
Electronic Journal of Qualitative Theory of Differential Equations
2016, No. 122, 1–11; doi: 10.14232/ejqtde.2016.1.122 http://www.math.u-szeged.hu/ejqtde/

Numerical method for the boundary layer problems of
non-Newtonian fluid flows along moving surfaces

Dedicated to Professor Tibor Krisztin on the occasion of his 60th birthday

Gabriella BognárB

Institute of Machines and Product Design, University of Miskolc
Miskolc-Egyetemváros, 3515-Miskolc, Hungary

Received 21 June 2016, appeared 3 January 2017

Communicated by Gergely Röst

Abstract. This paper deals with the iterative transformation method for the solution of
the boundary layer problem of a non-Newtonian power-law fluid flow along a moving
flat surface. Applying similarity transformation to the system of the governing partial
differential equations, we derive the boundary value problem of a nonlinear ordinary
differential equation on [0, ∞). Numerical solutions are obtained for the velocity com-
ponents. Moreover, we exhibit the drag coefficient dependence on the velocity ratio and
on the power-law exponent.
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1 Introduction

In fluid dynamics, the drag force or force component in the direction of the flow velocity is
proportional to the drag coefficient, to the density of the fluid, to the area of the object and the
square of the relative speed between the object and the flow velocity. Blasius applied the sim-
ilarity method to investigate the model arising for a laminar boundary layer of a Newtonian
media [3]. Fluids such as molten plastics, pulps, slurries and emulsions, which do not obey the
Newtonian law of viscosity, are increasingly produced in the industry. The first analysis of the
boundary layer approximations to non-Newtonian media with power-law viscosity was given
by Schowalter [13] in 1960. The author derived the equations governing the fluid flow. The
numerical solutions to the problem of a laminar flow of the non-Newtonian power-law model
past a two-dimensional horizontal surface were presented by Acrivos, Shah and Petersen [1].
When the geometry of the surface is simple the system of differential equations can be ex-
amined in details and can be obtained fundamental information about the flow behaviour of
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non-Newtonian fluids in motion (e.g., to predict the drag). It was shown that a non-iterative
Töpfer-like transformation can be applied for the determination of the dimensionless wall
gradient on a stationary flat surface [4].

Our aim is to examine the drag coefficient in non-Newtonian media along moving flat
surfaces applying an iterative method for its numerical evaluation.

2 Mathematical model

Consider an incompressible uniform parallel flow of a non-Newtonian power-law fluid, with
a constant velocity U∞ along an impermeable semi-infinite flat plate whose surface is moving
with a constant velocity Uw in the opposite direction to the main stream (see Figure 2.1). The
x–axis extends parallel to the plate, while the y-axis extends upwards, normal to it.

Figure 2.1: Velocity profiles in the boundary layer

Applying the necessary boundary layer approximations, the continuity and momentum
equations are:

∂u
∂x

+
∂v
∂y

= 0, (2.1)

u
∂u
∂x

+ v
∂u
∂y

=
1
ρ

∂τyx

∂y
, (2.2)

where u, v are the velocity components along x and y coordinates, respectively. The shear
stress and the shear rate relation is assumed to be the power-law relation

τyx = K
∣∣∣∣∂u
∂y

∣∣∣∣n−1 ∂u
∂y

,

where K stands for the consistency and n is called the power-law index; that is n < 1 for
pseudoplastic, n = 1 for Newtonian, and n > 1 for dilatant fluids. Therefore, differential
equation (2.2) becomes

u
∂u
∂x

+ v
∂u
∂y

=
∂

∂y

(
µc

∣∣∣∣∂u
∂y

∣∣∣∣n−1 ∂u
∂y

)
, (2.3)

µc = K/ρ.
For the investigated model, the boundary conditions are formulated such as

u|y=0 = −Uw, v|y=0 = 0, u|y=+∞ = U∞. (2.4)
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The continuity equation (2.1) is automatically satisfied by introducing a stream function ψ

as

u =
∂ψ

∂y
, v = −∂ψ

∂x
.

The momentum equation can be transformed into an ordinary differential equation by the
similarity transformations

ψ(x, y) = µ
1

n+1
c (U∞)

2n−1
n+1 x

1
n+1 f (η),

η = µ
− 1

n+1
c (U∞)

2−n
n+1 yx−

1
n+1 ,

where η is the similarity variable and f (η) is the dimensionless stream function. Equation
(2.3) with the transformed boundary conditions can be written as(∣∣ f ′′∣∣n−1 f ′′

)′
+

1
n + 1

f f ′′ = 0, (2.5)

f (0) = 0, f ′ (0) = −λ, f ′ (∞) = lim
η→∞

f ′ (η) = 1, (2.6)

where the prime denotes the differentiation with respect to the similarity variable η, and the
velocity ratio parameter is

λ = Uw/U∞.

