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Abstract

An asymptotically sharp Bernstein-type inequality is proven for
trigonometric polynomials in integral metric. This extends Zygmund’s
classical inequality on the LP norm of the derivatives of trigonometric
polynomials to the case when the set consists of several intervals. The
result also contains a recent theorem of Nagy and Todkos, who proved
a similar statement for algebraic polynomials.

1 Introduction

In a recent paper B. Nagy and F. Todkos [7] proved an asymptotically sharp
form of Bernstein’s inequality for algebraic polynomials in integral metric on
sets consisting of finitely many intervals. In the present paper we propose an
analogue of their inequality for trigonometric polynomials, which, using the
standard x = cost substitution, gives back the Nagy-Todkos inequality.

S. N. Bernstein’s famous inequality

T sup < 7l| Tl sup
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for trigonometric polynomials 7}, of degree at most n = 1,2,... was proved
in 1912. It was extended by Videnskii [15] in 1960 to intervals less than a
whole period: if 0 < # < 7 then

T 0)] < n cos /2
V/sin? /2 —sin /2

1Tall-s.20, 0 €(=6,08). (1)

Here, and in what follows, || - ||g denotes the supremum norm on the set F.
The general form of Videnskii’s inequality for an arbitrary system of in-
tervals is due to A. Lukashov [4]. For a set £ C (—m, 7] let

g ={c"|t e E}

be the set that corresponds to E when we identify (—m, 7| with the unit circle
(4, and let wp, denote the density of the equilibrium measure of I'p, where
the density is taken with respect to arc measure on Cy. See [1], [3], [9] or [10]
for the potential theoretical concepts (such as equilibrium measure, balayage
etc.) used in this work. With this notation A. Lukashov’s result [4] can be
stated as follows. Let E C (—, 7] consist of finitely many intervals. If e? is
an inner point of I'g, then for any trigonometric polynomial 7;, of degree at
most n =1,2,... we have

T5(0)] < n2rwr, ()| Tl - (2)
The L?, 1 < p < 00, extension of Bernstein’s inequality in the form
1Tl < nl[Tollze (3)

was given in [14, Ch. X, (3016)Theorem] by A. Zygmund (here the L” norm
is taken on the whole period, i.e. || -||z» = || - ||Lr[—x,]). The main purpose of
this paper is to find a form of this inequality on a finite system of intervals
(mod 27). We state

Theorem 1.1 Let 1 < p < oo, and assume that E C (0,27] consists of
finitely many intervals. Then for trigonometric polynomials T, of degree at
most n we have

/ 7,(t)

n2nwr,, (e)
where o(1) tends to zero uniformly in T, as n tends to co.

p

wr (") dt < (1+0(1))/E\Tn(t)!prE(e“)dt, (4)
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If £ = (0,27] then wr,(e") = 1/27, so we get back Zygmund’s inequality
(with the factor (14 o(1))).

We also mention that the result is sharp: there are trigonometric poly-
nomials T}, # 0 of degree n = 1,2, ... for which

I

This follows from the use of T-sets below in the same fashion as Theorem 4
follows in [7, Sec. 7] from the use of polynomial inverse images. We do not
give details.

Let now K C R be a set consisting of finitely many intervals, which we
may assume to lie in [—1,1]. Let wg denote the density of the equilibrium
measure of K with respect to linear Lebesgue-measure.

Set B = {t € (—m, x| cost € K}, and for an algebraic polynomial P,
of degree at most n consider the trigonometric polynomial T,,(t) = P,(cost).
In this case it is known [11, (4.12)] that

p

T.()
n2nwr,, (e*)

wr (") dt > (1 - 0(1))4ITn(t)l”WFE(e”)dt- ()

~ 1
wr,(e") = §wK(Cos t)]sint|. (6)

If we substitute this into (4) applied to T,,(t) = P,(cost), then we obtain the
inequality

J,

which is the Nagy—Todkos result from [7] mentioned before. As far as we
know this latter inequality is the only Bernstein-type inequality with an
asymptotically sharp factor that is known on general sets. Although, as we
have just shown, (7) is a special case of Theorem 1.1, the present paper was
motivated by the inequality of Nagy and Todkos, and the resemblance of (4)
with (7) is obvious. Besides that, we shall closely follow the proof of (7) from
[7], which was based on the polynomial inverse image method. We shall
replace here polynomial inverse images of intervals by their trigonometric
analogues, the so called T-sets of F. Peherstorfer and R. Steinbauer [8] and
S. Khruschev [5],[6]. We shall be rather brief, for we are not going to repeat
the technical steps that are identical with those in [7].

p

b(z)

nrwg ()

wie(@) dz < (1+ (1) /K Py (@) Pur(z) de,  (7)



2 Proof of Theorem 1.1

When E = (—mn,x], then the statement in Theorem 1.1 is included in Zyg-
mund’s inequality (3), hence we may assume that E # (—m, 7], and then, by
the periodicity of trigonometric polynomials, that —m, 7 &€ E, i.e. that F is
a closed subset of (—m, ).

