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Abstract

Polynomial approximation on convex polytopes in R? is considered in uniform
and LP-norms. For an appropriate modulus of smoothness matching direct
and converse estimates are proven. In the LP-case so called strong direct and
converse results are also verified. The equivalence of the moduli of smoothness
with an appropriate K-functional follows as a consequence. The results solve
a problem that was left open since the mid 1980’s when some of the present
findings were established for special, so called simple polytopes.



Part 1
The continuous case

1 The result

We consider the problem of characterization of best polynomial approximation
on polytopes in R%. To have a basis for discussion, first we briefly review the
one-dimensional case.

Let f be a continuous function on [—1,1]. With ¢(z) = V1 —2? and r =
1,2,... let

Well:0)= e Afpa @)= 1.1
LD A Sl W

be its so called p-modulus of smoothness of order r, where

T

1) = ()1 (o G-ton) (12

k=0

is the r-th symmetric difference, and || - ||s denotes the supremum norm on a
set S. In (1.1) it is agreed that A} f(x) = 0if [z — Sh,x + §h] £ [-1,1]. Let

En(f)o1y = 0 1 = palli-1

be the error of best approximation of f by polynomials p,, of degree at most n.
Then (see [12, Theorem 7.2.1]) for n > r

1
En(f)-1,1) < Mwy (f, n> (1.3)
and (see [12, Theorem 7.2.4])
r 1 M . r—
wgp <f7n> < szzo(k_Fl) 1Ek‘(f)[71,1]7 n= 1a25"" (14)

where M depends only on 7.
(1.3)—(1.4) constitute what is usually called a characterization of the rate of
best polynomial approximation in terms of moduli of smoothness, e.g. they give

En(f)i—11 = O(n™%) <= wi(f,6) = 0(67)

for o < r. This is precisely what we want to do for multidimensional polynomial
approximation in R%. (1.3) is usually called the direct, or Jackson-type, while
(1.4) is the converse, or Stechkin-type estimate. This latter (1.4) is a weak
converse to (1.3), but that is natural, since E,(f) can tend to zero arbitrarily
fast, but w,(f,1/n) > ¢/n" unless f is a polynomial of degree at most r — 1.



In R? we call a closed set K C R? a convex polytope if it is the convex
hull of finitely many points. K is d-dimensional if it has an inner point, which
we shall always assume. The analogue of the ¢-modulus of smoothness on K
was defined in [12, Chapter 12], and to recall its definition we need to consider
the function along lines in different directions. A direction e in R? is just a
unit vector e € R?. Clearly, e can be identified with an element of the unit
sphere S9!, so 8971 is the set of all directions in R?. Let K be a convex
polytope, 2 € K and e € S%7! a direction. The line le,z through x which is
parallel with e intersects K in a segment A, ; B, ;. We call the minimum of the
distances between z and A, ,, B, the distance from = to the boundary of K
in the direction of e:

dk(e,z) = min{dist(z, Ac ), dist(z, Be z) }, (1.5)

while

di (e, ) = \/dist(x,Ae,m) - dist(x, Be,z) (1.6)

could be called the normalized distance. Note that even if z lies on the boundary
of K, it may happen that dg (e, z), dk (e, z) > 0; for example, if K is a cube of
side length a, x is the midpoint of an edge and e is the direction of that edge,
then dg (e, z) = dg (e, ) = a/2.

If f is a continuous function on K, then we define its r-th symmetric differ-
ences in the direction of e as

T

@) = V(1)1 (24 (Gsone) (17)

k=0

with the agreement that this is 0 if # + $he or # — Fhe does not belong to K.
Finally, define the r-th modulus of smoothness as (see [12, Section 12.2])

wK(f? 5) = eeSdfl,SI}lLI;& veK |Ah(iK(e,;p)ef(‘T)|a (18)

which we shall often write in the form

wi(f,9) = Sup sup 1A e (eyed @55 (1.9)

ie. Wi (f,9) is the supremum of the directional moduli of smoothness

WK,e(fa 5) = :};Pis ”Ahd~K(e,m)ef(x)HK

for all directions. Note that when K = [—1, 1], then there is only one direction
(and its negative) and this modulus of smoothness takes the form (1.1), i.e.
wi(f,8) = w_q1(f,9). (1.10)



Another way to write the modulus of smoothness (1.8) is

Wie(f.0) =supsup AT f(a)lly = supw(£.0),  (L11)
I h<s ’ I

where I runs through all chords of K, so wj(f,d) is just the supremum of all
the moduli of smoothness wj(f,d) on chords of K, and here wj(f, ) is just the
analogue (actually a transformed form) of the p-modulus of smoothness w, for
the segment [.

It is also immediate that

wy,(f,0) = wy(f, 1), for all 6 > 1, (1.12)
and as a consequence,
wi(f,0) =wk(f,1), for all § > 1. (1.13)

We also set
En(Dxe =i If = Pl

where the infimum is taken for all polynomials in d-variables of total degree at
most n. This is the error in best polynomial approximation and this is what we
would like to characterize.

The main result of this paper is

Theorem 1.1 Let K C R? be a d-dimensional convex polytope andr = 1,2, . ...
Then, for n > rd, we have

Eu(fae < M (1.7). (111

where M depends only on K and r.

The matching weak converse

Wi (f, le) < n% Sk 1) E(f)x,  n=12..., (1.15)

k=0

is an immediate consequence of (1.4) if we apply it on every chord (considered
as [—1,1]) of K. See [12, Theorem 12.2.3,(12.2.4)], which proof goes over to our
case without any change. Note also, that, exactly as in [12, Corollary 12.2.6],
we get the following consequence of (1.14)—(1.15).

Corollary 1.2 Let o > 0 and let f be a continuous function on a d-dimensional
convex polytope K C Re. If f can be approzimated with error n= on any chord
I of K by polynomials (of a single variable on I) of degree at most n =1,2,..
then E,(f)xg < Mn~%, where M depends only on K and «.

*)



This Corollary tells us that n™ rate of d-dimensional polynomial approximation
is equivalent to n~%-rate of one-dimensional polynomial approximation along
every segment of K (note that if we restrict any function/polynomial of d-
variables to a chord I of K we get a function/polynomial of a single variable on
I). This corollary is true only on polytopes, see [12, Proposition 12.2.7].

In Section 13 the same problem in LP spaces will be considered, and in the
second part of the paper we verify a complete analogue of Theorem 1.1 for LP-
approximation. In LP spaces one can even do somewhat better (see Section 20),
and we shall prove a stronger form of Theorem 1.1 and its converse (1.15).

There have been many works on polynomial approximation in several vari-
ables, for some of the recent ones see e.g. [4]-[1], [6]-[8], [11], [17] and [21]-[23]
and the references there. In these works various moduli of smoothness are con-
structed for special sets like balls and spheres which solve the approximation
problem there. Often the moduli are shown to be equivalent to a K-functional,
and the approximation goes trough the use of that K-functional. These do not
work on polytopes, and precisely the absence of the relevant K-functional what
makes the problem of the present work difficult. We also mention the paper [13]
where global approximation is characterized in terms of local ones.

For special polytopes Theorem 1.1 had a predecessor: call K C R? a simple
polytope if there are precisely d edges at every vertex of K. For example,
simplices and cubes/parallelepipeds are simple polytopes. Now it was proven in
Theorem [12, Theorem 12.2.3] that if K is a simple polytope, then

B < M (i (1.2) 4071l ). (110

It has been an open problem in the last 25 or so years if this is true for non-
simple polytopes (even for a single one!), and it is precisely what Theorem 1.1
claims in a slightly sharper form. The second term on the right of (1.16) is
usually dominated by the first one, so the main improvement in Theorem 1.1 is
not the dropping of this term (although we shall see that dropping that term
is an important step in the proof), but the dropping of the “simple polytope”
assumption. Why are simple polytopes easier to handle, i.e. why is (1.14) for
simple polytopes substantially weaker then for general ones? The answer is that
the crux of the matter is approximation around the vertices of the polytope.
Now a vertex of a simple polytope looks like a vertex of a cube (modulo an
affine transformation), and cubes are relatively easy to handle since they are
products of segments (therefore, approximation on cubes can be reduced to
approximation on [—1,1], as was done in [12]). This is no longer true if there
are more than d edges at a vertex. Still, the simple polytope case will play an
important role in the proof of Theorem 1.1.

Acknowledgement. This work has been done over several years (the L case
preceding considerably the L? case) during which the research was supported by
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2  Outline of the proof

The first part of this paper is devoted to the proof of Theorem 1.1. The proof
has several components, some of which are quite technical, therefore, in this
section we give an outline. Recall that a polytope in R is simple if there are
precisely d edges at every vertex.

Besides (1.8), we need another modulus of smoothness defined as

Wi (f,0) = Sup sup 1A e (emyed @55 (2.1)

where & = €k is the direction of the edges of K. So the only difference in
between wi (f,d) and @ (f,d) is that in the former one we consider the sym-
metric differences in all directions, while in the latter only in the direction of
the edges of K. We shall use the fact that wi (f,d) is invariant under affine
transformations: if @ is an affine mapping of R™ onto R", if F' is a continuous
function on ®(K) and f = F(®), then

wy (k) (£, 0) = wi (f,0),  6>0. (2.2)
Indeed, it follows from the definitions that

A;J¢(K)(¢(e),¢(w))@(e)(F((I)(x)) = AZ,;K(W)Ef(x) (2.3)

for all x.
In [12, Theorem 12.1.1] it was proved that if @) is a cube then

E.(f)q < Mwy, <f, 711) , (2.4)
and [12, Theorem 12.1.1] claimed
B <M (@ (£3) + 01 ) (25)

for all simple polytopes. Our first step will be to get rid of the term n™"||f| x
on the right, i.e. to prove

En(f)x < Ml <f, i) (2.6)

for simple polytopes, and this is achieved in Section 4 with the use of (2.4),
which does not contain that term.



It has already been observed in [12, Chapter 12] that one can get from any
polytope a simple polytope by cutting off small pyramids around every vertex,
and putting back these cut off pyramids constitutes no problem from the point
of view of approximation. So the main difficulty is proving the result (Theorem
1.1) for pyramids.

For a pyramid S with apex at P let aS be the dilation of S from P by the
factor a, and set K, = aS \ (a/4)S. For small a this is a tiny simple polytope
close to P, and the main idea of the proof is to show that for this simple polytope

we have ) )
e, (o) < b (13 (2.7

(note that on the left we have the modulus (2.1), while on the right the modulus
(1.9)). This will be done in Section 6. Now an application of (2.6) gives that
for a > const/n? there are polynomials p,, va of d variables of total degree at
most n+/a such that

—T 1 s 1
If = Pnyallk., < Mok, (fa Wa) < Mwg (fvn) ;

and here M does not depend on n or a since all K, are similar to one another.
Note that there is a huge gain here: the degree of the polynomial p,, 5 on the
left is much smaller than n, and still we get the required rate of approximation
(on the small set K,). Once we have these local approximants in Section 7, we
will patch them together (in Section 8) by something like a polynomial partition
of unity. This system of polynomials will be constructed from non-symmetric
fast decreasing polynomials in Section 3. This patching works because even
though p,, 7z approximates f only on a tiny set K, and outside that set they
can blow up, this blow-up can be controlled since the degree of p,, ;5 is small
compared to n.

So basically everything boils down to proving (2.7). So why is (2.7) true?
K, has edges that are parallel with the base edges of S, as well as with the
edges of S that emanate from the apex P (called apex edges). Now in the
direction of these last edges K, is much shorter (~ a-times shorter) than S,
and this gives dk, (e,x) < M+/adg(e,x) in these directions. So, when taking
the norms of the symmetric differences in (2.1) in these directions on K,, we
automatically get the improvement stated in (2.7). However, in the direction of
the base edges of S the tiny set K, is of the same “length” as S, and in these
directions the improvement needed in (2.7) is obtained via the observation that
any base direction is a linear combination of two apex edge directions, and, as
we have just observed, apex edge directions behave nicely. Of course, to apply
this idea somehow one needs to compare smoothness in the base edge directions
with smoothness in the corresponding apex edge directions; this will be done in
Section 5.

Unfortunately, we cannot do exactly what was described, instead the above
ideas give the necessary n-th degree approximation on a subset of S that misses



a small strip (of width ~ 1/n?) around the boundary of S. However, in Section 9
it will be shown that the appropriate rate of approximation on this strip around
the boundary automatically follows from the approximation on the rest of S.

The proof is the same in all dimensions, but the language is simpler in R?,
so first we prove Theorem 1.1 in R3, and in Section 11 we indicate the necessary
changes in higher dimension.

There is a K-functional related to polynomial approximation on [—1,1],
namely

Ko (5:) = inf (17 = gl + 79l 1) - (2)
[12, Theorem 2.1.1] gives that there is an absolute constant M such that
1 T T '
MKT,Lp(f7t ) chp(fa t) S MKT,QD(fat ) (29)

for all 0 < ¢ < 1 ([12, Theorem 2.1.1] is a general result and there this is
stated for 0 < t < ¢y with some ¢y, but the proof works for all ¢ < 1, when
¢(z) = V1 — 2?; or note simply that for tg <t <1 we have both K, ,(f,t") ~
K. o(f,t5) and wi(f,t) ~ wi(f,t0)). An analogue of (2.9) is not known for
polytopes in R?, and precisely the lack of such a K-functional makes the proof
of Theorem 1.1 complicated. In Section 12 we shall prove an analogue of (2.9)
for polytopes, but that will actually be a consequence of Theorem 1.1.

Since
Kr,sa(fa (At)") < /\TKr,q:(fv t"), A>1, (2.10)

we can deduce from (2.9) the inequality
wi(f, M) < MN Wl (f,1),  A>L (2.11)

Indeed, for At < 1 this is a consequence of (2.10) and (2.9), and for At > 1
it follows from this case and from that fact that the modulus of continuity
wy,(f,t) is constant on [1,00) (see (1.12)). (2.11) can be easily transformed to
any segment I (cf. (1.10)) by linear transformation, where it takes the form

wi(f, A\t) < MAN"Wi(f,1), A> 1. (2.12)
Now this and the form
wi (ft) = sup wi(f,1), (2.13)
ICK

where the supremum is taken for all chords I of K, gives
wie(f, M) < MX'wie(f,1),  A>1, (2.14)

with an absolute constant M. In a similar manner, the modulus of smoothness
(2.1) can be written as

Ok(fit) = Sup, wi(f, 1), (2.15)



where the supremum is now taken for all chords I of K that are parallel with
the edges of K, hence we obtain as before

The(fL M) < MA@y (f,1),  A> 1. (2.16)

In what follows we shall encounter inequalities where numerous constants
appear. Since in most cases we are not interested in the exact value of these
constants, we introduce the notation

A< B (2.17)

for A < C'B with some constant C, the exact value of which is indifferent for us.
Sometimes we will indicate on what parameters the constant in < is depending
on.

3 Fast decreasing polynomials

“Fast decreasing” or “pin” polynomials have been used in the past in various
contexts. Their characteristic is that they decrease fast away from a given point,
hence they are a sort of polynomial versions of Dirac deltas and they allow e.g.
to patch local approximants together to get a global one. This is precisely how
we will use them in this work; and they are one of the cornerstones of the
method of this paper. Actually, we shall use their integral forms; namely fast
decreasing polynomials go hand in hand with good polynomial approximants to
the signum function (in the sense specified below), which can be obtained from
fast decreasing polynomials by integration.

The “best” fast decreasing symmetric polynomials on [—1, 1] were found in
[14]. However, symmetric polynomials are not suitable for us, therefore below
we give a nonsymmetric construction that will suit our needs. We also men-
tion that the idea of using polynomial approximants to the signum function on
non-comparable intervals has already been proven useful in the theory of or-
thogonal polynomials with exponential weights. See [15, Theorem 7.5, where
nonsymmetric fast decreasing polynomials of the sort we are going to discuss
have been used. However, we shall need somewhat faster decrease than what is
in [15, Theorem 7.5].

I Symmetric fast decreasing polynomials on [—1,1]. We start from symmetric
polynomials. Let ®, ®(0) < 0, be an arbitrary even function on [—1,1] that is
increasing on [0, 1]; ® may depend on parameters, as we shall see below. We
are interested in polynomials P such that P(0) = 1, P is even, P is decreasing
and nonnegative on [0,1], and P(z) < e ®®) z € [~1,1] (so called “bell-
shaped” polynomials). [14, Theorems 1, 2] give very precise estimates on the
smallest possible degree ng of such a polynomial P. In particular, if ®(1/2) > 1,



®~1(1) < L®71(0) and ®(1) < L®(1/2), then (see [14, Theorems 1, 2 and

Corollary 2]) )
@

iy

with some constant Cy that depends only on L (here, for v > 0, we set
&t (v) = sup{r € [0,1]| ®(7) < v}.)

Let A > 32 be a constant that will be at our disposal when we use the
construction below. For a natural number n > 2 and for 1/712 < a<1/4 we set

0 for 0 < |z| < v/a/16,
4An+/alog(2Ax/\/a) for \/a/16 < |z| < 1.
We have ®~1(0) = ®71(1) = \/a/16, (1) < 2®(1/2), and (integrate by parts)

Va
L' 44ny/alog(2Au/\/a) 44ny/a (1 +log (245 / ﬁ))
3 du < < 64Anlog A.
Va/16 u Va/16
Therefore, by (3.1), there are (bell-shaped) polynomials R%O) of degree
< 64C1Anlog A (3.2)

with some absolute constant C; such that R;O) is even, R%O) (0)=1,0< R%O) <1
on [—1,1], R is increasing on [—1,0] and decreasing on [0, 1], and

RO (z) < exp(—4Anﬁlog(2Ax/ﬁ)) for \1/766 <z<l. (3.3)

II. Symmetric fast decreasing polynomials on [—2,2]. The polynomial Rg)(x) =
7(10)(3:/2) has similar properties on [—2, 2], except that instead of (3.3) we have

RW(z) < exp<—4An\/610g(Ax/\/5)> for z €[-2,2]\ [_\é&7 \gﬂ .
(3.4)
1I1. Offsetting the peaking point. Set

(@) i (w B ﬁ) + Ry (x + \/%)
R (z) = Ry (2\/§> .

For this R%Z)( 3a/2) =1, Rg) is even, and for 0 < x < 1 we have

R?(z) < 2RWM <:c — \/327“> (3.5)




Indeed, this is immediate, since, by the bell-shape form of RS)

0<z<1
3a 3a
(1) 22 < RO Y B
Ry, (J:—i— 2>_Rn (J: 2).

IV. Nonsymmetric fast decreasing polynomials on [0,1]. Since R%z) is even,
Rgl?’)(x) = Rg)(\/») is a polynomial, R (22) =1 and (see (3.5)) 0 < Ry <2
for z € [0,1]. If |# — 32| > &, then

, we have for

a) either > 2a, and then

—3a/2 :v/4 N2
‘f f+ N RN (3.6)
b) or 0 < z < a, and then
B 3£ |z — 3a/2| a/2 ﬁ
‘¢ vﬁ+v@77> T (3.7)

Hence, for 0 < z < a we get from (3.4), (3.5) and (3.7)

R®(x) < 2R (ﬁ— \/?) < 2exp (—4An\/510g (A a))
< 2exp(f4An\/£log(A\/ﬁ/4\/E)) < 2exp(—44nv/a) (3.8)

since A > 32. On the other hand, for 2a < x < 1 we get in a similar way from
(3.4), (3.5) and (3.6)

R®)(z) < 26xp<—4An\/510g(A\/5/8\/5)) < 2exp (—4An\/510g 4\/5> .

Ja
(3.9)

V. Approzimation of a jump function. Let

1
o = / RO (u)du
0

and first we estimate this quantity from below. In view of (3.8) and (3.9) and
Any/a > 32, we can see that

1= R®

n

3a
<M = RU

10



is attained at some zo € [a,2a]. Now apply Bernstein’s inequality [5, Ch 4.,
Corollary 1.2] on [0, 1] to conclude that for ¢ € [a, 2a)
2n

‘(Rg))’(t)’ < \/%M <=

and so for u € [xg — va/4n, zo + v/a/4n] N [a, 2a] we have

M,

2 M M
RO (u) > R®) () — \/—%MW —wol = M-S =S
Now the interval [zg — v/a/4n, zg + v/a/4n| N |a, 2a] has length > \/a/4n, so we
can conclude

My/a _ +a
L> =Y > Vo 1
M= T 8 (3.10)
Set now
1 1
RW(z) = RW ()= — [ RO (t)dt, z e 0,1]. (3.11)
’ Tn Jz

Clearly, 0 < Rgfl)(:c) <1 and RS is decreasing on [0,1]. We obtain from (3.9)
and (3.10) for 2a < z < 1 the inequality

16 ! AT
R£z4) (r) < TZ i exp (—4An\/alog \}g) dt

16n  [1/°
< —=a exp (—4Anv/alog(4v/u)) du

\/5 z/a

1/a 1 2An+/a 1671\/6 1
= 16 i du <
n\/a/x/a <16u> U > 2An\/5— 1 (16x/a)2A"‘/5_1

< exp (—Anyalog(16z/a)) . (3.12)

On the other hand, for 0 < z < a we get from (3.8) and (3.10)

1 T 1 e 16n
1-RP(z) = —/ R (t)dt < —/ 24N < T gemtAnVa
( ) Tn Jo () B Tn Jo - \/a'
= 16nyaexp(—4Any/a) < exp(—An/a). (3.13)

The polynomials R of degree at most (64C1Anlog A)/2 +1 < Cy an are
the ones that we need. Note that, by (3.12) and (3.13), they approximate on
[0, a] U [2a, 1] the function that is 1 on [0,a] and 0 on [2a,1]. In particular, our

11



construction in proving the main theorem of this work will use the estimates
(3.12) and (3.13).

