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Abstract In this paper, we consider numerical and trigonometric series with a very general mono-
tonicity condition. First, a fundamental decomposition is established from which the sufficient parts
of many classical results in Fourier analysis can be derived in this general setting. In the second part
of the paper a necessary and sufficient condition for the uniform convergence of sine series is proved
generalizing a classical theorem of Chaundy and Jolliffe.
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1 Introduction

In this paper we consider a generalization of monotonicity for real sequences {a, }. The condition

we use is that for some A > 2 and a positive constant M the inequality

2n 2n M An
A = — a < — .
Do IAag] =) fay — appi| < - > laxl (1.1)
k=n k=n k=n/\
An
is true for all n, where >  means > .
k=n/\ n/A<k<Ain

Monotone sequences clearly satisfy (1.1). See the papers [2]H4], [8]f12] for various other
variations, of which (1.1) is the most general one. For positive sequences property (1.1) was first
introduced in [12], where it was called the Mean Value Bounded Variation (MVBYV) condition,
and the papers [1], [5]46], [8]410], [12] show that (1.1) in the positive case allows one to derive

necessary and sufficient conditions for various properties of trigonometric sums in terms of their
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coefficient sequences. In the paper [12] it was also shown that from this point of view condition
(1.1) cannot be further weakened.

In the present paper we show that in many situations the positivity assumption can be
dropped. In particular, for the uniform convergence of sine series condition (1) allows us to
derive necessary and sufficient conditions for uniform convergence, thereby obtaining a very
general extension of the classical result of Chaundy and Jolliffe.

Throughout the paper, we always use M for the positive constant appearing in (1).

2 A basic decomposition and sufficient conditions

The main result of the present section is the following structural theorem which gives a decom-
position of any sequence with property (1.1) as a difference of two such nonnegative sequences.
Without loss of generality we may assume A > 8 and M > 1 in (1.1). For a sequence {a,}
set
1 n
b, = — . .
n n Z |ak| (2 1)
k=n/\
Theorem 2.1 Let {a,} be an arbitrary sequence with property (1.1) with some A > 8. Then
there is a constant B such that the sequences {Bb,} and {c,, = Bb, —a,} are nonnegative, and
they both satisfy (1.1).
Note that this gives the announced decomposition, since a,, = Bb,, — (Bb,, — ay,).
Actually, we will see that B = 4M is appropriate.
Proof We start with

Lemma 2.2 For all n we have
lan| < 2Mb,.

Proof Suppose to the contrary that for some n we have |a,| > 2Mb,,. Then for alln < k < 2n
we obtain from property (1.1) for {a,} that

k—1
lak| > |an| — Z |Aa,;| > 2Mb,, — Mb,, = Mb,,
Jj=n
SO
1 2n
bn > — ; |ay| > Mb,
which is not possible since M > 1. g

Next, we show that {b,} satisfies property (1.1).

Clearly, if (1.1) is true for sufficiently large n then it is true (with a possibly different M)
for all n, so in verifying (1.1) we may always assume n to be sufficiently large.

We have, from (2.1),

Xk 1 Ak+1)
Abel = |2 D gl D gyl
k k+1
J=k/X J=(k+1)/X
< 1 Ja| Jay]
< S g Y e oy e
) k(k+1) ; k ; k+1
j=(k+1)/X k/A<j<(k+1)/X Me<j<A(k+1)
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Therefore,

2A\n

2n
Slanl < 3 ol 3

j=n/\ k=j/\

A(2n+1) 1 1

LD DN 1) B DR D DR el B
j=n/x Nj—1<k<\j G/A—1<k<j/A
and this easily gives
2A\n A(2n+1) 1 1 3)\2 A(2n+1)
Z|Abk|< > |aj|f Syl —+x) <= D gl (2.2)

Aj =1 /A no

j=n/\ j=n/\ j=n/\

On the other hand, in
an n 1 Ak
SRS S o
k=n/X k=n/X\  j=k/X

an |a;| with n/A < j < A(2n + 1) has coefficient

1 1 1
| E BT A E R Z (Amin(j, n) — max(j,n)/A).
J/ASKkSNG max(j,n)/A<k<Amin(j,n)
n/A<k<nX

For n/A < j < n the right-hand side is

LB L-nys L

An A An A 2\
while for n < j < A(2n+1) it is
1 j 1 1
—lAn—=]>—(An—(2 1)) >-.
An(n )\>)\n(n @n+1)=z3
Therefore, we obtain from (2.2) that
2n n
63
Do 1Ab <= Y by (2.3)
k=n k=n/\

which verifies property (1.1) for the sequence {by}.