After Peherstorfer and Steinbauer [8] we call a closed set £ C (—m,7)
a T-set of order N if there is a real trigonometric polynomial Uy of degree
N such that Uy(t) runs through [—1, 1] 2/N-times as ¢t runs through F. In
this case we shall say that F is associated with Uy. Note that the definition
implies that if Uj (to) = 0 then |Un(to)| > 1. An interval [(1, (o] is a “branch”
of Eif |Un(¢1)| = |Un(C2)] = 1 and Uy runs through [—1, 1] precisely once as
t runs through [(1, (]. This implies that Uy (¢1) = —Upn(¢2). If, furthermore,
Un(¢1) = 0, then we say that (; is an inner extremal point since in this case
(1 is necessarily in the interior of F.

The proof of Theorem 1.1 consists of the following steps.

a) Verify the statement when F is a T-set associated with the trigonometric
y g
polynomial Uy and T,, is a polynomial of Uy.

(b) Verify the statement when E is a T-set, and the trigonometric polyno-
mial 7}, is arbitrary.

(c) Verify the statement when F C (—m,7) is an arbitrary set consisting of
finitely many closed intervals.

These are precisely the steps Nagy and Todkos used, but they used instead
of T-sets polynomial inverse images of intervals under a suitable algebraic
polynomial mapping.

First we verify (a). Thus, let E be a T-set of degree N associated with
the trigonometric polynomial Uy, and assume that 7,, = P,,(Uy), where
P,, is an algebraic polynomial of degree m. Then n = Nm and T} (t) =
P/ (Un(t))Ux(1). It is also known (see [5, (25)], [12, Lemma 3.1]) that

1 [Un()]

wr, (e) = , te k. 8
) = 5o A 0
Therefore,
[ 2O etya = [ |FalO) U@ k()
g |n2mwry (e) " E m 2tN/1 — Uy (t)?

dt.



In the last integral while ¢ runs through a “branch” [(3, (3], the trigonometric
polynomial Uy (¢) runs through [—1, 1] exactly once, and there are 2N such
“branches”. So with V,,(t) = P,,(cost) the last integral is equal to

1 1 ["

1 [t
—/ dr = —
™) 1 — 22 2 J_.

By Zygmund’s result (3) this last expression is at most

p p

P (z)V/T— 22
m(T)V1 —x it

m

Vi (t)

m

1 ™
o= [ V@) dt,

2m ) .

which is equal to
[ o) at
E

by doing the above substitutions backwards. This proves the case (a) of
Theorem 1.1. Note that in this case the (1 +o(1)) in (4) is actually 1.

In (b) the set E is still a T-set but 7;, is an arbitrary trigonometric poly-
nomial. This case will be discussed in the next section in more details because
our proof differs in some points from [7, Sec. 5]. This is the technically most
involved part of the proof.

Finally, in proving (c) one can follow the proof of [7, Sec. 6], if the
subsequent lemmas are used.

Lemma 2.1 ([12, Lemma 3.4]) Let

s

E = Jvo—1,vq]

=1

be finite interval-system in (—m,m) (v; < viy1). Then for every e > 0 there
exist 0 < X1, Y1, T2, Y2, - -y T, Ym < € such that both

m

E™ = Jlvar, v — )]

=1

and
m

ET = U[Umfl, vy + i
=1

are T'-sets.



In other words, every finite interval-system can be approximated by 7-
sets. Note that the lemma tells nothing about the order of the approximating
T-set, generally it converges to oc.

Denote by wr,,, wr,_, and wr,__ the equilibrium measure of I'g, I'g+ and
['g- respectively.

Lemma 2.2 Bothwr (") and wp _(e") converge to wr, (") pointwise on
E as e — 0, moreover wy (") fwr,(e”) (wr,_ (") /wr,(e")) uniformly con-
verges to 1 on sets of the form [ve_1,vy — &] where §; > 0 are arbitrarily

fized.

We will indicate in Remark 3.10 below how to prove this lemma.

3 Proof of (b)

We shall follow the relevant arguments from [7], but we make some modifi-
cations.