For later use let us also mention the following, which can be easily obtained

)

from symmetric fast decreasing polynomials (e.g. from R%O if A, a are properly

chosen) by integration as in step V:

Lemma 3.1 If B > 2, 6 > 0 are given, then there is an | depending only on B
and 0 such that for every n there are polynomials U, of degree at most In for
which 0 < U, <1 on [-1,1], U, < 0™ on [-1,—1/2B] and 1 — U,, < 6™ on
[1/2B,1].

Indeed, the existence of such an U,, also follows immediately from [14, Theorem
3.

4 Approximation on simple polytopes

In this section we prove Theorem 1.1 for simple polytopes in the sharper form
when wi(f,1/n) is replaced by the smaller quantity @} (f,1/n) from (2.1).
Recall that a polytope K C R? is simple if at each vertex there are precisely d
edges. For example, cubes are simple polytopes.

Thus, we want to prove

En(f)x < @i (fin™") (4.1)

for n > rd, where @ is the modulus of smoothness (2.1) taken in edge directions
of K. Recall the < notation from (2.17), so (4.1) means that E,(f) is at most
a constant times @i (f,n~1).

The weaker inequality

En(f)x <@k (fn™) + 07" | flx (4.2)

was proved in [12, Theorem 12.2.3]. In general, this additional term is bounded
by the first term, but getting rid of this term is much more important than
aesthetical reasons would warrant. Indeed, we shall need to apply (4.1) to some
small pieces K, of a general polytope S and to some small m < n instead of n
for which

Wi, (f,m™) <wi(f,n™h),

and then we shall get w%(f,n~!) rate of approximation on K, by much smaller
degree polynomials than n. The weaker estimate (4.2) would completely destroy
this method, for then the additional factor m~"||f||k, would be much larger
than wf(f,n~1), so the improvement given in (4.1) is absolutely necessary for
the proof in this paper.

Note however, that (4.1) was proved in [12, Theorem 12.1.1] for cubes, and
hence, via an affine transformation, for all d-dimensional parallelepipeds. We

12



shall deduce (4.1) from this special case by representing K as a union of d-
dimensional parallelepipeds. We shall carry out the proof only for d = 3, the
general case is completely similar.

We may assume that K lies in the unit ball By(0).

Fix a small ¢ > 0. Consider a vertex V of K and mark on each edge
emanating from V' a point which is of distance € from V. V and the marked
points generate a 3-dimensional parallelepiped 7V, all edges of which are parallel
with the edges adjacent to V and all edges of TV are of length . Clearly, for
small € > 0 this TV is part of K, and for sufficiently small £ > 0 the following
is also true: for every y € K there is a 3-dimensional parallelepiped T'(y) C K
containing y such that 7T'(y) is a translation of one of the TV’s. Indeed, with
some large but fixed M and small € > 0 we do the following:

A) when y is in the Me-neighborhood of a vertex V, then we use as T(y) a
translation of TV,

B) when y belongs to an edge V; V3, then we use as T'(y) a translation of either
TVt or TV> depending on which endpoint is closer to y, and the same is
the process if y is in the Me-neighborhood of the edge V;V5 but not in
the Me-neighborhood of V; or V5,

C) when y belongs to a face Vi ...V}, then we use as T'(y) a translation of either
one of TVt ..., TV" depending on which endpoint is closer to y, and the
same is the process if y lies in the Me-neighborhood of the face Vi ...V}
but not in the Me-neighborhood of either of the edges of V7 ...V}, and,
finally,

D) when y is of distance > Me from all faces, then we use as T'(y) a translation
of any of the TV’s (provided M is sufficiently large).

In addition, we also require

E) e yisnot a vertex of T(y) unless y is a vertex of K,
e y does not lie on an edge of T'(y) unless y lies on an edge of K, and
e y does not lie on a face of T'(y) unless y lies on a face of K.
These can be easily achieved using the preceding procedure in A)-D).
Note that if, say, y is a vertex of K, then it is necessarily a vertex of T'(y).

Note also that this selection of T'(y) was made in such a way that for small
e > 0 we have

F) if \T'(y) is the dilation of T'(y) by a factor A made from its center, then
4T (y) N K is still a parallelepiped (of side lengths in between e and 4e,
since T'(y) C 4T(y) N K).

13



Call a parallelepiped T a K-parallelepiped if each edge of T is parallel
with an edge of K. Clearly, by property F, 4T(y) N K and 2T (y) N K are
K-parallelepipeds.

We have

U 7w = K,

yeK

so by compactness (see below) finitely many of these T'(y) cover K, say

k
K =JTl,). (4.3)

Indeed, it is clear that the vertices of K are covered by the T'(y)’s where y
runs through the vertices of K. Next, if F is an edge with endpoints A, B,
then there is a closed segment E’ C FE not containing A and B for which
E CT(A)UT(B)UE'. By property E) the interiors of the edges of the T'(y)’s
for y € B’ cover E’, so by compactness we can select finitely many which cover
E'. If we do this for all edges we get a finite covering of the edges. Apply similar
reasoning (using property E)) to cover the faces, and finally all of K.
We set _
T(y) =2T(y) N K. (4.4)

In view of F) this is a K-parallelepiped of side length in between e and 2. We
claim that we can form a sequence 11, ..., Ty;2 such that each T; is one of the
T(y;), j =1,2,...,k (repetition allowed),

2k2
K=JT (4.5)
1=1

and T; N T;41 has non-empty interior for each i. Indeed, consider the graph G
the vertices of which are the Tv(yj)’s7 j=12,...,k and f(yj) and T(y;) are
connected if their interior is non-empty. If this graph of k vertices is connected,
then there is a walk in it of length < 2k? going through all the points (just go
from a designated point to all the points in the graph along a path and back;
each such path is of length at most 2(k — 1)). Thus, it is sufficient to show
that G is connected. Suppose this is not the case, and let H be the union of all
the T'(y;)’s that can be reached from T'(y;), i.e. H is the union of a connected
component G of G. Then H cannot cover the whole interior of K, since then
every T'(y;) would intersect an element of this G; so that the intersection has

non-empty interior, in which case necessarily T(yj) € G1, and we would get
G = G, i.e. the connectedness of G. Hence, if GG is not connected, then H
must have a boundary point Y lying in the interior of K, say Y € T'(y;/), where
T(yj/) € Gi. But Y also belongs to one of the T'(y;)’s, say Y € T'(y;~) (see

(4.3)), and then it is clear that ¥ belongs to the interior of T'(y;~) (use property
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E) for Y). But then T(y;) N T(y;») has non-empty interior, so T(y;~) € Gy,
which shows that Y is actually an interior point of

H= | T

T(y;)€Ch

This contradiction proves the claim regarding the connectedness of G, and with
it concerning the existence of the sequence T, ...,To2.

So each one of T7,...,Ty,2 is a 3-dimensional K-parallelepiped with side-
lengths in between € and 2¢, their union is K, and there is a § > 0 such that
each T; N T; 41 contains a ball B; of radius §. Now we need

Lemma 4.1 Let U C K be a set, T C K a K-parallelepiped with side-lengths
in between € and 2¢ such that U N'T contains a ball B of radius §. Then there
is an | that depends only on €, and K for which

Eun(fvor <2E.(f)u + 2B, (f)2rnk- (4.6)

In particular, if U = ThU---UTj and T = T, j = 1,...,2k%> — 1, then |
depends only on K.

Recall that 27T is obtained from T by a dilation of factor 2 from its center.
Ifforj=1,...,2k* —1weset U =TyU---Tj and T = T} 1, then a repeated
application of the lemma gives (c.f. (4.5))

2k?
El2k2n(f)K S 22k2 Z En(f)QTjﬂK' (47)
j=1

We have already mentioned that (4.1) is true for each 275 N K by [12, Theorem
12.1.1]. More precisely, it was proved there that if H is a cube, then for every
n > r there is a polynomial @,, of degree at most n in each variable such that

If = @nllr < M@y (f,n™1), (4.8)

where M depends only on r and d. This gives

Ean(f)u < M@y (f,n™1) (4.9)

because the total degree of @, is at most dn. Then the same is true (via an
affine transformation) for all H which is a (3-dimensional) K-parallelepiped.
Here we used the affine invariance of W}, mentioned in (2.2).

It is now important to observe that 27; N K is a K-parallelepiped, i.e. all
its edges are parallel with some edges of K, hence (4.9) yields

Ean(farnr < M@hp i (f,n™h). (4.10)
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Indeed, we assumed that 47 (y) N K is a parallelepiped, so it is a K-parallelepi-
ped since its edges are parallel with the edges of T'(y) and K. Now each T} is a
2T (y) N K (see (4.4)), so (see below)

2T, NK =202T(y) N K)N K CAT(y) N K, (4.11)

hence it is again a K-parallelepiped. In (4.11) we used the fact that if TCT
are parallelepipeds with pairwise parallel edges, then

2T C 2T. (4.12)

(Note that this is not absolutely trivial because the center of dilation for T may
be different from the center of dilation for T, since these parallelepipeds can
have different centers.) To prove (4.12), let ® be an affine map that maps T
into [—1,1]3. Then ®(27) = 2®(T) = [—2,2]® and ®(T) is a rectangular cuboid
with ®(27) = 2®(T), so it is enough to prove (4.12) for T'= [—1,1]3. Then

T = [a1 — b1, a1 + b1] X [az — by, a2 + ba] X [az — b3, a3 + bs]

with some a; € (—1,1) and b; € (0,1). The center of T is (a1, as,a3) and

QT = [a1 —2by,a1 + 2b1] X [CLQ — 2by, a2 + 2b2] X [a3 — 2b3, a3 + 2[)3]
So all remains to be proven is that if a; £ b; € [—1,1] then a; £ 2b; € [-2,2],
which is clear, since e.g. a; +2b; <2 if a; > 0, while if a; < 0 then b; < a; +1,
soa; +2b; <a;+2(a;+1)=3a;+2<2.

Since
ngjﬂK(fv t) S w?((fv t)

by the definition of Wx in (2.1) (recall that, as we have just seen, 275 N K is
a K-parallelepiped), we obtain from (4.7) (applied with dn instead of n) and
(4.10)

El2k2dn(f)K = w;((fa nil) = w;((f7 (le dn)il)a
where, in the last inequality, we used (2.16). In view of the monotonicity of E,
and property (2.16) of @' (f,t), this proves (4.1) for all large n, say for n > ng.
Thus, the proof of (4.1) for n > ng will be complete once we verify Lemma 4.1.

Proof of Lemma 4.1. We need two additional lemmas.

Lemma 4.2 If B is a ball of radius p lying in the unit ball B1(0), then for any
polynomial Q,, of degree at most n

1@nllB,0) < QnllB(4/0)". (4.13)
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Proof. It is known (see [5, Proposition 4.2.3]) that if ¢, is a polynomial of a
single variable of degree at most n, then

@ < Nanlicnag { (121 + V2 1)+ (1o - Va2 1))
< ol @al)?, v eR\[-1,1) (114)

As a consequence, for any interval I = [a — §, &« + 6] we have for x € R\ T
|qn (2)] < [lgn[1(2 - dist(z, @) /6)". (4.15)

Now let B = Bs(A), i.e. A is the center and ¢ is the radius of B. If X is any
point in the unit ball, then let [ be the line through A and X. The polynomial
@, in the lemma when restricted to [, is a polynomial g, of a single variable
of degree at most n, and on this line X lies from A closer than 2. Hence, on
applying (4.15) we get

|Qn(X)] < [|@nllBru(2 - dist(X, A)/6)" < [|Qnl|5(4/0)", (4.16)

which proves the lemma.
|

Lemma 4.3 Let T C B1(0) be a 3-dimensional K -parallelepiped such that its
side-lengths lie in between some € and 2 and let 2T be its dilation from its
center by a factor 2. If n > 0, then there is an L depending only on n, € and K
such that for every n there is a polynomial R, of degree at most Ln for which
0<R,(z) <1lifxe Bi(0), Ry(z) <™ ifx € B1(0)\ 2T and 1 — R,(x) <n
ifeeT.

Proof. Let ® be an affine transformation that maps 7" into [—1,1]3. Then
®(2T) = [-2,2]3, and there is an A > 2 depending only on T and ¢ such that
®(B1(0)) C [—A, A]3 (recall that T is a K-parallelepiped, so its shape is dictated
by the geometry of K).

By Lemma 3.1 (with B = 24, 0 = n/6, and set Qn(z) = U,(x/2A)) there
is a polynomial @, (z) of degree In (with some ! depending only on n and A)
such that 0 < Q,,(t) < 1fort € [-24,24], Qu(t) < g™ if t € [-24,-1/2], and
1 —Qn(t) < gn™if t € [1/2,2A]. Then, for

én(t) = Qn(t + 3/2)(1 - Qn(t - 3/2))7

we have 0 < Q,(t) < 1 on [—A, A], for t € [-1,1]
1= Qult) = 1= Qult+3/2)+ Qu(t +3/2Qut—3/2 < T+ T = T
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and for ¢t € [—A4, A]\ [-2, 2]

Qult) = Qult +3/2)(1 - @ut —3/2) <
Hence, for the polynomial
Ry (X1, Xo, X3) = Qn(X1)Qn(X2)Qn(X3)
we have 0 < R, (X) <1 for X € [-A, A3,

Rn(X) < 77n7 X € [_AaA]B \ [_272]37

and

1-R,(X) <", X e [-1,1)%

Since ®(B;1(0)) C [—A, A3, it is clear that then the polynomials R, (z) =
R, (®(x)) are suitable in the lemma.
|

After these we return to the proof of Lemma 4.1. Let P; and P, be polyno-
mials of degree n such that

If = Pillzrnkx < En(f)ernk,  |If = Pello < En(f)u-
On the ball B C U NT we have
1P — Pl < |If = Pallv +[|f = Pillarnrx < Ex(f)u + En(f)ornk,
hence, by Lemma 4.2
1P1 = PallB,0) < (4/0)" (En(f)u + En(f)2rni)- (4.17)

With n = §/4 choose the polynomials R,, as in Lemma 4.3, and set P =
R,P; + (1 — R,)P,. This is a polynomial of degree at most Ln + n, and for it
we have on UN2T =UN (2T N K)

|f = P| < Rulf =P+ (1= Ry)|f — Po| < En(f)u + En(f)ornk,  (4.18)
onT

|f = Pl

l[f =P+ (1 —=R)(P—P)| < |f =P+ (1= Ry)| P — P

< En(f)arnk +1"(4/0)" (En(f)u + En(f)2rnk)

IA

2En(f)2TﬁK + En(f)U (419)
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(see (4.17)), and on U \ 2T

|f =P| = |(f = P = Ru(Py — Po)| < |f — Pa| + Rp| Py — Py
< En(Nu+0"4/0)" (En(f)u + En(f)2rnk)

< 2En(f)U + En(f)ZTﬂK- (4'20)

Since UN2T, U\ 2T and T cover U UT, (4.18)—(4.20) verify the lemma.
|

So far we have verified (4.1) for all sufficiently large n, say n > ng. To get
(4.1) for all degree n > rd all we need is to apply the above procedure and
Lemma 4.4 below (for n = rd,rd+1,...,n9 — 1) instead of Lemma 4.1.

Lemma 4.4 Let U C K be a set, T C K a K-parallelepiped with side-lengths
in between € and 2¢ such that U N'T contains a ball B of radius §. Then there
is a C that depends only on €,6,n and K for which

Eu(f)uor < C(Balf)u + Eulf)ernx)- (4.21)

In particular, if U =Ty U---UTj (see (4.5)) and T = Tj41, j=1,...,2k* — 1,
then C depends only on n and K.

Proof. Let, as before, P, and P, be polynomials of degree n such that
If = Prllernx < En(f)2rnk, If — Pllv < En(fu-
On the ball B C U NT we have again
1P = Pllg < |f = Pillerax + |1 f = Pellu < En(f)u + En(f)2rnk.
Then, by Lemma 4.2,
[P1 = P2l By 0) < (4/6)" (En(f)u + En(f)2rnk), (4.22)

and so
lf = Pillvur < C(En(f)u + En(f)2rnk)

since

|f — Pi| <min(|f — P, |f — P2|) + |P1 — Pl
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5 Polynomial approximants on rhombi

We start with the following result in one variable. Let g € C[—1, 1] be a contin-
uous function on [—1,1] and P, its best approximant by polynomials of degree
n. Then, according to [12, Theorem 7.3.1], for any integer r > 0 we have

o™ Pl (=10 € Myn"w (g,n ), (5.1)

where ¢(t) = /1 — 2, and
w'(g,0) = sup |AT ) 5.2
go(g ) 0<}LI;(;H hgo(t)g( )H[ 1,1] (5.2)

is the standard ¢-modulus of smoothness (1.1) of g, and the constant M, de-
pends only on r. If P, is any polynomial of degree at most n, then clearly for
g = P, the polynomial P, is the best approximant among polynomials of degree
at most n, hence we obtain

" P |20y < MWl (P, ). (5.3)

Now if g € C[-1,1], w is an increasing function for which w,(g, n~ ) <w(n)
and P, is a polynomial (not necessarily best approximating ¢) for which ||g —
Pollj=1,1y = w(n=1), then

le" P71,y < n"w(nh). (5.4)
Indeed, this is immediate from (5.3), since
w;(Pn,n_l) =< lg = Pall{=1,1] +w;(g7n_1) <w(n™h.

Recall now (1.10), that is the fact that the modulus of smoothness w(, (g, §) is
the same as wy_; ;,(g, 0) as defined in (1.8). We can transform the interval [-1, 1]

by a linear map to any interval [A, B], and via this transformation we obtain
from (5.4): if g € C[A, B], w[rzg] (g,n7 1) < w(n~!) and P, is a polynomial for

which [lg = Pl 75 < w(n1), then for t € [A4, B]

— L — n
{It—Al-|t—Bl}/?
and here < depends only on r and on the < in the two assumptions.

Let now T = ABCD C R? be a rhombus with diagonals AC' and BD
and with side-directions e; and ey (see Figure 5.1). We assume dist(A4,C) = 1.
Then dist(A, B) and dist(B, D) depend only on e; and es. Let F be a continuous
function on T, and suppose that there is a polynomial @, of two variables of
degree at most n such that

wp(F,n™h) <w(n™),  IF = Qullr <w(n™) (5.6)

[P ()] < "w(n™h), (5:5)

with some increasing function w. We are going to show
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Figure 5.1:

Proposition 5.1 Under the condition (5.6), if x is a point on the diagonal AC
with dist(z, A) < dist(A, C)/4, then for any direction e (in R?) we have

9" Qn(x)
Oe”

1
dist(x, A)

73 n"w(nh). (5.7)

The same is true if the length of the diagonal AC is a number in the interval
[1/2,1], provided the side-directions are the fized vectors e; and es.

Remark. This is a fairly nontrivial estimate, since the standard Bernstein
inequality [5, Ch 4., Corollary 1.2] would only give

‘EVQ,L(:U) 1

T -1
dist(m,A)T'n w(n™)

oe"

for example if e is the direction of the other diagonal BD. The improvement of
1/dist(z, A)" to 1/dist(z, A)"/? is exactly what is needed below; this is one of
the key steps in the proof of Theorem 1.1.

Proof. Let EpFy and E,.F, be the two chords of T' that go through x and
which are parallel with the sides AD and AB, respectively. Divide the angle
EyxE, into r equal angles by the chords E;F;, j=1,...,7—1 of T (see Figure
5.1), and let €; be the direction of E;F};. Clearly &y = e; and €, = ey (or vice
versa). It is clear that if d = dist(z, A), then dist(z, E;) > d/2 and

dist(x, F;) > dist(z, Fy) > dist(4, D)/2 > (dist(A,C)/2)/2 > 1/4

(recall that dist(A,C) =1).
Now suppose (5.6), say

wp(F,n™h) <w(n™),  IF = Qullr <w(n™h). (5.8)
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On applying (5.5) on the segment E;F; (the restriction of @, to that segment
is a polynomial of a single variable of degree at most n) we obtain

‘ 0" Qn(x) - 1

e F n"w(nh). (5.9)
j

If €; = ajer + Bjea, then, with the agreement 8] = af = 1 (i.e. with 0° =1,
since By = 0 and «,. = 0), this takes the form

> (1)t L g o (5.10)

r %
=0 a

with some |0;| < L, where L depends only on r and the angle in between e;
and ey. It is clear that «;/8; # ar/Bk if j # k (otherwise €; and €, would
point in the same direction). Note also that 8y = a,. = 0, so we can develop the
determinant of the system (5.10) according to its first and last columns and we
get that the determinant is

(:)ajﬂ;-i T (1)t <ﬁ( )) Hﬁ’" (vj/B;) ’::_11;:_11

,j=0 i=1

Now this is not zero, since the last factor is H;_l(aj/ﬁj) times a Vandermonde-
determinant with different «;/5;’s. Note also that this determinant depends
only on 7, e; and es. Hence, we can solve the system of equations (5.10) for

3TQ7L($)/3€§36£_i, and we get
deidey "

where < depends only on r, e; and ey. But if e is any direction then e = ae;+Ses
with some |af, |3] < 1, and so

’fmn(x) _ Z<;>ai5r 166%5 7Qu(z)

oer ‘
1=0

<d7"?n"w(n™Y),

<d7"?n"w(n™Y),

which is (5.7).
The last statement is an immediate consequence of the first one if we apply
a dilation.

