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Abstract

According to the Gauss-Lucas theorem, if all zeros of a polynomial lie
in a convex set K, then all zeros of its derivative also lie in K. In this
paper it is shown that if almost all zeros of polynomials lie in a convex set
K, then almost all zeros of their derivatives lie in any fixed neighborhood
of K.

1 Introduction

The Gauss-Lucas theorem [1] says that the zeros of the derivative of a polynomial
lie in the convex hull of the zeros of the polynomial itself. In particular, if all
zeros of a polynomial p,, lie in a convex set K, then all zeros of p/, also lie in
K. This is no longer true if one zero may lie outside K, for then K may not
contain any zero of the derivative. Indeed, if z1, ..., z,_1 are distinct points in
[0, 1], then the polynomial ¢,(z) = (z — 1) 71171(2 — z;) have all of its zeros in
[0, 1] with one exception, but ¢/, have all its zeros outside [0, 1]. Strict convexity
of the boundary would not help, either, for example, if K is the closed unit disk
and T is a linear transformation that maps 1 to 1 and 0 to e* with some small
a > 0, then the polynomial p,(2) = ¢,(T~!(z)) with the previous ¢, have all its
zeros on the segment connecting the points 1 and e, but for sufficiently small
a > 0 the zeros of p/, lie outside the unit disk.

In this note we prove that, contrary to such counterexamples, the Gauss-
Lucas theorem holds in an asymptotic sense even if some of the zeros of the
polynomial lie outside K. This may be convenient in applications, when one
does not know that every single zero of p, lies in K.

Let {p,} be polynomials of degree n = 1,2,.... We say that p,, have almost
all of their zeros on K if p, have o(n) zeros outside K. Equivalently, if u,
denotes the counting measure on the zeros of p,, then u,(K)/n — 1 as n — oo.
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Theorem 1 If p,, n = 1,2,..., have almost all of their zeros on the compact
conver set K, then for every e > 0 the derivatives p], have almost all of their
zeros on K., where K. is the e-neighborhood of K.

The examples discussed before show that in the claim it is necessary to
consider K., i.e. a slightly larger set then the original one.

The proof of the Gauss-Lucas theorem is very simple: if z1,..., 2, are the
zeros of the polynomial and z lies outside the convex hull of them, then there is a
line £ that separates z from all z;, and without loss of generality we may assume
this line ¢ to be the imaginary axis and, say, Rz > 0. But then it immediately

follows that .
B g 1
Pn(2) P

cannot be zero, for all terms on the right have positive real part. Based on this
elementary argument one would expect that Theorem 1 has an equally simple
proof, but a more careful examination of the problem reveals that such a simple
argument may not be available. The proof we give uses potential theory. At the
end of the paper we sketch a short proof, based on a theorem of Malamud and
Pereira, which works in the special case when all zeros lie in a fixed compact
set.

Let us also mention that one cannot hope for an extension of Theorem 1 in
the sense that if K contains at least an of the zeros of p,,, then K. contains at
least an (or any fixed portion) of the zeros of p/,. Indeed, p,(z) = 2™ — 1 has
at least one third of its zeros in the rectangle K = [1/4,1] x [—1, 1], but p/, has
no zero in K3 whatsoever.

Acknowledgement. The author thanks Boris Shapiro for stimulating dis-
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2 Proof of Theorem 1

We shall use some basic facts from logarithmic potential theory, see for example
the books [4] or [5] for the general theory.

Without loss of generality we may assume that p,, has leading coefficient 1,
and that K C B4, where B, is the open disk about the origin of radius r. Let
S be the ring By /s \ K.

Let uy, be the zero counting measure of p,, and v, the zero counting measure
of pl,. Suppose to the contrary that the claim is not true, and there is an
e > 0 and an a < 1 such that for infinitely many n, say for n € A, we have
vn(K:)/n < a. We shall get a contradiction.

Let A7 C N be a subsequence along which u,/n — u, v,/n — v in the
weak™ topology on the closed Riemannian sphere. Then p is supported on K,



w(K) =1, and v(K) < a. Below we show that, on the other hand, v(K) = 1,
and that will constitute the required contradiction.

In what follows we shall denote by ms the two dimensional Lebesgue-measure
on the complex plane.

I. Claim: There is a subsequence Ny C N7 such that for mo-almost all z € S

we have () )
Pp\?
= du(t). 1
n—oo, n€Na npy,(2) / z—t u(®) )
Indeed, p,, = un‘K—Fun‘C VK and since MH‘C \ K(C) = o(n) by assumption,
we have p, /n — 0, in the weak* topology. Since p,/n — u also in

C\ K
the weak™* topology, we can conclude that p, ‘K/n — u in the weak™ topology.

