmitting this disease were transmitted to humans by rats
[5]. Other notable examples are Omsk haemorrhagic fever, caused by a Flavivirus
transmitted by ticks on water voles and muskrats [4]; rickettsialpox, caused by the
bacteria Rickettsia akari transmitted by mites on mice [6]; murine typhus, caused by
the bacteria Rickettsia typhi, transmitted by fleas, usually on rats [9]; scrub typhus
caused by the parasite Orientia tsutsugamushi, transmitted by trombiculid mites,
carried by mice. The latter disease is estimated to cause more than a million cases
annually in Asia with more than a billion people being at risk, which makes scrub
typhus the most medically important rickettsial disease [10] (Figs. 1 and 2).

In this work, we consider an infectious disease caused by a pathogen spread by
ectoparasites which are harboured by rodents. We assume that ectoparasites spread
by the rodents might be infectious or non-infectious. A given rodent or human can be
infested only by one type (either infectious or non-infectious) of the ectoparasite. A
human can be infested (and hence possibly infected) through adequate contact with
an infested (infected) rodent or another human. We assume that the ectoparasites
are not transmitted back from humans to the rodents. Due to infestation and/or
treatment, infested and infected humans may become susceptible again.
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Fig. 1 The pathogen can
jump from rodents to humans
via ectoparasites. Figure:
courtesy of Jilia Rost

Fig. 2 T'ransmlsS}o'n diagram Bz RQ
representing transitions
between the rodent and the
human compartments

The structure of the paper is as follows. In Sect. 2, we establish a compartmental
model describing the spread of the infestation and the disease. In Sect. 3, we study
the subsystem formed by the equations for the rodent compartments, while, using
the results of Sect. 3, we study the human subsystem in Sect. 4.

2 The Model

We denote by R(#) the compartment of susceptible rodents, 7(¢) stands for the
rodents infested by non-infectious parasites, while Q(¢) denotes the number of
rodents infested by infectious parasites. Similarly, we have three compartments
for the humans: S(¢) denotes susceptibles, /(¢) those infested by non-infectious
parasites, and J (¢) those infested by infectious parasites. A and d stand for the birth,
resp. death rates of rodents. The notation §; stands for the transmission rate between
the compartments R and 7', while f is the transmission rate between R and Q, resp.
T and Q. B and § stand for natural birth and death rates for humans, and p denotes
disease-induced death rate for the infected human compartment J. The parameter
vy denotes transmission rate between the compartments S and 7, while v, denotes
transmission rate from J to S and J to I. The parameter 1 denotes the transmission
rate from rodents infested by non-infectious parasites to susceptible humans, while
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12 is the transmission rate from rodents infested by infectious parasites to humans.
We denote by 61, resp. 6> the disinfestation, resp. recovery rate from compartments
" TSSSII)H; ihe above notations, our equations take the following form:
R'(t) = A= BIRIOT (1) — LR()Q(1) — dR(1),
T'(t) = BIROT (1) — BT (1) Q1) — dT (1),
Q'(1) = BRMQM) + BT () Q1) —d (1),
S'(ty = B—mSOT ) —mSO Q1) —viSOI (1) —vaSt)J (1)
—88@) +011(t) +6,J(1), (1)
') =mSOT () +viSOI ()
—ml () Q) —val () J () —81(t) —011(1),
J'(6) = mS® Q) + ml () Q) +vaSH)J (1) + val (1)J (1)
—38J(1) = pJ (1) =02 (1),

with positive initial conditions R(0), T(0), Q(0), S(0), 1(0), J(0) > 0. The phase
space

RS ={(R,T,0,5,1,J)eR: R, T,0,8,1,J >0}

is clearly invariant to system (1).

3 The Rodent Subsystem

3.1 Equilibria, Local Stability

The first three equations of (1) can be decoupled from the remaining ones. The
subsystem for the spread among rodents, given by

R'(t)=A—BRNOT{) — ROQW) —dR(1),

T'(t) = BIROT (1) — BT (1) Q(1) — dT (1), (@)

Q'(t) = BR(HQ) + BT () Q1) —d Q1)
has a similar structure as the model given by Dénes and Rost [1, 2], though, in
the present case, birth and death rates are not equal in contrast to the cited papers.
To calculate the equilibria of the full system, we start by calculating those of the

rodent subsystem (2), which are easily obtained by solving the algebraic system of
equations
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0=A— B RT — RO — dR,
0=pBIRT — poTQ —dT,
0=PHRO+BATQ—dQ,

resulting in the four possible equilibria
A d A_ d
Er = (4,0,0), Er= (4. 4~ 4&.0)
— (4 g A_ 4 — (4B d AR A _ d
Eo=(f.0.4-4). Ero= (G f — i 4 — ).