6 Pyramids and local moduli on them
In this section we give an estimate on the moduli of smoothness in question

on small parts of a given pyramid. The estimates in this section are somewhat
technical, but they form a central part of the proof.
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Figure 6.1: The pyramid S and the sets K,

As we have already mentioned, first we work in R?. For a point x € R3, x;
will always denote the first coordinate of z, i.e. x = (z1,-, ).

Let Z be a convex polygon in a plane £ lying in R? and P a point outside
that plane. The convex hull S of Z U {P} is called a pyramid with apex at P
and with base Z. P is connected by an edge to every vertex of Z, these are
called the apex edges of S; while the edges of S that are also edges of Z are
called base edges. The height of S is the segment that connects P with the
orthogonal projection of P onto £ (the plane of the base), i.e. it is a segment
from P to a point on the plane of the base that is orthogonal to that plane.

We shall consider pyramids S that have the following two properties:

a) no two base edges of S are parallel,
b) the height of S lies in the interior of S (except for its two endpoints).

Without loss of generality we may assume that S is placed in R? so that its
apex is at the origin 0, S\ {0} lies in the half-space 21 > 0 and the base of S lies
in the plane {x | z; = 2}. Then the height of S is the segment {z|0 < z; < 2},
i.e. the height lies on the z1-axis. For 0 < a <1 let (see Figure 6.1)

Sy =aS=8z|0<x <a}, Ky =5\S4 Ki=aK;=2S5,\5.4 (6.1)

Then K, and hence each K, is a simple polytope (i.e. there are precisely 3
edges at every vertex), and K; has the same edge directions as S has.

Let £ be the direction of the base edges of S, and let eq,...,e,, be the
direction of the apex edges, where the orientation of each e; is such that it points
from the apex 0 towards the base. Note that every base edge has endpoints on
two apex edges, so every e € £ is a linear combination of two of the eq,..., e.,.
The direction of the edges of K; (and hence of all K,) are £ U {e1,...,em},
but, as we have just seen, all these directions are linear combinations of two-two
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members of the apex edge directions {es,...,emn}. In what follows, let e € £
be a base edge direction, and, by appropriate labeling, we may assume that
e = aeg + Bey. Of course, then the base edge F with direction e lies in the plane
(E1, Es) spanned by the apex edges Fi, E2 in the direction of e; and es (see
property a), according to which there is only one base edge E with direction e).

Recall now the definition of the distances dk(e,x) from (1.5). A crucial
observation is

Proposition 6.1 For 0 <z <1, z € S, we have
min{dg(e1,x),ds(ea,x)} > cods(e, x) (6.2)
with a ¢y depending only on S.

We remark that this proposition is false when there are two base edges
parallel with e. Neither is the conclusion true for z lying close to the base, i.e.
for points for which the first coordinate x; is close to 2.

Proof. The claim is clear when z lies on the plane (E}, F2) spanned by E1, Es,
so in what follows we assume that this is not the case.

Let S be the infinite cone with vertex at 0 determined by S (formally
5% = U2 nS). Since the base of S is on the plane {z | x; = 2}, we have for
x1 < 1 the equalities

dS’(evx) = dsx(e,x), dS’(ejvx) = dsm(ejﬂx)v J=12

because the line through x, which is parallel with e, intersects both 39S and
0S5 in the same segment, while the line trough z that is parallel with e; has
a common intersection point @ with S and S in the domain {u € R?*|0 <
u; < 1} and the other intersection point of this line with 95 is of distance
> dist(x, Q) from x (this is due to the fact that z; < 1, while the base of S lies
on {u|uy = 2}). Therefore, by the homothecy-invariance of S*°, it is enough
to verify the claim for z; = 1.

Let H, be the plane through z which is parallel with the plane (E;, E5), and
set V>° =5 N H,. Then

dS(eax) = dV,fO(eax)v dS(ejvx) = dVTm (6j,.’£), Jj=12,

since the lines trough z in the direction of e, 1, e all lie in H,. V> is an infinite
polygon with two infinite edges parallel with E; and Fs, respectively, and since
the line of the edge E intersects F; and Es, it follows that the line through =
in the direction of e intersects V,>° in a segment AB (see Figure 6.2). We claim
that no edge of V° is parallel with AB. Indeed, suppose to the contrary that
an edge ab of V° was parallel with AB, and hence with e. Enlarge the edge
ab from the origin by a homothecy ® so that ®(b) becomes a point on the base
plane {u |u; = 2}. Then ®(ab) is parallel with the edge E which lies in the
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e,

Figure 6.2:

plane {u|u; = 2}, so the whole segment ®(ab) must lie in {u |u; = 2}. Since
a and b were lying on two apex edges of S, the same is true of ®(a) and ®(b),
and we can conclude that ®(ab) is a base edge of S. But then S would have two
parallel base edges E and ®(ab), which is not the case by property a) above,
and this contradiction proves the claim.

If y € S*°\(E1, E5) is another point in S not lying on the face (E7, E2)NS>
of §%°, then H, can be obtained from H, by a dilation from the origin, and hence
the same is true of V> and V,>°. As a consequence, the possible (smaller) angles
©1,-..,Pm in between the edges of V>° and the segment AB is independent of
x € S°°, and they are all different from 0. Hence, if ¢ is the smallest of all
these possible edges (see Figure 6.3), then 0 < ¢¢ < 7, and if draw the triangle
ABC depicted in Figure 6.3, then this triangle lies in V;°. Let d;, 7 = 1,2 be
the length of the segment that the line through x and parallel with e; cuts out
of the triangle ABC. Then

dapco(e,x) < Cmin{dy,ds} (6.3)
is clear since any line through x cuts the triangle ABC' in a segment of length
> (sin ¢o) min{dist(z, A),dist(x, B)} = (sin ¢g)dapc(e, ).

Finally, (6.2) is a consequence of (6.3), since

ds(e,x) = dapc(e, ), ds(ej,x) >d;, j=1,2.

We have already remarked that the set of edge directions of each K, agrees
with EU{ey,...,em}. Let e € € be a base edge direction and assume, as before,
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Figure 6.3:

that e = ae;+Fes. Let x € S, 1 = b < 1. Consider again the plane H, through
x which is parallel with (Fp, E5) (the plane spanned by E; and FEs, see the
previous proof), and consider (see Figure 6.4) the points A; = x —codg(e, x)e;,
j =1,2, where ¢ is the constant from the preceding proposition. According to
that proposition these points belong to V, := SN H,, and hence, by convexity,
so does their middle point A = z — ¢o(ds(e, x)er + ds(e, x)e2)/2. Consider the
rhombus T'= ABCD defined as follows (see Figure 6.4):

e Ais a vertex of T,

e T contains z,

e the direction of the sides of T are ey, e,
e the diagonal AC of T has length 1.

Note that x lies on this diagonal and dist(z, A) ~ dg(e,z). Furthermore,

T C V2 is clear, and since A lies in the half-space {u | uy < 1}, which is of

distance 1 from the base of S, it follows that 7' C S. If F'is a continuous function

on S, then, by (4.1), there are polynomials @Q,, of two variables of degree at most
n > 2r such that

IF = Qullr <@(F,nY), (6.4)

and here < is independent of T' (by the affine invariance of @7.).
Since we have Wi (F, ) < wg(F,0), with w(d) = w§(F, ) we get

wp(Fn ™) <wn™),  F = Qullr <w(n™), (6.5)

ie. (5.6) is satisfied. So we can apply Proposition 5.1 to conclude that if
dist(z, A) < 1/8, then

0" Qn(x)
Oer

1
dist(x, A)"/

2nTw(Tfl) ~ n"w(n=h). (6.6)
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Figure 6.4:

The condition dist(z, A) < 1/8 certainly holds for sufficiently small b, say for
b < by (recall that x; = b, and A lies in the region {u |0 < u; < z1}).

Let now y = x + Ae with |A| < dr(e,z)/2. Then the line through y which is
parallel with AC intersects T in a segment A’C” of length at least 1/2, so the
rhombus 7" with A’C’ as its diagonal and with side directions e; and eg lies
within T', see Figure 6.5. It is also clear that dist(y, A") > dist(x, A)/2, and sim-
ple geometry shows that dist(y, A") < dist(A4’,C’)/4. On applying Proposition
5.1 again, but this time to y and T”, we can see that

0" Qn (y) 1

1
Oe” ’ = dist(y, A’)

dS(e, x)r/Q "

"w(n™t). (6.7)

)

In what follows, we shall work with r-th central differences (see (1.7)) and
with the moduli of smoothness (1.8) and (2.1). We shall frequently use that, if
for an x € S, for some d > 0 and for a direction e we have d < Adg(e,z) (here
dg is the normalized distance from (1.6)), then for 0 < h < §/A

|A2d€F($)‘ < wg(Fv 5)»
and if e is an edge-direction of S then
|AhgeF ()] < Ws(F,0).

Consider now the normalized distance dg(e,z) from (1.6). For ;1 = b and
for the base edge direction e we have

ds(e,z) < \/bds(e, x) (6.8)
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Figure 6.5:

because the x1 = b cross section of S is a homothetic copy of the base with
dilation factor b/2, and x lies in that cross section. Hence, (6.7) implies

0" Qn(y)
Oe"

for all y = x + Ae with |A\| < dr(e,x)/2, and note that here dr(e, z) ~ dg(e, ),
say dr(e,z) > c1dg(e,x), by the construction of the rhombus T'. Since

ds(e,x)"

‘ <0 *n"w(n™t) (6.9)

Ao @nl@)] < (hds(e,2)" x

y 6rQn(y)’
max
yElz—Lirhds(e,x)e,x+irhds(e,x)e] Oe”
(see [12, (2.4.5)]), it follows from (6.9) that for
rhds(e,z) < erdg(e,z) < dp(e, x)
we have
0 1 e Q)| < BTV 0o,

Together with this we also get

)AZJS(&I)EF(JJ)‘ <A 0 w(n ™) +wint)
because of the second relation in (6.5). Thus,

sup )A:wis(e,x)eF(‘r)‘ <wn™) =wi(F,nt) (6.10)

h<1/nvVb
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provided ~
rds(e,x)

nvb

Because of (6.8), this latter condition is satisfied whenever

< crds(e, ). (6.11)

M
ds(e,z) > e (6.12)
with some sufficiently large, but fixed M.
All these under the assumption 1 = b < by, where by was selected after
(6.6). On the other hand, for b > by (6.10) is automatic, since

1 1
sup |A”- F(x)‘ < wg <F, ) < wg (F, )
h<1/nVb hds(e2)e s nv/bo § n

because of (2.14). Thus, (6.10) is true for all x € S with 0 < z; < 1 for which
(6.12) holds.

Let now f be a continuous function on the pyramid S. Let v,, = (—L/n?,0,0)
with some large fixed L, and apply what we have obtained to the pyramid

S™M = § 40, and to the function F(z) = F,(x) = f(z—wv,) on S(™. (6.13)

Since we are translating S in the direction of its height and towards the apex,
it follows that S(™ contains S/2 (at least for n> > 2L), and for any = € S/2 its
distance from the boundary of (™) is at least M/n? if L is sufficiently large,
where M is the constant in (6.12). In particular, for any base edge direction e

M
ds(n) (6,.13) Z ﬁ, xr e S/Q, (614)

i.e. the condition (6.12) is satisfied for S (i.e. dgw (e,2) > M/n?) provided
x €S, x1 =b<1/2. Hence, by (6.10),

sup Ay s o F(3)| < wgm (F,n™1)
h<tmyp) s (@)

is true. But here
wgom (F,n ™) =ws(f,n™) and  ds(e,z) < dgom (e, ),

and so
sup ‘AT ie(om eF(m)‘ <wi(f,n™) (6.15)
h<1/nVb hds (e.2)

also follows. This is true for all base direction e € £ and for all z € S with
x1 < 1/2. Note also that for such edges ds(e,z) = dk, (e, x) provided = € K,
(see (6.1) for the definition of K,). Therefore, (6.15) gives for x € K,, a < 1/4
sup ‘A F(x)‘ < wh(f,n ™) (6.16)

h<1/nv2a

T ~
hdk, (e,x)e
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since for € K, we have b = x; < 2a in (6.15). 3
On the other hand, if e; is an apex edge direction, then dg(e;, z) ~ +/ds(e;, z),
while

JKa(ej,:r) < \/adKa(ejw) =< \/ads(ej,x).

As a consequence, d, (ej, ) < Ciy/ads(e;, ) with some Cy. But then

sup A

F(ﬂf)‘ < sup
h<1/2nCi+/a

h<1/2n

Ast(ej,m)ejF(x)‘ <wi(f,n™h.
(6.17)

L
h‘dKa, (ej,a:)ej

The last inequality is due to the fact that

A:wzs(ej,w) F(I) = A;Jg(ej,a:) f(CC o ’Un)7

€j €j

and dg(e;, ) < 2dg(ej, x —v,) since dg(e;, z) < ds(e;,z —vy) (see also (6.13)).

If we take the supremum on the left of (6.16)—(6.17) for all x € K, and the
maximum for all e € £ (base edge directions) and for all e;, 1 < j < m (apex
edge directions), (6.16) and (6.17) yield (we may assume C; > 1)

1 1
—T F - - T -
wKa< 72n01\/a> <(“)S <f7n)a
where the modulus of smoothness on the left-hand side is the one from (2.1), i.e.
it is created via r-th differences in the edge directions of K, and the modulus

of smoothness on the right is the one from (1.8), i.e. it is created via r-th
differences in all directions. On applying (2.16) we finally obtain for a < 1/4

1 1
D’;{a <F, n\/&) =< wg <f, n> 5 (618)

which is the main result of this section.

7 Local approximation on the sets K,

With the notations of the preceding section, let f be a continuous function on
the pyramid S, v, = (=L/n?,0,0) with the large but fixed L for which (6.14)
is true, and

F(z)=F,(z) = f(z —v,) on S™ =84u,. (7.1)

We have seen that for ¢ < 1/4 the inequality (6.18) holds. Recall also the
notations K1, S, K, from (6.1) which are constructed from the original pyramid
S.
Set now F*(z*) = F(az*). Then F* is a continuous function on K; such
that
wi, (F,0) = wi, (F*,0), @, (F,6) =Wk, (F7,0),
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because both w}, and W are invariant under homothetic transformations. Since
K is a simple polytope (at each vertex there are 3 edges), we can apply (4.1)
from Section 4 to conclude that for ny/a > 3r, i.e. for a > 9r?/n?, there are
polynomials P* va= Pa*m va of 3 variables of degree at most ny/a such that

- (e N, 1 1
| F _Pnﬁ||K1 < Wk, (F 7n\/a> =Wk, (F’n\/&> < Wwg <fan>7

where, in the last step, we used (6.18), and here < is independent of n and
a > 9r?/n?. With

Prva(®) = Panya(®) = Py gle/a)

this is the same as
IF = pugalle <% (£.)- (2
For the polynomials
4= Pnya ~ Pnvaa = Panva — Paanvia
of degree at most nv/2a this yields
ook, < I = oyl +1F =il <65 (£.7).

and here
K,NKy,=5SN{z|a <z <2a}.

Let now x € S not lying in K, N Ks,, i.e. either 2a < x71 <2o0r 0 < z; <a.
Let ¢ be the line through 0 and x, and for ¢t € ¢ let t; be its first coordinate.
Then §(t1) = q(t), t € £, is a polynomial of degree at most nv/2a in the variable
t1, for which, as we have just seen,

- 1
illaza) < lall.o, <05 (£:3)

Then (4.15) gives

. nv2a _ nv2a
o =latenl < (P2 paloa < (22w (1),

(7.3)
For 0 < z; < a this yields
1 1
i) = pm @] <35 (1,0 ) <o (£2),
while for 2a < ;1 < 2 we obtain

nv2a
8x 1 1
|pn\/a(x) -p, 2@(x)| < ( a1> wh (f, n) < e2n\/510g(8w1/a)wg (f, n) .

(7.5)
All these for a < 1/8 and ny/a > 3r, i.e. a > 9r?/n?.
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8 Global approximation of F' = F, on 53 ex-
cluding a neighborhood of the apex

We use the preceding estimates (7.4) and (7.5) with a = ay = 2¥/n?, k =
9r,...,m, where m is chosen so that 1/16 < 2™/n? < 1/8. Then ag, 1
9r2 /n%. We combine the polynomials p,, Va = Pa.nya With the fast decreasing
polynomials

Y

R, o(z) == RW (2) (8.1)

n,a

where R%Ajzl(xl) is the polynomial of the single variable z; (the first coordinate

of z) from (3.11) with A = 4 (recall that in Section 3 the parameter A was a
free parameter), and set

P, = Z (Rn,ak - Rn,ak-,_1) Pny/a, +Rn,a9r71pn\/@+(l —Rna,, )pn\/m- (8.2)
k=9r

This is a polynomial of degree at most Cn with some universal constant C. We
claim that this approximates F(x) = F,,(z) = f(x —v,) (see (7.1)) in the order
wg(f,1/n) on the set

S::—Sﬂ{x

9r+1 1

First of all, we have

Z (Rn,ak - Rn,ak,l) + Rn,agT,l + (1 - Rn,am) =1,

k=9r
hence
Pn -F = Z (-Rn,a;c - Rn,akfl) (pn\/Tk - F)
k=9r

+ Rn:af)r—l(pnx/a -F)+(1- Rn,am)(pn\/Tm —F). (84)

For z € {z|ar, < x1 < agg1} with 9r +1 < kg < m — 1 the first sum on the
right-hand side can be written in the form

ko—1
Z Rn,ak (pn\/a - pnm) + Rn,ako (pn\/m - F) - R’I'L,agy-71 (pn\/a - F)
k=9r

m—1
+ Z (-Rn,a;C - 1)(]%\/@ _pnm) + (Rn,am - ]-)(pn\/m - F)
k=ko+1

—(Rnyako — 1)(pnm — F) =1 A1+ Ay — A3 + Ay + A5 — Ag. (85)
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Here — A3 cancels the second term, while A5 cancels the third term on the right
of (8.4). Since

{z|ak, <1 < a1} NS C Koy 1, Koy s
we obtain from (7.2)
1
[Aal +140] <5 (1£.). (56)

Now for 9r + 1 < k < kg — 1 the estimate (7.5) gives

Do () — Py ()] < 2V o821 /a0) (f, ) ,

while, by (3.12),
Rnan (2) = RO () < e=4nvamlontise:/on),

So
ko—1 ko—1 1
|A1‘ < Z e—Qn\/chlog(lel/ak)wg ( ) < Z e 2k> wg <f7 n) .
k=9r+1 k=9r+1

(8.7)
In a similar manner, for kg + 1 < k <m — 1 we get from (7.4) and (3.13)

[Pryaz (@) = Dy (2)] < €2V (f, )
and
0<1— Rygq,(x) =1—RM(z1) < e Vo,
SO
m—1 1
|As| < Z IV ( ) ( Z o 2)wg<f,n>, (8.8)
k=ko+1 k=ko+1

Collecting the estimates from (8.4) to (8.8) we can see that for x € {z|ak, <
1 < apg41} NS

. ; 1 1
|P, — F| < (kz_()(iﬁ) W (f, n) < Wy (f, n)

Since every point of S (see (8.3)) belongs to one of the sets = € {z | ag, < 21
ake+13 NS, 9 +1 < kg <m — 1, we can finally conclude

IN

1
17, = Flls; < (£.5)- (5.9

This argument works for all large n, actually for all n? > 297+6 1 2 where
L > 1 is the number for which (6.14) is true (cf. the discussion before (6.14)).
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9 Global approximation of f on 5 /64

1
* _<U"T y |
S S (f ’ﬂ)

where F,(z) = f(z —v,), v, = (=L/n?,0,0) and S} is the set in (8.3). For the
polynomial p,(z) = P,(x + v,) this gives

We saw in (8.9) that
Hpn - Fn|

19n = Fllss o, < 5 (f, }1) | (9.1)

This estimate is valid for sufficiently large n; actually, as we have mentioned at
the end of the preceding section, for all n? > 2976 4 2.

Note that n? > 2L also holds, so S¥ — v, is a subset of S, and it covers
a substantial part of Sy ,35 = S/32, the only points in S/32 that do not lie in
S¥* — v, are the points lying close to the boundary 95 N (S/32). Based on this,
we are going to show that (9.1) automatically implies

o = Flspos <5 (£:3) (9.2

for sufficiently large n, say for n > ng, depending on S (actually, n? > 64(2°7 1+
L) will do).
Indeed, let y € (S/64)\ (S; —vy), see Figure 9.1. Then y € S/64, and either

297"-1—1 L

0<y < +

n? n2

(which is the case when y + v, € S\ S}, see (8.3)) or the segment [y + v, y]
intersects the boundary of S. Let AB be the chord of S/32 which is parallel
with the z1-axis and which goes through the point y; i.e. y € AB, A € 95, the
first coordinate of B is 1/16 and AB is parallel with the z1-axis. Let C be the
point of intersection of the chord AB with 0(S} —vy,), i.e. CB = ABN(S} —v,,).
Then dist(A, B) > 1/32 (this is due to the fact that the x;-coordinate of A is

at most 1/32 since y € Sy /64 = S/64, while the x1-coordinate of B is 1/16) and

29r+1 N L _ 1
n?2 n? =~ 64

for n? > 64(2°7*! + L). Hence, for such n we have dist(C, B) > 1/64.
By (9.1)

dist(A4,C) <

1
15 =l <5 (£:3 )

and clearly we also have



Figure 9.1: The set S} — v, and the position of y, A, B,C

Therefore,
lpn(y) = f()| < ws(f,1/n),

follows from the following proposition if we make a linear transformation from
[A, B] onto [0,1] (under this transformation Wiy g (f,9) becomes Wio,1) (g,0) —
with the same ¢! — if f‘[A B becomes g € C0,1]). Since here y € (S5/64) \

(S} — wvy,) is arbitrary, this will prove (9.2).

