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Abstract

In this paper, we study the combined effect of concave and convex nonlin-
earities on the number of nontrivial solutions for the p-biharmonic equation

of the form ) . . .
{ Aju = |ul®%u + Af (x)|u]" " u in Q,

u=Vu=0 on 0f), (0.1)

where € is a bounded domain in RV, f € C(Q) be a sign-changing weight
function. By means of the Nehari manifold, we prove that there are at least
two nontrivial solutions for the problem.
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1 Introduction

In this paper, we are concerned with the multiple solutions of the following p-
biharmonic equation:

AZu = |ul®?u + A f(x)|u]u in €, (1.1)
u=Vu=0 on 0f), '

where  is a bounded domain in RN, 1 < r < p < ¢ < p3(p} = N]X’;p if p < %,

Py = oo_if p > %), A>0and f:Q — Ris a continuous function which changes
sign in 2.

During the last ten years, several authors used the Nehari manifold and fibering
maps to solve the problems involving sign-changing weight function, we refer the
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reader to [1, 2| for the semilinear elliptic equations, to [3, 4] for the elliptic prob-
lems with nonlinear boundary condition, to [5] for the problems in RY, to [6] for
the Kirchhoff type problems, and to [3, 4, 7] for the elliptic systems. Meanwhile,
the positive solutions of semilinear biharmonic equations with Navier boundary on
bounded domain in RV are extensive studied, for example [8, 9], and so on. Al-
though there are a lot of papers about the nontrivial solutions of biharmonic or
p-biharmonic equations [10, 11, 12, 13] and references therein, there are less results
about existence and multiplicity of solutions of p-biharmonic equations with Dirich-
let boundary conditions on bounded domains. In [14], apart from the Kirchhoff
function which can be taken identically 1, has been proved the existence of infinitely
many solutions for an equation governed by the p(x)-ployharmonic operator, under
Dirichlet boundary conditions, via variational methods.The main purpose of this
paper is concerned with multiple solutions of the p-biharmonic equation involving
concave-convex nonlinearities and sign-changing weight function and the combined
effect of concave and convex nonlinearities on the number of nontrivial solutions.
We know that the corresponding energy functional of problem (0.1) is

1 1
) = [ 1aupds =+ [ fulrde =2 [ p@lulras,

where u € WZP(Q) with the norm |ju = (Jo |Au|pdx)%, and Jy is a C'! functional
and the critical points of Jy are the weak solutions of problem (0.1).

The following is the main result of this paper.

Theorem 1. There exists Ao > 0 such that for each A € (0, o), problem (0.1)
has at least two nontrivial solutions.

The paper is organized as follows. In Section 2, we give some preliminary lemmas.
In Section 3, we give the proof of Theorem 1.

2 Preliminaries

Throughout this section, we denote by S the best Sobolev constant for the em-
bedding of W:*(Q) in L9(£2). We consider the Nehari minimization problem: for
A> 0,

ax(Q) = inf {Jy(u) | u € M\(Q)},

where My(Q) = {u € WP(Q) \ {0} | (J4(u), u) = 0}. Define

au) = (Jy(u),u) = IIUII”—/QIUqufv—A/Qf(x)IUIrdﬂf-

Then for u € M,(Q),
(V5 (u), u) = pllu||” — q/Q lu|?dx — )vr*/ﬂf(:v)|u|rda:.
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We may split M, (Q2) into three parts:

My () = {u € My(Q) | (¥)(u),u) > 0},

M) = {u € MA(Q) | (¥3(w),
M () = {u € MA(Q) | (U7 (),

Now, we give the following lemmas.

Lemma 2.1. There exists Ay > 0 such that for each X € (0, ), MY(Q2) = 0.

Proof. We consider the following two cases.

Case (I). u € M)(Q) and [, f(x)|u|"dz = 0. We have

|| |? —/ |u|?dx = 0.
Q

Thus,

(Wh(w),u) = pllull” — q / utdz = (p— g)Jul]” < 0

and so u & MY(Q).