Therefore, for any z € S we have

1 1 1
li — | ——duy _ (t) = du(t). 2
n—><><>1,nvlze/\/1n/z—tu‘K() /z—t i) )
Since ) ) ()
Pn\Z
— d n(t) = 5
n/z—tu() npy(2)
it is left to prove that along some subsequence A5 C N7 we have
1 1
li — | ——duy t)=0 3
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for mo-almost all z € S. But that is clear: since

1
/ dms(t) < C, z € C,
S

|2 — ]

with some constant C that depends only on S, we have

/S <711/ Izlt|du”C\K(t)> dma(z) < C’M -0,

which implies that a subsequence of the function in the brackets in the integrand
on the left tends to 0 for mo-almost all z € S, and this is stronger than (3).
|

I1. Claim: The integral on the right of (1) is non-zero in S. Indeed, let
z € S. Then z and K can be separated by a line, and without loss of generality
we may assume that this line is the Rz = a line with some a € R. Then Rz > a,
while for all ¢t € K we have Rt < a (or vice versa), so R(z —t) > 0 forallt € K,



which implies $(1/(z — t)) > 0 for all such ¢. Since u is supported on K, we
can conclude that

%/Zitdﬂ(t)/@zit) du(t) > 0,

which proves the claim.

|
III. Claim: For mo-almost all z € S we have
1)
n—00, n€EN> N \pn(z)|
This is an immediate consequence of Claims I and IT because logn/n — 0.
|
Let .
UP(z) = | log ——dp(t
()= [ o —rdn(t)
denote the logarithmic potential of a measure p with compact support.
Since . 5. (2)| ) )
(2
—log +" = —Ul(z) — =U"(2),
TRITACTITER TR
we get that along the subsequence N5
L (2) — LU (2) 0 (4)
—Ukn(2) — =U"(z
n n

for mo-almost all z € S.

IV. Claim. There is a subsequence N3 C Ny and a sequence {ay} of constants
such that for mo-almost all z € S

lim <1U“"(z) - an> — UR(2). (5)

n—oo, n€EN3 \ N

We write p1,, = pl + p2, where u2 is the restriction of y,, to the exterior of
B/ (and hence pl is the restriction of p, to Bis). Let 1 be the balayage

of p2 out of C\ By/s (see e.g. section IL3 in [5] for the concept of balayage).
Then 4, is a measure on 0B /5 such that it has the same total mass as p2, and
with some constant ¢,, we have

Ubn(z) = UMn(2) + ¢o, 2 € By



Since the total mass of u3/n (which is the same as the total mass of u2/n)
tends to 0, and this measure lies on the circle |z| = 1/2, it follows that

1. -2 c 1 3
—UP () - = 0 By js.
" (Z) " n (Z) — U, z € 1/2

On the other hand, in the proof of claim I we have seen that with p® := u,, ®

we have % pO — p in the weak* topology, which implies that
1 0
—Ukn(z) = UH(2), z€eS.
n

Since i, = 8 + (pl — p) + 12, it is left to prove that along some subsequence
of N3 of N2 we have
1
—UHn T (2) = 0 (6)
n
for mo-almost all z € S.
The measure u —u0 is the restriction of y,, to the set By o\ K, say pr—pl =
dony Ozn, where, by assumption, m,,/n — 0. Note that

1

1o 1 1 1 & 1
ho(2) i= —UFn"Hn(z) = = [ 1 dlpl —p2)t) = =) 1 >0
&) 1= LU = 1 fog = i) P

on S because z,z; € Bj/s, and hence |z — 2| < 1. Now with some &, > 0
consider the set
Hy(en) :={2€ S|hy(2) > e,}.

If

Mn

an<z) = H(Z - Z/?),

k=1

then H,(g,) is part of the set, where |@Qy,, (2)| < e™". By [4, Theorem 5.2.3]
this latter set has logarithmic capacity e=*»"/™» and hence (see [4, Theorem
5.3.5]) it has me-measure at most e~ 2enn/mn  Thyg,

A P
Setting here e, = \/my/n — 0, we obtain

ma (Hn (€n)) < 71'@72\/7%

?

hence there is a subsequence A3 C N5 such that

Z ma(Hyp(en)) < o0

n€N3



Therefore, by the Borel-Cantelli lemma, ms-almost all points z € H are con-
tained in only finitely many of the sets H,(g,), n € N3, and in all those points
(6) is true.

|

After these preparations let v, = v} + /2, where v2 is the restriction of v,

to the exterior of By /o (and hence v} is the restriction of v, to Bi3). Let v3 be
3

the balayage of 12 out of C\ By /3. Then, as before, v, is a measure on 0By /o

such that it has the same total mass as /2, and with some constant d,, we have
U (2) = U"(2) +dn, 2 € By

Note however, that now we do not know if the total mass of v2/n tends to 0,
all we know is that this measure has total mass at most 1 and it is supported
on the circle |z| = 1/2. Set 7, = v} + 13, for which
d 1 5

= 7UV"(Z), PSS Bl/2‘ (7)

R n
nU (2) n n
Here 7, have support in m, and we may select a subsequence Ny C A3 such
that along N, the measures 77, /n converge in the weak* topology to a measure
U supported on T/Q Note that 7, agrees with v, inside By, and v, /n was
convergent along N7 to v, so we get that v and 7 coincide inside B; /2-