By introducing a single infested/infected individual into one of the equilibria Eg,
Er and Eg, we obtain three different reproduction numbers. If we introduce a
rodent infested by the non-infectious parasites into the disease- and infestation-free
equilibrium, we obtain the reproduction number r; = %.

Introducing a rodent infested by the infectious parasites into the equilibrium ERg,
we obtain the reproduction number r, = %.

If we introduce a rodent infested by the infectious parasites into the equilibrium
ET, we obtain again the same reproduction number r,. Finally, let us introduce a
rodent infested by the non-infectious parasites into the equilibrium E . In this case,
the expected sojourn time of an individual infected with the first strain in the 7-
compartment is (82 Q* + d)~!, and the number of new infections generated by this

individual is 81 R*, where R* and Q™ stand for the first, resp. third coordinates of
d2
It is obvious that the equilibrium Ex always exists, E7 exists if and only if 7| >
1, Eg exists if and only if 7, > 1, while E7¢ existsif and only if r > 1 and r3 > 1.
The following proposition on the local stability of the four equilibria can easily
be checked, see [3].

3)

the equilibrium E . This way we obtain the reproduction number 3 =

Proposition 3.1 The disease-free equilibrium Eg is locally asymptotically stable
ifr1 < 1 and r, < 1 and unstable if r1 > 1 or rp > 1. The equilibrium ET
is locally asymptotically stable if ri > 1 and r, < 1. The equilibrium Eg is
locally asymptotically stable if ry > 1 and r3 < 1. The equilibrium Et g is locally
asymptotically stable if r, > 1 andrz > 1.

3.2 Persistence

Before we can state our results on the persistence of the three compartments, we
will need some notions and theorems from [8].

Definition 3.1 Let X be a nonempty set and p: X — Ry. A semiflow &: Ry x
X — X is called uniformly weakly p-persistent, if there exists some ¢ > 0 such
that limsup,_, o, p(®(¢,x)) > e forallx € X, p(x) > 0. ® is called uniformly
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(strongly) p-persistent if there exists some & > 0 such that liminf;_, o, p(P (7, x)) >
eforallx € X, p(x) > 0. Aset M C X is called weakly p-repelling if there is no
x € X such that p(x) > 0and ®(¢,x) > M ast — oo.

System (2) generates a continuous flow on the phase space

X = {(R, T, 0) eRi}.

Theorem 3.1 R(t) is always uniformly persistent. T (t) is uniformly persistent if
rp > landry < 1 aswell asifry > 1 and r3 > 1. Q(t) is uniformly persistent if
rp > 1.

Proof To show uniform persistence of the susceptible compartment, we will use
the method of fluctuation (see, e.g., [7, Lemma A.1]). We denote by Ry, the limit
inferior of R(t), while 7% and Q* denote the limit superior of T (¢), resp. Q(¢)
as t — o0. Using the fluctuation lemma we know that there exists a time sequence
fy — oo such that R(#x) — Roo and R’(f;) — 0 as k — oo. If we apply this to the
equation for R(¢), we obtain

R'(tx) + BIR(t)T (1x) + B2 R (1) Q (1) = A.

It is easy to see that for the total rodent population we have R(¢)+T (t)+ Q(t) — %,
thus, 0 < T < % and 0 < Q% < %. Using this and letting k — oo we get
O

To show persistence of the infested compartments, we need some theory from
[8]. We use the notation x = (R, T, Q) € X for the state of the system and the

usual notation w (x) for the w-limit set of a point x defined as
ox)={yeX:H,lp>18t.t, > ooand O(t,,x) - yasn — 0o}.

