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Abstract. For a measure p on the complex plane p-regular points play an
important role in various polynomial inequalities. In the present work it is shown
that every point in the set {1 > 0} (actually of a larger set where y is strong)
with the exception of a set of zero logarithmic capacity is a p-regular point. Here
“set of zero logarithmic capacity” cannot be replaced by “g-logarithmic Hausdorff
measure 0”7 with =1 (it can be replaced by “B-logarithmic measure 0”7 with
any 3 > 1). On the other hand, for arbitrary p the set of u-regular points can be
quite small, but never empty.

Let v be a Borel-measure with compact support S(v) on the complex
plane. The class Reg of measures plays an important role in the theory
of orthogonal polynomials since it provides a weak global condition which
appears in many results. Let us recall its definition from [5]: if p,,(2) = 7, 2"

+ - -+ denotes the n-th orthonormal polynomial with respect to v with the
normalization 7, > 0, then it is always true that

lim inf y}/™ > -

n=eo T cap (S(v))

where cap (S(v)) denotes the logarithmic capacity of the set S(v) (see [3],
[4] or [6] for the concepts of logarithmic potential theory used in this work).
Now v is said to be in the Reg class if cap (S(v)) > 0, and

1
lim 'yi/ "=

n—o0 cap (S(v))
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THE SIZE OF IRREGULAR POINTS FOR A MEASURE 223

In some way, measures in this class behave “normally” from the point of
view of orthogonal polynomials. ¥ € Reg is a fairly weak global condition,
see [5] for different equivalent conditions and several regularity criteria.

One characterization of regularity is via the set of v-regular/irregular
points. We say that z € S(v) is a v-regular point if

1/n
(1) lim sup <M>

n—oo \ [|Pnllz2()

A

1

for any sequence {P,} of polynomials of corresponding degree at most n =
1,2,.... Otherwise z is called a v-irregular point. Let R(v) resp. I(v) be the
set of v-regular resp. v-irregular points of S(v). Thus R(v) UI(v) = S(v).

Now [5, Theorem 3.2.1] (see in particular (iii) and (v) in that theorem)
claims that v € Reg if and only if I(v) is of zero logarithmic capacity. In
other words, v € Reg means that with the exception of a set of zero capacity,
on S(v) polynomials cannot be exponentially large compared to their L?(v)-
norm.

In the paper [2] the authors considered general measures v on the real
line and showed that the set of v-irregular points cannot be large on the set
v/ > 0 in the sense of (-logarithmic measure. Their setup was the following.
Let h : [0,00) — [0, 00] be an increasing continuous function with 2(0) = 0.
Given E C C the Hausdorff outer measure of E with respect to h is

mp(E) = inf { i h(r;) ‘ EC UAT]},
=1 j

where the infimum is taken for all covers of E/ by balls A, of radius r;. For

ha(t) = <log %) _B, te(0,1),

o0, otherwise

this definition gives (-logarithmic Hausdorff measure. A theorem of Frost-
man (see [6, Theorem II1.19]) says that if E has zero logarithmic capacity
then my,, (&) = 0 for all > 1, and conversely, by a theorem of Erdés and
Gillis (see [6, Theorem II1.20]) mp, (E) < oo implies cap (E) = 0.

For a Borel-measure with compact support let H(v) be the set of points
z € S(v) such that

(2) liminf v (A, (2)) /r™ >0

r—0
for some m, where

A(z)={w||w—z <r}
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is the disk of radius r with center at z. In other words,

B . log1/v(A(2))
(3) H(v)= {z lll?jélp log 1/r < oo} .

Note that e.g. for S(v) C R this set includes all points where the classical
derivative of v with respect to linear Lebesgue-measure is positive.

With these notations E. Levin and D. S. Lubinsky [2] proved that for
any v supported on the real line the set of v-irregular points in H(v) is of
zero my,,-measure for all 3 > 1. They also wrote ([2, Remark (a)]) “It seems
unlikely that the set of irregular points can have zero capacity in {v/ > 0}”.
Our first result says that actually the set of v-irregular points in H(v) is
always of zero capacity, even if the measure is not supported on the real
line.

THEOREM 1. The set of irreqular points in H(v) is of zero capacity, i.e.
cap(I(v)N H(v)) =0.

As a corollary one can derive the main result of [2] without assuming the
measure to lie on the real line.