Finally, we show that c,, := 4Mb,, —a,, which, according to Lemma 2.2, are all nonnegative,
also satisfy property (1.1). We follow the preceding proof. Now

2n 2n 2n
D [Ack] <AM Y [Ab|+ > [Aax],
k=n k=n k=n

and here the last sum is, by property (1.1) for {a,},

2n M 2n 2n M 2n
< < — — < — .
D 1Aar] < Mby < — 37 (b — bl +bi) < MY |Ab+— 3 by
k=n k=n+1 k=n k=n
Therefore, in view of (2.3),
2n 2n An

Z|Ack|<5MZ\Abk|+%Zbk (5M - 6)\3+M Zbk

k=n k=n kn/)\
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But, by Lemma 2.2, we have
cr > 4Mby — 2Mby, > by,

so on the right we can replace by by ¢i and we obtain property (1.1) for the sequence {¢,}. O

Corollary 2.3 Suppose that a real sequence {a,} satisfies the condition (1.1), and consider

the trigonometric series

S(x) = Z ay, SIN N,
n=1

(a) If N
> % < 00, (2.4)

n=1

then S converges everywhere, and it is the Fourier series of its sum f(x).
(b) If lim na, =0, then S converges uniformly.
n—oo

(¢) If, for some 0 < v < 1, we have

o0

Zn7_1|an| < o0, (2.5)

n=1

then =7 f(z) is L'-integrable.
d) Ifl<p<oo,1/p—1<y<1/p and

Zn”+p7*2|an|p < 00, (2.6)

n=1

then =7 f(x) is LP-integrable.

(e) Let S(x) be a Fourier series of an integrable function f(x) € Loyr. If lim a,logn = 0,
n—oo

then S converges to f in L'-norm.

Statements (a), (¢), (d) and (e) are also true for the cosine series

o0
S(z) = Z @y, COSNT,
n=0

except that in (a) the claim is that convergence takes place for all z # 0 (mod 7). It is easy
to see that conditions (2.5) and (2.6) imply (2.4), so the function f(z) in (¢) and (d) is well
defined.

We note that when {a, } is positive, then the conditions in (b)—(e) are not only sufficient, but
also necessary (under the condition (1.1)), e.g. S converges uniformly if and only if nhﬁngo na, =
0. When {a,} can change sign, then the necessity of the given conditions may not be always
true. However, we shall discuss the uniform convergence case in Section 3, where we shall obtain
also the necessity of na,, — 0.

Proof Corollary 2.3. (a) The claim for nonnegative sequences is in [11]. Therefore, in view
of Theorem 2.1, it is enough to show that condition (2.4) implies the same condition for the

sequences {b,} and {c, = Bb, —a,}. Furthermore, in view of Lemma 2.2 we have for B = 4M,

2Mb,, < Bb, —2Mb,, < Bb,, — a,, = ¢, < Bb,, +2Mb,, = 6Mb,,, (2.7)
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s0 (2.4) needs to be verified only for the sequence {b, }. But that is immediate:

Z%:Z% o al =l Y %§A3Z@<oo

n/A<T<AR j J/A<n<A) 7 J

The proof of (b) is similar: the statement for nonnegative sequences is in [12], and we can
apply Theorem 2.1, since a,, = o(1/n) implies

1 n
bi=— > ol/k) = o1/n)
k=n/\

and the same is true for {c,}.

As for (c), the relevant statement for nonnegative sequences was proved in [5] or [7], so, in
view of Theorem 2.1, it is sufficient to verify again that (2.5) implies the same for the sequence
{b,} (see also (2.7)), which is immediate:

Zn”‘lbn = Zrﬂ_Q Z la;| = Z la;| Z n'"% < M, Zj7_1|aj| < 00.
n n n/A<j<An J J/ASn<AG J

The proof of (d) is similar if we note that the statement for nonnegative sequences is in [1]
or [9].

Finally, the verification for (e) is similar to that in (b), and the statement for nonnegative

sequences appears in [1] or [10].

As for the relevant results for cosine series, apply Theorem 2.1 in the same fashion, and use

the results for nonnegative sequences (see, for example, [11]). O

3 Uniform Convergence: Necessary Condition

It was proved by Chaundy and Jolliffe (see e.g. [13, Theorem V.1.3]) that if {a,} is a positive

decreasing sequence then the series
o0
Zan sin nx (3.1)
n=1

converges uniformly if and only if

lim na, = 0.
n—oo

There have been many generalizations of this result when the monotonicity of {a,} is replaced
by some generalized monotonicity condition, but the positivity of the sequence has usually been

assumed. The next theorem gives a very general extension when positivity is not required.

Theorem 3.1 Let a real sequence {a, } satisfy (1.1). Then the series (3.1) converges uniformly
if and only if na, — 0.

Proof The sufficiency follows from Corollary 2.3, so we only need to prove the necessity.
Therefore, assume that the series (3.1) converges uniformly, and we need to show that, under
condition (1.1), na, — 0. We are actually going to show that

n

lim lax| = 0,
n—oo
k=n/\
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and then na,, — 0 follows from Lemma 2.2.