First a general remark: whenever in [7] the authors write wg, in the
trigonometric case one should write wr,. Also, [7] used frequently the in-
equality

|[Po(2)] < nrwe ()| Pallie, @ € Int(K), 9)

valid for algebraic polynomials P, of degree at most n, and in the trigono-
metric case this should be replaced everywhere by the inequality (2).

Splitting the set F

This part is the same as [7, Sec. 4], but we shall need it for our discussion,
therefore we give details. Suppose that the T-set E C (—m,m) is the union
of m disjoint intervals [ve;_1,v9], I = 1,2,...,m, that is:
m
E = Jva-1,va],
1=

—_

where —7m < vy 1 < Vg < V911 < m. Denote the inner extremal points in
[Va1—1,v] by (1 < G2 < -+ < (-1 and use the notation ;o and ¢, for
vg_1 and wve respectively, where r; refers to the number of the “branches”
covering [vy_1, Uy].



Fix a number x € (0,1/8).

Split E into closed intervals I; of length at least 1/2n* but at most 1/n"
in such a way that each inner extremal point (;; is a division point, i.e.
each “branch” [(;;, (4+1] of E is split up into the union of some of the I;’s
separately. Let J, be the set of indices for these intervals I;. We assume
that this enumeration is monotone, i.e. if j < j’ then I; lies to the left of 1.

If J C J, is a subset of J, then set

H(J) =] L.

JjeJ

We shall consider these sets only for the case when H = H(J) is an interval,
in which case the “boundary” Hj of H be the union of the two intervals I;
attached to H. If, say, there is no I; attached to H from the left (i.e. if
H contains one of the left-endpoints vy _1), then as H, we take the union of
[vg—1 — 1/n", vg_1] with the interval I; attached to H from the right, and
we use a similar procedure if H has no I; attached to it from the right.

Now we enlist some properties, labelled by roman numbers, which H =
H(J) can possess and which will be important for us: H is strictly inside a
“branch”, that is

HU(H,NE) C G, Citi] (1)
for some [ € {1,2,...,m} and i € {0,1,...,r;, — 1} (recall that (o = ve4
and Clﬂ"z = Ugl).

Before defining further properties we set up some notations:
Tl (t) p .
AT, X) = — ) dt, 10
( ) /X n2nwr,, (et) wry(€") (10)

B(T,, X) = /X T () P () dt,

_ ATy, X)
a(T,, X) = AT, E)
and
b(T,, X) = % (11)

With these quantities we need to prove that

A(T,, E) < (1+0(1))B(T,, E).

7



Fix a

0<y< g (12)
The next properties are
a(T, Hy) <n™7, (IT-a)
and
b(T, Hy,) <n™". (II-b)
Note that, since
> a(Tn, ) = b(T,. 1) =1,
j€In JEIn

there are at most 2[n"] indices j € J, such that a(7,,, I;) > n~7 or b(T,,, I;) >
n~7. This number is small if we compare it to the number of the rest of the
indices which is ~ n". Therefore, if

J) = {j € J| max (a(Ty, 1;),b(T,, 1;)) <n "}, (13)

then
|\ J),|<4n”.

This implies that for large n every interval [(;;_1,(;;] contains at least two
intervals I; with j € J;. Furthermore, if J C (J,, \ J},), then

H(J)| < 4077 = of1), (111)

where |H (J)]| is the Lebesgue measure of the set H(.J).

We emphasize that F, v, ;; are fixed, they are independent of n and T,,.
The collection of the intervals I; that £ (and each of its “branch”) is divided
into, and hence also the index set J,,, depends on n (the degree of T},), but
it is independent of T,, itself. Finally, the set J; depends on the polynomial
T, in question.

Let xg denote the characteristic function of H. For its approximation by
trigonometric polynomials we need the following analogue of [7, Lemma 6].

Lemma 3.1 Assume that H = H(J) (J C J,) is an interval with char-
acteristic function xg(t). Fiz 1/2 > 0 > 4k. Then there is a constant C
(independent of H and F) and a trigonometric polynomial ¢ = q(H,n;t) of
degree O(n29) which satisfies

0<gq(t) <1 (14)
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on [—m, |, furthermore,
a(t) = xa ()] <O (). (15)

()] < C>(e‘c"9), (16)

whenever t € [—m, 7|\ Hp.