We first show the persistence of T'(¢). Let p(x) = T. Let us consider the invariant
extinction space of T, defined as X7 = {x € X : p(x) = 0}. We follow [8,
Chapter 8] and examine the set Qyecx, = Uyex,w(x). Applying the Bendixson—
Dulac criterion with Dulac function 1/Q and the Poincaré—Bendixson theorem, we
obtain that all solutions in the extinction space X7 tend to an equilibrium.

Let us first consider the case 71 > 1 and r, < 1. Clearly, in this case 2 = {Eg}.
As a first step, we prove weak p-persistence. In order to apply [8, Theorem 8.17],
we let M1 = {Eg}. Then 2 is a subset of M1, which is isolated, compact, invariant
and acylic. We have to show that M is weakly p-repelling, from which we obtain
persistence.

Let us suppose that this does not hold, i.e. there exists a solution such that
limy— oo (R(1), T(1), Q(r)) = (4,0,0) and T(t) > 0. Then for any ¢ > 0, for
sufficiently large ¢, we have R(¢) > % — ¢ and Q(t) < ¢. For such ¢, we can give
the following estimation for 7(¢):
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T'(t) = T)(B1R() — pO(1) —d) > T(t) (B15 — pre — pre — d),

’31 > d follows from r; > 1. This

which is positive if ¢ is sufficiently small as
contradicts 7'(t) — 0.

In the second case, when o > 1 and r3 > 1, also E¢ exists, so we have Q =
{ERr, Eg}. Now we let M| = {Eg} and M, = {Ep}. Clearly, 2 C M; U M, and
{M1, M3} is acyclic and M| and M> are invariant, compact and isolated. We have to
show that M and M, are weakly p-repelling.

Suppose first that M is not weakly p-repelling. Then there exists a solution such
that lim;_, oo (R(?), T (¢), Q(t)) = (3,0 0) and T'(t) > 0. Again, for any ¢ > 0, for
sufficiently large 7, we have R(¢) > and Q(t) < ¢ and for such ¢, we can give the
following estimation for T7(¢):

T'(t) = T)(B1R() — pQ(1) —d) > T(t) (B4 — pre — pre — d),

where we used that 81 > B», which follows from rpr3 > 1. This expression is
positive for ¢ small enough, which contradicts 7 (¢) — 0.

Now let us suppose that M is not weakly p-repelling. Then there exists a solution
such that 1im, . oo (R(1), T (1), Q1) = (£, 0, 4 — £ ). Then, for any ¢ > 0, if 7 is

large enough, then R(¢) > % —e¢and Q) < % — ﬁ% + ¢ and for such r we can
give the following estimation for 7’ (¢):

T'() = TOBR@) = B0(0) — d)
10 (e[t 0] )
=70) (% — 22 — B+ Bo)e)

which is positive for & small enough as r3 > 1. This contradicts 7'(t) — 0.

Let us now turn to the persistence of Q(#) in the case r, > 1. We set p(x) = Q.
We have the equilibrium E if 1 < 1 and the two equilibria Eg and E7 if r; > 1.
Similarly to the case of T'(¢), we define the extinction space of Q as Xg = {x €
X:px)=0={(R,T,0) € Ri}. In this case we have Q = Uyex,w(x) = {Eg}
ifri <land Q = UxeXQw(x) = {Eg, E7}if ri > 1. We define M| = {Eg} and
M, = {E7}. Just like in the proof of the persistence of T (¢), €2 is invariant, and M
and M; are isolated and acyclic.

To show that M is weakly p-repelling, we can proceed in an analogous way as
in the case of T'(¢).

In the case r; > 1, we have to show that M; is weakly p-repelling. Suppose this
does not hold. Then there exists a solution such that lim,_, o (R(?), T (), Q(t)) =
( d A %, 0) and Q(¢) > 0. Then, for any ¢ > O, if ¢ is sufficiently large, then

R(t) > ,Bil —¢cand T(t) > § — % — & and for such ¢ we can give the following
estimation for Q(t):
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Q') = QO(BR(®) + T (1) — d)
>0 (B (5 )+ 82 (4 — 5 —¢) — )
=0 (% —d—2pae),

which is positive if ¢ is small enough, as r, > 1, which contradicts Q(¢) — 0.

