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Is a convex plane body determined by an isoptic?

�Arp �ad Kurusa ∗

Abstract. We prove that two convex bodies coincide if they have a common
isoptic with the same angle � 2 (0; � ) so that 1 � �=� is an irrational or
rational number with even numerator in its lowest terms. In the remaining
cases we prove that two convex polygons with a common isoptic coincide, and
a common isoptic of di�erent rotationally symmetric bodies is a circle.

1. Introduction

The set of points where a compact convex domainB with nonempty interior
(such domains are calledconvex bodies , the strictly convex ones are calledovals or
ovoid bodies , and the ones bounded by polygons are called convexpolygonal bodies
or simply convex polygons in this paper) subtends a constant angle� ∈ (0; � ) is
called the � -isoptic of the convex body B . The (�= 2)-isoptic is called orthoptic .

A short list of isoptics of some important, but not necessarily convex plane
curves can be found in [10]; further results on isoptics and the strongly related
inner isoptics can be found in [7], [5].

This article considers the following question:

(1:1) Is a convex plane body determined by a � -isoptic of it?

In 1950 Green [1] proved that if the � -isoptic of a convex body D is a circle,
then D must be a disc provided 1− �=� is an irrational or rational number with even
numerator in its lowest terms. If the numerator is odd, then there are continuum
many bodies not even similar to each other with that circle as their� -isoptic.

In 1971 W. Wunderlich [9] showed the existence of continuum many bodies in
all ellipses E , which have numerical excentricity near 1, so that the � -isoptic of all
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Is a convex plane body determined by an isoptic? 3

Proof. Let p be the support function of the convex bodyB. Any point r �
B of the

� -isoptic B� is the intersection of the tangents

p(' ) = x cos' + y sin ';

p(' + �� ) = x cos(' + �� ) + y sin(' + �� ):

Solving the system of these equations leads to

x =
p(' ) sin(' + �� ) � p(' + �� ) sin '

cos' sin(' + �� ) � sin ' cos(' + �� )
=

p(' ) sin(' + �� ) � p(' + �� ) sin '
sin ��

;

y =
p(' ) cos(' + �� ) � p(' + �� ) cos'

sin ' cos(' + �� ) � cos' sin(' + �� )
=

p(' + �� ) cos' � p(' ) cos(' + �� )
sin ��

;

and hence

(2:2) r �
B (' ) =

1
sin ��

(p(' + �� )u? (' ) � p(' )u? (' + �� )) :

This proves the theorem.

Let B and G be convex bodies with support functionspB and pG, respectively.
If their � -isoptics coincide, that is B� � G � , then there is a function � : S1 ! S1 so
that ' 7! ' + � (' ) is bijective on S1 ! S1, and r �

G(' ) = r �
B (' + � (' )), that, by

(2.2), means

(2:3)
pG(' + �� )u(' ) � pG(' )u(' + �� )

= pB (' + � (' ) + �� )u(' + � (' )) � pB (' + � (' ))u(' + � (' ) + �� ):

This equation translates to the system of equations

pG(' + �� ) cos(' ) � pG(' ) cos(' + �� )

= pB (' + � (' ) + �� ) cos(' + � (' )) � pB (' + � (' )) cos(' + � (' ) + �� );

pG(' + �� ) sin(' ) � pG(' ) sin(' + �� )

= pB (' + � (' ) + �� ) sin(' + � (' )) � pB (' + � (' )) sin( ' + � (' ) + �� ):;

which has the only solution

pG(' ) sin(�� ) = � pB (' + � (' ) + �� ) sin(� (' )) + pB (' + � (' )) sin( � (' ) + �� );

pG(' + �� ) sin(�� ) = pB (' + � (' ) + �� ) sin(�� � � (' )) + pB (' + � (' )) sin( � (' )) :

These equations are consistent if and only if

(2:4)

pB (' + � (' )) sin( � (' )) � pB (' + � (' ) + �� ) sin(� (' ) � �� )

= pB (' + �� + � (' + �� )) sin( � (' + �� ) + �� )�

� pB (' + �� + � (' + �� ) + �� ) sin(� (' + �� )) :

With these we have just proved the following result.
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In the other hand, the segmentsAB and A0B 0 subtend the same constant visual
angle � on an arc of the circle C 2 � that contains M , hence A; B; A 0; B 0 2 C
follows and therefore`0 \ P = f Ag = `0 \ C n f M g = f A0g = `0 \ P 0, which was to
be proved.