Proof. The lemma follows from [7, Lemma 6]. Let ¢y be the midpoint of H
and take the sets H := {cos(t—to+m)|t € H} and H, := {cos(t—to+m) |t €
H,}. H is an interval in [—1,1) with left-endpoint —1. [7, Lemma 6] implies
the existence of a constant C' and an algebraic polynomial p(x) = p(ﬁ , M)
of degree at most n?’ such that 0 < p(z) < 1 on [-2,2] as well as

[p(#) = xg(@)] < 0 ()

p@) <o)

whenever z € [—2,2] \ (lf[b U[=1— |H,l, —1]). (We should be cautious a bit
because if | H| is small (~ n~%), then H, has a length of about |Hy|> = n~2",
therefore we have to apply [7, Lemma 6] as if we ought to apply it after a
split (similar to the one discussed above) but of magnitude n=2¢.) Then, as
it can easily be checked, q(t) := p(cos(t —to + 7)) is a suitable trigonometric
polynomial, that is ¢(t) € [0, 1] (¢ € [-7, 7]) and satisfies both (15) and (16)
with C' = C.

|

Three types of subintervals

In order to estimate the analogue of A(7,, E) from (10) Nagy and Todkos
divided K from (7) into special intervals which were the unions of some
I;’s, then they separately gave estimates on these intervals, and finally they
summed up the estimates obtained. We are also going to do so. Recall that
E is a T-set associated with the trigonometric polynomial Uy (t), thus F has

the following form:
m 7

E= U U[Cl,i—la Gl

I=11i=1



where [(-1,Qq], L =1,2,...,m, i =14, = 1,2,...,7, are the “branches” of
E,i.e. Uy(t) runs through [—1, 1] precisely once as ¢ runs through [(;;—1, (1.i].
Note that we have 2N = >"" r;. As we have already remarked, if n is large
enough then, for every [ and 4, there are at least two j € J/, (for the definition
of J), see (13)) such that I; C [(—1, (il-
Let
kit = min{j € Jy |1 C Gy Gl

and .
k;,lfht = max{j € J, ‘ I; C [Grio1, il }-

We say that H = H(J) (J C J!) is an interval
e of the first type if J = [k + 1, k;}iight — 1] NN, that is

right
kl,i 1

H:U[j

J=ke 41
for some I € {1,2,...,m}and i =14, € {1,2,...,1}.
e of the second type if J = [l{:lrjlght + 1,k — 1] NN, that is

left
kl,i+1*1

H:UIj

J=ky
for some l € {1,2,...,m} and i =4, € {1,2,...,7 — 1} (i #nr!).

e of the third type if H contains a vy_; and all the subsequent /; with
right
l,rl :

J< k}elft or H contains a vy and all preceding I; with j > &

See Figure 1.

We treat the intervals of the first and third type together. The case of
the intervals of the second type is more complicated and we are going to deal
with it in more details. Note that the union of these intervals covers the
T-set E except for the 4N intervals [ e and [/ risht

10



first type

) T

7\/

second type

third type

Figure 1: One component of E and the various types of intervals H. The

dots represent the points where |Uy| = 1, in between two such points there is

a “branch”, and the thicker-drawn intervals are the intervals [ lefe and [, rigne
)T X3

in each “branch”.

Intervals of the first and third types

From the definition of the intervals H of the first and third type it easily
follows that such intervals possess the properties (I), (II-a) and (II-b).

We claim that, if the interval H = H(J) has these properties, in partic-
ular, if it is of the first or third type then (see the definitions (10)—(11))

A(T,, H) < B(T,, H) + o(1)A(T,,, E) + o(1)B(T, E), (17)

where o(1) — 0 as n — oo uniformly in 7,. The verification follows |7,
Sec. 5.1 and 5.3 almost word for word, one only has to use the following
trigonometric analogues of the lemmas there.

Lemma 3.2 ([12, Lemma 3.2]) Let E be a T'-set associated with the trigono-
metric polynomial Uy of degree N, and for a t € E with Ux(t) € (—1,1) let
t1,ta, ..., tay be those points in E which satisfy Un(ty) = Un(t). Then, if
V., 1s a trigonometric polynomial of degree at most n, there is an algebraic
polynomial S, N of degree at most n/N such that

2N

D Valtn) = Spym (Un (1)),

k=1

11



With this lemma at hand we can take the trigonometric analogue of [7,
(19)]. If H C E is an interval with property (I), and ¢(t) = q(H,n;t) is the
polynomial by Lemma 3.1, then, by Lemma 3.2,

2N

Ti(t) =Y Tu(tr)a(ts)

k=1

is a polynomial of the trigonometric polynomial Uy, so we can apply part
(a) from Section 2 to this 7)f. This leads to the following lemma which is
the analogue of [7, Lemma 7 and 8] and which is verified exactly as Lemmas
7 and 8 were proved in [7] .