Now we invoke the lower envelope theorem (see [5, Theorem 1.6.9]), according
to which for all z € C, with the exception of a set of capacity 0, we have

lim inf 1U'j”(z) =U"(z). (8)

n—oo, neENs N

In view of (4) and (5) there is a 2y € S for which we have

(o trw)
L (U8 (20) = an) = UP(20) (10)

im
n—o00, neN3 N

and (see (7) and (8))
lim inf <1U”" (z0) — dn) =U"(2),
n

n—oo, neNs \ N
where the right hand side is finite, i.e. along some subsequence N5 C Ny

lim (1U"n(zo) - CZL) = U"(2). (11)

n—oo, n€ENs \ N



Thus, along N5

1 1
(U“"(zo) — an> — <U”"(zo) - dn) +a, — dn -0
n n n n

(see (9)), and since the two expressions in the brackets also converge by (10) and
(11) to a finite value, we obtain that {a, — %=} converges (as n — 00, n € N5),
say it converges to the finite number b. Now, it follows from (4) and (7) that
for ms-almost all z € S we have

1 1.5 dy,
<U“”(z) - an> - =U"(2)+an—— —0,
n n n
along N5, and on invoking (5) we obtain that for almost all z € S
1.
EUV"(Z)—)UM(Z)—FIJ, asn — oo, n € N;.
As a consequence, then

. Lo i
i LU0 = U o
is also true on S mg-almost everywhere. But, by the lower envelope theorem
([5, Theorem 1.6.9]), the left hand side agrees with U”(z) everywhere except
for a set of capacity 0 (in particular, mo-almost everywhere), hence we finally
obtain the equality
U”(2) = U"(2) +b (12)

mo-almost everywhere on S.

On taking the average of both sides in (12) over some small disk B,.(z) about
a fixed point z € S, and letting r tend to 0 we obtain (12) everywhere on S,
since, as r — 0, we have, by the superharmonicity of logarithmic potentials,

1

— UP(t)dt — UP(z
), roa s v

for any measure p with compact support (cf. [4, Theorem 2.7.2] and its proof).
Thus, (12) is true everywhere on S. In particular, since U* is harmonic in S,
the same must be true of U”, which implies that 7 has no mass in S (see e.g.
[4, Corollary 3.7.5]).

Let now 7 be a C? Jordan curve in S that circles K once, and let ds be the
arc measure on . We have just seen that all the mass of v inside ~y lies on K. If
0/0n denotes normal derivative on ~ in the direction of the inner normal, then,
by Gauss’ theorem (see [5, Theorem II.1.1]), the total mass of p inside 7 is

1 oUH
w0) = oz | s




and the total mass of 7 inside -y is

- 1 ou”

Since, by (12), here the right-hand sides are the same, we obtain
P(K) = p(K) =1

which contradicts what we started with, i.e. with ¥(K) < a < 1, because
U(K) = v(K) (recall that v and ¥ coincide inside Bj /2).
|

3 The Malamud-Pereira theorem

In 2003 an extension of the Gauss-Lucas theorem was found independently by
S. M. Malamud [2] and R. Pereira [3]. To formulate their theorem let us recall
that an (n — 1) x n size A = (a;;) matrix is doubly stochastic if

o az_} Z Oa
e ecach row-sum equals 1, and
e each column-sum equals (n — 1)/n.

Let p, be a polynomial of degree n, let zi,...,z, be its zeros and let
&1,...,&n—1 the zeros of p),. Set
21 &1
Z = :

[11

Zn gnfl
With these the Malamud-Pereira theorem states that there is a doubly stochastic
matrix A such that = = AZ. An immediate consequence is that if ¢ : C — Ry

is convex (in the classical sense that p(az + (1 — a)w) < ap(z) + (1 — a)p(w)
for all z,w and 0 < a < 1), then

nil iﬂ@) < %Zsﬁ(zk) (13)
Jj=1 k=1

Now we show that this implies Theorem 1 provided we know that all zeros
of all p, lie in a fixed compact set, say in the disk Bg. Indeed, consider a line
L disjoint from K. It determines two half-planes, and let H;, be the half-plane
which is disjoint from K. The claim in the theorem is easily seen to be equivalent



to saying that there are o(n) zeros of p/, in every such Hy. To show that last
claim, by the Gauss-Lucas theorem we may assume that L intersects Br. We
may also assume (apply rotation and translation) that L is the imaginary axis,
and K lies to the left of the line Rz = —a with some a > 0. Consider the
function ¢(z) = max(0,R(z + a)). This is convex, so we may apply (13). Since
©(z) = 0 on K, and ¢(z) < 2R for all k& (we wrote here 2R instead of R to
allow for the just made translation and rotation), the right-hand side in (13)
is at most 2Rm,,/n, where m,, is the number of zeros of p,, lying outside K.
Hence, by assumption, the right-hand side tends to 0, and therefore so does the
left-hand side. However, on the left of (13) we have ¢(§;) > a for every ; lying
in the right-half plane, which is Hy,, and we obtain that there can be only o(n)
such &; there.

Despite this simple proof, the Malamud-Pereira theorem does not seem to
imply Theorem 1 in its full generality.
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