If condition (1.1) is true for a A then it is true for any larger A, therefore we may assume
that A > 8 is an integer.

For an € > 0 choose N so that for N < k <[ we have

l

Zaj sin kz|| < e. (3.2)
j=k
Let
An
B, = Z |ak|
k=n/X\
and
AZn
By= > lal
k=n/\?
Consider the sets B
A, = : > = <k< )
n {k |a;€|_2>\n, n//\_k:_/\n,keN}, (3.3)

and write |A,| for the number of the elements in A4,,. For each k € [n/\, An] we have, in view
of Lemma 2.2, the estimate |ag| < (2M/k)B;; < (2AM/n)B};, hence

B 2\M B AnB 2MM\B;
B, < - —r | < A, T
" Z 2Mn + Z ~ 2Mn * |4nl n
ke[n/ A n]\ A, kEAn
Therefore,
1 B
Ay >n—>22, 4
We select disjoint subsets St,...,S,, of [n/A, An] as follows. Set m; = min A,,, and select

vy according to the following procedure:

(i) If for j = 0,1, -+, jo, n/A < mq + j < An the numbers a,,,+; have the same sign, and
for j =0,1,---, 50 — 1, |am,+;| = Bn/4 n while |am, 4,| < Bn/4An, then let v = jo.

(ii) If case (i) is not satisfied for any jo, then let 11 = kg for which ap,, 4, is the first element
with my + ko € [n/A, An] to become zero or of opposite sign than a,, .

(iii) If neither (i) and (ii) happen, then simply let 11 = Iy for which my + Iy is the first

number greater than An. Define now
Sy ={mi, mi+1,--- ,m;+uvq —1}.

Next, set my = min(A,, \ S1) if this latter set is not empty, and using the same procedure we
select v and define
Sgi{mg, m2+1,~-~ ,m2+1/271}.

We continue this procedure until we reach an Sy, for which A, \ (S1U---US,, ) =0.
Our first task is to give an estimate for x,, i.e. for the number of these S;’s. Note first of
all that for all 1 < j < k,, we have

Z |Aak| > |amj 7amj+1/j| >
keS;

B
4 \n
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by the choice of the v;’s (for j = k,, this property may not be true). It is easy to see that (1.1)

implies
2
MNP L M3
< -2 p*
Z |Aag| > Jax b,
k=n/X\ k=n/\?
from which
Kp—1 fcy,—l B
73* > Z Aal > Y > [Aax] > Z m S v
k=n/\ j=1 keS,;
ie. B B
< 4=n < 4-n )
Ky < 4MX Bn+1*5M)\ B, (3.5)
follows.

Note now that all aj for k € S; are of the same sign, therefore it follows from (3.2) upon

substituting « = 7/(2n\) and using that for n/A < k < An we have
sin 2T 5 2R L
' M\ T w20 T A2

that
1 k
ﬁZ|ak|§ Zaksin% <eg,
kesS; kes; "

provided n/A > N, where N is the threshold for (3.2). On summing up for all 1 < j < k,, and
using (3.5) it follows that

Kn

Z lak| < Z Z lak| < 55M>\6—

keA, j=1keS;

From here, in view of the definition of the set A, in (3.3) and in view of the bound (3.4), we

can infer )
1 B B*
"< MM
s g = MAR

This shows that B2 /(B;)? tends to zero as n — oo.
Apply this with n = A™. Set ¢, = Bam, m =1,2,.... Then B} < gm—1 + gm+1, hence for

these ¢, we can conclude that
@/ (@m-1 + @m+1)*> = 0 as m — 0. (3.6)

We show that this implies ¢,, — 0. Once this is done, the claim B, — 0 follows, since
B, < @m + Gmy1 With X™ < n < XML
To prove ¢, — 0 note that (3.6) implies for any A > 0 and for some m > my

dm—1 + dm—+1 > Aq3/2 m Z mp. (37)

Therefore,
2lim sup ¢, > A(lim sup qm)3/2.

m—r oo m— 00

Since this is true for any A, we can conclude that this limsup is either 0 (which is what we

want to prove) or it is infinity. In the latter case there is an m > mgy for which g, is larger
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than all previous ¢;, and it is larger than 1. Then (3.7) with A = 3\ gives ¢m41 > 2Agp. In

particular, ¢m,+1 is larger than any previous ¢;. Now applying again (3.7) (with m replaced

by m 4 1) we get in the same fashion that g,1+2 > 2Agmy1 > (2)\)2qm, and so on, in general

Gmtj > (22)T gy > 29N for all j > 1. However, that is impossible, since (3.2) implies a,, — 0,

therefore definitely g,,+; < o(A™77). Hence limsup ¢, — 0, and the proof is complete. O
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