Before giving the proof first we note that the sets I(r), R(v) are Borel-
measurable. Indeed, if {Qgn},-, is a countable dense set in the space of
polynomials of degree at most n equipped with the supremum norm on S(v)
and if

Ak,m,n = {Z S S(V) | |Qk,n(2’)’ > en/mHQk,n”Lz(V)}a

then clearly

n—oo

o0 o0
I(v) = U lim sup U Ak,
m=1 k=1

so it is a Borel-set, and R(v) is just its complement relative to S(v) (here

limsup B, := ﬂ U B,).

n—ee N=1 n=N

Thus, by the capacitability of Borel-sets, we can talk of the logarithmic ca-
pacity of I(v) and R(v) and their cousins that appear below.

PROOF OF THEOREM 1. Suppose to the contrary, that the claim is not
true. If H,, is the set of points z for which
T.m
(4) v(A(2)) =2 —, forall 0<r<1/m,
m

Acta Mathematica Hungarica 136, 2012



THE SIZE OF IRREGULAR POINTS FOR A MEASURE 225

then H(v) = USS_; Hy,. Similarly, if Iy is the set

(5)
Iy ={z€SWw)||Pu(2)] > 69”|]Pn\\L2(V) for infinitely many P,, n — oo},

then I(v) = U2 1,/,. Hence, by our contrapositive assumption, for some
k,m the set I/, N Hp, must be of positive capacity. Fix such a k and m, and
select a compact subset K of Iy, N Hy, of positive capacity. By Ancona’s
theorem [1] we may assume that K is regular with respect to the Dirichlet
problem in the unbounded component of C\ K, i.e. the Green’s function
9e\K (z,00) of this unbounded component with pole at infinity is continuous
(and hence 0) on K. Thus, for every ¢ > 0 there is a J. > 0 such that for
dist (2, K) < 6. we have gé\K(z,oo) <e.

Fix a zp € K. Let P, be an arbitrary polynomial of degree at most n,
let M = ||P,||x = | Pu(20)| be its supremum norm on K, and let z, € K be
a point where this supremum norm is attained. For dist (u, K') < d. we have
by the Bernstein—Walsh lemma [7, p. 77]

| Pa(u)] = | Pull exp(nge  (2,00)) = Me™,

and then we obtain from Cauchy’s formula for the derivative of analytic
functions that for dist (v, K) < d./2 the estimate | P, (v)| < 2Me" /4, holds.
This implies that for |z — z,| < 7, with r,, = d.e”"¢/4 we have

| Po(2)] 2 | Pulzn)| — (2Me™ /6.) |2 — 20| = M — (M/2) = M/2.

In other words, in the disk A, (z,) we have |P,| = M/2. Since z, € H,y,,
for < 1/m we have v(A,(z9)) = r™/m, and this gives with r =r, (for
large n)

2 2 2 M2§me—nme

€
/‘P"| v = /Amczn) [Poldv 2 (M/2)°0 (Ar(2n)) 2 — Arm—
In view of M 2 | P,(z0)| this shows that

. 1/n m
timsup (| Paz0)| /|| Pall o))" £ €72

which is impossible for me/2 < 1/k by the choice of I, because 29 € I} p.
Since € > 0 is arbitrary, we can make me/2 smaller than 1/k, and then the
contradiction obtained proves the theorem. [

Next, with the ideas used in Theorem 1, we derive a criterion for regu-
larity. First we prove
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THEOREM 2. For a measure v with support of positive capacity the fol-
lowing are pairwise equivalent:

(a) v is in the Reg class,

(b) the set of v-irregular points is of zero capacity,

(c) the set of v-regular points is of full capacity (i.e. cap (R(v)) =
cap (S(v)) .

The equivalence of (a) and (b) was proven in [5, Theorem 3.2.1] (see in
particular (iii) and (v) in that theorem), but it is interesting to know that
they are also equivalent to (¢) which is seemingly much weaker than (b).
Thus, the complementary sets [(v), R(v) behave in a rather unexpected
way: if I(v) is of positive capacity, then necessarily R(v) has smaller ca-
pacity than S(v) has (in general, complementary sets may both have full
capacities).

This theorem combined with Theorem 1 gives (see (3) for the definition
of H(v))

COROLLARY 3. If cap (H(v)) = cap (S(v)), then v is in the Reg class.
This was Criterion A in [5, Section 4.2].

PROOF OF THEOREM 2. As we have already mentioned, the equivalence
of (a) and (b) was proven in [5, Theorem 3.2.1], and (b) clearly implies (c)
since R(v) = S(v) \ I(v). Thus, it is left to show that (c) implies (b).

Suppose to the contrary that cap (R(v)) = cap (S(v)) and at the same
time cap (I(v)) > 0. Then for some 6 > 0 the set Iy in (5) is of positive
capacity. Fix such a 6 > 0.