Lemma 3.3 Let E, Uy, T, be the same as in Lemma 3.2 and let H = H(J)
be an interval with property (I). Then, if n* = n +degq(= (1 + o(1))n), we
have

‘ (%*)pA(T;, E) — (2N)A(T,, H)
< (o(1) + c1 a(Ty, Hy)) A(T,, E) 4 o(1)B(T,,, E),
and
|B(Ty;, E) — (2N)B(T,,, H)| < (o(1) + ¢2 b(T,, Hy)) B(T,, E),

where o(1) — 0 as n — oo. Furthermore, the o(1) and the constants cy,co
are independent of T),.

Remark 3.4: Note that if H has the property (II-a) then a(7,,, Hy) = o(1)
0 as n — oo and, similarly, if it has the property (II-b) then b(T,, Hy)
o(l) > 0 asn — 0.

4

As we have already mentioned, the proof is the same as those of [7, Lemma
7 and 8], one should only replace “wg (t)” by “wr,(e")” and “P'(t)/m(deg P)”
by “T’(t)/(2mn)” there.

From Lemma 3.3 one can easily deduce (17) as was done in [7, Sec. 5.3].

Intervals of the second type

In this case H = H(J) is an interval of the second type, so it has the following
properties:

12



e [ contains an inner extremal point ( ;,;
e max (a(T,, Hy),b(T,, Hy)) < 1/n7.

Our aim is to reduce this case to the case of the intervals of the first or third
types, and to prove that

ATy, H) < B(Ty, H) + 0(1) A(Ty, E) + 0(1)B(T,, E). (18)

The idea is the following: We approximate the set E by a sequence {Ej} of
T-sets of order N (which is the order of E) from the inside: Ey C E. Every
one of these T-sets Ej, has an inner extremal point corresponding to ¢, 4,
and these extremal points form a strictly increasing sequence converging to
Clo.ig- We take an appropriate T-set from the sequence for which the point
corresponding to ¢y, 4, is outside of H, so with respect to this T-set H behaves
as if it was of the first or third type. Then we only have to show that the
estimates on H with regard to E hardly differ from those with regard to the
chosen T-set. In this process we use potential theoretic tools. The subsequent
proposition replaces [7, Propositon 9 and 10].

Proposition 3.5 Let E be the union of the disjoint intervals [vy_1,vy] C
(—m, ), where | = 1,2,....,m and vy_1 < vy < voy1. If E is a T-set of
order N then there is a sequence E) of T-sets of order N such that

(i)

m

B = U[Umfl, vy (k)]

=1

where each vy (k) strictly increases in k and converges to vy for every
le{l,2,...,m};

(i1) if E has the inner extremal points (1 < (o < -+ < (-1 10 its [-
th component [vg_1, vy then Ey also has r; — 1 inner extremal points
Gi(k) < Qa(k) < < Qu-1(k) in [va-1, va(k)] such that each ¢ ;(k)
strictly increases in k and converges to ¢; (i € {1,2,...,1 — 1});

(111) if wr,, Wr g, denote the corresponding equilibrium densities of 'y and
['g, then there is a sequence Dy = D(E)) — 1 for which the estimates

Wrg, (eit)

1< -
Wrg (en)

< Dy (19)
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are valid for every

" Tvag + G Cr—1 + vy
te zU1 { S 5

and for sufficiently large k € N.

We need some lemmas for the proof of this proposition. The first is a standard
characterization of T-sets. Denote by [e¢¥! 2] the arc {e | t € [¢1,&)]},
where —m < & < & < .

Lemma 3.6 ([12, Lemma 3.2]) Let E be the union of the disjoint inter-
vals [vg—1,v|C (=, ), where l = 1,2,...,m and vy_1 < Vg < vV41. Then
the followings are equivalent:

(a) E is a T-set of order N.

(b) For everyl =1,2,...,m the measure pr, ([e™2=1,e™2]) is of the form
ri/2N with some integer ry.

Furthermore, in this case each subinterval [vy_1, vy contains precisely r;— 1
inner extremal points for the trigonometric polynomial Uy which E is asso-
ciated with. If [a,b] is a “branch” of E, then ur,([e'*, e®]) = 1/2N.

The second lemma describes how the equilibrium measure of a subset can be
derived from the equilibrium measure of the full set.

Lemma 3.7 ([10, Ch. IV. Theorem 1.6 (e)]) Let K be a compact sub-
set of the complex plane and let S C K be a closed set of positive capacity.

Let px and pg denote the equilibrium measures of K and S respectively.
Then

s = Bal(pix) :/JK‘SJFBBLI (MKK\S>-

where Bal(.) denotes the balayage onto S.