Proposition 9.1 Let g € C[0,1] and let A > 0 be fixred. Then for any polyno-
mial ¢, of a single variable and of degree at most n with n® > 2A, we have

19 = aqnlljo) < C (||9 = anll(a/n2,1) + wio 17(9 1/”)) ) (9.3)

where C' depends only on A and r.

Proof. With ¢(z) = /z(1 — z) let

wyy(g,6) = sup ||A} . 9(T
w(g ) hg%” R (: )9( i

be the standard ¢-modulus of smoothness (see [12]). This is the same as (1.1)
but for the interval [0,1] rather than for [—1,1]. Exactly as in (1.10) the two
moduli wfj ;) (9,9) and wy,(g,9) are the same:

w[ﬁ),l] (ga 6) = wzrp(g7 6);

hence (9.3) is equivalent to

g — anllo,1) < C (lg — anlliajnza) +wiy(g,1/n)) - (9.4)
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In proving this we may assume A > 8 (and, as assumed, n? > 2A). Let

FW @) = qlx), g (=) = g(a).

As x runs through [A/n?,1], the point z* runs through the interval [0, 1]. For
x € [A/n?1]

w(x*):\/x—A/nQ -z _ :I:(l—x)<2 A=,

1—A/n21—A/n? — 1—-A/n?2 —

and hence for 0 < h < 1/n

[Ahpen@i @] < 2" = dillon + [Afyen g™ @)
< 2" = qullia/nzay +wip(g,2/n) < 0,
where
On = 9 = ull[a/n2,1] —|—w£,(g,1/n). (9.5)

This shows that
wy (gn,1/n) < Oy,

and then (5.3) (more precisely its variant for the interval [0, 1]) gives
197 (@3 llfo.1) < Myn"wiy (g, n ™) < 76, (9-6)

and so
||(QZ)(T)||[1/n2,171/n2] < n2r0n (97)
(since v (z*) > 1/2n for x* € [1/n?,1 — 1/n?]). It also follows from (9.6) that

197 (@) ™l jAg1) /m2,1) < 1" On,s (9-8)

since for x € [(A + 1)/n?, 1] we have 1 (z) ~ ¥(2*). Use now Remez’ inequality
[16] (cf. (14.24) in Section 14) or the first inequality in (4.14) to conclude from
(9.7)
1€a5) = a/n22 < 7" Oy
ie.
g 110,17 < 7* G-
This gives
1974 0, (A41) /m2) < 776,
then (see (9.8))
19745 10,1y < 72" s
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and finally (see [12, (2.4.4)] or apply (2.9))
Wy (qn, 1/n) < Oy,
Together with this
also follows (see the definition of 6,, in (9.5)), and then
Wy (9 = Gn, A/n) < 0p (9.9)

is an immediate consequence (see (2.14)).
For an z € [0, A/n?] let now the point y € [0, 1] be defined by

A
Yy — ggw(y) =z

A rA Al Ay,
n2  2n\ n? n?

for A > 8, we have y > A/n?, and then ¢ (y) > 1/n, (A/n)y(y) > A/n%. Hence,
for j > 1 we have

Since

r

A A A A
N S > — > —_ > —.
Y (2 J) )zt YY) 2ot 52
As a consequence, for j =1,2,....,r
(9= @) (v = (/2= DA/MEW)| < g = aulliasme.-
Therefore,

90) — an@)] =
Mm@ Z 074 () (o= ) 0= (/2= (/)00

< Wz/:(g - QnaA/n) ”g - C]7L||[A/712,1] = On,

where, in the last step we used (9.9) and the definition of 6, in (9.5). This
proves (9.4).
|

The preceding proof for (9.2) covers all n with n > ng. We still need to
prove (9.2) for 3r <n < ng. First of all, we mention that the following variant
of Proposition 9.1 is the A = n?/2 special case of the proposition itself.
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Proposition 9.2 Let g € C[0,1]. Then for any polynomial q,, of a single vari-
able and of degree at most n =1,2,... we have

o~ anllon) < € (Ilg = aulls 2.y + oy (. 1/m)) (9.10)

where C' depends only on n and r.

Now for 3r < n < ng we can do the following: fix a cube @ inside S. For
this we know

o — fllg < 5 (f, }1) 0.11)

with some polynomials p,, of degree at most n (this is weaker than (4.1), and,
as we have already mentioned, it was proved in [12, Theorem 12.1.1]; recall
also that wp (f,6) < wg(f,d)). Application of Proposition 9.2 (more precisely
its scaled version as was discussed before Proposition 9.1) along lines going
through the center of @ gives an estimate similar to (9.11) but on 2Q (obtained
by enlarging @ from its center):

/1
I~ flecns <% (£.7).

Repeating this process we obtain

- 1
Ilpn = fll2xQ)ns < ws (fa n) )

where < depends on S, @ and k. If k is such that 2¥Q covers S, then (9.2)
follows.

Thus, (9.2) has been verified for all n > 3r = 3d.

10 Completion of the proof of Theorem 1.1

Let K C R3 be an arbitrary convex polytope with vertices Vi, ..., V;,. We cut
off from K a small pyramid with apex V; by a plane o; in the following way.
Let 3J; be a supporting plane to K at V; and let £; be the line perpendicular to
Y; and going through V;. Let o; be a plane parallel with ¥; intersecting K. If
o; lies sufficiently close to V;, then o; intersects all the edges of K emanating
from V;. Consider the pyramid S; spanned by V; (as apex) and ;NS (as base).
It is clear that
Wh, (f,0) Swi(f,0),  0>0.

We want to apply the approximation result (9.2) proven in Section 9 to S}, but
the whole consideration for pyramids used the two assumptions that
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a) no two base edges of S; are parallel,
b) the height of S; lies in the interior of S; (except for its two endpoints).

We claim that X¥;,0; can be chosen so that these two properties are satisfied.
Indeed, any base edge E of S; lies in o; and it is obtained by intersecting o
by a face F' of K (necessarily containing V;). Now if the base edges E and E’
of S; are parallel, then they must be parallel with the line {r r/ obtained by
intersecting the planes of F' and F’, and then ¢ p» C ¥;. Thus, if ¥; does not
contain any of the lines {p pr where F, F’ run through the different faces of K
containing Vj}, then property a) holds. Property b) is also easy to fulfill, since
all we need is that the line ¢; (which goes through V; and is perpendicular to
¥;) contains an interior point of K.

Let S;/64 be the pyramid obtained by shrinking S; from V; by a factor 64.
According to (9.2), for every n > 3r there are polynomials p, ; of degree at
most n such that

' 1 T 1
Ions = fllsyjoo <5, (1.5 ) <k (£7) (10.1)
Also, since

K* =K\ G(sj/lzs)

Jj=1

is a simple polytope (obtained by cutting off all the pyramids S;/128), by (4.1)
there is a polynomial Q,, of degree at most n such that

1Qn — fllx+ < W (f, 1) < whe (f, i) . (10.2)

n

Now we put back one-by-one the cut off pyramids S; /128 and apply the following
lemma to conclude that there is a polynomial P,, of degree < n with

[P — fllx < wik (f, Tll) : (10.3)

This is enough to conclude the theorem, since to make P, to have degree at
most n all we have to do is to apply what we have just discussed to n/C with
some appropriate C instead of n, and make use (2.14).

Lemma 10.1 Let H be a polytope lying in {x |0 < 21 < b} with some b > 0,
and assume that for some 0 < a < b/2 for both

Hi=Hn{z|0<z <2a} and Hy=Hn{x|a <z <b}
there are polynomials P, 1 and P, o of degree at most Ln such that

||f - Pn,j”Hj < 0n7 .7: 172
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with some numbers 0,. Then there is an M depending only on L, H,a,b such
that there is a polynomial P, of degree at most Mn for which

1f = Pl < 265. (10.4)
Recall that x7 is the first coordinate of x.

Proof. There is a C (see Lemma 4.2) such that for any polynomial g, of
degree at most Ln we have

lgnlle < C™lgnllynms, - (10.5)

Consider
Rpa(z) := R{),(21) (10.6)

where RS;%?I (x1) is the polynomial of the single variable z; (the first coordinate
of z) from (3.11) with some big A (recall that A was a free parameter in Section
3). If A is sufficiently big, then (cf. (3.12)—(3.13))

|Rp.a(2)| < x1 € [2a, b (10.7)

= a0

and

ry € [0, a (10.8)

Set now

Qn = Rn,aQn,l + (]- - Rn,a)Qn,2~
On H; N Hy we have
|f*Qn‘ S |f - Qn,1| + ‘f - Qn,2| g 20n
On Hy \ H; (which lies in {z|2a < z; < b}

|f - in = |(f - Qn,2) + Rma(Qn,Q - Qn,1)| < 971 + HQn,2 - Qn,1||H|Rn,a|
1
< n _— =
< On+ CM(200) 5 = 20,

where we used (10.7) and (10.5) for ¢, = Qn2 — Qn,1 together with the fact
that
||q7L||H1ﬂHz S ”f - Qn,l”Hl + ||f - Q?L,2||H2 S 2071

In a similar way (10.8) gives on H; \ Ho
|f - in = ‘(f - Qn,l) + (1 - Rn,a)(le - Qn,2)|
1

en + ”Qn,? - Qn,1||H|]- - Rn,a| S gn + Cn(29n)ﬁ - 2071

IN

The last three estimates prove the lemma.
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11 Approximation in rR?

In this section we prove Theorem 1.1 in R?. Above we gave the proof for R?,
and in the R case we follow that proof.

In R% a k-dimensional affine subspace is a translation of a k-dimensional
subspace. Any set H C R? generates a minimal affine subspace (H) which is
a subset of all affine subspaces containing H. Indeed, if P € H is any point
then clearly (H) = Span(H — P) + P (where Span denotes linear span). The
dimension of Span(H — P) is called the dimension of (H).

In R¢ a convex polytope S is called a (d-dimensional) pyramid if S is the
convex hull of a (d—1)-dimensional convex polytope B lying in some hyperplane
L and of a point V ¢ L. B is called the base of S and V is its apex. V is
connected to every vertex of B by an edge — these are called the apex edges of
S. Besides these the edges of B are also edges of S — these are called the base
edges.

A hyperplane L is called a supporting hyperplane to S if LNS # () and S lies
in one of the two (closed) half-spaces determined by L. F is called a face of S
if there is a supporting hyperplane L with F'= LN S. If (F) is of k-dimension,
then we say that F' is a k-dimensional face of S.

Every base edge E has its endpoints on two apex edges E1, F», and EE Ey
forms a 2-dimensional face of S. For us it will be crucial (just as it was in
R3) that then for the directions e, ey, es of E, Ey, Ey the vector e is a linear
combination of the vectors e; and es.

A base edge E and a base face F' are called parallel if F' contains a segment
which is parallel with E. We shall work with pyramids in R? satisfying the
following two properties:

a) no base edge is parallel with any (d—2)-dimensional base face not containing
E,

b) the height of S lies in the interior of S (except for its two endpoints).

Of course, just as in R3, the height of S is the segment from the apex to the base
which is perpendicular to the base. In R? these are precisely the two conditions
a), b) set forth for S in R? (see the beginning of Section 6), namely in R? a
(d — 2)-dimensional base face is a base edge.

Let now K be a convex polytope in R? for which we want to prove Theorem
1.1. The proof in R? was based on the following two facts:

A) We can cut off around every vertex V; of K a d-dimensional pyramid S;
with properties a)-b).

B) Suppose S C R? is a d-dimensional pyramid with apex at the origin and
with base lying in the hyperplane {x |21 = 2} such that a)-b) hold for S.
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Then for any f € C(S) and for any n > rd there is a polynomial p, (of
x = (x1,...,2q)) of degree at most n such that

1
* _<U“T y |
S S (f ’ﬂ)

29r+1 - - 1
2 =T =6

£ — pnl

where F,(z) = f(z — vy,),

vp = (=L/n?0,...,0), and S* :Sm{x

If we can show that A) and B) holds (perhaps with a larger constant than
297+1 gay with 24°7+1 in the definition of S¥), then the 3-dimensional proof
goes over to any R? with minor changes.

11.1 Proof of A)

Let K be a convex polytope (with interior point) in R? and V a vertex of S.
We may assume that V = 0 and that K lies in the half-space {z | 1 > 0}
except for its vertex 0. Let ¥ be a supporting hyperplane to K at 0, and cut off
a small pyramid S from K by the hyperplane ¢ = ¥ 4 (b,0,...,0) with some
small b > 0 (the apex of S is 0). If b is sufficiently small, then o intersects all
edges of S emanating from 0, so S is a d-dimensional pyramid with base K No.
We claim that ¥ (and a small b) can be selected so that properties a) and b)
above hold for S.

Consider first property a). What does it mean that a) is not true, i.e. there
is a base edge E of S which is parallel with a (d — 2)-dimensional base face F'
of S such that E € F? The very definition of a face gives that if ENF # ()
and E ¢ F, then E cannot be parallel with F (if it was, then E C (F),
so E C SN (F), but the latter set is F'). Hence, E and F are disjoint and
F' contains a segment I parallel with E. Let £ be the line through 0 which
is parallel with E. If Ey, Es are the two adjacent apex edges to E, then £
lies in the 2-dimensional plane (F1, E3), as well as in the (d — 1)-dimensional
hyperplane L = (0, F'): indeed, if we translate F' by a vector u so that 0 € I+ u,
then clearly ¢ C (F + u). Hence, £ = (Fy, E3) N L (note that since E and
F are disjoint, L does not contain (E7, Es), but both contain the origin, so
their intersection is a line through the origin since (E7, E9) is 2-dimensional
and L is (d — 1)-dimensional). Note also that ¥ + (b,0,...,0) contains E, so
Y must contain ¢. In other words, if property a) is not true, then ¥ contains a
line ¢ which is the intersection of a 2-dimensional plane (E7, E2) determined by
two apex edges F; and Fy and of a (d — 1)-dimensional affine subspace (0, F')
generated by a (d — 1)-dimensional face of K not containing (FEy, E5). There
are only finitely many such lines ¢1,...,¥¢,,, and if ¥ does not contain any one
of them then property a) holds for the cut off S. Now it is clear that if ¥ is any
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supporting hyperplane through 0 to K, then we can change its normal a little
so that the changed ¥’ will still be a supporting hyperplane and ¥’ does not
contain any of the lines 41, ..., ¥¢,, (the prohibited normals are on the union of
m main hypercircles on the unit ball, so they form a nowhere dense set there).
It is also clear that by appropriately choosing the original ¥ and change it only
little, the changed ¥’ will also satisfy property b), i.e. the height lies inside S.

11.2 Proof of B)

The proof follows the R3 case in sections 4-9. First of all, as we have already
proved in Section 4, Theorem 1.1 holds for simple polytopes.

Next, let S be a pyramid as in part B), and consider the pieces K,, a =
ap =2%/n? k=d?r,r +1,...,m where 1/16 < 2™ /n? < 1/8, of S determined
by (6.1). These are simple polytopes, and if we can get the local estimate (7.2)
on K,, then the rest is the same as in the R®-case. In (7.2) the main thing was
the bound (6.18), i.e.

o (Pts) <t (1) i

for the w-modulus of smoothness on K, (taken in the direction of edges of K,,),
since this allows < w%(f,1/n) rate of approximation on K, by polynomials of
degree at most n+/a as in (7.2). In the proof of (11.1) the key was the inequality
(5.7) in Proposition 5.1 on the rhombus T described there, and this is at our
disposal in R? (i.e. Proposition 5.1 is still used on plane rhombi). Besides that,
the proof of (11.1) depended solely on the inequality

min{dg(e1,x),ds(e2, )} > cods(e, x) (11.2)

in Proposition 6.1. Therefore, if we can prove the following proposition, which
is the complete analogue of Proposition 6.1, then the rest of the proof remains
the same.

Proposition 11.1 If a base edge E is adjacent to the apex edges Eq,E5 of S
and e, eq, ea are their respective directions, then for x € S, x1 = 1 (and hence
by similarity also for allxz € S, 0 < z1 < 1) we have

min{dg(e1, ), ds(e2, )} > cods(e, x) (11.3)

with a ¢y depending only on S.

Proof. For z lying on the 2-dimensional plane (F;, F3) (spanned by E; and
E») this is clear, so from now on let « € S\ (Fj, E3). Consider the 2-dimensional
plane H, that is parallel with (Fy, E5) and goes through z, and set V, = SNH,,.
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Let AB be the chord of V, that contains x and which is parallel with E. Let
S = Up>0(nS) be the infinite cone with vertex at 0 generated by the apex
edges (more precisely, by their one-way infinite extensions) of S, and let V,>° =
S N Hy. It is no longer true (as was in the 3-dimensional case) that all these
V.2°’s (which depend on the location of x) are similar. However, any edge of V,>°
lies on the boundary of S°°, hence it lies on a (d — 1)-dimensional face of S*°. In
other words, any edge E’ of V,>° is the intersection of the 2-dimensional plane
H, with a (d — 1)-dimensional face F” of S*°, so the line (E’) is the intersection
of H, with (F"): (E'Y = H, N (F'). Now changing x means a translation of H,,
which, for its intersection with (F”) results in a translation of H, N (F’), so the
corresponding edge E” will be parallel with E’ (see below). As a consequence,
these edges £’ can form only finitely many angles ¢4, ..., @ with AB (which
is parallel with E). Here we have used that if H, = H, + v is a translation of
H,, then H, N (F’) is a translation of H, N (F’). Indeed, the translation vector
v can be written as v = vy + vy, where v; is parallel with (F’) and vy is parallel
with H,, i.e. with (Fy, Es) (this is due to the fact that H, and (F’) span the
whole space R?). Now

Hy, N (F') (Hy +v) N (F') = (Hy +v1) N (F') = (Hy N ((F') = v1)) + 01
(H, N {F")) + vy.

We claim that neither of the angles ¢1,...pk is 0. Indeed, a zero angle
would mean that F and E’ are parallel. Enlarge E’ from 0 so that one of its
points becomes a point on the hyperplane {u|u; = 2} (the hyperplane of the
base of S). Let this dilation be ®. Since F’ is invariant under ®, the segment
®(E’) lies in the intersection F' N ®(H,). Let P € ®(E') N {u]|u; = 2}, and
F =F n{u|u = 2}. Then F is a (d — 2)-dimensional base face of S and
we claim that ®(E’) C F. Since ®(E’) C F’, to this end all we have to show
is that ®(F’) C {u | u; = 2}. But this follows, since ®(E’) is parallel with
E’ so also with E, E lies in {v|u; = 2} and ®(E’) has a common point (P)
with {u | u1 = 2}. However, ®(E’) C F means that the base edge E and
the (d — 2)-dimensional base face F' are parallel (and E € F', for otherwise (F")
would contain (E7, Eo) and then it could not intersect H,, which is a translation
of (E1, Es), in a line). But this is not possible by property a) of S, and this
contradiction shows that all the angles ¢; are different from 0.

Thus, if ¢¢ > 0 is their minimum, then the triangle ABC depicted in Figure
11.1 lies inside V° and S. Now

ds(e,z) =dapc(e, x), ds(ej,x) > dapc(ej,x), j=1,2, (11.4)

and it is clear that

min dapc(ej, x). (11.5)

d <
apo(e,z) < sin ¢g j=1,2

Now (11.3) is an immediate consequence of (11.4) and (11.5).
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Figure 11.1:

12 A K-functional and the equivalence theorem

K-functionals are important tools in functional analysis and approximation the-
ory. Very often they are equivalent with some kind of moduli of smoothness, and
that allows one to prove direct and converse theorems not directly through the
moduli of smoothness, but through the K-functionals, see [12] for a systematic
treatment, and e.g. [1]-[4], [11] and [17] for various K-functionals and moduli
of smoothness in several variables related to polynomial approximation.

As a typical example, consider the ¢-modulus of smoothness (1.1) and its
equivalence given in (2.9) to the K-functional (2.8). We did not follow that
path, since a direct proof of the equivalence of the moduli of smoothness (1.8)
with a K-functional seems to be quite hard. Remarkably, however, Theorem
1.1 does give this equivalence.

Let K be a polytope in R¢, and consider the relative distances (1.6). The
K-functional we need is

+0'g
Oer

K. (f.t) =K. (f,t)x = irglf <||f —gllx +t sup ||dr(e,-)

eeSd—1

K) . (12.1)

where the infimum is taken for all g that are in C"(K) (all partial derivatives
of order at most r are continuous on K) and the supremum is taken for all
directions e € 471 in RY.

Theorem 12.1 Let K be a convex polytope in R®. There is a constant M
depending only on v and K such that for all f € C(K) and for all 0 < § <1 we
have

%Kr(f, 57) < Wie(£,8) < MK, (f,67). (12.2)
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Proof. Let P, be polynomials of degree at most n (> rd) such that

If = Pullx < wic(fin™),

the existence of which is given by Theorem 1.1. Now apply (5.5) on any chord
AB of K with w(0) = wi (f,d) to conclude that if e is the direction of the chord
AB, then for x € AB we have

7 rarpn(x)

dK(e,.’E) T <nrw}}(f,n_1),

with < independent of the chord AB and the point x € AB. On taking supre-
mum for all x € AB and for all chords AB of K we can conclude that for all
n>rd

o' P,
Oe’

Ke(f,n™") < ||f = Pallc +n7" sup
e€Sd-1

< wi(f,n™h).
K

CZK(G, ')r

Using simple monotonicity properties of K, and w) (see in particular (2.11)),
this is enough to conclude

Kr(f,0") < wi(f,9)

forall0 <6 <1.