We have shown uniform weak persistence in all cases; to show uniform (strong)
persistence, we apply Theorem 4.5 from [8]. Our flow is clearly continuous, the
subspaces X1, Xp, X \ X7 and X \ X are invariant. The existence of a compact
attractor is also clear, as all solutions enter a compact region after some time. This
means that all conditions of [8, Theorem 4.5] hold and thus we obtain uniform strong
persistence. O

3.3 Global Stability

Theorem 3.2

(1) Equilibrium Eg is globally asymptotically stable if ri < 1 andr, < 1.

(2) Equilibrium ET is globally asymptotically stable on X \ X1 if r1 > 1 and
ro < 1. ER is globally asymptotically stable on X .

(3) Equilibrium Eg is globally asymptotically stable on X \ X¢g if r» > 1 and
r3 < 1. Eg is globally asymptotically stable on X g ifr1 < 1 and E7 is globally
asymptotically stable on X g if ri > 1.

(4) Equilibrium Etg is globally asymptotically stable on X \ (X1 U X ) ifra > 1
and r3 > 1. E7 is globally asymptotically stable on X o and Eg is globally
asymptotically stable on Xr.

Proof First we note that the rodent subsystem (2) can be reduced to two dimensions
by introducing the notation F'(¢) := R(t) + T (¢). We obtain the system

F'()=A-BFnHQ@) —dF (),

, @)
Q'(1) = FF()Q() — dQ(1).

This system has two equilibria, (%, 0) and (%, % — %), with the latter one only
existing if r; > 1. We use the Dulac function 1/Q to show that there is no periodic

solution of (4):

) A=PFQ—dF 0 FQ-dQ _
oF 0 0 0 70
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Thus, applying the Bendixson—Dulac criterion, we obtain that there is no periodic
solution of (4), and by the Poincaré—Bendixson theorem we get that all solutions
tend to an equilibrium.

In the first two cases, when r, < 1, only the first equilibrium exists. Thus, in this
case Q(t) —» Oand F(t) — % as t — 00, and therefore, the second equation of (2)
takes the following form on the limit set:

T't)=p1 (4 —T®)T@) —dT(t) = yT(t) — piT*(1)

with y = (Aﬁ‘ —d).
The solution started from 7' () = 0 is the constant solution 7 (¢) = 0, while the
nontrivial solutions take the form

CeV!

— )
14 Lcert

for C € R;. Clearly, for r; < 1 (which is equivalent to y < 0), the solutions tend
to zero on the limit set, therefore, for all solutions, 7' () — 0 as t — oo.

Ifri > 0(@.e. y > 0), we have lim;— o T () = A — ﬂi on the limit set; using
the persistence of 7 (¢) we obtain that for all solutlons T(t)— 5 — ﬁi ast — 0o.

In the case r, > 1, also the second equilibrium exists. However we know
from the previous subsection that for r, > 1, the compartment Q(¢) is uniformly
persistent, so no solution with positive initial value in Q(#) can tend to the first
equilibrium. Thus, the limit of all such solutions is the second equilibrium and
o) — (% — iz) as t — 00. We can proceed in a similar way as in the case
ro < 1: on the limit set, we can transform the second equation of (2) to

T'0) =pi (- TO)T0) = B2 (4 = ) T —dT )
=yT@) - T (1)

with y = (dé 1 %). Similarly as above, we can see that the solution started from
T (t) = 0 is the constant solution 7' (¢) = 0, while the nontrivial solutions take the
form (5). In the case r3 < 1 (which is equivalent to y < 0), the solutions tend to 0,
while if r3 > 1 (which is equivalent to y > 0), we have lim;_, o T (¢) = E’z %,

and this is what we wanted to show.

Remark 3.1 We note that changing global asymptotic stability to attractivity, the
results of Theorem 3.2 also hold when the given reproduction numbers are equal to
1, instead of being smaller than 1.
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4 The Human Subsystem

Let us now turn to the human subsystem of (1) consisting of the last three equations.
In the sequel, we assume that the rodent subsystem is in a steady state, and
substitute any of the equilibria of the rodent subsystem into these equations to obtain
the system
S'(t) =B —mT*S{t) —mQ*S(t) —viSO)I (1) —vaS(t)J (1)
—8S@) +011(t) +6,J(1),
I'(t) = mT*S(1) +viS) (1)
—mQ* (1) —vnJO)I({t) —8I(t) —011(1),
J'(1) =m0 S(t) + m Q1 (t) + vaS(H)J () + vl (1) J (1)
—8J(@) — pJ @) — 02 J(2),

(6)

where T* and Q* are the second, resp. third coordinates in any of the four
equilibria (3).

