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The invertibility of the Radon transform on
abstract rotational manifolds of real typ e

�Arp �ad Kurusa

Abstract. Injectivity and supp ort theorem are proved for the Radon trans-
form on abstract rotational manifolds of real typ e. The transform is de�ned by
integration over certain rotational submanifolds of co dimension 1. Our tech-
nique is to use the theory of spherical harmonics. We also get uni�ed closed
inversion f ormulas for the spaces of constant curvature.

1. Intro duction

Nowadays the Radon transform is extensively studied in several settings
[1,5,6,7,8,9,12]. The main questions on every spaces are the invertibility of the
transform and the support theorem [6].

We take the Radon transform on abstract rotational manifold M of real type
[14] so that it integrates over the rotational submanifolds of codimension 1 by the
natural measure induced by the original Riemaniann metric. Such a rotational
submanifold is obtained by rotating a geodesic around the orthogonal geodesic
joining its closest point to the base point of M . The manifold of these 'hyperplanes'
is denoted by N . Precisely, the Radon transform of the function f : M ! R is

Rf : N ! R Rf (� ) =
Z

�
f (x) dx;

where dx is the natural measure on� 2 N .
In this paper we will generalize and unify several results on the Radon trans-

forms [5,6,8,9] by proving the support theorem and the invertibility of this Radon
transform. Then we prove inversion formulas on the spaces of constant curvature
[8,9] in this setting that makes the results of [8,9] appear in uni�ed form. From
this point of view also the points of the proofs are more clear then they are in [8,9].
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Figure 1.

determined by the angle� at the origin O and by the distanceh of H or (x of X )
from the origin. We have two equations for these data.

sin � = g(h)=g(x) (sine law); d =
Z x

h

g(r )
p

g2 (r ) � g2 (h)
dr (cosine law);

where � denotes the angle atX and d denotes the distance betweenH and X . In
the following, we shall frequently use the angle� and the distanced as a function
of � when the point X or H will be �xed.

We shall parameterize in these spaces a hyperplaneW 2 N by its distance p
from O and the unit vector ! 2 TO M so that the corresponding geodesic ExpO t!
is perpendicular to W at the point Exp O p! . This hyperplane is denoted by� (!; p ).
There may be some problems with the uniqueness of this parameterization going
away from the origin, therefore we have to modify a little bit the de�nition of the
rotational manifold. We shall say that I g is the geodesic injectivity radius of the
origin if it is the maximal number that the above parameterization of the geodesics
is injective on Sn� 1 � (0; I g). To avoid the non-uniqueness, we shall restrict the
rotational manifolds to the set ExpO

�
Sn� 1 � (0; I g)

�
. As one can easily seeI g is

in�nite on the hyperbolic space and �= 2 on the unit sphere.
The normals of the hyperplanes make an obvious bijection between the set

of hyperplanes passing through the pointx and the elements of the unit sphere in
Tx M . Therefore the surface measure of this unit sphere is projected onto the set
of hyperplanes passing through the pointx. Let � x be this projected measure and
F : N ! R. Then the dual Radon transform of F is

Rt F : M ! R Rt F (x) =
Z

x2 �
F (� ) d� x (� ):

To make easier our further investigations we now introduce the boomerang trans-
form. A function f on M de�ne naturally a function F on N by the equation
F (� ) = f (x), where x is the point of � nearest to the origin. If this correspondence
is denoted by P then the boomerang transform B is Rt P, i.e. Bf = R t Pf .
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If n = 2 we get immediately that

(Rf )m (h) =
Z � 0

� � 0

f m (x(� ))
dd
d�

exp(im� ) d�

and by the substitution � = arccost this results in

(Rf )m (h) = 2
Z 1

cos � 0

f m (y(t))
dd
d�

(arccost)
cos(m arccost)

p
1 � t2

dt;

where y(t) = x(arccost). In higher dimension one has to use the Funk-Hecke
theorem to get the equation

(Rf ) l;m (h) =
jSn � 2j
C�

m (1)

Z 1

cos � 0

f l;m (y(t))gn � 2(y(t))
dd
d�

(arccost)C �
m (t)

�
1 � t2� n � 3

2 dt:

Making use of dd
d� = dd

dx
dx
d� together with the cosine law the substitution s = y(t)

gives

(3) (R f )m (h) = 2
Z x ( � 0 )

h
f m (s)

g(s)
p

1 � ~y2(s)
p

g2(s) � g2(h)

cos(m arccos ~y(s))
p

1 � ~y2(s)
ds

for dimension 2 and

(Rf ) l;m (h) =
2jSn � 2j
C�

m (1)

Z x ( � 0 )

h
f l;m (s)gn � 2(s)

g(s)
p

1 � ~y2(s)
p

g2(s) � g2(h)
�(4)

� C�
m (~y(s))

�
1 � ~y2(s)

� n � 3
2 ds

for higher dimension, where the function ~y is the inverse ofy.
To prove our assertion (i) we now have to consider the kernel of the integral

equations (3) and (4). It is immediate from the L'Hospital law that

lim
� ! 0

g(x(� )) sin �
p

g2(x(� )) � g2(h)
= lim

� ! 0

p
g2(x) � g2(h)