Case (II). u € M\(Q) and [, f(z)|u|"dz # 0.

Suppose that MY (Q) # 0 for all A > 0. If u € MY(Q), then we have

0= (Wh(u),u) = pllul’ g / jultdz — Ar / f(@)uf dz
= -l — (- 7) / juld.

Thus,
qg—r
ullP = / ulldx 2.1
I p— Q| | (2.1)
and
)\/f(:c)|u|rda:: Hqu—/ lu|?dz = u/ lu|9dz. (2.2)
Q Q pP—=TJa
Moreover,
q—p T
[ull” = ||U||p—/ |U|qd56=/\/f($)|U| dx
q—r Q Q
< AMfllzar llullze < Allflla ST [Jull",
where ¢* = ﬁ. This implies
q—rT p—r
ul < (AE=D) Il 87)7 2.3
[[ul] <q_p)HfHL (2.3)
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Let I : M\(Q2) — R be given by

B = Ko () 7 = [ s@iras

where K(q,r) = (£2£)(2= :)qpp Then Iy(u) = 0 for all u € M{(2). Indeed, from
(2.1) and (2.2) it follows that for u € M} (£2), we have

B = K ()7 =4 [ @l

o, [uledz
= (K@= -T2 [ jurda
~ 0. (2.4)

However, by (2.3), the Holder and Sobolev inequality, for u € MY (),

L) > Kgr (fQ||U|||qd >qu

>l (5 el )7 A
= L1 q’r)(Sr(q—p)-Hoq ’ r(q—p)-H?q) ||f||Lq*

P

‘s 1 T
= Ml (o 7) g ™ = A

r 1 . q—
>l { K (g, 1) = A (2=
S q

q—p

r r] 5y

e STV = XLl -
p
This implies that for A sufficiently small we have I)(u) > 0 for all u € M?(Q), this
contradicts (2 4) Thus, we can conclude that there exists A\; > 0 such that for
A€ (0,M), M) =0. O
Lemma 2.2. If u e M (Q), then [, f(z)|u|"dz > 0.

Proof. For u € M} (Q), we have

Hul!”—/\u\qd:c—A/f@)wdx:o
Q Q

and
P > u/ lul9dz.
pP—=TJa
Thus,
)\/ F@)|ul"dz = |ul? —/ u|?dz > Z p/ |u|?dz > 0.
Q
This completes the proof. O

By Lemma 2.1, for A € (0, \;), we write M,(Q) = M (Q) U M, () and define

ay ()= inf Jy(u), a, (Q)= inf Jy(u).
ueM; () u€M; ()
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The following lemma shows that the minimizers on M, (£2) are the critical points for
Jyr. We write (W P(Q))* is the dual space of W ().

Lemma 2.3. For A € (0, ), if wy is a local minimizer for Jy on My (), then
Ji(ug) = 0 in (W5P(Q))*.

Proof. If uy is a local minimizer for Jy on M, (£2), then ug is a solution of the
optimization problem

minimize Ja(u) subject to  y(u) = 0.
Hence, by the theory of Lagrange multipliers, there exists # € R such that

Ty(uo) = 00 (uo) in (WP (Q))".

Thus,

(J3(uo0), uo) = 0(¥(uo), uo). (2.5)
Since uy € My (), so (J4(ug), ug) = 0. Moreover, since MY(Q) = 0, so (4 (ug), ug) #
0 and by (2.5) = 0. This completes the proof. O

For u € WZP(Q), we write

o p=n)llulP N
b = <(qfr) A |u|‘1dx> '

Then we have the following lemma.

p=r p(r—aq)
Lemma 2.4. Let ¢* = ;4 and Ay = (5=0)» (1£)S = ||f||qu Then for each

q=r q-r

ue WEPQ) \ {0} and X € (0,\,), we have

(i) There is a unique t~ = t (u) > tmax > 0 such that t"u € M, (Q) and
JIA(tu) = maxisy,,, JIi(tu);
(ii) t~(u) is a continuous function for nonzero u;

(iif) M5 () = {u € WEP@\ {0} |yt () = 1}
(iv) If [, f(@)|u]"dz > 0, then there is a unique 0 < t7 = tT(u) < tyax such that
tTu € My (Q) and Jy(tTu) = ming<;<i— Ji(tu).

