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New uni�ed Radon inversion formula

�Arp �ad Kurusa

Abstract. We prove two uni�ed Radon inversion formulas using elementary
geometry and analysis.

1. Intro duction

Let f b e a real function on R n and assume that it is integrable on each
hyp erplane. Let Pn denote the space of all hyp erplanes in R n . The Radon transform
R f of f is de�ned by

R f ( �) =
Z

�
f ( x ) dx;

where dx is the natural measure on the hyp erplane �. Each hyp erplane � 2 Pn can
b e written as � = f x 2 R n : hx; ! i = p g, where ! 2 S n � 1 is a unit vector and h:; :i is
the usual inner pro duct on R n . In what follows we identify the continuous functions
� on Pn with continuous functions � on S n � 1 � R satisfying � ( !; p ) = � ( � !;� p ).

We intro duce also the dual transform R t which maps a continuous function
� 2 C 0 ( Pn ) to the function R t � 2 C 0 ( R n ) de�ned by

R t � ( x ) =
Z

S n �
� ( !;h!; x i ) d!:

First Radon [10] and John [8] proved, that any C 1 function f of compact
supp ort can b e rec ons truc ted from R f . More pre cisely, if L denotes the Laplacian
on R n and d! is the area element on S n � 1 then

(1) f ( x ) = 2(2 � ) 1 � n ( � L ) ( n � 1) = 2
Z

S n � 1
R f ( !;h!; x i ) d! if n is o dd

(2)

f ( x ) = � (2 � ) � n ( � L ) ( n � 2) = 2
Z

S n � 1

Z 1

�1
@ 2 R f ( !; p )

dp
h!; x i � p

d! if n is even.
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function-space C 0 B ( R n n0) consists of such c ontinuous real functions on R n n0 which
can b e extended into continuous functions also at the origin 0 along any line lying
on 0. The b o omerang transform B : C 0 B ( R n n0) ! C 0 ( R n ) is de�ned by

Bf ( x ) =
1
2

Z

S n � 1
f ( !h!; x i ) d!:

The simple connection b etween R t and B can b e describ ed as follows. For a real
function f on R n let P f b e the function on Pn de�ned by P f ( �) = f ( x � ), where x �

is the orthogonal pro jec tion of the origin 0 on the hyp erplane �. Then Bf = R t P f .
Also a useful geometric interpretation of the b o omerang transform can b e

given as follows [13]. Let f ! ( t ) b e a continuous function de�ned on the line l ! =
f t! : t 2 Rg. Then the function f w

! 2 C 0 ( R n ), de�ned by f w
! ( x ): = f ! ( hx; ! i ),

is a so called ‘plane wave’ with the axis ! . The function f w
! is constant along

the hyp erplanes which intersect the line l ! orthogonally. Now take a function
f 2 C 0 B ( R n n0) and for any ! 2 S n � 1 consider the function f ! ( t ): = f ( t! ) on l ! .
Then the map ! ! f w

! is a function-valued (plane wave-valued) function de�ned
on S n � 1 . The integral of this function is just Bf i.e.

Bf =
1
2

Z

S n � 1
f w

! d!:

Finally we sketch the main ideas of the pap er. We start by the investigation
of the radial func tion; this is the main p oint of our approach. First we show that
the transform B is one to one on the space G 0 of smo oth radial functions and
prove three inversion formulas on this space G 0 . (It is worth to note here that a
di�erent consideration of the b o omerang transform on this space G 0 can b e found
also in [13].) In the next step, we prove inversion formulas for the radial functions
which are de�ned around arbitrary p oint P 2 R n . Using Dirac-sequences and
convolution, we prove our general inversion formulas from these sp ecial ones.

2. Inversion formulas on radial functions

A function f ( x ) 2 C 0 ( R n ) is said to b e radial at P 2 R n , if there exis ts a
function �f : R + ! R such that f ( x ) = �f ( j x � P j ). If f is radial at 0 then

(2 :1) Bf ( x ) = j S n � 2 j
Z �=2

0
cos n � 2 ( � ) �f ( j x j sin � ) d�:
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Proof. By the substitution r = jxj � s and by the Fubini theorem we get

(2:7) hk (x) =
Z

R
Rf (ex ; s)B � 1vk (x � sex )ds =

Z

Rn
f (y)B � 1vk

�
x � x

hx; yi
hx; x i

�
dy:

From Lemma 2.4 we obtain

(2:9) Bh k (x) =
Z

Rn
f (y)vk (x � y)dy; x 2 Rn ;

which proves the proposition completely.

3. Proof of the main Theorem

We need two technical lemmas. The �rst statement immediately follows by
integrating in polar coordinates.

Lemma 3.1. If f vk g � GO is a delta-convergent sequence, then

(3:1) wk : R ! R (r 7! j r jn � 1 �vk (jr j)jSn � 1j=2)

is also delta-convergent.

Lemma 3.2. If 
 2 C1 (R) and f (r ) = 
 (r ) � 
 (� r ) , then 1
r

�
d

drr

� k
f 2 C1 and

lim
r ! 0

1
r

� d
drr

� k
f (r ) = f (2k+1) (0)

1
(2k + 1)!!

:

Proof. By induction we get

(3:2)
� d

drr

� k
f (r ) = 
 k (r ) � 
 k (� r );

where 
 k 2 C1 and 
 k (0) = 0. This proves the �rst statement. The second
assertion follows immediately using the Taylor expansion of
 .

Now we prove our main theorem. The functionRf (ex ; jxj � r ) is denoted by
' (r ). When the x-dependence is important, we denote it by' x (r ).
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