_g(h) _x
= lim

� ! 0

g(h) _x

•x
p

g2(x) � g2(h)
:

Substituting x(� ) for s and multiplying the two last limit we obtain, that

lim
s! h

g(s)
p

1 � ~y2(s)
p

g2(s) � g2(h)
= lim

� ! 0

g(x(� )) sin �
p

g2(x(� )) � g2(h)
= lim

� ! 0

�
g(h)
_g(h)•x

� 1=2

;
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Theorem 4.1. If f 2 L 2 ( M n ), then the Radon transform is

Rf (�!; h ) =
Z

S n � 1
�!; cos � 0(h )

f
�

!; ~�
� � (h)

h !; �! i

�� ( h !; �! i 2 =� 2 (h) + � )� n= 2

g(h)
d!:

and the boomerang transform is

Bf (�!; x ) =
Z

S n � 1
�!; 0

f (!; ~� ( h !; �! i � (x)))
(1 + � h !; �! i 2 � 2 (x)) � 1

_g(x)
d!:

Pro of. To obtain these formulas from (2) and (6) we only have to calculate the
functions x and d, respectively h and � , if the point H , respectively X , is �xed
(See Figure 1).

Since the projector function � makes geodesic correspondence between the
spacesM n and Rn , the functions x and h comes easily from the de�nition of � to
be x(� ) = ~� ( � ( h )

cos � ) and h(� ) = ~� (� (x) cos� ). Then one can immediately get the
functions d and � from x and h by the corresponding sine law.

The following propositions come easily from (3); (4); (7); (8) by using the func-
tions x and h determined above. For the sake of simplicity we denote the geodesic
injectivity radius by L .

Prop osition 4.2.
i) If f 2 L 2 ( M 2 ) then

(9) (R f )m (h) =
2

_g(h)

Z L

h
f m (q)

cos(m arccos(� (h)=� (q)))
p

1 � � 2 (h)=� 2 (q)
dq:

ii) If f 2 L 2 ( M n ) (n > 2) then
(10)

(Rf ) l;m (h) =
j Sn� 2 j

C�
m (1) _g(h)

Z L

h
f l;m (q)C �

m

�
� (h)
� (q)

�
gn� 2 (q)

�
1 �

� 2 (h)
� 2 (q)

� n � 3
2

dq:

Prop osition 4.3.
i) If f 2 L 2 ( M 2 ) then

(11) (Bf )m (x) =
2

g(x)

Z x

0
f m (q)

cos(m arccos(� (q)=� (x)))
p

1 � � 2 (q)=� 2 (x)
dq:
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Proof. As a consequence of the de�nition of the boomerang transform the spherical
harmonic expansion of the boomerang transform is in fact the same as that of the
dual Radon transform. Thus one can certainly use the previous theorems to prove
this one.

Let us start with the case of odd dimension, when Theorem 4.6 says

f l;m (t) = CD

 

gn � 2(t)
Z L

t
(Rf ) l;m (h)C �

m

�
� (h)
� (t)

� �
� 2(h)
� 2(t)

� 1
� n � 3

2 _� (h) _g(h)
� n � 1(h)

dh

!

;

whereC = �( m +1)�( � )
2� n= 2 �( m + n � 2) and D = � 1� 3 � � � � n � 2. Breaking the integral

RL
t into two

parts as
RL

t =
RL

0 �
Rt

0 we obtain

(� )

f l;m (t) = I + ( � 1)
n � 1

2 CD
�

gn � 2(t)
Z t

0
(Rf ) l;m (h)C �

m

�
� (h)
� (t)

�
�

�
�

1 �
� 2(h)
� 2(t)

� n � 3
2 _� (h) _g(h)

� n � 1(h)
dh

!

;

where

I = CD
Z L

0
(Rf ) l;m (h)C �

m

�
� (h)
� (t)

� �
� 2(h)
� 2(t)

� 1
� n � 3

2 _� (h) _g(h)
� n � 1(h)

dh:

Writing the formula (10) into this formula then changing the order of the integrals
one gets that I is proportional to

Z L

0
f l;m (q)g2� (q)

Z q

0
C�

m

�
� (h)
� (q)

� �
1 �

� 2(h)
� 2(q)

� n � 3
2

�

� D

 

C�
m

�
� (h)
� (t)

� �
� 2(h)
� 2(t)

� 1
� n � 3

2

g2� (t)

!
_� (h) dh

� n � 1(h)
dq:

Substituting x = � (h)=� (q) into the inner integral J one obtains that

J =
1=2

� 2� (q)

Z 1

� 1
C�

m (x)
�
1 � x2� n � 3

2 �

� D

 

C�
m

�
� (q)
� (t)

x
� �

� 2(q)
� 2(t)

x2 � 1
� n � 3

2

g2� (t)

!

x1� n dx;

because the integrand is even function. This integral can be calculated by using two

facts about the Gegenbauer polynomials. First, C�
m (x)

�
1 � x2

� n � 3
2 is polynomial
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