If

(6) Ry ={z€SW)||Pu(z)| = 69”/3||Pn|!L2(V) forn> N
and all P,, deg(P,) < n}

then UY_;Rx contains the set R(v), hence it is of full capacity. Therefore,
as N — oo, we have cap (Ry) — cap (S(v)), and we can select increasing
compact sets Ky C Ry such that cap (Ky) — cap (S(v)). We claim that
then the equilibrium measures px, converge in the weak*-topology to the
equilibrium measure j1g(,) of the support S(v). In fact, since from any sub-
sequence of {px, } y We can select a weak*-convergent subsequence (Helly’s
theorem), it is enough to show that if o is a weak*-limit of some subsequence
of {1y, }j, then o = pg(,). But this is clear: if

p) = [ [ 1o g detwdo(t)
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is the logarithmic energy of a measure p, then, by the principle of descent
(see [4, Theorem 1.6.8, (6.16)]), we have

Z(o) £ liminf Z(px, ).
j—00 a

However,
1

T — log ———
(rcy,) = log cap (K’

and the right-hand side tends to log1/cap (S(v)) = I(,us(#)) as j — 00.
Thus, we get Z(o) < I(,us(l,)), and at the same time o is a unit Borel-
measure supported on S(v). By the minimality and unicity of the equilib-
rium measure this implies 0 = f1g(,), as was claimed.

Thus, pxy — ps@) in the weak™-topology, and then it follows from the
lower envelope theorem [4, Theorem 1.6.9] that for the logarithmic potentials

1
|2 =1

Ut (z) = [ log T durcy (1

we have

(7) lim inf UFEN (z) = UHs™ (2)
for quasi-every z € C, i.e. for all z € C with the exception of a set of capacity
Z€ero.

Let ga\ &, (2,00) be the Green’s function of the unbounded component
of C\ Ky with pole at co. Now cap (Ky) — cap (S(v)) and (7) give, in
view of the formula (see e.g. [4, (1.4.8)])

1
96\ (2, 00) = log cap (Kn) Utres (z),

that
hjf\? SUD YG\ K (z,00) = 9Ie\s(v) (z,00)

for quasi-every z € C, and note also that the right-hand side is 0 for quasi-
every z € S(v) by Frostman’s theorem (see e.g. [3, Theorem 3.3.4 and Section
4.4]). Hence, for quasi-every zo € S(v) we have

(8) ]\}Enoo QE\KN (ZO’ OO) =0.
In particular, there is a point zg € Iy where (8) holds (note that Iy has pos-
itive capacity by our assumption). Therefore, for large N, say for N = Ny,

we have gg, g, (20,00) = 60/3.
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Now let P, be a polynomial of degree at most n and let n > N > Npy.
Then, by the definition of the set Ry in (6) and by Ky & Ry, we have
1Pl = 6”9/3||Pn|]L2(V), and hence, by the Bernstein-Walsh lemma [7,
p. 77],

| Pa(z0)] < exp (ngg s, (20,00)) [ Pull ey, < exp(n8/3)e™3|Pull 20,
— 3Py .

This shows that zg cannot lie in the set Iy (see (5)). But zp was chosen to
be an element of Iy, and this contradiction proves the theorem. [

Since zero logarithmic capacity implies zero (-logarithmic measure (|6,
Theorem II1.19]), Theorem 1 gives that I(rv) N H(v) is always of zero hg-
measure for > 1 (when S(v) C R this is Theorem 1.1 in [2]). However, it
need not be of zero hi-measure as the following example shows.

ExAMPLE 4. There exists a compact set K C R of positive hi-measure
and a Borel-measure v on K with support equal to K such that

9 lim inf —d d])/d >0

(9) lim inf v ([z —d,z +d]) /d >

for every x € K and all but countably many points of K are v-irregular
points.

Note that in view of Theorem 1 such a K is necessarily of zero logarith-
mic capacity.

PROOF. Starting from Ky = [0,1] do the Cantor construction (in each
step removing a middle portion of the remaining intervals) in such a way that
at level k we have a set K}, consisting of 2% intervals each of length 22"
and set K = N2 K. Note that the complementary intervals at level k, i.e.
the intervals of [0,1] \ K}, all have length > (7/8)27%".