To find all possible equilibria of (6), first we introduce the notation G(¢) =
S(t) + I(¢) to obtain the system

G'(1) = B—mQ*G(t) —nG1)J (1) = 8G(1) + 627 (1),

(M
J'(1) =mQ*G(t) + G (1) = 8J () — pJ (1) — 62J (1).

We will apply the Bendixson—Dulac criterion with Dulac function 1/J and the
Poincaré—Bendixson theorem to obtain that in this case, all solutions of system (7)
tend to one of the equilibria. Indeed, we have

0 B—mQ0*G —v,GJ —8G+0,J

G J
n 0 mO*G+v,GJ —8J —pJ —0J
aJ J
_mQ 8§ _mG _
J J J? ’

from which we obtain the assertion above.
This equation may have two equilibria:

D+Bva—a/(D—Bv2)24+4Bm Q*12(8+p) —D+Bvy++/(D—Bvy)?>+4B1; 0% 12 (5+p)
28vy ’ 2(8+p)v2
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and

D+BV2+\/(D—BU2)Z+4B'12 0*v(8+p) —D+Bv2—\/(D—sz)2+4an O*v2(8+p)
251 ’ 2(3+p)v2

denoted by E| and E», respectively, with D = 82+ Q*mp + 8(Q*n2 + 62 + p).
The first coordinate of E is always positive, since this coordinate may be rewritten
as

D + Bvy — /(D + Bv3)2 — 4B8v2(8 + 65 + p)
281)2 '

It can easily be seen that the first coordinate of E» is always positive.

Let us first consider the case 0* > 0, (i.e. when the rodent subsystem tends to
the equilibrium E g or E7p, which is equivalent to r, > 1). In this case, the second
coordinate of Ej is always positive, while second coordinate of E; is negative if
Q* > 0. Hence, in the case Q* > 0, there is only one equilibrium and using the
Poincaré—Bendixson theorem, we obtain that all solutions tend to Ej.

In the case r; < 1, i.e. when Q* = 0, the system takes the simpler form

G'(t) = B—0nG)J () —8G(t) +6,J (1),

8
J' (@) =vG@)J () —8J(t) — pJ(t) —62J (). ®)

This system has the two equilibria

B S+t +p Bvy—80+62+p)
ey = —,O and ey = s .
) 1) 12(8 + p)

Now, it is easy to see that the first of these equilibria always exists, while the second
one only exists if

RS = —sz > 1
0" 508462+ p)

Just as above, we obtain that all solutions of (8) tend to one of these equilibria. In
the case R({ < 1, this equilibrium is clearly e;. Using similar methods as for the
rodent subsystem, we will show that J(¢) is always uniformly strongly persistent
if R({ > 1. To show this, we choose p(x) = J. Consider the extinction space X ;
defined as X; = {x € R%r : p(x) = 0}; now Q = M = e, which is obviously
invariant, isolated and acyclic. Let us suppose that M| is not weakly p-repelling, i.e.
there is a solution which tends to e; such that J(¢) > 0. Then, given any ¢ > 0, for
t sufficiently large, we can give the following estimate for J'(¢):

J' (1) =vaG@)J (@) —8J(t) — pJ(t) — 62 (1)

>J(t)(v2§—v28—8—,0—92),
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which is positive as R({ > 1. Hence, in the case Ré > 1, all solutions of (8) started
with positive initial value J(0) tend to the equilibrium e5.

We have now finished the analysis of (7) and showed that in each case, depending
on the reproduction numbers 7, and Ré , all solutions of this equation tend to an
equilibrium. Let us denote by J* the second coordinate of this equilibrium and
substitute this value into the first two equations of (6) to obtain

S'(t) =B —mT*S@t) —nQ*St) —viSH)(t) — v2J*S(1)
—88(t) +011(t) + 627",

I'(t)y = mT*S(t) +viSOI (1) — 2 Q*1 (1)
— I I(t) = 81(t) — 01 1(1).