Proof. (i) Fix u € WyP(Q) \ {0}, let
s(t) = 77" ||ul|P — tq_’"/ |uldz fort > 0.
Q

We have s(0) =0, s(t) — —oo as t — +o0 and s(t) achieves its maximum at #,ax.
Moreover,

(=0l
(o) = (g o) M
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_ p qg=r
_ < (p r HU/H q P/| |qu
(g—r fQ |u|9dx
a(p—r)

— ||u||r|:( (p—'r)Hqu )5 ; . ( (p—’f’)”u” o T)Z:;:|

r) Jo lultde (q = 7)(fy lulodz) 5=
= Nl [E=0) - B2 (?”ﬁ"jdx) E
> =) H D). (2.6
Case (I). [, f(z)|u|"dz < 0.
There is a unique ¢~ > tpay such that s(t™) = A [, f(@)u|"dz and §'(t7) < 0.
Now
(o —)lulP — (g =) / - ultd
= ) (=)l - (g =) / julde)
= ()T <0,
and

(Ji(tw) t’u>

= Pl =) [ oo = 7 [ f@lalds
= ) (st6) =2 [ f@lulrds) =0

Thus, t~u € M, (£2). Moreover, since for ¢t > tyax,

d
EJ,\(tu) =t H|ul|P — tql/ |ul?dx — trl)\/ f(@)|u]"de =0 foronlyt=1t",
Q 0

and
2

%J,\(tu) 0 fort=t".
Therefore, Jy(t"u) = max;>q,,. Ji(tu).

Case (II). [, f(2)|u|"dz > 0.

By (2.6) and
S(0)=0 <A / f@alrde < A|flle STl

i ||( )

HLD) 5=

VAN
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< $(tmax) forX € (0, \s),

there are unique ¢ and ¢~ such that 0 < t7 <ty <t

S(1) = A / F@)luldz = s(t7)

and
St >0> (7).
We have ttu € M (Q), t7u € M, (Q), and Jy(t7u) > Jy(tu) > Jy(tTu) for each
tett,t7] and Jy(tTu) < Jy(tu) for each ¢ € [0,¢7]. Thus
JA(t"u) = max Jy(tu), L (tTu) = min Jy(tu).

t>tmax 0<t<t—

(ii) By the uniqueness of ¢~ (u) and the external property of ¢t~ (u), we have that
t~(u) is a continuous function of u # 0.

(iii) For u € M, (Q), let v = = Tu7- By part (i), there is unique ¢~ (v) > 0 such
that ¢t~ (v)v € M, (), that is ¢~ ( )Luu € M, (). Since u € M, (2), we have
t_(m)m = 1, which implies

_ 20() 1
M (@) < {w e W@\ {0} | ¢ () pn = 1

Conversely, let u € WyP(Q) \ {0} such that t*(m)L =1, then

[l

t_(u_zu)uz_u M (9).
Thus, .
M (@) = {u e WEP@)\ {0} | DT = 1}
(iv) By Case (II) of part (i). O

By f: Q — R is continuous function which changes sign in 2, we have © = {z €
Q| f(x) > 0} is a open set in RY. Consider the following p-biharmonic equation:

{ Alu=|u["?u in O,

u=Vu=0 on 00. (2.7)

Associated with (2.7), we consider the energy functional

1 1
K(u):—/ \Au|pda:——/ |u|?dx
P Ja qJo

and the minimization problem
B(0) = inf {K(u) | u € N(©)},
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where N(©) = {u e WZP(O)\ {0} | (K'(u),u) = 0}. Now we prove that problem
(2.7) has a nontrivial solution wy such that K(wy) = 5(©) > 0.