Let v; be the measure that puts mass 272" {0 each left endpoint of the
intervals at level k and let v = Y ;>; vx. With this choice condition (9) is

satisfied at every point x of K: if 272" < 4 < 27%" then
vz —d,xz+d]) = yk([x _ 22k+1’$ n 2_2k+1] ) 9% >q

Let Po» be the monic polynomial of degree 2™ with zeros at the left end-
points of the intervals at the n-th level. For an x € K let Ji(x) C K be
the interval at the k-th level that contains x. Then there is one zero closer
(= not farther) to « than 272" in J,(z), another zero closer than 2-2" in
Jn—1(x), and in general for each k =0,1,...,n — 2 there are 2% zeros closer
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than 272" in Jn_k—1(x) not accounted for before. Finally, there are 27!
zeros closer than 1 in Jy = [0, 1]. Therefore,

n—2 )
|[Py(a)| <277 [T (2727 =22
k=0
and hence, since Py is zero on the support of v1,. .., vy, the L?(v)-norm of
Py is at most
(10)
0o 1/2 1/
[ Por |l 2y = |Pn||L(x,(K)< Z uk(C)> < 9= (n 12" (gni29-2") /2
1=n+1

On the other hand, if x belongs to the right interval of J,(z) N K41
(note that this set consists of two intervals), then its distance from either of
the 2% zeros in J,,_j,_1 considered before is at least

972" 9. 972 972 (1 972" ML) > 972 (7))

for k=0,...,n— 2, this distance is = 7/8 for k =n — 1 and it is = (7/8)
-272"" for the only zero in .J,,(x). These give that

n—2
[Py (2)] Z (7/8)% 27" [ (27271)7 = (7/8)% 2700,
k=0

and so, in view of (10),
| P (@)] /|| Pov | 2oy 2 (14/8)% /202072,

This shows that if x lies in infinitely many “right” intervals, then it is
v-irregular. But the only points in K that lie in only finitely many “right”
intervals are the left endpoints of intervals in different levels, so unless x is
a left endpoint of an interval at some level, then z is v-irregular.

Now we show that K, and hence also the set of v-irregular points, has
positive hi-measure. In fact, let K C Uézlfj be a cover of K by open inter-
vals I;, j =1,2,.... By compactness we may assume that their number [
is finite. Now K is the intersection of the compact sets K,, constructed on
the individual levels m =1, 2,..., hence the open cover Ué-zll ;j contains all

the intervals on some level, say K C Ué:jfj. Let I; contain k; subinter-
vals Jij,...,Ji, ; of Ky (each of length 2_2M+1). Then for k; > 1, say for

2° <kj = 25t s >0, the interval I ; must contain at least one complemen-
tary interval at level M — s (for otherwise all the subintervals Jy ;,..., Ji, ;
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would belong to the same interval at level M — s, which is not possible, since
an interval at level M — s has at most 2° subintervals at level M). But all

subintervals of [0,1] \ Ky are of length > (7/8)272""", and so

1 1 25— M M
> M—s Z = k 2 /4
log1/|1;] = log1/((7/8)2=2""") = 2log2 ~
If k; = 1 then we just use
1 1 2~ M-1
> > k27 M /4.

log 1/[I;] = log1/[J1;] ~ log?2

Hence
l

!
1
> 27 Mg = oMo™M g — =
Zlogw 22 k2 A=
which proves the claim. [

Example 4 is rather extreme: it exhibits a measure v such that its sup-
port S(v) is relatively large (has positive hi-measure), but the set R(v) of
regular points is small (countable). This raises the question if R(r) can even
be smaller, for example can it be empty? Our last result claims that the
answer is no:

THEOREM 5. For any measure v, v-almost all points are regular, i.e.

v(C\ R(v)) =0.

PRrROOF. Define the Christoffel functions associated with v as
Ao(z) = inf P,|* dp.
(2) ot / | Ppl” dp
With this the definition of v-regularity in (1) clearly takes the form

limsup ———— =
N 00 )\n(z)l/n

It is well known that if p; are the orthonormal polynomials associated with
v then

1 n
=> " |pr(2) ?
) =
Now for a ¢ > 1 the set
Gng=1{2€5W) |1/ n(z) > ¢"}

Acta Mathematica Hungarica 136, 2012



THE SIZE OF IRREGULAR POINTS FOR A MEASURE 231

is of measure at most (n + 1)/¢"™ since

MG S [, g < (kg pi?) =t 1.

Therefore, the set

oo
limsup G, 4 == ﬂ U Gnyg
e N—oo n=N

is of zero v-measure. Now this proves the claim, since the set of v-irregular
points is

U limsup G, 4 = lim limsup G, 4,
q>1 n—oo q\,l n—oo

and hence it has zero v-measure. [
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