The converse inequality is more classical, and it follows from (2.9). Indeed,
again if I is a chord of K, then (2.9) (more precisely its transformed form to
AB) yields

wi(f,0) < Kr(f,0") 1 < K (f,07),

and if we take here the supremum for all chords I of K and apply (1.11), then
we get

wi (f,0) < Kr(f,8").
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Part 11
The [P-case

13 The L? result

In the second part of the paper we prove a complete analogue of Theorem 1.1
in LP, 1 < p < oo. We shall be content to do the R? case.

Thus, in what follows we shall assume that K is a polytope in R? and f €
LP(K), where the LP spaces are taken with respect to 3 dimensional Lebesgue
measure on K. We shall always assume that 1 < p < oco.

The LP modulus we are going to use is

1/p
wi(f,0)p := sup sup (/ |AZdK(e’$)ef(x)|pdx) (13.1)
K

e€S2? h<§
with the usual agreement that

AT )f(z):()

hdk (e,x)e
if T T~
x— §th(e7x)e,x + §th(e,x)e ¢ K,

i.e. if one of the arguments in A" is outside K. As always in this paper, dg (e,x)
is the normalized distance (1.6), and sup,cg» means that we take the supremum
for all directions in R3.

With this we have the complete analogue of Theorem 1.1.

Theorem 13.1 Let K C R? be a 3-dimensional convex polytope and r =
1,2,.... Then, forn > 3r and f € LP(K), we have

En(f)LP(K) < MW;{ (fa :L) ) (132)

P
where M depends only on K,r and p.
Naturally, on the left-hand side E,(f)rr(x) is the error of best polynomial

approximation of f in LP(K)-norm by polynomials of degree at most n.
The weak converse

1 M & _
whe <fn> gFZ(k—&—l)r YEe(f) o (x)s n=1,2...,, (13.3)
P k=0

can be proven along standard lines, see [12, Theorem 12.2.3,(12.2.4)], which
covers (13.3).

One can easily get from Theorems 13.1 and (13.3), as well as from (16.1)
and (16.9) below the following analogue of Corollary 1.2.
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Corollary 13.2 Let K be a convex polytope, f € LP(K), 1 <p < oo and «a > 0.
Assume also that for all directions e we have

1/p
</ En(f)ip(l)dl> <n” ¢ (13.4)

where the integration is with respect to all chords I of K in the direction of e.
Then

En(f)rrr) < ng, (13.5)

(e}

where C' is independent of f.

“Integration with respect to all chords in the direction of e” means the following:
let e be the hyperplane through the origin which is perpendicular to e. Then,
for each point y of el, there is a line y + Xe, A € R, through that point which
is parallel with e. Now that line intersects K in a (possibly empty) segment
I = I.,, and integration with respect to I = I, means integration with respect
to y on et

Again, this corollary says that in some sense n~% rate of approximation
along chords in a given direction implies for global approximation the rate n=<.
To prove it consider a direction e and a chord [ in that direction. The inequality
(1.4) is also true in LP, see [12, Theorem 7.2.4]. When the LP version of (1.4)
is transformed to I, it takes the form

[e%

i (£.5) < S+ B
p

k=0

Now apply Jensen’s inequality to get

r 1\" Ch . (r—1)p p
wr ﬂﬁ SW;U@*‘U Ex(f)or)-
=0

p

If we integrate this for all chords I in the direction e and use (13.4), then we

obtain
n

r 1)* %! (r—1)p—ap
/w,(f,n> A< G S k) .
P k=0
If r — 1 > «, then the right-hand side is O(n~%?), while the supremum of the
left-hand side for all directions e is clearly at least as large as wi(f,1/n)b, so
Wi (f,1/n)p = O(n™®) follows. Now (13.5) is a consequence of Theorem 13.1.
In Section 20 we shall prove stronger versions of (13.2) and (13.3). In that
stronger version the following fact will play an important role. Let £* be a set
of directions in R?, and define the corresponding moduli of smoothness

1/p
Wi g+ (f,0)p = sup sup </K |A;gK(e’x)ef(x)|de> , (13.6)

e€E* h<s
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i.e now we take the supremum of the directional moduli of smoothness only for
the directions e that lie in £*. Besides Theorem 13.1, the proof we give below
verifies the following stronger statement.

Theorem 13.3 Let K C R? be a 3-dimensional convex polytope and r =
1,2,.... Then there is a finite set £* of directions that depends only on K,
such that for n > 3r and f € LP(K) we have

En(f) i) < Mo e- (f, i) , (13.7)
p

where M depends only on K,r and p.

In fact, the proof yields an £* consisting of at (r+1)v(v—1)/2 directions, where
v is the number of edges of K.
Note also that if £* = £ is the set of the directions of the edges of K, then

w;ﬂf* (f7 t);D = w;((fv t);D

is the modulus of smoothness that will play a significant role in the proof (see
(14.1) below), but we do not know if Theorem 13.3 is true with £* = £. Never-
theless, the proof starts by claiming that Theorem 13.3 is true with £ = &£ for
simple polytopes, see the next section.

14 Proof of the L? result

The proof in the LP case follows the proof given for the continuous case, but at
some points there are substantial differences due to the fact that the LP moduli
of smoothness are much more difficult to handle than their continuous cousins.
In fact, it would be grossly misleading to state that the LP proof is the same as
the continuous one.

In this section we shall sketch the proof. We shall quickly pass through
those steps that are very similar to the continuous case, and elaborate more on
parts where some non-trivial change is needed. There is a substantial part of
the proof which is totally different in the LP case, that part will be handled in
the sections to follow.

We may always assume that the functions appearing below are Borel-measu-
rable, and then no measurability problems appear when we restrict them to
submanifolds.

Let & be the direction of edges of K, and define the analogue of (2.1) as

1/p
Wy (f,0)p := supsup (/K |A;JK(e7x)ef(x)|pdx> . (14.1)

ec& h<d
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Recall also that K is a simple polytope if at every vertex of K there are precisely
3 edges. For cubes

1
En(f)rr(x) < M@y <f, n) , n > 3r (14.2)
p

was proved in [12, Theorem 12.1.1]. More precisely, [12, Theorem 12.1.1] con-
tains the inequality in (14.2) for all n > r if the best approximation E,(f) is
considered for polynomials of degree at most n in each variables. Since we are
working with total degree at most n, we wrote in (14.2) n > 3r. From (14.2) on
cubes we get the validity of (14.2) for parallelepipeds by affine transformation.
Now a first major step in the proof is to verify

Proposition 14.1 For all simple polytopes (14.2) is true.

Proof of Proposition 14.1. The proposition can be proven with the method
of Section 4, once (14.2) is known for parallelepipeds, as we have just seen. The
only difference in the LP case is that now we have to use the LP version of
Lemma 4.1:

Lemma 14.2 Let U C K be a set, T C K a K-parallelepiped with side-lengths
in between € and 2¢ such that U N'T contains a ball B of radius §. Then there
is an | that depends only on €,8 and K, and there is a C that depends only on
p, for which

Eun(f)irwor) < C(Ealf) o) + En(Disrnr ). (143)

Recall that 27 is obtained from 7" by a dilation about its center by a factor 2.
The original Lemma 4.1 was based on Lemma 4.2, the L? version of which

is

Lemma 14.3 If B is a ball of radius p lying in the unit ball B1(0), then for

any polynomial Q, of degree at most n

17 n+1
1@nll50) < Cl@nlzes) (5) , (14.0)
17 n+1
1Qnllr(B1(0)) < CllQnllLr (B (6) (14.5)

with some constant C that depends only on p.

Proof. It is enough to prove (14.4). Let B = Bs(A) (¢ is the radius and A is
the center of B), and set B’ = Bs(A) \ Bs/2(A). In the proof of Lemma 4.2 we
verified

|gn (2)] < llgnllfa—s.a+0)(2 - dist(z, a)/8)" (14.6)
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for any ¢, which is a polynomial of a single variable of degree at most n. Now
if X is any point in the unit ball, then let [ be the line through A and X. The
polynomial @), in the lemma when restricted to [, is a polynomial ¢, of a single
variable of degree at most n, and on this line X lies from A closer than 2. Also,
this line intersects B’ in two segments of length 6/2, and the center of one of
these segments, call it I, is closer to X than 2. Hence, on applying (14.6) to
this last segment I we obtain

1Qn(X)] < (|@nl2(2 - dist(X, A)/(6/4))" < [|Qnll1(16/6)". (14.7)

Next, we need Nikolskii’s inequality [5, Theorem 4.2.6]: if p,, is a polynomial
of degree at most n, then

IPnll=1,1) < Cn2/p||pn||LP[71,1]- (14.8)

When applied on an interval I this changes to

n2/p
HanI < Cw”]’n“ﬂ([)- (14-9)

Thus, (14.7) gives

n2/p

|Qn(X)| < CW”Qn”LF(I)(lG/a)n < Cll@Qnlle(n(17/8)™* (14.10)

with a possibly larger C' on the right.

Next, we indicate the changes needed in the proof of Lemma 14.2.

Proof of Lemma 14.2. Let P; and P, be polynomials of degree n such that
Ilf = Pillrerni) < En(f)irerak), If = Palleey < En(f)pe@)-
On the ball B C U NT we have

1P = Pelleezy < |f = Palleewy + 1f = Pillorernk)
< En(f)er@w) + En(f)rrernk),

A

hence, by Lemma 14.3,

I1P1 = Psll,0) < CAT/8)" T (En(f) o) + En(f)LrernK))- (14.11)

With 1 = §2/18 choose the polynomials R,, as in Lemma 4.3, and set P =
R, P, + (1 — R,)P,. This is a polynomial of degree at most Ln + n (with some
L which is independent of n), and for it we have on UN2T =U N (2T N K)

|f =PI < Ru|f — Pal+ (1 = Ry)|f — P2, (14.12)
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SO

/ If =P < 2p—1</ |f—P1|p+/ |f—P2p>
UN(2TNK) UN(2TNK) UN(2TNK)
OnT
If =Pl = |f-Pi+(1—-R,)(PL—R)| <|f-P|+(1-R,)|P— P
< |f =P+ Cn"(A7/0)" " (En(f) ey + En(f)re@raK))
< |f =P+ C(Eu(f)rrw) + En(f)LrerK)) (14.14)

which gives

Lu=rr<c([1=RPs Bt + B Daro ) - (1415

Similarly, on U \ 2T

lf—P| = |(f—Po—Rp(PL— P)| <|f— P2+ Ry|PL — P
< |f = Pl + Cn*(17/8)" T (En(f) oy + Bn(f)rerni))
< |f- P +C(En(f)Lp(U) +En(f)p(2TmK)), (14.16)

from which we get

/U\ZT lf - P|p S C </U\2T |f - P2|p + En(f)zjip(U) + En(f)ip(ngK)) .

(14.17)
Since UN2T, U \ 2T and T cover U UT, (14.13)—(14.17) verify the lemma.

To handle all n > 3r not just large n, in Section 4 we used Lemma 4.4, the
LP variant of which is

Lemma 14.4 Let U C K be a set, T C K a K-parallelepiped with side-lengths
in between € and 2e such that U N'T contains a ball B of radius §. Then there
1s a C' that depends only on €,8,n,p and K for which

En(f)rrur) < C(En(f)pr) + En(f)Lp(mK)). (14.18)
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For the proof just follow the proof of Lemma 4.4, and use the just proven Lemma
14.3 instead of Lemma 4.2.

This completes the discussion on simple polytopes, and with these changes
the proof of Section 4 goes over, and it follows that (14.2) is true for all simple
polytopes. Thus, Proposition 14.1 holds.

The case of general polytope is reduced to the simple polytope case and
that of a pyramid as in Section 10 by cutting off small pyramids around the
vertices. That argument remains valid in the present L? situation (use Lemma
14.3 instead of Lemma 4.2).

Thus, it is enough to consider pyramids S with the properties set forth in
Sections 6 and 10, and it is enough to find an appropriate polynomial approx-
imant on some S, /4 instead of on S} /64 as was done in Section 9, (9.2) (recall
that .5, is obtained from S by a dilation with a factor n from the apex of §).
Instead of (8.3) consider now

—_
=
—

n2

S,*L::Sﬂ{x

Sap < n} (14.19)

with some fixed = and n > 0. In the following sections we are going to show
(see (19.10)) that for appropriate Z,n and L and for sufficiently large n there
are polynomials P, of degree at most n such that

1
1P = Fllgssy <5 (£.) (14.20)

p

where F,(z) = f(z — vn), v, = (=L/n?,0,0), which is the analogue of (8.9).
Once this is done, we can invoke the technique of Section 9 to show that (14.20)
automatically implies

b1
o = fllzecs, ) < ws (f, n) , (14.21)

p

which will complete the proof of Theorem 13.1. The argument in Section 9 was
based on Lemma 9.1, the LP-version of which is

Proposition 14.5 Let g € LP[0,1] and let A > 0 be fized. Then, for any
polynomial ¢, of a single variable and of degree at most n, n? > 2A, we have

llg — qn”LP[O,l] <C (”g - Qn||LP[A/n2,1] + w[r(),l] (9 1/”)?) ) (14.22)

where C' depends only on A, r and p.
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Proof. Just follow the original proof in Lemma 9.1 with the modification,
that instead of (9.6) we use its LP-version

H(pr(q;;)(r)||m[0,1} < Mrnrw;(qz,n_l)p <n"0,, (14.23)

see [12, Theorem 7.3.1] or (17.4)—(17.5) below. The only step from that proof
that needs to be explained for LP is the use of Remez’ inequality. The L
version of Remez’ inequality, that was used in Lemma 9.1 is this: for every A
there is a C) such that if h, is a polynomial of a single variable of degree at
most n, then

IPnll—1=x/n2142/m2] < Callhnllj=1,1)- (14.24)

This is a very simple form of Remez’s inequality [16], and actually it is a simple
consequence of the inequality (4.14). Instead of it, in Proposition 14.5 we need
to use its LP-variant:

th”LP[flfA/n?,lJr)\/n?] < C/\Hh"”Lp[*l,l]' (14.25)

To prove this note first of all that, by Nikolskii’s inequality (14.8), and by the
L*° Remez inequality (14.24), we have

[Pl Lo (1= 2 /n2, 145 /m2) < CAn®P||h]| pof—1,1)-

- 1A/t A 2
/_HM +/1 ha|P < 2 (nrz) (o} ¢l /108 oS

and if we add to both sides to the integral of |h,|P over [—1, 1], then we obtain
(14.25).

Hence,

With these modifications the proof of Theorem 13.1 reduces to the verifica-
tion of (14.20), which will be done in Sections 15-19. Indeed, this part of the
proof is much more difficult than in the L case, and it proceeds along quite a
different path.

15 The dyadic decomposition

Consider a pyramid S as in Section 6 with apex at 0 and with base in the
hyperplane {z = (z1,22,23) | 1 = 2}, and let S be the infinite cone with
apex at 0 determined by S: S = U2 ;nS. Recall that about S we assumed

a) no two base edges of S are parallel,
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Figure 15.1: The (&1,&2) coordinate system

b) the height of S lies in the interior of S.

We keep these properties here, as well.

Consider a base edge F and the two apex edges E; and Fy such that E lies
in the plane (Fj, Ey) spanned by E; and F5. Let e; and es be the directions
of the edges E1, F>. Without loss of generality we may assume that E; and Ey
are orthogonal to each other. Indeed, this can always be achieved by an affine
transformation (an alternative to handle the non-orthogonality case would be
to use dyadic rhombi instead of dyadic squares below).

Let H be a translate of the plane (Eq, Es) so that V =V (H):= HNS # 0,
and let 7 be the distance of H and (F, E2). We can parametrize these H’s
by 7. If V> = V*°(H) = H N S, then all these V°°(H) are similar to one
another, and on the boundary of V°° there are two infinite edges (half-lines) ¢;
and /5 parallel with E; and Fs, respectively. Let Y7 and Y5 be the endpoints
of ¢1 and ¢5, and let us place a (£1,&2) coordinate system on H in the following
way (see Figure 15.1):

e the positive direction of &; is —e;, j = 1,2,
e Y7 lies on the &>-axis and Y5 lies on the & -axis.

In what follows all reference (like positive quadrant) is made to this coordinate
system, but remember, that we also have the (x1,x2,x3) coordinate system in
R3. It is clear that the origin, as well as the whole negative quadrant lies in
Ve, and for small 7, say for 0 < 7 < 79, the origin also lies in Sy /5 (which is
S dilated from its apex by a factor 1/2), so it lies within V.= HNS. Let U
be the intersection of V' with the positive quadrant (see Figure 15.1). Then the
boundary of V' consists of three parts: £1, 5 and the part of the boundary of
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U that does not lie on the (£1,&2) coordinate axis. Note that, by the assumption
that no two base edges are parallel to one another, this boundary does not have
an edge parallel with the base edge E we started with (see the discussion in
Section 6). Note also that, by the similarity of the infinite polygons V> and by
the way we placed the (&1, &2) coordinate system on H, all these U (for different
H’s) are similar to one another.

For an integer j consider the vertical lines & = k/27, k = 0,41, +£2,... and
the horizontal lines & = /27, 1 = 0,41, 42, ..., which give the j-th level dyadic
division of H. A j-th level dyadic square T is

T—{(§1,£2) k+1 1 l+1}.

TRANET ALY
We call the lower left corner (k/27,1/27) the main vertex of T, and we denote by
2dr the side-length of T, i.e. dr = 1/29%1. Clearly, two dyadic squares (from
any levels) are either disjoint or one of them contains the other.

In this section we make a dyadic decomposition of part of V' =.5N H which
is similar to dyadic decompositions used in harmonic analysis, and discuss some
geometric properties of them.

For a A > 0 let AT be the dilation of T" from its center by a factor A. Fix a
small 8 > 0 so that

k
§§§1<

Ssc |J V(H). (15.1)
0<7<7o
For z € V™ let T(x) by the largest dyadic square T' containing x for which
4T C V. If B is sufficiently small, then for x € Sg this is also the largest
dyadic square T' containing x for which 47" C V. The set

T=T(H)={T(z)|zcVNSs} (15.2)

is the dyadic decomposition of V°° we are going to use, see Figure 15.2. Note
that 4T C V for T € T. Simple geometry shows that if 7" is a dyadic square at
level j, then the square 97 contains a 47" where T” is a dyadic square at level
(j — 1), therefore we get from the definition of T'(z) that 97 (z) € V°°, so 9T'(x)
must contain a point on the boundary of V°°. Furthermore, if x lies sufficiently
close to the apex of S, then this means that 97'(x) must contain a point on the
boundary of V*° that lies in V := HN S, i.e. a point of V> N9IV. It is also
clear that the union U
T

TeT

of the dyadic squares in this decomposition covers (the interior of) VNSg. Thus,
when we take the union of all these unions (with respect to H, with 0 < 7 < 79),
then they cover Sg.

Fix a large number M, and for a large integer n consider

Tn=Ta(H) = {TT €T, dist(T,0S) > %} . (15.3)
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Figure 15.2: Part of the dyadic decomposition

Then, there is an M7 such that for sufficiently large n

M
{x € VN Sa|dist(x,d5) > 7121} - U T, (15.4)
T€Tn

i.e. the union of the squares in 7, covers that part of V' N.Ss that lies of distance
> M, /n? from the boundary 95 of S.

Since for all T' = T'(z) we must have dist(7,0V>° NoV) < 8/2dr < 12dr
(otherwise 9T C V'), and since dist(T, V) > dist(T, 9S), we must have (by the
definition of 7, in (15.3))

M

dr > — T n- 15.
125 e, (15.5)

The next lemmas summarize the most important properties of the dyadic
decomposition. In them we write A ~ B for A < B and B < A.

Recall from (1.5) that dg(e, z) is the distance from = to the boundary of S
in the direction of e.

Lemma 15.1 If T € T and y € T, then either dg(e1,y) ~ dr or ds(ea,y) ~
dr. Furthermore, if L is some number and if dist(T,U) < Ldr, thends(ej,y) ~1
dr, j=1,2.

Of course, here ~7, means that the constants in ~ depend on L.
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Figure 15.3: The segment Ip and the points P;, P

Proof. We have dg(ej,y) > dr because 4T C V' C S. We know that 97 has a
point P on 9V NJV. If P lies on ¢, then dr < dg(es,y) < 10dr. Similarly,
if P lies on {5, then dr < dg(e1,y) < 10dr. Finally, consider the case when P
lies on OU N V. Then it lies on a boundary segment Ip of U. Ip has negative
slope which can only take finitely many values (here we use that all the U’s for
different H are similar). Let P, and P, be as in Figure 15.3. If Pr is the main
(lower left) vertex of T', then dist(Pr, P;) < Ady with some A that depends
only on the finitely many slopes in question, and so

dr <ds(e,y) < Ade,  j=1.2 (15.6)
If dist(T,U) < Ldp, then (L + 1)T contains a point Y € U, and
dpeyy < dist(Y,0V).
If z is the center of T', then

dist(Y, V) < (L + 1)vV2dy + dist(z,0V>®) < (L + 1)vV2dy + 9vV2dr
(L +10)V2dr.
Therefore,
dT(y) < (L + 10)\/5(17“.