Lemma 2.5. For any u € WyP(©) \ {0} there exists a unique t(u) > 0 such
that t(u)u € N(©). The mazximum of K(tu) for t > 0 is achieved at t = t(u), The
function

WOQ”’(@) \ {0} — (0, +00) : u — t(u)

is continuous and the map u — t(u)u defines a homeomorphism of the unit sphere

of W2P(©) with N(©).

Proof. Let u € Wz?(©) \ {0} be fixed and define the function g(t) := K(tu)
on [0,00). Clearly we have

g(t)=0 & tue N(O)

= ||u||p:tqp/|u|qu. (2.8)
Q

It is easy to verify that g(0) = 0, g(¢) > 0 for t > 0 small and g(¢) < 0 for ¢t > 0 large.
Therefore maxp o) g(t) is achieved at a unique ¢ = ¢(u) such that ¢'(t(u)) = 0 and
t(u)u € N(©). To prove the continuity of t(u), assume that u,, — uin W*(©)\{0}.
It is easy to verify that {t(u,)} is bounded. If a subsequence of {t(u,)} converges
to to, it follows from (2.8) that tq = ¢(u), But then ¢(u,) — t(u). Finally the con-
tinuous map from the unit sphere of W:*(0) to N(0), u — t(u)u, is inverse to the
retraction u — ﬁ U

Define

¢ = inf max K (tu),
weWgP(@)\{0} 20

= inf K(~(t
“= gy KO

where I := {7 e C([0, 1], W2P(0)) : 4(0) = 0, K(v(1)) < 0}.
Lemma 2.6. 3(0) =c¢; =c¢> 0 and c is a critical value of K.

Proof. The lemma 2.5 implies that $(0©) = ¢;. Since K (tu) < 0 for u € W ?(0)\
{0} and t large, we obtain ¢ < ¢;. The manifold N(©) separates Wy (©) into two
components. The component containing the origin also contains a small ball around
the origin. Moreover K (u) > 0 for all u in this component, because (K'(tu),u) >0
for all 0 <t < t(u). Thus every v € I" has to cross N(O) and (©) < c¢. Since the
embedding W (©) < L4(O) is compact, it is easy to prove that ¢ > 0 is a critical
value of K and wy a nontrivial solution corresponding to c. U

With the help of Lemma 2.6, we have the following result.
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Lemma 2.7.
(i) There exists t > 0 such that

a(Q) < af(Q) < “—Lpe) <0

(i) Jy is coercive and bounded below on Mx(2) for all A € (0, 2],

Proof. (i) Let wy be a nontrivial solution of problem (2.7) such that K(wy) =

B(©) > 0. Then
/f )|wo|"dx = / f(@)|wo|"dz > 0.

Set £ = t*(wp) as defined by Lemma 2.4(iv). Hence twy € M, (Q) and

i z o T
Ia(twy) = E | Awp da:— — |w0| dx — f(:z:)\wo\ dx

.

p_ /|Au)(]‘pd$—|— /‘WQ‘qdl’
7"_

t”ﬁ(@) <0

This yields

(ii) For u € M,(2), we have [, [AulPdx = [, |ul%dx + [, f(x)lu|"dz. Then by the
Holder and Young inequality

Jy(u) = %/g@u\pduﬂc—)\q x)|u|"dx
> T [ |upds = N e STl
pg  Jao qr
1 (4=n)p 1) -
> — —p)— Mg —1r)|||u]]f = \——F—7= ST
> Jla=p) = Ala =) llul (e 57)

Thus Jy is coercive on M, () and

i) 2 -MEZDLZD gy

for all A € (0, £2]. O

3 Proof of Theorem 1

For the proof of theorem, we need the following lemmas.
Lemma 3.1. For u € M\(Q), there exist ¢ > 0 and a differentiable function
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€ : B(0;¢) € WZP(Q) — RT such that £(0) = 1, the function &(v)(u —v) € My(Q)
and
(€(0).v) = p fo |AulP~ 2AuAvdx — q [o [u|"Puvds — v [, f(x)|u] " Puvde

p—r fQ\AuV’da:— qg—r fﬂ\u\qd:c

(3.1)
for all v e WP(Q).