Equation (2.5) is called the generalized Blasius equation. It should be noted that for λ > 0,
the fluid and the plate move in the opposite directions, while they move in the same directions
if λ < 0. The dimensionless velocity components have the form:

u(x, y) = U∞ f ′(η),

v(x, y) =
U∞

n + 1
Re

1
n+1
x (η f ′(η)− f (η)),

and
η = Re

1
n+1
x y/x,

where
Rex = U2−n

∞ xn/µc

is the local Reynolds number.
Since the pioneering work by Acrivos [1], different approaches have been investigated

for f ′′(0) = γ in the case of non-Newtonian fluids. It has a physical meaning: drag force or
force due to skin friction. It is a fluid dynamic resistive force which is a consequence of the
fluid and the pressure distribution on the surface of the object. The skin friction parameter γ

originates from the non-dimensional drag coefficient

CD = (n + 1)
1

n+1 Re
−n
n+1 |γ|n−1 γ,

and it is involved in the wall shear stress

τw(x) =
[

ρnKU3n
∞

xn

] 1
n+1

|γ|n−1 γ.
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The boundary value problem (2.5), (2.6) is defined on a semi-infinite interval. For
Newtonian fluids (n = 1), equation (2.5) is equal to the well-known Blasius equation:

f ′′′ +
1
2

f f ′′ = 0. (2.7)

For non-Newtonian fluids on steady surfaces (λ = 0), the boundary value problem (2.5),
(2.6) has been investigated in [4]. A non-iterative Töpfer-like transformation was introduced
for the determination of γ, when

f (η) = γ(2n−1)/3g
(

γ(2−n)/3η
)

and g is the solution of the initial value problem(∣∣g′′∣∣n−1 g′′
)′

+
1

n + 1
gg′′ = 0,

g (0) = 0, g′ (0) = 0, g′′(0) = 1.

By analogy with the Blasius description of Newtonian fluid flows [3], here our aim is
to study the similarity solutions and investigate the model arising in the study of a two-
dimensional laminar fluid flow with power-law viscosity. A Töpfer-like transformation is
applied for the determination of γ.

3 Preliminary results

The existence and uniqueness of Blasius’ boundary layer solution to (2.7), (2.6) with λ = 0
was rigorously proved by Weyl [15]. The properties of similarity solutions to the boundary
layer problem on a moving surface (λ 6= 0) for Newtonian fluids, have been examined by
Hussaini and Lakin [7], Hussaini et al. [9]. It turned out that for a semi-infinite plate, the
existence of solutions depend on the ratio of the plate surface velocity Uw to the free stream
velocity U∞. When n = 1, λ ≤ 0, the existence, uniqueness and analyticity of solution to (2.5),
(2.6) were proved by Callegari and Friedman [6] using the Crocco variable formulation. If
λ > 0, Hussaini and Lakin [7] proved that there is a critical value λc such that solution exists
to (2.7), (2.6) only if λ ≤ λc (see [7]). Dual solutions exist for 0 < λ < λc.

The numerical value of λc was found to be 0.3541. . . The non-uniqueness and analyticity
of solution for λ ≤ λc has been proved by Hussaini et al. [8, 9].

For non-Newtonian fluids (n 6= 1) with λ = 0, the existence, uniqueness and some analyti-
cal results for problem (2.5), (2.6) were established when 0 < n < 1 by Nachman and Callegari
[12]. The existence and uniqueness result for n > 1 was considered by Benlahsen et al. [2]
via Crocco variable transformation. For non-Newtonian fluids the numerical calculations also
show that there is a critical value λc for each n such that solution exists only if

λ ≤ λc

(see [10]). The variations of f ′′(0) and λc with λ for different values of n are given via Crocco-
like transformation using Runge–Kutta method with shooting technique in [5].

The aim of this paper is to introduce an iterative transformation method for the determi-
nation of γ involved in the drag coefficient and the calculation of the boundary layer thickness
for different values n and λ.