€))

This equation has a similar structure as (7). The two possible equilibria of system (9)
are

(vl(B+921*)+P—J(u1(B+921*)—P)2+H vl(B+921*)—P+J(u1(B+621*)—P)2+H)
2v1 K ’ 2v1 K

and

(vl(B+921*)+P+J(u1(B+921*)—P)2+H vl(B+921*)—P—J(u1(B+921*)—P)2+H)
2v1 K ’ 2v1 K

denoted by £ and &, respectively, where the notations K, P and H are defined
as K =@ 4+mO*+vJ*),P=KOB&+6 +mT*+ Q0"+ vyJ*) and H =
4nvi T*(B + 6, J*)K . Again, we can apply the Bendixson—Dulac criterion, in this
case with the Dulac function 1/1, to show that all solutions tend to an equilibrium:

0 B—nT*S —n20*S —viSI —vpJ*S — 885+ 011 +6,J*

as 1
0 mT*S 4+ viSI —pQ*I — v J*I — 81 — 011
al i
-mT* mQO* wJ* 8§ mT*S
I N AR

which is negative for all 7, S > 0.

Similarly as in the case of the equilibria of system (7), it is easy to see that
the first coordinates of £; and & are always positive, while the second coordinate
of & is negative if T* > 0 (i.e. when r; > 1 and r, < 1, meaning that E7 is
globally asymptotically stable or r» > 1 and 3 > 1 meaning that E7g is globally
asymptotically stable). Hence, in this case there is only one equilibrium, and by the
Poincaré—Bendixson theorem, all solutions tend to this equilibrium.
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From the above, we obtain that if 7* > 0 and Q* > 0, i.e. when r» > 1 and
r3 > 1, then all solutions tend to the equilibrium (£ 1 512, Ef), where upper index i
denotes the ith coordinate of a given equilibrium.

In the case T* > 0 and Q* = 0, i.e. whenr; > 1 and r, < 1, & is the only
equilibrium of (9), and the reproduction number Ré determines which equilibrium
is the limit of the solutions of (8). Hence, if r; > 1, » < 1 and R({ < 1 then all
solutions of (6) tend to the equilibrium

(511, £, 0) :

while if r; > 1,r, < 1and R({ > 1 then all solutions of (6) tend to the equilibrium

<51 g2 By, — 80+ 6, +,0))
! v2(8 + p)

In the case T* = 0 (i.e. when r; < 1 and r, < 1, meaning that Eg is
globally asymptotically stable or 7o > 1 and r3 < 1, meaning that E is globally
asymptotically stable), system (9) reduces to

§'(t) = B—mQ*S(t) —wi S (1) — vaS(t)J*
—88@) +011(t) + 6,J%, (10)
I'(t) = viSOI (1) = mQ*1(t) = vl (1)J* =81 (1) — 011 (1),

which has two equilibria

. _(an*+sz*+8+91 vi (B +ezJ*>—<an*+v2J*+5)(n2Q*+sz*+a+el>>
: vl ’ V(2 O* + vaJ* +0) ’

resp.

B+ 6,J*
er= (s ).
mO*+vJ*+46
One may easily observe that the second equilibrium always exists, while the sign

of the second coordinate of the first equilibrium depends on the parameters and the
limits Q* and J*: the first equilibrium exists if and only if

I V(B 4+ 62J%)
Ry = > 1
M Q* + vJ* +8)(mO* +vJ*+8+06))

In the case R(I) < 1, there is only one equilibrium, &, so it is clear from the above
that all solutions of (6) tend to the equilibrium
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*
<% 0, ]*) )
mO* +wvJ*+4
In the case R(’) > 1, we will again use persistence theory to show that all solutions
of (10) tend to the equilibrium &£;. We now choose p(x) = [ and consider the
extinction space X == {x € Ri : p(x) = 0}. Tt is clear that now Q = M, = {&,},
which is invariant, acylic and isolated. Let us suppose that M is not weakly p-

repelling, i.e. there exists a solution which tends to & such that 7(¢) > 0. Then, for
any ¢ > 0, for large enough ¢, we can estimate I'(¢) as

I'(t) =1 S@#) —mQ* —vJ* =8 —6)

B+ 0,J*
1(t —_—— +¢ ) — fewJt—-8-01],
> ()<vl(n2Q*+v2J*+8 ) mo" —n 1)

which is positive as Ré > 1. From this we obtain that in the case R{) > 1, all
solutions of (10) started with positive initial value 7(0) tend to &;.