Proof. For u € M,\(Q), define a function F : R x W.P(Q) — R by
Fu(§w) = —w)),§(u—

— /\Au— \pda:—fq/|u—w|qdaz—§)\/f Yu —wl|"dz.

Then F,(1,0) = (J{(u),u) = 0 and

iFu(l,O) = p/|Au|pdx—q/|u|qu—r)\/f(x)|u|rdx
dt Q Q Q

= =) [ AuPds = (g=r) [ s £ 0

According to the implicit function theorem, there exist ¢ > 0 and a differentiable

function ¢ : B(0;€) € WZP(Q)) — R* such that £(0) = 1 and

p [o |AulP~ ZAuAvdx—qf lu|"Puvdr — X [, f(x)lu]"Puvde
p—r) [y |Aupde — (¢ — 1) [, |uledx

(€(0),v) =
and
F.(&(v),v) =0  forallv e B(0;e),
which is equivalent to
(JE@) (=), E@)w=v)) =0 for allv € B(0;e),
that is £(v)(u —v) € My(Q). O
Similarity, we have
Lemma 3.2. For each v € M (Q), there exist € > 0 and a differentiable function

£ : B(0;e) € WZP(Q) — Rt such that £ (0) = 1, the function & (v)(u — v) €
M, (Q) and

P fo |AulP~ QAUAvda: —q Jo | Puvde — X [ f(2)|u]"Puvde
— 1) [o |Aulpdz — (¢ — 1) [, |u|9dz

((€7)(0),v) =

(3.2)
for all v e WP(Q).

Proof. Similar to the proof in Lemma 3.1, there exist ¢ > 0 and a differentiable func-
tion £~ : B(0;€) € WZP(Q) — R* such that £€(0) = 1 and ¢ (v)(u — v) € My(Q)
for all v € B(0;€). Since

(WA} = (o= r)lull = (=) [ Jultdz <o
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Thus, by the continuity of the function , and £~ we have
(W46 () (= 0)). & (@) (u - v))
= =l @@=l —a=1) [ @)= <o.
If ¢ sufficiently small, this implies that £~ (v)(u —v) € M (). O

Proposition 3.1. Let Ao = inf{A1, Ao, &2}, for A € (0, Ao).
(1) There ezists a minimizing sequence {u,} C M () such that
Sa(un) = ax(2) +o(1),
Jy(un) =o(1),  for (Wg"());

(ii) There exists a minimizing sequence {u,} C M, (Q) such that

Sa(un) =y (2) +o(1),
Ji(un) = o(1),  for (Wg"())".

Proof. (i) By Lemma 2.7(ii) and the Ekeland variational principle[15], there exists
a minimizing sequence {u,} C M,(Q) such that

J,\(un) < Oé)\<Q) + %, (33)

and
1
Ia(uy) < Jr(w) + EHW — Uy|| for each w € M,(9). (3.4)

By taking n enough large, from Lemma 2.7(i), we have

1 1 1 1
M) = =Dl = (= 27 [ @)l da
< a(Q) +% <Lwge) <. (3.5)

This implies

|vmwvmwrzlijMWx>Q@‘”@me» (3.6)

Mg —r)

Consequently u,, # 0 and putting together (3.5), (3.6) and the Hélder inequality, we
obtain

[ = [i((z:g ||f||i*57ﬁ<@)r’ (3.7)
and
ol < 2O 57) (33
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Now we show that