For the concept of balayage see [10].
Next, we state

Lemma 3.8 ([13, Theorem 9]) Let gy, ga, - - -, gm be functions with the fol-
lowing properties:
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(A) each g; is a continuous function on the cube [0,a]™, where a is some
positive number,

(B) each g; = gj(x1,22,...,2y) is strictly monotone increasing in x; and
strictly monotone decreasing in every x; with i # j, and

(C) 2721 gj(1317172, . ,:L’m) =1.

Then there is an « > 0 with property that for every z,, € (0,«) there exist
1 = 21(Tm), T2 = T2(Tpm)y .o Tt = Top—1(xm) € (0,a) such that each
gj(x1, @2, ..., ) equals g;(0,0,...,0). Furthermore, these x; = xj(x,,) are
monotone increasing functions of x., and x;(x,) — 0 as x,, — 0.

The last lemma describes the equilibrium density of an arc-system on the
unit circle, it is due to Peherstorfer and Steinbauer.

Lemma 3.9 ([8, Lemma 4.1]) Let £ = U ,[vy_1,vy] C (—m,m). There
are points €%, j = 1,2,...,m, on the complementary arcs (with respect to
the unit circle) to I'g with which

B

?
27 \/H?Z it — e |

The € are the unique points on the unit circle for which

wr,(e") = teE. (20)

Vg1 " (et — et
/ HJ_O( ) dt:O, k:0717..-,m_]—7 Vo = U2m (21>
" 2m it iv;
o \/Hj=1<6 ¢)

holds, with appropriate definition of the square root in the denominator.

Proof of Proposition 3.5.

The proof consists of some observations resting on the previous lemmas.
Observation 1 By the assumption E is a T-set of order N, so by Lemma
3.6 pr, ([e™2-1,e™]) = ry /2N for every | where 1 is a positive integer.
Observation 2 Let

E(xy,29,...,2y) = U[vgl_l,vgl — 1.
=1

~



Then, as can be easily verified (cf. [13, (2)]),

1 + % - ’LLFE(UCLHCQ ([erl—17 ei(UQl—»Tl)])

77777 zm)