Since T'(Y) lies in the positive quadrant, we have (in view of 9T(Y)N(QUNIV) #
)
dist(Y,0U N V) < 10v2dr(y),
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Figure 15.4: The directions €;

' ]P
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<

Figure 15.5: The various possibilities for P and Ip in case of the directions €;

so there is a point P on OU N JV of distance
< ((L+2)V2 + 10vV2(L + 10)V2)dr

from y. Now repeat the proof of (15.6) with this P and T
|

We shall need to use the directions €;, j = 0,1,...,r, (€ = e1, & = e2)
that cut the angle in between e; and es into  equal parts (see Figure 15.4 and
the proof of Proposition 5.1).

Lemma 15.2 If T € T and y € T, then for all 1 < j < r —1 we have
dS(Ejvy) NdT'

The lemma is not true for j = 0 and j = r—these cases were discussed in the
preceding lemma.
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Proof. Note first of all, that the line through the origin (in the (£1,&2) co-
ordinate system) in the direction €; has strictly positive and finite slope. Let
P € 0V be the closest point on the boundary of V*° to y, see Figure 15.5.
Then P belongs to a segment Ip of the boundary OV and the segment yP is
perpendicular to Ip. €; cannot be parallel with Ip (the latter has either nega-
tive, 0 or oo slope) and €; and Ip can form only finitely many angles. Hence, if
P’ is the intersection of the line of Ip with the line through y in the direction
of €;, then we have for some constant A

dr < ds(ej,y) < dist(y, P') < A-dist(y, P) < A-10v2dr.

Recall now that we have started this section with a base edge E with direc-
tion e, which was the linear combination of e; and e>. The next lemma is about
this direction.

Lemma 15.3 If T €T andy € T, then ds(e,y) ~ dr.

This lemma is true because of the basic assumption that no two base edges are
parallel (if we had parallel base edges the lemma would be false for them).

Proof. The line ¢ through y in the direction e has negative slope (it must
intersect the horizontal and vertical sides ¢; and f5 of V). Now follow the
preceding proof, see also Figure 15.6. If Ip is horizontal or vertical, then we are
done as before. If Ip lies on the boundary of U, and so it has a negative slope,
then, using that no two base edges are parallel, we get that £ is not parallel with
Ip, and they can form only finitely many angles, so

dr < dg(e,y) < dist(y, P') < A -dist(y, P) < A-10v2dr

for some A that depends only on S.

Lemma 15.4 (a) IfT;,T, € T and T}, C %Tj, then dr, > dr; /16.
(b) If T}, Ty, € T and 3T; N 3Ty # 0, then dg, > dr, /16.
(c) Noy €V can belong to more than 80% of the 3T}, ’s, Tj, € T.
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Figure 15.6: The various possibilities for P and Ip in case the direction e

Proof. (a) If we had dy, < dr,/16 then dp,, < dr, /32, in which case 8T}, C 4T}
would be true, since the side-length of 87} would be < dr;/2 (and recall that
T C %Tj). But, by the definition of the dyadic decomposition, 81} Z V°°,
while 47 C V°°, and this is a contradiction.

(b) If T}, C ZTj, then we can use part (a). If T, € %Tj and dr, < dr;/32,
then Tj, C 47} \ 2T} (note that Z7} is the union of dyadic squares of side-length
dr,/2), hence 3T} cannot intersect 37} (the distance from 37} to 47} \ 27; is
> dr, /2 > 3dr,). So this last assumption is impossible.

(c) Suppose y € 3T, 3T;, and assume that dr; > dr,. According to (b)
we have dr, /16 < dr, < dr,, and T}, C 5T; (otherwise T}, N 57; = () and then
3Ty N 3T # (). Finally, there are at most 80% such T}, since the area of 577 is
10%d7,, , while the area of each such T}, is 4d7, > 4(dr,/16)*.

|
Recall now the sets K, = S, \ S, /4 from (6.1).
Lemma 15.5 IfT € T and TN K, # 0, then 3T C K,, where
Ko=K, UKy UK, UK, UKo UKy, (15.7)

Proof. What we need to show is that if there is a y = (y1,-,-) € T for which
a/2 <y <2aand w= (wy,-,-) € 3T, then a/16 < wy < 8a. Let vy € 4T have
smallest x1-coordinate. Then vy > 0 (because 4T C V C S and S lies in the
half-space {z |z1 > 0}).
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Through each endpoint of the appropriate diagonal (which has longer pro-
jection onto the x1-axis) of the squares T,27T,3T and 47 draw a line parallel
with e (these are the lines in H for which the z1-coordinate is fixed since e is
parallel with the base which lies in the hyperplane z; = 2), see Figure 15.7.
Since w is a point in 3T, simple consideration based on parallel lines (see Figure
15.7, and note that the two extremal cases are when y € Ly and w € Lg, resp.
when y € Lg and w € Ly) gives that

Y1 — 1 y1 4 Y1 a
> — L =T 4 > = > —
W= 5 5 T35 T 0
and similarly
< +4( )<7 <14
w —(yp —v - —a.
1MW 3y1 1 ,3y1f 3

16 Some properties of L’ moduli of smoothness

One of the most important properties of LP moduli of smoothness wl (see
(13.1)) that will be frequently used below is

1 &
wic(f,0)p ~ sup = /O ( /K AT eore f(x)pdx) du, (16.1)

e€S?
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and (see (14.1) for the definition of @Y )

@i (£.9) Nmaxé/ </| o] )|pd1;> du. (16.2)

As before, £ is the direction of the edges of K.
Recall the agreement that in the integral

[

the integrand is considered to be zero if one of the arguments of A" f lies outside
the set K. Sometimes, however, we shall have integrals of the form

[

in which the integrand may have meaning even if some of the arguments in
A" f lie outside the set V of integration. Therefore, for clearer notation and for
further emphasis we introduce the

Agreement. The notation

| 1arsy (16.3)

means that the integrand is considered to be zero if one of the arguments of A" f
lves outside the set U.

Thus, in this sense, the integrals in (16.1) and (16.2) (as well as the integrals
in the definition of the modulus of smoothness) are actually [

Define the directional modulus of smoothness in the direction e as

Wi o (f,0)F = sup/K |A;dK(e7x)ef(;v)|pdx. (16.4)

u<d

Instead of (16.1) and (16.2) we only need to show that

1 5 *
([ 0)F ~ 5/0 /K A7 oy (@) [Pddu. (16.5)

Proof of (16.5). (16.5) follows from its variant on segments: if I is a segment
and e is its direction, then for § <1

dx ~ = Pdr ) d 16.6
ilipg/ | ud;(ez)e )l x / (/ ‘ udr( exe )| JJ) u, ( )

where ~ is universal, it does not depend on § < 1 or I. Clearly, it is enough to
do this for I = [a,b], in which case it takes the form

o LY — N A T S
(16.7)
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For I = [0, 1] this was proven in [12, Sec. 2.3], see particularly formulae (2.3.2)—
(2.3.3). The general case is obtained by a linear transformation: assume that
® is a linear transformation mapping I = [a, b] into ®(I) = [®(a), P(b)]. Since,
with y = ®(z), F(y) = f(z), we have
Ao @ =8 aermen-at @
which implies with 8 = |®’]
* 1 *
AT Pdr = — AT F(y)|Pd
/, A eae ! @lde =5 A(I) Y T T
it follows that (16.7) is true for an I precisely if it is true for ®(I). Since, as
we have just mentioned, (16.7) is true for [0, 1], its validity for all segments I
follows.

We are going to integrate (16.6) for all chords of K in the direction of e.
What we are doing precisely is the following: let e* be the hyperplane through
the origin which is perpendicular to e. Then for each point y of e™, there is
a line y + Ae, A € R, through that point which is parallel with e, and that
line intersects K in a (possibly empty) chord I, ,. Now we apply (16.6) on this
chord, and integrate the resulting inequality on e* for all ¥:

T P ~
/y . (f}gg /I B earraae 2] dA) dy

1 § *
N /y B (5 /0 /I I f(y+)\e)|pd/\du> dy.
e,y

This implies

T P
ilg (/yeei /Iu |AudK(e,y+Ae)ef(x + Ae)| dAdy) =<

10 *
5 Al Ae)|PdAdy | du.
B o /0 (/yeeJ_ /I | UdK(e,y+)\€)ef(y + Ae) y) U

€y

On the other hand, the right-hand side is clearly smaller than the left-hand side,
so we can write ~ instead of <:

su AT - + Xe)|PdAdy | ~
uﬁg </y€6i /Ie,?/ | UdK(e’er)\e)e'f(y )l y)

1 6 *
~ — T p
L ( [ st M) du, (168)

ey
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and this is precisely (16.5).
|

In the preceding proof we have also verified the following. For a direction e
and for y € et let

Ly F O =sw [ 1AL s S0 AP

u<d Iey

be the LP modulus of smoothness of f on the segment that the line through ¥
in the direction of e cuts out of K. Then

el F0) ~ [l (7.0 (16.9)

i.e. the (p-th power of the) L? modulus of smoothness in the direction of e is
equivalent to the integral of the (p-th power of the) moduli of smoothness on
all segments of K in the direction of e.

We shall also need that

wi (f,0)p < C|fllLex) (16.10)

with a C that depends only on r and p. Indeed, for [—1, 1], i.e. when K = [-1,1],
this follows from the inequality (see [12, (1.2.1)])

* b
| wesnizdize [l @, (16.11)
(a,b) a

which is an immediate consequence of the fact that for x + hv1 — 22 € [—1,1]

we have Y
r VI
_ 2
(:r +h/1—x ) > (16.12)

see [12, (1.2.1)]. Now, (16.11) clearly gives for I = [—1, 1], and then by a linear
transformation for all segments I, the inequality

(1,80 < Oy (16.13)

From here we get
w;(,e(fv 5)p é C’Hf”Z[),p([() (1614)

by integration with respect to all chords of K in the given direction e. Finally,
to get (16.10) take the supremum of both sides for all directions.

Actually, this proof gives a little more that we shall also need: if K1 C K>
are convex sets and e is a direction, then

/ 1A i, (e.yef (@NPde < C | f(z)[Pda. (16.15)
K 24
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Next, we note that, by [12, Theorem 2.1.1], the equivalence (2.9) is true in
all LP spaces, and then the argument leading to (2.11) shows that the LP-version
of (2.11) is also true:

Wiy (F M)y S MNW 3 (f,1), A>1, t< 1 (16.16)

This now gives the same estimate on all segments, and then by the (by now)
usual argument (via integrating for all chords of K in a given direction) we
obtain

Wi o (fs M) < MN'wie (f,1)p, A>1,t<1; (16.17)

and
Wi (f, M)y < MN Wi (f, 1), A>1, t<1; (16.18)

just use (16.16) and (16.9).

Next, we discuss a few results which allow us to replace a function ¢ in
Al [ with another one. Most of these are based on the equivalence of a ¢-
modulus of smoothness with the appropriate K-functional, see [12, Theorem
2.1.1].

Lemma 16.1 Suppose I is an interval, and for & € I we have

0< %@2(5) < 1(6) < pa(8)

with some constant A. Then, for all 6 > 0,

é 5
|8 ea@rdct < a [ [1an, a@pica. (o)

This is [12, Lemma 2.2.1], but for completeness we present the simple proof.

Proof. Substitution gives

1

4 A , Sp1(8) A ,
/0 Al ooOPde = — / AT g(E) Pdv

A d¢p2(€) 5
= <PT(§)/0 |[Avg(§)Pdv = A/O AL, (69 (E)[Pdu,

and we obtain (16.19) by Fubini’s theorem.

Often we shall be using Corollary 1.2 in the following form.
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Corollary 16.2 Let Ky C K be convex sets, e a direction, and assume that for
all x € Ky we have with some constants T and A the inequality

T< JK(e,J:) < Ar.

Then, for all § > 0,

/ / |AT . g(x |pdxdu<A/ / AN g(x)|Pdzdu. (16.20)
Ko udg (e, .L)(i

Indeed, just apply Lemma 16.1 on every chord of Ky in the direction of e
and then integrate the so obtained inequalities on the plane perpendicular to e.

Lemma 16.3 Suppose that I = [a,b] C R is an interval of length < D. Then,
for D6 < |1,

5//' w9 |d€du<05//\AuDg )|Pdedu,  (16.21)

where C' is a constant that depends only on r and p.

Proof. Write the right-hand side as

1 6D/ || *
§D/|I| /O /I | A% 19(8)[PdEdv.

According to [12, Theorem 2.1.1] and (16.1), for any F' € L?[0,1] and 0 < 1 we
have

Loy <t / / AT F()|Pdedy < CK (F,o"), (16.22)
C (o) 071]

with some constant C' (that may depend on r and p), where

k(o) =it ([ 1F-qreor [ jaur).
Q [0,1] 0,1]

With (&) = \/&(1 — £) we have, again by [12, Theorem 2.1.1] and (16.1),

1~

KR / /O \ AL o F(€)Pdédu < CK(F, 67), (16.23)

with some constant C', where

K(F,6") = inf / |F7Q|p+5”’/ YPIQMIP ) . (16.24)
Q [0,1] [0,1]
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We set in (16.22) o = §D/|I|. Since 6D/|I| > § and ¢(§) < 1, this gives
K(F,0") < K(F,(6D/|I])"), and the I = [0,1] case of the lemma is an immedi-
ate consequence.

The general case follows from this by a linear transformation. Indeed, let ®
be a linear transformation mapping I into [0,1]. Then |®'| = 1/|I| =: 3, and
with F = g(®~1), ®(¢) = ¢ we have

[ 18ipsterras =5 [ 1atpFOPc

while

* 1 *
A" Pde = = AT F(O)PdC.
[ mme@rs =5 [ 18 s FOPaG
Thus, under this linear transformation |I| changes to 1 and D changes to Dg =
D/|I], so the condition §D < |I| is unchanged. Therefore, we can use the
I =10,1] case and the lemma follows.

Lemma 16.4 Suppose that J C I = [a,b] C R are intervals, and for & € J

we have for some constant T the inequality T|J| < \/(§ —a)(b—&). Then, for
5 <1,

z r P <C= r p _
| sseraae<cs [ 0187 oz, (1629

where C' depends only on v and p.

Proof. The inner integral on the left is invariant under linear transformation,
i.e. if ® is a linear transformation, then

* . 1 * i, B
[ ng@rie =5 [ 8L aoye@ @

where 3 = |®’| is the Jacobian of ®. The same is true on the right-hand side
because

/|Armg( )|PdE = ﬁ/ \/Wg( (O)|pd§

Therefore, by choosing ® so that o(I) =0, 1] we may assume that I = [0, 1],
and in this case /(€ —a)(b— &) = \/E(1 — &) =: ¥(§).

In view of (16.23) we can choose an r- tlmes continuously differentiable func-
tion G such that

T * T T 1 6 T
[ ag=crrar [ ymeop<os [ jan,ga@pdedn 1620
[0,1] [0,1] 0 [0,1]
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By assumption

[lo=cpsar [@apyricop < [ ip-cpaar [ wmeop,
J J [0,1]

)

hence

3 T T 1 6 K
wt (1= ety [wop) <cg [ [ 1anqatopde
q J J 0 [0,1]

(16.27)
Next, let ¥ be the linear transformation that maps [0, 1] into J. (16.22)
under ¥ changes to

1 1 g *
K e <2 [ [ s g P < ok’ @), o<t

(16.28)
(with the same constant C' as in (16.22)), where

K7 (g, (o)) mf(/|g—q|p + ol [ 1 )

With o = 67 the expression in the middle of (16.28) is

1 ot * N 1 s . )
E/o []‘Au\J\g(f)|pdde:5/o /J |A%r1.219(6)[Pdédu. (16.29)

Now if we put (16.27)—(16.29) together, we obtain (16.25).
|

Lemma 16.5 Suppose that J = [a, 5] C I = [a,b] are intervals. Then, for
0 <1,

- A" Pdedu < C= A" Pdcd
5/0 /, W et 5“*05/0 /, 1A amg9(e)fdedu,

(16.30)
where C' depends only on r and p. Furthermore, if

C=—a)B-¢<7(C-a)b-¢), (€ (ap)

with some constant T, then for § <t

N ) 15

~ r < 1 , )

g /0 /J BuvEamg s 05/0 /, A a9 (©IFdidu,
(16.31)

where C' depends only on v and p.
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Precisely as in Corollary 16.2, we get from this

Corollary 16.6 Let Ky C K; be convez sets, and let e be any direction. Then,
for§ <1,

1 ) * 1 4 *

— T P < O= T P .

5 /0 /K 0 A i (e 90 drdu < C /O /K 1 1Ay, ey 9(@)[Pddu (16.32)
and

Wiy o (f,0)p < Cwic o(f,0)p, (16.33)

where C' depends only on r and p.

Note that (16.32) and (16.33) are equivalent in view of (16.5).

This corollary says that the (directional) LP moduli of smoothness are es-
sentially monotone functions of the underlying sets. Note that, while this is
absolutely trivial in the L case, in the LP-case it needs verification.

Proof. Just follow the proof of the preceding lemma. The inequality (16.23)
is transformed by a linear transformation into

1~ 1 e ~
™ < = T p < r .
58 (g,07) < 5/0 /1 A eaa—gd(OFdCdu < CK (g,67),  (16.34)

with the same constant C' as in (16.23), where

7d4 ™ — in _NIp rp —a o rp/21)(r) p )
K100 =igf ([la= QP +07 [(c-a)o- )@ O Pac)

(16.35)

Now write this up also for .J instead of I and use that J C I and ({—«)(8—() <

(C—a)(b—C) for ¢ € J to conclude first K7 (g,6") < K'(g,6"), and then (16.30).

The proof of (16.31) is identical, only in this case first conclude with the
above argument K7(g, (6/+/7)") < K'(g,6"), and then from this (16.31).

17 Local L? moduli of smoothness

In this section we verify the analogue of (6.18), but due to the fact that L?
moduli are integrals, we shall need to prove a more complicated form.

‘We use the notations and setup from Section 15. Recall that there we worked
with a pyramid S with base on the hyperplane {x | z; = 2} and with apex at
the origin such that the height of S is the segment 0 < z; < 2. We were
also working in Section 15 with a base edge direction e and two apex edges
FE4, E5 with directions eq, ey such that e is their linear combination. Exactly
as in Section 15, we may assume e; and e; to be perpendicular to each other.
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Besides these, we shall also need the directions €;, 7 = 0,1,...,7, €& = ey,
€, = ey that divide the angle in between e; and es into r equal parts, see Figure
15.4.

Let H be a translate of the plane (E7, Eo) with the (£1,£2) coordinate sys-
tem as discussed in Section 15, V = V(H) = H N S, and consider the dyadic
decomposition 7 = T (H) of V from (15.2). Let n be a fixed large integer and
T € T(H) be a dyadic square from the decomposition lying from the boundary
of S of distance > M/n? with some large and fixed M. These formed the set
T = Tn(H) in Section 15. Recall that 2dr is the side-length of a square T' in
this decomposition. Then dz > M/12n? by (15.5). Furthermore, the union

U T
dist(7,05)>M/n?
of these squares cover the set
{x € V|dist(x,0S) > My /n? =z <28} (17.1)

for some Mj, see (15.4).

Let F' be a Borel function on S. With an integer m > 5r to be specified
later and with 37" (the 3 times enlarged T" from its center) we apply Proposition
14.1 and (16.1), according to which there are polynomials @, of degree at most
m such that

2 1/m *
|F = Qml|P < m/ // |AT - F(x)Pdrdu (17.2)
//3T ; 0 gy wdsr(es)e

(recall that here jf;T |A”|P means that the integrand is 0 if any of the arguments
in A" is outside 3T). Since the side-length of 3T is 6dr and 10dr/m < 6dr, we
can employ Lemma 16.3 on every horizontal and every vertical segment of 3T
in replacing the integrand on the right-hand side by

|A210dTejF($)|pa

and then the substitution ul()d;/ = gives that
10dT /m
|F' = Qml? < / // (x)|Pdxdv
//3T Zl 10422 dy%e;

2
ZJ(TvmvejaF)~ (173)
j=1

Next, we need the analogue of (5.3), namely

H‘:OTH ”LP —11) < Mrmrw;(Hmamil)p (17.4)
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for any polynomial H,, of a single variable and of degree at most m (here
wi,(fot)p = w[r_m](f, t)p is the modulus of smoothness from (1.1) and (5.2),
with the supremum norms there replaced by the LP[—1,1]-norm). Indeed, just
follow the proof of (5.3), and use that, by [12, Theorem 7.3.1], (5.1) is true in
LP spaces, as well. By the usual linear transformations we get from (17.4) on
any segment [

di(e, x)rw < Mym Wi (Hyp,m™b),, (17.5)

oe" Lo(D)

where € is the direction of I.

Consider now one of the directions €; from the beginning of this section,
and all chords of 37" in that direction that intersect 27". Let the union of these
chords be Ty. Then 2T C Ty C 3T. If, for H,, = @, we apply on each chord
of Ty in the direction of €; the inequality (17.5), then we can conclude (use also

(16.1))
/ /T ()"

1/m *
<o [ [0 e Qul@P o, (17.0)
0 TO uazr(€e;,xr)e;
and call here the right-hand side m™J(Q,,). Now
T (Qm) < 2P7HT(F) + T (F = Qum)),

p

0" Qm(2) dxr

—T
oe;

and here

1/m *
j(F*Qm)Sm/ // A 2wz, (F = Q) (@) Pdzdu.
0 3T e

In view of (16.10) the right-hand side increases if we replace the inner integrals
by the corresponding integrals of F' — @,,, over 3T, and so

J(F —Qm) < m/ol/m (//3T |F — Qm|p) du = //ST |F—Qnl?, (17.7)

for which (17.3) can be applied.
Next, consider

1/m *
_ o p
J(F) = m/o //TO |Aud3T(Ej7m)EjF(x)\ dxdu.