Numerical method for the boundary layer problems of non-Newtonian fluid flows 5

4 Iterative transformation method

This section is devoted to the application of the scaling concept to numerical analysis of (2.5),
(2.6). Solving this problem, we have to deal with a practically unsuited condition at infinity. In
the case of λ = 0 a non-iterative transformation method called Töpfer or Töpfer-like method
was be used for solving (2.5), (2.6) either for n = 1 [14] or for n 6= 1 [5]. Here we apply
an iterative transformation method. Non-iterative and iterative transformation methods for
boundary value problems have been introduced by Fazio [7].

The idea behind the present method is to consider the “partial” invariance of (2.5), (2.6)
with respect to a scaling transformation in the sense that the differential equation and one
of the boundary conditions at 0 are invariant, while the other two boundary conditions are
not invariant [7]. Therefore, we modify the problem by introducing a numerical parameter h.
Now, equation (2.5) is to be solved with boundary conditions

f (0) = 0, f ′ (0) = −λh, f ′ (∞) = lim
η→∞

f ′ (η) = 1, (4.1)

where h is involved, to ensure the invariance of the extended scaling group.
We introduce a Töpfer-like transformation

g = σκ f ,

η∗ = σµ η

to convert the boundary value problem to an initial value problem. Equation (2.5) is scaling
invariant if

(2− n)κ = (1− 2n)µ.

Then, one gets (∣∣g′′∣∣n−1 g′′
)′

+
1

n + 1
gg′′ = 0. (4.2)

Let us choose σ = γ, then
g′′(0) = γκ−2µ+1

and with
κ − 2µ + 1 = 0

we get
κ = (1− 2n)/3, µ = (2− n)/3.

Hence, one can obtain the appropriate initial conditions suitable for numerical simulations
instead of boundary conditions in the following forms

g(0) = 0, g′(0) = −λh∗, g′′(0) = 1, (4.3)

where h∗ is a technical parameter. Moreover, we have

h∗ = γ−
n+1

3 h and g′(∞) = γ−
n+1

3 . (4.4)

In order to give the solution to (2.5), (4.1) we have to find a zero of the transformation
function Γ (h∗) = h − 1. The transformation function and γ are defined implicitly by the
solution of the initial value problem (4.2), (4.3).
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First, a value of λ is fixed. For given h∗ > 0,

(i) find g by solving (4.2)–(4.3) numerically with the given h∗

(ii) compute g′(∞), defined numerically as g′(η∗∞)

(iii) calculate γ from equation g′(∞) = γ−
n+1

3 (i.e. just take roots)

(iv) define h := γ
n+1

3 h∗

(v) let Γ (h∗) := h− 1.

Then, using this definition, one can indeed apply a root-finder to Γ, such that each step
involves the solution of an IVP with g. Using the obtained “numerical root” h∗ (for which
Γ (h∗) ≈ 0 up to desired tolerance) in condition (4.3), the solution g of the IVP (4.2)–(4.3) must
be rescaled to the solution f of (2.5)–(4.1), and since now h ≈ 1, therefore (4.1) coincides with
(2.6) up to the used tolerance, i.e. f solves (2.5)–(2.6) numerically.

Our main interest f ′′(0) = γ involved in the skin friction coefficient is also defined.
From the numerical view point a boundary value problem given on infinite interval has

been replaced by an initial value problem involving a technical parameter h into the initial
condition.

5 Numerical results

The nonlinear ordinary differential equation (4.2) with initial conditions (4.3) is solved for
some values of the power-law index n and velocity ratio parameter λ in the interval [0, η∗max]

by MATLAB version R2011a.
An adaptive fourth order Runge–Kutta method was implemented to the initial value prob-

lem to find g. A simple secant root-finder is used to define the sequence Γ(h∗j ) with a conver-
gence criterion |Γ(h∗j )| ≤ 10−6.

The solution f to problem (2.5), (2.6) is obtained by rescaling from numerical solution for g.
The numerical values of ηmax are also calculated from the numerical solution with condition
that f ′(ηmax) = 0.99.

The implementation of the secant method is straightforward. The choice of the initial
iterates is important. For some positive values of λ, the related numerical results show that
Γ(h∗j ) has two different zeros and then the boundary value problem has two corresponding
solutions (a lower and an upper solution). By setting a λ such that −1 < λ < 0, Γ(h∗j ) has
one zero. For the case λ < −1 we find that Γ has always the same sign and for the root-finder
no solution is available. The results for Newtonian flow (n = 1) are in agreement with results
obtained by Hussaini and Lakin [7].