m

g1, 29, .. Ty) =

have the properties (A), (B) and (C) in Lemma 3.8. From this the existence
of the sequence Ej in (i) is immediate, since g;(x1,...,2Z,) = ¢/(0,...,0) for
all | means that pr,, ([evs-1, etv2=)]) = /2N for all [ = 1,...,m,
and apply Lemma 3.6.

~~~~~ zm)

Observation 3 Accordingly, by Lemma 3.6, Ej, is a T-set of order N, associ-
ated with some trigonometric polynomial Uy j, and Uy, has precisely r; — 1
inner extremal points on the intervals [vg;_1, vy (k)], I = 1,2,...,m. In other
formulation, each [vg_1, v (k)] consists of r; “branches” of Ej.

Observation 4 Recall that (1(k) < Qa(k) < -+ < Qu-1(k) (G1 < @2 <

- < (.r,—1) denote the inner extremal points of the I-th component [vg_1, vy (k)]

([vai—1,v1]) of Ei (E). Set also (o(k) = va—1, (k) = ve(k). By Lemma
3.7 we have Hrg, > Hrg,,, > frg on E).. Also, by Lemma 3.6 we have

ivg —1 ) i — ']
Hr g, ([el-1, e’ ts®]) = N
from which it can be easily inferred that each (;(k) strictly increases in k,
as well as (k) — ¢, (1 € {1,2,...,7}) since firy, — prp in weak -sense.
Observation 5 Apply Lemma 3.9 to £ and Ej and denote by f;(E) and
Bi(Ey) the points with which we get wr,, and Wrg, » respectively in the form
(20). It can be easily shown (see e.g. the proof of Lemma 3.5 in [12]) that
BGi(Ey) — Bi(E) as k — oo. This and the form of wr, in Lemma 3.9 shows
that wr, (") — wr,(e") pointwise on E and also uniformly on

O{Uzl 1+Ql Clr—1 + v
2

=1
This verifies (iii) since wr,, () > wr,(e") on T'g, by Lemma 3.7.

Remark 3.10: A similar argument as in Observation 5 also shows that both
wr,, (€") and wp__(e") in Lemma 2.1 converge to wr,(e”) as € — 0 point-
wise on £, moreover, by Lemma 3.9, wp__ (") /wr (") (wr,_ (") /wr,(e))
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uniformly converges to 1 on a set of the form [vy_1, vy — &;] where ¢; > 0 is
arbitrarily fixed.

Now, by Proposition 3.5, we have a sequence {E}} of T-sets of order N
approximating the T-set E. Fix one of the F}’s. According to the property
(III) for intervals H of the second type the length of H U H, is at most
An77" 4+ 2n~" < 6n7" ", where 7 is the number fixed in (12). For large fixed
k and for large n (how large depending on k) we have

min (G = Ga(k)) > 12077

and

r(l}lzgl (Civa (k) = Ga) > f(l}lsl W > 12n77",

where the minimums are taken for every [ € {1,2,...,m} and i = ¢, €
{1,2,...,7 —1}. Note that then for each interval H of the second type that
contains, say, the inner extremal point (;, ,,, the set H U H, lies strictly inside
the “branch” [(,.io(k), Gy.ig+1 (k)] of Ej.

The next lemma compares integrals on H with regard to E with those
with regard to Ej. It is the analogue of [7, Lemma 11]|. Following the defini-
tion of A(T,,, X) and B(T,, X) from (10)—(11) let us introduce the notations
Ap(T,,, X) and By (T, X) for

/
/ Tn—(t) wr,. (e™)dt,
x [n2mwr,, (e') Er
and
[ T, @) ar
respectively.

Lemma 3.11 Let ¢ = q(H,n,t) be the polynomial from Lemma 3.1 and let
X be an arbitrary subset of E. Then the following five estimates hold:

|A(Tq, H) — A(T,, H)| < o(1)A(T,,, E) + 0o(1) B(T,,, E), (22)

A(Thq, X) < A(T,,, X) + o(1)A(T,,, E) + o(1)B(T),,, E), (227)
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B(T,q, X) < B(T,, X). (23)

|Ak(Tng, EBx) — Ae(Tng, H)| < o) A(T,, E) + o(1)B(T, E),  (24)

| Be(Tng, i) — Be(Thg, H)| < o(1)B(T;,, E). (25)

(23) is an immediate consequence of (14) while (22) is verified as follows (cf.
the proof of [7, Lemma 11 (43)]):

AR
T,(q(t) Nar)”
< (/ dea(Toq)2mw (eit e )dt) (26)
T,(t)q'(t)
* (/ deg(T,q)2mwr,, (') dt)
To the first integral on the right-hand side we apply (14) and get that

L) " g < des(T) .

(| mmnen| o) < Gerga@t. e

For the second integral on the right-hand side of (26) the inequality (2) gives

that

( / Tu(t)q'(t)

x | deg(Thg)2mwr, ()
(26), (27) and (28) show that

Q\»—'

" or, () dt) T deeld) por ok (o)

= deg(Thq)

A(Tog, X)= < (1= 0(1)) A(T,, X)= + o(1)B(T,,, X ).

From this inequality, by the generalized weighted mean inequality, we infer
that

Q=

(1= 0(1)) ATy, X)& + o()B(Ty,, X)& \
1—o(1) + o(1)

A(Tq, X) < (1—o(1) +0(1))" (
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< (1= o(1) + o(1))"" ((1 — 0(1)) A(T}, X) + o(1) B(T,, X)) (29)
< A(T,, X) + o(1)A(T,, E) + o(1)B(T,, E).

As regards (22), (24) and (25), their proof is much the same as the proof
of [7, Lemma 11 (43), (45) and (46)]. We remark only one thing, namely,
during the verification of (24) and (25) one needs the following lemma:

Lemma 3.12 Let I be a fized subinterval of E and let 7 be an arbitrary