Note now that each segment of T} in the direction of €; is of length < 6V 2dr <
10dr and > 2dr > 10dr/m, so we can apply Lemma 16.3 (with D = 10dr) on
every such segment to replace on the right

|A2d3T (EJ' ,w)Ej F(x) |p
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by
|AulodTe,F($)|pa

and then the substitution ulOdT/ = v gives, as in (17.3),
T(F) < J(T,m,e;, F). (17.8)

Note also that,
-~ r
rudsr(€5,x)/2 < %5dT <drp,

so the integral f;o on the left of (17.6) is at least as large as the integral sz
(there is no * here!) with the same integrand, and on 27" we have

CZ3T(EJ‘, LL’) ~ dr.

So we obtain from (17.6)—(17.8)

I

8’”Qm

m'P < _
WZJ(TW,%F%
T j=0

where

m 10d%/% /m
IE 8. F) = i / / " e F@Pdudu, (179

and where we have also used that e; =€y and es = €,..

Now, exactly as in the proof of Proposition 5.1, the r-th directional derivative
in the direction e (the base edge direction we are interested in) can be bound
by the r-th directional derivatives in the direction of €;, j =0,1,...,r, hence

also follows.

Next, recall the sets K, = S, \ Sg/4 from (6.1), and let us assume that
x € TNK, for some a < 3/2 with the 3 from (15.4) or (17.1). To estimate the
r-th symmetric difference in the direction of e we use

0"Qm(x)
C der

m”’ -
d'r‘p ZJ(Ta m7éj?F) (1710)
T j=0

rhds(e,x)/2 87~Qm(x + te)

o dt  (17.11)

A} iy @ (@) < (hdg(e,z))" ! /

—rhdg(e,z)/2

(see [12, (2.4.5)]). Lemma 15.3 gives that dg(e,z) < dr, so in the limits of
integration we get ~
rdg(e,x)/2 < My(dra)/? (17.12)
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with some fixed My. Recall also that d > M/12n? by (15.5), so for M > 12M3
and for h < 1/n+/a we have

1/2
Msz/ < drp.

rhds (e, x)/2 < Myh(dra)'/? <
n

For this choice we get for x € TN K,
A" P hMo(d 1/2\(r—1)p
h(is(e,m)eQm(m) = ( 2( Ta’) ) x
hMa(dpa)t/? p
X / dt
7hJV12(dTa)1/2
Now apply Hélder’s inequality on the right-hand side and integrate the obtained
inequality for x € T'N K,. Noting that

0" Qm(z + te)
oer

€ [~hMy(dra)’?, hMy(dra)'/?) C [—dy, dr],

and so forx € T
x +te € 2T, (17.13)

we obtain this way

p
//TﬂKa ‘AhJs(e,x)eQm (x) ’ dx

hMs(dpa)/? r P
= (hMQ(dTa)l/Z)rp—l/ // 0 Qm(y) dydt
—hMa(dra)t/2 JJor | O€T
arQ p
h(d 1/2\rp // m
(dra)™’7) o | B

To the right-hand side we can apply (17.10) (see also (17.9)) to get

//TmK hds(e x)eQm( )‘ dx < (h (dTa)1/2 a7 ZJ T,m,€;, F).

(17.14)
Now if we replace in a similar integral for |[A”F| the difference A" F by A"(F —
Qm) + A" (Qyn) and apply

//T ’Ahds(e ﬂc)e (F = Qm(z dz<// |F' — Qml|? (17.15)
NK,
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(see (16.10) with Ky = 2T and Ky = S, and use also (17.13)), then we can
conclude from (17.3) and (17.14)

// ’A:ui( )F(x)‘pdx =< ij(T,m,ej,F)
TAK, s(e,x)e =

m"P
D
dp

T

> J(T,m,e;, F).

Jj=0

+  (h(dra)t/?)r

Up to this point m was arbitrary, and h < 1/ny/a. Now if m = (nlOle/ﬁ
and h < 1/n+/a, then

h(dTa)l/Q% <1,

and we obtain
r P - =
// ’Ahd}(e’z)eF(m)‘ dx < ZJ(T,m,ej,F) (17.16)
TNK, =0

(recall that e; =€ and es = €,.).

The following observation will be important. The argument from (17.11)
to (17.16) shows that (17.16) is true when, on the left-hand side, dg(e,z) is
replaced by some smaller quantity &(z) = ds, (e, z) < ds(e,z), So C S:

» r
// ‘AZ(S(:c)eF(x)‘ dr < ZJ(Ta m7éj?F)> (1717)
TNK, =

and here < does not depend on §(z) = dg, (e, ) < ds(e, z). Indeed, this follows
from two facts:

e the right-hand side of (17.11) is decreasing in ds(e,z) in the sense that
if we replace it with §(z) = dg,(e,x) < dg(e,x), then the right-hand side
decreases,

e by (16.15), if §(z) = ds, (e, z), So C S, then
| 8s@pds<c [ oo,
2T 2T

If, instead of (17.15), we use the latter fact with ¢ = F — @Q,,, and follow the
proof from (17.11) to (17.16), then we obtain (17.17).
On the right-hand side in (17.16)—(17.17) we have the sum of

1/n
J(T,m,e;,F)<n A" s F(z)[Pdzdu (17.18)
’ 0 s wdré
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*

(no * in the integral!) for j = 0,1...,7. In what follows we are going to
estimate these terms for j = 0,1,...,r, and to this end we mention first of all
the following. Consider the line through a point x lying sufficiently close to the
apex, say « is lying in Sg with the small 5 from (17.1). Asin (1.5)—(1.6), this line
intersects S in a segment Ag; Bz, ;. The minimum of the distances between
x and Ag, ., B, . is ds(€j,z), for which Lemmas 15.1, 15.2 can be applied.
However, the other distance between = and Ag, ., Bg, o, say dist(z, Bg, ), is
bounded by a number depending only on S, and (more importantly), it is at
least 1, since x lies in the half-space {z |1 < 1}, while Bz, , lies on the base of
S, which is in the hyperplane {y|y; = 2}. Therefore, if j = 1,2,...,r — 1, then
Lemma 15.2 gives that for z € 3T we have

dy? < ds(ej,z) < dif?, (17.19)

hence, for such j, Lemma 16.1 (cf. also its Corollary 16.2) shows that

1/n 1/n
/ // 1/2, x)|Pdzdu < n/ // uds(e )% F(x)Pdzdu.

(17.20)
When j = 0 or j = 1, then this is not necessarily true, since then dr can be
much smaller than dg(€;,x). Consider e.g. the case j = 0, the j = r case is
completely parallel. Then €y = e, and if 7" € T is a small square close to the
side ¢; of V and far from U (see Figure 17.1), then dr is much smaller than
ds(ep, x), and care should be exercised when we want to replace d;/ * by ds(eo, z)
like in (17.20). Indeed, (17.20) may not be true in such cases. Note however,
that (17.20) is still true if dist(T,U) < 20dr or dist(T, ¢1) # dist(T, V), since
then, by Lemma 15.1, we have (17.19).

So let 7' = 7,1(H) be the collection of all T € T,,(H) for which dist(T,U) >
20dy and dist(T, ¢;) = dist(7T",0V). These are the squares in 7, that lie much
closer to ¢; than to the rest of the boundary of V (see Figure 17.1). In a
similar manner, let 72 = T,2(H) be the collection of all T' € T,,(H) for which
dist(T,U) > 20dr and dist(T,¢s) = dist(T,0V). These are the squares in T,
that lie much closer to £2 than to the rest of the boundary of V.

Let now a < /2 with the § from (15.1) or (17.1). We take the sum of both
sides in (17.16) for all T with T'N K, # 0, apply (17.18) and (17.20), and use
that, by Lemma 15.5, for all T in question the relation 37 C K, is true with
K, in that lemma. If we recall that, by (15.4) (see also (17.1)) the union of all
such T'N K, cover the set

Ko, = {z € K, |dist(z,05) > M, /n?}, (17.21)

then we obtain this way the estimate

P
sup // ‘AT? Fx‘ dr < ©g(a,H)+01(a,H) + O2(a, H),
WP i, [Phds(eare (2) o(a, H) + ©1(a, H) 2(( ) |
17.22
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Figure 17.1: Squares in the dyadic decomposition lying closer to ¢; than to the
rest of the boundary of V

where

Oola, H) + ©1(a,H)+ Os(a, H) = (17.23)

1/n
p
< Z / //I{ﬂKa uds(ej,l)ej (1')| dxdu

1/n
+ / // a2 1 (z)Pdzdu

TeTl(H) TNK,#0

1/n
+ / // a2 2 (z)|Pdxdu.

TeT2(H) TNK,#0

This estimate depends on H = H.., and recall that H, was a translate of the
plane (F1, Es) spanned by apex edges F; and Fy by mn, where n is a normal
vector to that plane. In what follows we shall need to take the integrals of these
estimates for all H = H, by which we mean integration with respect to the
parameter 7 from 7 = 0 to 7 = 7 (here 7 is from (15.1)).

We shall apply (17.22) with

for k satisfying



where L is some large number to be specified later. If we integrate the left-hand
side of (17.22) with respect to H = H,, 0 < 7 < 79 and sum for all such k
(which is the same as summing for all such k and integrating with respect to
H), then we get a quantity that is at least as large as

P
sup //K hds . I)eF(aj) dx. (17.24)

k h<1/nx/bk by n

At the same time, the same operation (i.e integration with respect to H and
summation with respect to k) when applied to ©¢(H, by) gives a quantity that
is bounded by the sum of the directional moduli of smoothness:

> / Oo(H, by)dH (17.25)
k

1/n
= S (S [ it PP )
Ky,

T 1/n
=< n Als _F(m)|pdac) dHdu
Sl U s

T 1/1’L
= Z”/O /szds(éj,x)ng(xﬂpdxdu < we(F,1/n)p,
7=0

where we used that, for 2}“ > L, no point can lie in more than 8 of the sets I~(bk.
Indeed, if = belongs to K, (see (15.7) for the definition of the set Kjp, ), then
for its first coordinate (in the (21, z2,x3) coordinate system of R?) we have

and for an x; there are at most 8 such k.
It is clear that

>~ [ ©1(H, by)dH (17.26)
/
k

1/n
=< / n/ // i (z)|Pdxdu | dH

TeT(H)

where we used that no 7' can intersect more than 8 of the sets Kj, . Indeed, by
Lemma 15.5 if T" intersects K, , then 317" C Ky, , and we have just seen that this
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can only happen for at most 8 of the k’s. In what follows we are going to show

that
1/n
n/ // wd/e 1 (z)[Pdxdu

TET(H)

1/n
T P
=< n/o /SmH |Auds(ehw)elF(x)| dzdu. (17.27)

Then this and (17.26) imply (via integration with respect to dH)

1/n
Z/@l(fL br)dH < n/o /S|Azd~s(ehx)elF(x)|pdxdu<wg(F,1/n)§.
k

(17.28)
A similar procedure yields
Z/GQ(H, b)dH (17.29)
k
1/n
=< n/o /S \Azgs(ez,x)ezF(m)\pdxdu <wg(F,1/n)p,
which, together with the preceding estimates imply
P
sup // AL ) eF(a:) dr < wg(F,1/n)b. (17.30)
k h<1/”\/a Kipon st
Recall that here the summation is for all k with
L 2k
< < p (17.31)

n2 ~n2 = 4°

If we start out with (17.17) instead of (17.16), then we get instead of (17.30)
the estimate

p
Sup // Apsye ' (2)| dz < wg(F,1/n)p, (17.32)
= h<1/n\/ﬁ K

by,m

for any 8(z) = dg, (e,z) < ds(e,z), Sy C S (recall also (17.21) for the definition
of the sets Kp, n)-

To complete the proof of (17.30)-(17.32), we still need to prove (17.27). Let
T € T!, and note that if (in the (£,&;) coordinate system) we shift T to the
left into a dyadic square, then the shifted square also belongs to 7' unless it
gets outside the set Sg (see (15.2) and Figure 17.1). Thus, if we introduce the
equivalence relation T; ~ T» on 7' meaning that Ty and 75 can be obtained
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from each other by a horizontal shift, then the equivalence classes are consisting
of continuous chains of dyadic squares of equal side-length lying in a horizontal
strip. Let A be an equivalence class and

= |J s

TeA

Then A is a rectangle with horizontal and vertical sides and with vertical side-
length equal to 6dr, where T € A is an arbitrary element; say A = [«, 8] X [, 4]
where § — vy = 6dp. Note that even though the different equivalence classes are
disjoint, the sets A(A) need not be disjoint, but it follows from Lemma 15.4,(c)
that any point can belong to at most 80% such A(A). By the same lemma every
z € A(A) can belong to at most 80% squares 37" with T' € A(A) (actually only
to 6 such 3T, but that is indifferent), therefore it follows that

Z// ay/ze, F@Pde < // A g2, F (@) da (17.33)

TeA
/ / | 32(11/2@1F(§1v§2)|pd51§27
v Ja T

where, on the plane H, we identified a point = by its (1, &2)-coordinates. For
& € (7,0) let I, = {:r = (&1,&2) € V} be the chord of V' consisting of those
points for which the second coordinate is &;. We are going to show that

1/n ,pB 1/n p*
n / / AT L P66 Pdgrdu < / / AT o F(E )P d€rdu.
0 o T ! 0 I, '

(17.34)
If we integrate this inequality with respect to & on [y, d], then we obtain (see

also (17.33))
1/n
(5 )
TeA
1/n *
<n AT - F(x)|Pdxdu,
/0 //VﬂStrip(.A) uds (e1,@)er ( )‘

where Strip(\A) is the strip {z = (£1,&2) | &2 € [7,96]}. Now if we sum this up
for all equivalence classes A and take into account that no point can belong to
more than 80? such strips Strip(A) (see Lemma 15.4,(c)), we obtain (17.27),
pending the proof of (17.34).

To prove (17.34), note first of all that [a —dp, f+dr] C I¢,, and for u < 1/n

we have rule/2/2 <dr (cf. (15.5)), so

1/n
[ AT L P&, 6)Pdg1du
0 [a—dr,B+dr)] T o
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1/n px
< HA /I |A;d5(el,w)elF(£1’52)‘pd£1du' (1735)
€2

is a stronger inequality than (17.34). Finally, since dg(e;, ) = (Zfsz (e1,x), and
on [ — dr, 3 + dr] we have d%,/2 < CZ[£2<61,SC), (17.35) follows from Lemma
16.4 with the choice I = Ir,, J = [a — dp, B + dr], 7 = dif*/|J|, § = 1/n and

This completes the proof of (17.30). Note that since e is a base edge direction,

in (17.30) we have dg(e, ) = JK% (e,x) for x € Kp,. So in (17.32) we can set
So = Kb, n, 0(x) = CZKbk.n (e, x) (see (17.21) for the definition of the sets Ky, ),
and we get from (17.32)

sup //
& h<1/n\/ﬁ K

Since e was any base edge direction, this completes the discussion on base edge
directions.

We still need to prove an analogue for apex edge directions, for example for
the direction e; we need to prove

*
> s [
L h<1/nvb, J Ky n

Once this is done, we get from (17.36) and (17.37) (as well as from the analogue
of (17.37) for all other apex edge directions) the estimate

p

F(z)| dz < wg(F,1/n)p. (17.36)

thb n (e,x)e
by m

P

AT - F(z)| dz < wg(F,1/n)b. (17.37)

thb o (e1,x)er

P
AT - F(z)| dz < wg(F,1/n)p, (17.38)

thbk o (ex)e

*
max sup /
L e€e h<1/nvbk v Kby ,n

where £ is the direction of all edges of S, which is the same as the edge directions
of each K3, (see the definition (6.1) of the sets K,). This is the analogue of
(6.18) we have been seeking.

In view of (16.1), it is enough to prove the version of (17.37) when, on the
left-hand side, the supremum is replaced by integrals, i.e. to prove

Sovi [ [ ]

The proof of this uses the technique employed so far. Since for = € K, ,, we
have

p

F(z)| drdu < wg(F,1/n)b. (17.39)

ude . (e1,z)er

bp,mn

CiKb,c,n (z,e1) < 2¢/brds(z, e1),

Lemma 16.5, (16.31) easily gives (see the argument below) that each individual
term on the left of (17.39) is bounded by the right-hand side. However, we
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need the stronger statement that the sum of these terms is also bounded by the
right-hand side.

Consider again the segment I¢, from the preceding proof. Its intersection
with the set of points that lie of distance > M;/n? from the boundary of S is
some interval, say

152 N {Z

where (if this intersection is not empty) the point W lies on the base of S5, so
it has 2 as its first coordinate (in the (z1, 72, r3) coordinate system of R?), and
where M is from (17.1) (see also (17.21)). Let Z; be the first coordinate of Z.
Then the projection of the intersection I¢, N Ky, ,, for the definition of the sets
K, ) onto the zj-axis is

. M
dist(z,S) > 7121} =: [Z, W],

[Z1,2] N l:b2k72bk:| s

and typically this has length 3b;/2. However, if by/2 < Z; < 2bx(< B), ie.
when . .

12 L 2 L

o * S Zl S 2 s ’

2 n? n2
then this intersection is of length smaller than 3b;/2. In view of 2% > L, the
preceding inequality implies

1
12177,2 < 2k < 221n2,

and there are at most 3 such k. In a similar fashion, unless by /2 lies closer
to Z; than by /4, the distance from any point of [bg/2,2b;] to Z; is at least
b /4, and there are at most four k’s for which this is not the case (i.e. when
bi/2 < Z1 + by /4).

Thus, the z1-axis (in the (21,72, r3) coordinate system of R3) intersects the
set Ky, », in a segment of length 3by/2 or less, hence the sets K3, , divide the
segment I¢, into overlapping subsegments Ji, of length «(3/2)by, or less (only the
first three of these segments lying closest to the £ axis may be shorter), where
a = 1/sin6, with 6 the angle between the direction e; and the base x; = 2.
Furthermore, according to what has just been said, except maybe for the first
four of these segments (for which the following argument is valid in view of
Lemma 16.5, (16.31)), we have on Jj, the relations

dek,n,(el7x) < aby, Vabp/4 < ds(er,z) < Cv/aby,

hence, first

1/nvby *
Lo

u2abreq

p 1/nvby *
drdu < / / |AT, F(x)’p dxdu
0 Ty

AT
udkbk,n (e1,x)er
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by Lemma 16.3, and then by Lemma 16.1

1/n\by  p* » 1/nvbi P
/ / |Algapye, F(@)|" dudu < / / ‘A24\/mgs(el.w)elF(m) dzdu
0 Jk 0 Jk /

*

(no * in the integral on the right!). Therefore,

1/71\/@ *
ny/ bk/ /
0 Jk

p

F(z)| dzdu

A
udek,"(eh:c)el

1/nv/by P
=< n\/ﬁ/o /J ’Auﬁimds(ehw)ﬂF(m)‘ divdu
&

NN F(z)| dwd
- 2 I R P dsae

If we integrate for &» (recall that UJ, = I¢,) and then for dH = dH, (i.e. for
dr), then we get

1/nvVby *
ny\/ bk/ /
0 K

b .n

p
dx

Ah(iKbk,n (el,z)elF(x)

p
} dzdv.

n 4\/a/n A
o r F
" i/a /0 /K‘ vis(ex,0)er T (7)

Now sum this up for all & with the property (17.31) to obtain

1/nyby  p*
ST
. 0 K

bj,m

P
dr < wg(F,4v/a/n)b,

thbk,n (61 ,12)61 F(:E)

and, in view of (16.18), on the right-hand side we can replace wg(F,4/a/n)b
by wg(F,1/n)p.
This completes the proof of (17.39), and with it also the proof of (17.38).
|

18 Local approximation

Here we use the notations and setup from Section 7. So let f be an LP function
on the pyramid S, v, = (—L/n?,0,0) with a large but fixed L, and

F(z)=F,(z)=f(z —v,) on S=8M=84u,. (18.1)

83



In what follows we are going to use again the notations Ky, S,, K, from (6.1),
but when we apply them to S, then we denote them by K, S,, K,,. Note that
the edge directions for the polytopes S, Ky, S,,, K, is the same as that for S,
i.e. it is £. We apply (17.38) on the pyramid S = S(™) to the function F = F,,
for which it takes the form

P
AT F(z)| dz < wg(F,1/n)b, (18.2)

hJKbk,n(ew)e

max  sup /
€€ h<1/nvby JKuy 0 (M1 /n2)

where the summation is taken for all k for which (17.31) is true. Recall that
here the polytope Kj, was cut out of S by two hyperplanes L; and Ly that
are parallel with the base and are of distance by, /2 and 2by, by, = (2¥ + L)/n?,
resp. from the apex v, of S, and Ky, ,, is the part of Ky, that lies of distance
> M /n? from the boundary of S. If L is sufficiently large (and this is the only
requirement on L), then this set includes the portion of S (the original pyramid)
that are cut out of S by L; and Ly. Now the distance of Ly resp. Lo from the
origin (which is the ape of S) is

by L 284L L 281 g
2 n2 2n2 n2 = n2 = 2
resp.
L 2k L L _ 2kt1
Qbk — ﬁ =2 n2 — ﬁ Z n2 = 2ak,

so the polytope Ky, , includes K,, with a; = 2k/n2. But then we can invoke
Corollary 16.6 and (16.5) to conclude from (18.2)

p
max  sup / A7 - F(z)| dz < wg§(F,1/n)P, 18.3
zk: ecé h<1/nv/br  Ka, thuk(e,z)e ( ) S( / )p ( )
i.e. )
1
. . ,
;WK% (F —= \/E)p < Ww&(F, 1/n)P, (18.4)

where @ is the modulus of smoothness (14.1). Since 2¥ > L, here b, = (2¥ +
L)/n? < 2-2F/n? = 2ay, so an application of (16.18) gives

> Wk, <Fn;@> < w§(F,1/n)P. (18.5)

L<2k<Bn2/4

For a > 0 set now F*(z*) = F(az*). Then F* is an L? function on K; such
that

ZCZKl (e’m*)eF* (z*) = AZJKa(eﬁz)eF(x)’ z e K,.