On the w-limit set of solutions of (6), Eq.(10) holds, which has at most two
equilibria. Hence, the global attractor of (10) consists either of a single equilibrium
or two equilibria and connecting orbits between them. When there is only one
equilibrium, then the solutions of (6) tend to this equilibrium. When two equilibria
exist, then J(¢) is uniformly persistent, hence, the w-limit set of positive solutions
of (6) can only be the equilibrium with the positive J coordinate.

Now we go through all possibilities regarding the value of Q* and J* to give
a precise characterization. In the case Q* > 0 (i.e. r; > 1), there is only one
equilibrium of (7), hence J(¢) tends to E % This means that in the case r, > 1 and
R(’) < 1 all solutions of (6) tend to the equilibrium

B+ 60,E}

4 9OaE]2 )
772(§—E)+V2E12+5

while in the case r, > 1 and R(I) > 1, all solutions of (6) tend to the equilibrium

MmO + 1 E2+8+01 v (B+0,E2)— (2 Q*+v2 E3+8) (12 O* +12 E3+8+6)) E2
Vi ’ V1 (112 Q%+, E?+8) vl

. _ (A d
In the case r, < 1 (i.e. Q* = 0), the reproduction number Ré determines the

limit of J(¢). Inthe case r; < 1,r; <1, Ré <1, Ré < 1, all solutions of (6) tend

to the equilibrium
( 5 )
—,0,0).
3
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Inthe case rj < 1,72 < 1, R} < 1, R} > 1, all solutions of (6) tend to the

equilibrium

IA

5+61 B &40 0
V1 75 V1 ’ ’

Inthecaser; < 1, rp 1, R({ > 1, R(I) < 1, all solutions of (6) tend to the

equilibrium

IA

9

<8+92+,0 sz—8(5+92+,0))
) ’ v2(8 + p) '

Inthecaser; < 1,rmn <1, Ré > 1, R(I) > 1, all solutions of (6) tend to the
equilibrium

<I)ZB+91,0~|—5(91—92) 66 — B §+6,+p _9_1 U23—8(3+92+,0)>
V18 + p) v+ p) V2 vy’ v2(8 + p)

5 Discussion

We have established a six-compartment model to describe the spread of an infectious
disease spread by ectoparasites which are transmitted to humans by rodents.
We have identified three reproduction numbers for the rodent subsystem. These
threshold numbers determine which of the four possible equilibria of the rodent
subsystem is globally attractive. Assuming that the rodent subsystem is already
in a steady state, we studied the human subsystem and calculated the possible
equilibria of this subsystem depending on which of the rodent equilibria is globally
attractive. We also determined which equilibrium of the human subsystem is
globally attractive. Our results show that in each case, depending on the different
reproduction numbers, one equilibrium is globally attractive. Our results show that
if one type of the parasite (infectious or noninfectious) is present in the rodent
population, then the same type will also be present in the human population. Using
our results, we may study the possibilities of eradicating the disease. There are
three main ways to control the disease: we may decrease the transmission rates
11,2 between humans and rodents, increase the disinfestation rates 61 » of humans
to shorten the duration of infestation of humans and we may reduce d which means
culling of the rodents.

Controlling only the human population (increasing the disinfestation rates 61 »)
only results in a mitigation not sufficient to eradicate the disease. The same holds for
decreasing the transmission rates from rodents to humans, except the extreme case
of decreasing the transmission rates 7 2 to zero. In this latter case, one may decrease
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the human reproduction numbers to be less than 1 by increasing the disinfestation
rates 61 2 and thus eliminate the infestation.

By controlling the rodent population (increasing the death rate d), one can reduce
the reproduction numbers ] and r, to be both less than 1 and this way one may
eliminate the infestation among the rodents. Also in this case, infestation from
rodents to humans can be eliminated and this way the human reproduction numbers
determine which equilibrium of the human subsystem will be globally attractive.
Hence, also in such a case, by increasing the disinfestation rate among humans may
result in the elimination of the parasites and of the disease.
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