trigonometric polynomial with the property sup,c;|7(t)] = 1. Then there
exits a constant ¢ independent of T such that

C

/I rOPar (a2

Nagy and Tookos derived the algebraic analogue of this from Nikolskii’s in-
equality, but we have no knowledge of a Nikolskii-type inequality for trigono-
metric polynomial on a proper subinterval of (—m, 7).

Proof. The lemma is a simple consequence of a Markov-type inequality by
Videnskii (see e.g [2, Sec. 5.1 E/13c] or [15]), which says that if & < 7 and
Q.. is a trigonometric polynomial of degree at most m, then

(0%
1Qral - < 1+ 0(1))2m?cotam () 1@l i-aal (30)

where o(1) — 0 as m — oo. A simple transformation shows that it can be
assumed that the center of I is 0. Let ¢y € I such that |7(#p)] = 1 and e.g.
[to,to + 1/(2d(deg7)?)] C I with d := 4cotan(|I|/4) (at least one of the two
sides of ty belongs to I for large degrees). Hence, in view of (30), for all
t € [to,to + 1/(2d(deg 7)?)] we have

1

|T(t) >1— d(deg7‘)2w

1
> —.
-2

Thus, if p denotes the minimum of wr, (e") on E, then we get

- ot i n? (17 p 1
)P “yde > X e —
[irtreraenar> [ (3) vt = § 57

which proves the Lemma 3.12 with ¢ := p/(2P"'d).
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Using (22) and (19) we obtain
A(T,,H) < A(T,q,H) + o(1)A(T,,, E) + o(1)B(T,,, E) (31)

< (Dp)P ' A(Thg, H) + 0o(1)A(T,, E) + o(1)B(T,, E)

For large n the interval H possesses the property (I) with respect to Fy, thus
we can apply Lemma 3.3 to H with respect to Ej and this yields, similarly
o (17), that

Ak<TnQ7 H) S Bk(TnQ> H) + 0(1)Ak(TnQa Ek) + 0(1)Bk(TnQa Ek) (32>

+crax(Tag, Hy) Ax(Thgq, Ex) + c2bp(Tag, Hy) Br(Thg, Ex).
We have deliberately written the error terms in the form that include ay(7,,q, Hp)
and by (T,q, Hy) separately, because we do not know wether H possesses the
properties (II-a) and (II-b) with respect to Ej. Recall that ||g||—~ < 1.
For Ay (T,q, Ex) we get by (24), (19) and (22’) that
Ar(Thg, By) < Ap(Thg, H) + 0o(1) A(T,,, E) + o(1)B(T,,, E)  (33)

< A(Thg, H) + o(1) A(T,,, E) + o(1) B(T;, E)

< A(T,, H) + o(1)A(T,,, E) + o(1)B(T},, E).
For B(T,q, Ey) we use (25), (19) and (23) to conclude

Bi(T,q, Ex) < Bi(Thq,H) + o(1)B(T,, E) (34)

< Dy B(Twg, H) 4+ o(1)B(T,, E)
< D). B(T,, H) + o(1)B(T,,, E).
As regards ay(T,q, Hy) Ax(Thq, Ex), we apply (19) and (22’) which give

< a(Tn, Hy)A(T,, E) + 0(1)A(Tn, E)+ o(l)B(Tn, E),
and for by(7,q, Hy) Bx(T,q, Ex) by (19) and (23) we similarly get

bi(Thq, Hy) Be(Thq, Ex) = Br(T,q, Hy) < Dy B(T,,, Hy) (36)
= Dy b(T,, Hy)B(T),,, E).
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By the assumption that H has the property (II-a) and (II-b) with respect to
E we know that both a(7,, Hy) and b(T,,, Hy) are < n~7 = o(1). Hence, by
(33), (34), (35) and (36), we can continue the estimate (32) for Ay(T,q, H)
as follows

Ap(Toq, H) < Bp(Toq, H) + o(1)A(T,,, E) + o(1)B(T,,, E).

First employing the previous equation then (19) and (23) we can now continue
(31) as
(Dk)p_lAk<Tn97 H) + O<1>A(Tnv E) + O(l)B(Tn; E)

< (Dy)P ' B(Tng, H)+ (D) +1)o(1) A(T, E)+((Dy)" ' +1)o(1) B(T,, E)
< (Dp)’B(T,, H) + ((Dy)" ' + 1)o(1) A(T,,, E)
+((Dg)P~ " +1)0(1)B(T,, E).
Since Dy, — 1 as k — oo we can finally conclude (by selecting a large k and
then a large n)

A(T,, H) < (1+0(1))B(T,, H) + o(1)A(T,,, E) + o(1) B(T,,, E),

which is just (18) considering that B(T,,, H) < B(T,, E).

Synthesis of the case when F is a T-set and 7, is an
arbitrary trigonometric polynomial

Recall that E is a T-set associated with a trigonometric polynomial Uy and
it is the union of the m disjoint intervals [vg_1,vy] (I € {1,2,...,m}), the
l-th one of which consists of r; “branches”. Denote by S; the union of all
intervals which are of the j-th type (j = 1,2,3). Then each S; is the union

of at most 4N intervals H of the same type. Let S, be the union of the
remaining intervals /;, that is

m T

Sy = U U (]k%czft U ]k:;iight> .

I=1i=1
From (17), (18) and from the fact that k° kf,iight € J!, we obtain:

li o

A(T,, E) = (A(T,,, S1) + A(T,,, S2) + A(T,, S3)) + A(T, Sy) <
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1
B(T,, $1US5USs)+3-4AN (o(1)A(T,, E) +0(1) B(T,, E)) +4NHA(T,1,E) <

B(T,, E) + o(1)A(T,,, E) + o(1)B(T,,, E)

Comparing the leftmost side to the rightmost one we conclude

1+o0(1)
A(T,,E) < T o(1)

B(T,,E) = (1+0(1)) B(T,, E).

This verifies Theorem 1.1 for the case when FE is a T-set and T, is an arbitrary
trigonometric polynomial, i.e. (b) from Section 2 has been proven.
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