Since K is a simple polytope (at each vertex there are 3 edges), we can apply
Proposition 14.1 from Section 14 to conclude that for ny/a > 3r, i.e. for a >
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972 /n?, there are polynomials P Ja= P;}n Ja of 3 variables of degree at most
ny/a such that

1 1
F* — p* <o F*, _ F, .
: n\/aHLp(Kl) Y ( ”\/&)p K ( n\/a)p

With
Prva(®) = Panya(®) = Py gle/a)

this is the same as

1
F— » W | F,——=] . 18.6
1P~ palinie < (Foz) (186)
For the polynomials
4= Pnya ~ Pnvza = Panyva ~ Pranvia (18.7)

of degree at most nv/2a this yields

gl r(xunKaw) < NE = Poyalliex,) + 1 = p,yzallLe(a0)s
and here
K,NKy,=5SN{z|a <z <2a}.

Consider the polar coordinates (r, , %) in R3, and let £ = £, ;, be the half-
line {(r,¢,¥)|r > 0}. We have

/Ka it // </£¢,me@ 'q'p> dpdd, (18.8)

and a similar formula holds when K, is replaced by K, N Ks5,. We have seen in
(7.3) that for z € ¢

|x1 — 3a/2| na
— 14/la.2]

a/2
where x; is the first coordinate of z € £ and §(t1) = ¢(t), t € ¢, is a polynomial

of degree at most nv/2a in the variable t;. By Nikolskii’s inequality (14.9), on
the right

l0(@)] = |4(z)] < (

- (nv2a)?/'P
14/la.2a1 < WHQHLP[aQa]-
For 0 < x; < a this yields (cf. (7.4))
nv/a
nvaa (V/20)*/7 etnva
|q($)| <3 al/l’ ”qHLP[a,Qa] < al/P ”q”LP[a,Za]y (189)
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while for 2a < 27 < 2 we obtain (cf. (7.5))

81 nv'2a (nm)g/p } eBn\/Elog(&ﬁl/a) ~
lg(x)] < <a> TlquLl’[aQa] = THQHLP[G,,QLL]-
(18.10)

On the right we have

1/l zr(a,2a] ~ gl Lo (k0 Eaurie)s

and since a similar formula holds when a is replaced by 2'a with an arbitrary
integer [, we obtain for [ <0 from (18.9)
ey = 2YPeA gl o (koK)

lallzr(x,,

while for { > 0 from (18.10)

21/;06311\/5 log(

ol
||Q||LP(K2lame) = 102 )|\Q||Lv(KamK2anz)~

Raising these to the p-th power and integrating with respect to dpdy we get
from (18.8)

23l/pe

lallee () < V3l Lo (K K20

when [ < 0 and (using a > 972 /n?)

ol
lallzex,) < 23/ ein/alos16:2 )HQHLP(KanKza) = 64mﬁHQ”L”(KQﬂK2a)

when | > 0 (and n is sufficiently large). Recall that here ¢ = p, & — P, /34
is the polynomial from (18.7), and it has degree at most nv/2a. All this is for
a > 9r?/n?.
We shall use these with @ = aj and 2'a = 2ay, = Gk, 1e. with [ = ko — k,
for which they take the form
3(1@0*16)/]164"\/&1« Hpn\/ﬂ — panLr’(KkaKzak),
(18.11)

1Pny/ax = Payzarlle (., ) <€

when ko < k and
< e‘mum_k)m”pnm—Pn\/mHLP(K%ngak)
(18.12)
when kg > k. Here the restriction on k is that 2’“/712 = ap > 9r?/n? ie.
2F > 972 and on kg is that ay, < 1/2,ie. 2k <n?/2.
Moreover, (18.5) and (18.6) give

||Pn\/a7 — Pny2ay, ||LP(K%O)

Z HF - pn\/@”ip(](ak) = wg(F7 1/”)5 (1813)

L<2k<Bn2 /4
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19 Global L” approximation excluding a neigh-
borhood of the apex

We shall see in this section how the argument of Section 8 changes in the LP
case.

We use the preceding estimates (18.11) and (18.12) with k = L, ..., m, where
m is chosen so that 8/8 < 2™ /n? < 3/4 (see (15.1) for the definition of 8). We
also assume that 25! > 972, We combine the polynomials p,, /z = P, ,./a With
the fast decreasing polynomials

Rpa(z) = R (21), (19.1)

where RS;%?Z (z1) is the polynomial of the single variable z; (the first coordinate
of ) from (3.11) with some large A, and set, as in (8.2)

P, = Z (‘Z:)'vn,a;c - Rn,ak_l) pn\/ak +Rn,a1,71pn\/ﬁ+ (1 _Rn,am)pn\/rm' (192)
k=L

This is a polynomial of degree at most Cn with some constant C' that depends
only on A. We shall estimate the L? distance of this polynomial from F(x) =
F,(x) = f(x —v,) (see (18.1)) on the set (cf. (8.3))

2L+1 6
- <ar < 8}. (19.3)

S;“L::Sﬁ{m

Exactly as in Section 8

P,—-F = Z (Rmak - Rmak—l) (p”\ﬂTk B F)
k=L

+ Rn,an(pn\/E - F) + (1 - Rn,am)(pn\/ﬁ - F)a (19-4)

and for z € {x|ag, < z1 < aggy1} with L+ 1 < kg < m — 1 the first sum on
the right-hand side can be written in the form

ko—1
Z Rn,mC (pn\/sz - pn\/m) + Rn,ako (pn\/m - F) - Rn,aL71 (pn\/E - F)
k=L

m—1
+ Z (Bn,ar — D(Pnyar — Pryars) + (Bran — 1D Pnya, — F)
k=ko+1

—(Rn,ako — 1)(}%\/@ - F) =1 A; + Ay — Ag + As+ A5 — Aﬁ. (195)

Here — A3 cancels the second term, while A cancels the third term on the right
of (19.4). Since

{x‘akogxlgakoﬂ}ﬂSgK K

Akg+1° Akq
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we obtain from (18.6)

12lliotny,) + Iolloe, ) < Ipnyems = Fllzo, )

+  Pnyarg — F||LP(K%O+1)- (19.6)

In Ay we have >, Ry q, (%) <1 on the set z € {z]ak, < 21 < agy41}
(see (19.8) below), so by Jensen’s (or Holder’s) inequality

ko—1
Af < Z Rn,ak |pn\/a7_ *pnm‘p. (197)
k=L

For L+1<k<ky—1and ar, <z1 < akg,+1 we get from (3.12),
R, ar (x) — R’I('L4) (xl) < e—An@log(lel/ak) < e—An\/ﬁlog(SakO/ak)
< emAnVar(ko=k)/2 (19 g)
So, in view of (18.12) (the summations ), ~below are for L +1 < ko <m —1)

ko—1

Z/ AP < Z Z o~ An/ar (ko —k) /2 Anp (ko —k)v/a@,,
ko ¥ Kang

ko k=L
X||Pn/ax —pnmﬂ’ip(x%mmk)
Here, for large A,
e AnVar(ko—k)/2 gdnp(ko—k)Vay, < o=ny/ak(ko—k) < e*\/?’“(ko*k),

therefore
Z/K A1l <D NPnyar = Povza ok, ) < 2 N = Payarlliog, )
ko kg k k

In a similar manner, for ko +1 <k <m —1 and ag, < 1 < aky+1
0<1—Rpa(z)=1—-RP(x)) < e AnVar,

so we obtain from (18.11) for A4 via another use of Jensen’s inequality as in
(19.7) (note that in A4 we have Zk>k0(1 —Ryq,) < 1lforz e {x ‘ ag, <1 <
ak0+1})

m—1
Sl < XY e pa
ko / Kakg ko k=ko+1

=< Z ”an - pn\/ﬁHi’J(K%mK“k)
k

) Z |F — paniP(KEk)‘
k
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Collecting the estimates in this section we can conclude
Yo P =Fllk, < D IF = payallio,, ) (19.9)
L+1<ko<m—1 L<k<m

Since the union of the sets Ky,, L +1 < kg < m — 1, include the set S} from
(19.3), it follows from here and from (19.9) and (18.13) that

|1 Pn — Fllpr(sz) < wg(F,1/n)p.
But
wg(F,1/n)p = ws(f,1/n)p,

so we get
1P — Fllpo(sz) < ws(f,1/n)p. (19.10)

This is the inequality that we wanted to prove and that was used in Section
14 in the proof of Theorem 13.1, see (14.20).

20 Strong direct and converse inequalities

When 1 < p < oo, the inequalities (13.2) and (13.3) have a sharper form.

Theorem 20.1 Let K C R? be a 3-dimensional convex polytope, 1 < p < o0,
feLlP(K), andr=1,2,.... With s =max(2,p) we have for n > 3r

n 1/s
% (Z k:srlEk.(f);> < Muwj (f, :L) , (20.1)

k=3r p
where M depends only on K,r and p.
Here we used the notation E, (f), = En(f)rrx)-

Theorem 20.2 Let K C R? be a 3-dimensional convex polytope, 1 < p < o0,
feLlP(K), andr=1,2,.... With ¢ =min(2,p) we have forn=1,2,...

n 1/q
ok (£.3) <ar <Z<k+ 1)‘1”Ek<f>g> 202

k=0
where M depends only on K,r and p.

(20.1) is clearly stronger than (13.2), and one can easily see that (20.2) is
stronger than (13.3), see the discussion in the papers [9], [10].

The history of such strong inequalities is briefly as follows. It was M. F.
Timan [18], [19] who found them for trigonometric approximation. The case
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for approximation on an interval by algebraic polynomials was done in [2] and
[20]. The papers [9] and [10] provide a very general framework for such strong
inequalities, and they also established an important connection to Banach space
geometry.

We shall obtain (20.1) and (20.2) from the analogous results for [—1, 1] using
their equivalence to strong inequalities (so called strong Marchaud inequalities)
connecting different orders of moduli of smoothness, see [9] and [10].

Proof of Theorem 20.1. Without loss of generality we may assume f to be
a Borel-function, so no measurability problems will appear below.

For simpler notation we shall drop the subscript p in wh(f,d),, since all
moduli of smoothness are LP? moduli in this section.

We are going to show that

" 1 1/s
o (/t ;;J;)du) < Cwg(fit), t<L (20.3)

Using the monotonicity of w” this is easily seen to be equivalent to

1/s
— (Zk ~lond( f,l/k)5> < Cwh(f,1/n), n=1,2,..., (20.4)

and then an application of
Ep(f)p <wi (£, 1/k),  k>3r

(see Theorem 13.1) gives (20.1).

Thus, it is enough to prove (20.3). The K = [—1, 1] case of this is [2, Theorem
2.1,(2.2)], and from it we get the validity of (20.3) for all intervals/segments
(with a constant independent of the segment in question).

Let e be a direction, and I a chord of K in the direction of e. According to
what we have just said,

r 1
e / G < gy, e (205)

usr—i—l

First let p > 2. Then s = p, and we have

r+1
trp/ wi” (Fw)? < Cwh(f, 1P, t<I1.
t

upr—i—l

Now integrate this inequality for all chords of K in the direction of e, and use
that, by (16.9),

heel0.07 = [N S0 ~ [ orar, (206)

u<d
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where dI indicates integration with respect to all chords of K in the direction
of e (in the notations of (16.9) dI is actually dy over el). Thus,

pr+1

r+1
tT’;D/ Mdu < ng()e(f’ P < C’w%(f, t)p. (20.7)

Recall now that, by Theorem 13.3, there is a finite set £* of directions (depend-
ing only on K) such that

W (f,u)P < maxw;jl fou)P < Z Wit (fou)P. (20.8)
ecE*

Now if we take the sum of (20.7) for all e € £* and use the preceding inequality,
then we obtain (20.3).
Next, let 1 < p < 2, in which case s = 2, and (20.5) takes the form

1 r+1 2
£2r /t Wit By e 02, (20.9)

u2r+1

while we want to prove

r+1 2
t2r/t “ice L0 < Cwle (f, )2 (20.10)

u2r+1

Indeed, if we can show (20.10), and we take the sum of (20.10) for all e € £*
and use (20.8), then we obtain (20.3). But

Wil fw? LOferttgae N
2r ) _ 2r )
(f/tuzmd“> —t/t</<zr+1><p/z>d~’> du
On the right we use Minkowskii’s inequality ( “the norm of an integral is at most
as large as the integral of the norms”; here the integral is taken with respect to

dI, and the L?/P-norm with respect to du) to continue the preceding displayed
formula as

r+1 »/2 T+1 p/2
T (f) ) _ T (f7 )

For the inner integral on the right we can apply (20.9) and we can continue as

p/2

SC/MMWM=&&AHK

and this proves (20.10).

91



Proof of Theorem 20.2. First we show that

T+1 1/q
wi (f, 1) < Ct" </t q(i’l w* du~+ | fll T k) ) (20.11)

with a C that is independent of f and ¢t < 1. The K = [—1, 1] case was proved
in [20]. Indeed, there, in Theorem 1, the K = [—1, 1] case of (20.2), namely

n 1/q
—1,1] (f7 ’rll)p < C% (Z(k/’ + 1)qr_1Ek(f)%p[_171]> (2012)

k=0

was verified. For k > r+ 1 we know from (1.3) (apply it with r 4+ 1 instead of r)
r+1 1
Ep(f)re-10) < Cw 7y (o 2 :
’ k Lr[—1,1]

For k < r we can only write

Ex(f)rri=1, S Clfllzer=1,1-

If put these into (20.12), then we obtain

1/q
' 1 T— T 1 ?
R (fn> SO (qu A (fk> +||f|%ﬁ[—1,11> ’
Lr[=1,1]

which is equivalent to (20.11) for K = [—1,1].

By the usual linear transformation we obtain from the K = [—1,1] case of
(20.11) the inequality (20.11) for all segments K = I.

Let e be a direction, and let first p < 2. Then ¢ = p and (20.11) for a chord
I of K takes the form

T P rp 7+1(f7 ) P
wi(f,t)P <Ct Td +||f||Lz>([)

t

If we integrate this for all chords I of K in the direction of e we get (with the

notation (20.6))
wWide (f,u)?
T ? P
crr ( / e S+ f||Lp<K)>

r Wi (f,w)?
< ct? (/t Tdu—&— ||f||§P(K)> :

Now if we take the supremum of the left-hand side for all directions e we obtain
(20.11).

Wi (f51)"

IN
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Next, let p > 2, in which case ¢ = 2, and (20.11) for a chord I of K (that
has been verified above) takes the form

r+1
wi(f,t)? < Ct*" </t qﬁ{; u)? du + ||f|ip(,)> . (20.13)

2/p
Wi (F1)? = ( [t t)PdI) ,

where dI indicates integration with respect to all chords I of K that is in the
direction of e. On the right-hand side we can apply (20.13) to get

r+1 p/2
e (f 12 < (/ (t”/t q(i’l)dwt?’"llflliz;u)) df)
2/p
. 7"—‘,—1(]1-7 ) p/2
/2 2/p
([ (#0n) " ar)

The second term on the right is

Now

2/p

NI ey -

For the first term on the right we can apply again Minkowskii’s inequality ( “the
norm of an integral is at most as large as the integral of norm”, where now the
norm is the LP/2(dI) norm, and the integral is with respect to du), from which
we get the bound

r 2/p r+1 2
t2r/1 (f @it (f,u)2®/Ddr) = tzT/ Wi (fyu) i
t t

U
wdr+ 1 qr+1

7‘ 1
< t2r/ + (fa )du
t

uqr+1

for that first term. Thus,

r+1 2 2r T’Jrl(f, ) du 2r 2
wi (fit)" <t g dutt 1A Ze k)
t

and all we have to do to get (20.11) is to take the supremum of the left-hand
side for all directions e. Thus, (20.11) has been fully verified.
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Now let us get back to (20.2). We can rewrite (20.11) in the form

1
Wi <fn) <c (ZW Lp fl/k>q+||f|%p(K)>, n=12,....

(20.14)
and here we apply (13.3), according to which

k
i (1) < e U+ B
j=0

Write this into (20.14) and apply Jensen’s inequality:

q

(. 1\? 1 o 1 &
Wi (f’ n) = ; R T+ ZO(J +1)"E;(f)p
- =

- q
+ rq Hf”Lp(K)

n

1 1 )
= nra qu krat+l Z -] + 1 qE ( ) ||fHLP(K)
k

=1

If we interchange here the order of the two summations we obtain
1/q

1 1<
Wi (f, n) =M S GHDTTE NG+ 1L : (20.15)

§=0
Finally, replace here f by f — Fy, where Fp is the constant which minimizes the
LP-norm of f — P,:
Eo(f)p = IIf = PallLe ()
In this substitution the left-hand side in (20.15) does not change, and on the
right of (20.15) we can write Ey(f), instead of || f||, and we obtain (20.2).
|

21 The K-functional in L? and the equivalence
theorem

Just as in Section 12, Theorem 13.1 allows us to prove the equivalence of the
moduli of smoothness w}, with a K-functionals.
In LP? the form of the K-functional is

I

g
Oer

ey

Krp(f, 1) = inf <||f g”LP(K + t sup
9 e€sS?

. (21.1)
LP(K)
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where the infimum is taken for all g that are in C"(K) (all partial derivatives
of order at most r are continuous on K) and the supremum is taken for all
directions e € S% in R?.

Theorem 21.1 Let K be a 3-dimensional convex polytope in R3. There is a
constant M depending only onr, K and 1 < p < oo such that for all f € LP(K)
and for all 0 < 6 <1 we have

1

(0" K S wie(f,0)p < MK, (f,0") k- (21.2)

Proof. Let P, be polynomials of degree at most n (> 3r) such that

If = Pullze) < wie(f;n™ 1)y, (21.3)

the existence of which is given by Theorem 13.1. Let e be a direction, and apply
to H,, = P, the inequality (17.5) on every chord I of K in the direction e:

/I d1(2, 7)™

with < independent of the chord I. On integrating this for all chords I in the
direction e and using (16.9) we obtain n > 3r

p

dz < n"Pwj(Py,n~ ")k

0" P,
2 (2)

0

1\ ~ , 0P,
<n> dic(e:) e

where wi (Pp,d) is the directional modulus of smoothness from (16.4) and
(16.5). But, by (16.14), here

< w}'{’e(Pn, n_l)p, (21.4)
Lr(K)

w;{,e(P’an_l)p = ||f - P’I’LIle(K) +w7ln{7e(f7n_1)p = w;((fvn_l)pv

and so

\" 0" P,
IF = Pallocio + (7

dK(e7 ')T der

< wi(f,n ™Yy, (21.5)

L (K)

which implies the first inequality in (21.2) for ¢ = 1/n. Using simple mono-
tonicity properties of K, , and w} (see in particular (16.17)), this is enough to
conclude

Kr,p(fv 5T)K < W}‘((f, 5)27

forall0 < <1.
The converse inequality

Wi (f30)p = Ky p(f,0") K (21.6)
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is an easy consequence of (16.34)—(16.35). Indeed, let h be an r-times differen-

tiable function such that

O"h
Oe”

< 2K, (f,07). (21.7)
Lr(K)

1 = Bllie () + 6 sup HciK<e, )
ecS?2

On applying (16.34)—(16.35) to g = f and Q = h on a chord I of K in a given
direction e we obtain

1 1) * B
f/ / |AT - f(@)|Pdxdu < /|f — hP + 5Tp/dK(e,x)rp
5 Jo Jp udrleae I I

If we integrate this for all chords I in the direction e, apply (16.5) and (21.7),
then we obtain

p

O hix) dz.

Oe”

er,e(.ﬂ 5)17 = ’CT,P(f7 6T)Ka

where < is independent of e. Now (21.6) is a consequence of we take the supre-
mum on the left hand-side for all directions.

|
The following corollary may be of interest.
Corollary 21.2 There is a finite set £* of directions such that
Wi (f,0)p < Mwic e (f,0)p, 6 >0, (21.8)

where
wic e+ (f,0)p 1= maxwi o(f,0)p

is the restricted modulus of smoothness from (13.6), and where M depends only
onr,p and K.

Indeed, by Theorem 13.3 there is a finite set £* of directions such that for n > 3r
there are polynomials P, of degree at most n for which

1f = Palloo () < wiee(f;n™H)pe (21.9)
Now instead of (21.3) use this in the preceding proof to conclude
Krp(f:0") k< wi e (f,6)p,

and then the corollary follows from the second inequality in (21.2).
Exactly as in Theorem 13.3, there is such an £* consisting of at (r+ 1)v(v —
1)/2 directions, where v is the number of edges of K.
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