λ

n -1 -0.8 -0.6 -0.4 -0.2 0 0.15 0.25 0.3
one solution lower upper lower upper lower upper

0.5 600 3.754 2.491 2.023 1.807 12.03 1.793 5.531 1.951 3.855 2.169
1 300 4.480 2.977 2.422 2.167 29.84 2.148 9.903 2.315 6.526 2.505

1.5 830 4.960 3.301 2.687 2.407 303.0 4.521 22.66 2.556 10.58 2.738

Table 5.1: The values of h∗
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λ

n -1 -0.8 -0.6 -0.4 -0.2 0 0.15 0.25 0.3
one solution lower upper lower upper lower upper

0.5 2.8 10−6 0.071 0.161 0.244 0.306 0.331 0.007 0.0311 0.033 0.262 0.067 0.213
1 1.2 10−5 0.105 0.195 0.265 0.313 0.332 0.006 0.317 0.032 0.284 0.060 0.252

1.5 3.1 10−4 0.146 0.239 0.305 0.348 0.365 0.001 0.353 0.024 0.324 0.059 0.298

Table 5.2: The values of f ′′(0)

The results of the numerical calculations are represented for h∗, f ′′(0), and ηmax by taking
different values for λ and for n in Tables 5.1–5.3. Table 5.1 represents that f ′′(0) is higher for
dilatant fluids (n > 1) than for pseudoplastics (n < 1).

λ

n -1 -0.8 -0.6 -0.4 -0.2 0 0.15 0.25 0.3
one solution lower upper lower upper lower upper

0.5 9001 56.3 37.4 30.3 27.1 26.1 180.44 26.90 82.98 29.28 57.83 32.53
1 300 31.8 25.9 23.3 22.1 21.7 81.94 21.99 47.21 22.82 38.32 23.74

1.5 4.6 6.9 6.4 6.1 5.96 5.92 11.9 4.52 8.21 5.31 7.85 5.99

Table 5.3: The values of ηmax

Figures 5.1–5.3 exhibit the upper and lower solutions for velocities f ′ = u(x, y)/U∞ as a
function of η for some values of n and λ to show the effect of the velocity parameter λ and
power-law exponent n.

Figure 5.1: Velocity distribution f ′(η) for n = 1.5 and λ = 0.3

The influences of λ and n on the skin friction parameter γ are represented in Figure 5.4.
From the numerical results it is seen that the drag force is reduced for dilatant fluids (n > 1)
compared to the case 0 < n < 1. If λ > λc, the flow separates. The boundary layer structure
collapses and the boundary layer approximations are no longer applicable.
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Figure 5.2: Velocity distribution f ′(η) for n = 0.5 and λ = 0.15

Figure 5.3: Velocity distribution f ′(η) for n = 1 and λ = 0.25

n 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
λc (own) 0.3391 0.3445 0.3495 0.3541 0.3584 0.3624 0.3661 0.3696 0.3728
λc [10] 0.3445 0.3541 0.3624 0.3696

Table 5.4: The values of λc

It can be noticed that there are two solutions (upper and lower solutions) for 0 < λ < λc

(see Figure 5.4). Figures 5.1–5.3 show the effect of the positive parameter λ for different
power-law exponent n on γn. We remark that f ′ monotonically increases from −λ to 1 for
both the lower and upper solutions. This phenomena shows that the velocity component u
is monotonically increasing in the boundary layer. Moreover, the boundary layer thickness is
higher as n is decreasing. Our results are in good agreement with those reported in [10]. It is
shown in Table 5.4, where the critical values of λc are compared for our result and for [10].
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Figure 5.4: The variation of γn = [ f ′′(0)]n for different values of power-law
index n

The effect of the power exponent n and λ on the profiles for f ′′(η) is exhibited for pseu-
doplastic, Newtonian and dilatant media on Figures 5.5–5.7. f ′′(η) is included in the shear
stress. The boundary layer thickness increases as the value of λ > 0 increases, and f ′′(η)
reaches a maximum in the interior of the flow field. Klemp and Acrivos [11] remarked that
at this similarity solution, the downstream influence has not been neglected on the flow. The
reason is the lack of the characteristic length in the case of the semi-infinite surface. If the
solution exists, it must be self-similar in order to remain independent of whatever length scale
is chosen. Therefore, both upstream and downstream effects on the solution at any point in
the flow must be such that the shape of the similarity solution.

Figure 5.5: The graph of f ′′(η) for n = 0.5 applying different λ
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Figure 5.6: The graph of f ′′(η) for n = 1 applying different λ

Figure 5.7: The graph of f ′′(η) for n = 1.5 applying different λ
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