(b) If M is an intersection of di�erent circles C� and C+ of �, then there are
edges of both convex polygonsP and P0 that are collinear to M , and, since`0 and
`M are tangent to both convex polygons, these edges are oǹ0 or `M .

By symmetry in logic, we only need to consider three cases:
(b1) AB = `0 \ P , A0B 0 = `0 \ P 0, f Cg = `M \ P and f C0g = `M \ P 0,
(b2) AB = `0 \ P , f A0g = `0 \ P 0, f Cg = `M \ P and C0D 0 = `M \ P 0,
(b3) AB = `0 \ P , A0B 0 = `0 \ P 0, CD = `M \ P and C0D 0 = `M \ P 0.

In all these cases there is an open neighbourhoodUP of M that any tangent line of
P through any point of UP intersects P in only one of the points A and B . By the
same clear reason, there is an open neighbourhoodUP 0 of M that any tangent line
of P0 through any point of UP 0 intersects P0 in only one of the points C and D.
Let U = UP \ U P 0.

(b1) (b2) (b3)

Observe, that if a tangent ` of P intersects a circular arcC \P � in two points, then
the segment of these intersection points contains the touching points̀ \P , because
P � is star-shaped from any point ofP. Therefore, if a tangent ofP through a point
P 2 C+ \ U cuts P in A, then any tangent that intersects C� \ U cuts P in B ,
hence by renaming the circlesC� and C+ of �, we may assume that for any point
P 2 C+ \ U the tangent of P through P passesA, and the tangents of P through
C� \ U contain B .

If the point B 0 exists, then by renaming the pointsA0 and B 0, we may assume
that for any point P 2 C+ \ U the tangent of P through P passesA0, and the
tangents of P through C� \ U contain B 0.

If the point D exists, then by renaming the pointsC and D, we may assume
that for any point P 2 C+ \ U the tangent of P through P passesC, and the
tangents of P through C� \ U contain D .
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Choose a pointP0 2 B � in the halfplane S+
` of `, which is to the right of

��!
PQ,

so that P0 is so near toP that no straight line in L intersects a small neighbourhood
of the arc B�

0 of B� that connects P to P0 (except of course`).
Let P1 be the only such point of B� that P0P1 is a tangent line of B that

separatesG [ B from Q. If such point does not exist, then there must exist a
unique point P1 2 B � so that P0P1 is a tangent line of G that separates G [ B
from Q.

For simplicity we assume the �rst case, that is, P1 is the only such point of
B� that P0P1 is a tangent line of B, P0P1 is outside ofG and B is on the left-hand
side of

���!
P0P1.

Let P2 be the only such point of B� that P1P2 is a tangent line of G and G is
on the right-hand side of

���!
P1P2. Then, obviously, P1P2 intersects B.

Given the point P2k on B� for somek 2 N, let P2k+1 be the only such point of B�

that P2k P2k+1 is a tangent line of B and B is on the left-hand side of
������!
P2k P2k+1 .

Then, obviously, P2k P2k+1 is outside of G. Next, let P2k+2 be the only such point
of B� that P2k+1 P2k+2 is a tangent line of G and G is on the right-hand side of
��������!
P2k+1 P2k+2 . Then, again obviously, P2k+1 P2k+2 intersects B.

This gives an in�nite sequencef Pi : i 2 Ng of points on B� so that the points
of even indexes are inS+

` and the points of odd indexes are inS�
` .

Since both B and G are rotationally symmetric with respect to the angle 2�� ,
Lemma 5.3 implies jP2i j = jP2i +1 j and jP2i +1 j = jP2i +2 j, respectively. Thus, we
obtain jP2i j = jP2i +1 j = jP j for all i 2 N.

Let 0 < 
 i < �= 2 be the angle of the straight line ` i = Pi Pi +1 to `. It is
an immediate consequence of the construction of the pointsf Pi : i 2 Ng, that
the sequence
 i is strictly decreasing, hence there exists 0� 
 1 = lim i !1 
 i <
�= 2. Since every straight line` i intersects the segmentPQ, we infer the existence
of a common tangent `1 = lim i !1 ` i . But `0 was chosen so thatB�

0 is not
intersected by any common tangent, sò 1 = ` follows, hence limi !1 P2i = P and
lim i !1 P2i +1 = Q.

We have proved that B� is a circular arc near any endpoint of any isolated
common tangent and the radii of the circles of these arcs are equal.

SinceL is �nite, every common tangents of B and G are isolated.
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