Applying Lemma 3.1 with u, to obtain the function &, : B(0;¢,) € Wg*(Q) — R*
for some €, > 0, such that &,(w)(u, —w) € M,(£2). Choose 0 < p < €,. Let
u € WgP(Q) with u # 0 and let w, = ﬁ. We set 1, = & (w,)(u, — w,). Since
n, € M\(§2), we deduce from (3.4) that

1
Ta(p) = Ta(un) 2 =~y — wall,
and by the mean value theorem, we have
1
(A (un)s 1y = un) + 00, = wnll) 2 =0 — tn]]-
Thus,

(3 (un), —wp) + (Enlw,) — D)(J3 (), (un — wp))
> 1l — uall + ol — ) (39)

From &, (w,)(u, —w,) € Mx(Q) and (3.9) it follows that

—p(Jx(un), HZ—H> + (En(wp) = DA (un) = J3(1,), (un — wp))

1
> L, — uall + o, ).
Thus,
u énw _1 !
(). o) %Wun) ), (i — )
| o(llmp — ual)
+ — — Up|| + —————=. 3.10
ol =l - (3.10)
Since
11 = tall < 1€n(0p) = Lllanl] + plén(w,)
and

. |§n(w ) - 1| /
ti S < ;o))

If we let p — 0 in (3.10) for a fixed n, then by (3.8) we can find a constant C' > 0,
independent of p, such that

L><

C
’ <
lul” — n

(3 (un) 1+ 1€,

We are done once we show that ||£/,(0)|| is uniformly bounded in n. By (3.1), (3.8)
and Holder inequality, we have

bf|v]]
=) Jy [unrde — (= 1) J [unloda]
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We only need to show that

)(p—r)/Q|Aun|pdx—(q—r)/ﬂ|un|qu) > ¢ (3.11)

for some ¢ > 0 and n large enough. We argue by contradiction. Assume that there
exists a subsequence {u,} such that

(p—r) /Q |Auy, [Pde — (¢ — 1) /Q |un|?de = o(1). (3.12)
Combining (3.12) with (3.7), we can find a suitable constant d > 0 such that
/Q lup|?dz > d  for n sufficiently large. (3.13)
In addition (3.12), and the fact {u,} C M,(Q) also give
)\/ f(@)|u,|"de = [ju,||? —/ lun|Tdz > ||ug||P > u/ |un|?dz > 0
Q Q p=7Jo

and )

uall < (A=) 1Al 87) 7 4 o(1). (3.14)

q—p

This implies

) = K@) (P 3 [ e

— o(1). (3.15)
However, by (3.13), (3.14) and X € (0, \p),

_p_

)7 = A el

oo -
i )~ M)
o]

= HunHLq(K = pwquunu* Aufuw)

[

I(un) > K(Qﬂ“)(m

> Junze ( K

T

— q-?" —T
> p—r q* Tlp—r _ a* ,
> el 50 7) g A (=) 8717 = Ml }

r(q p)+pq

This contradicts (3.15). We get

The proof is complete.
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(ii) Similar to the proof of (i), we may prove (ii). O
Now, we establish the existence of a local minimum for Jy on M} (Q).

Theorem 3.1. Let \g as in Proposition 3.1, then for A € (0, ), the functional
Jy has a minimizer ug € M (Q) and it satisfies

(1) JA(5) = ax () = 01 (2)

(ii) ug is a nontrivial solution of problem (0.1);

(iii) Jy(ug) — 0 as A — 0.

Proof. Let {u,} C M,(Q2) is a minimizing sequence for Jy on M,(2) such that

In(u,) = ax(2) + o(1),
Jy(up) = o0(1),  for (W5P(Q))".

Then by Lemma 2.7 and the compact imbedding theorem, there exists a subsequence
{u,} and uf € W;P(Q) such that

Up — ug weakly in WiP(Q)
U, — ug  strongly in  LY(Q)
and
u, — ug  strongly in  L"(S). (3.16)

We firstly show that [, f(2)|ug|"da # 0. If not, by (3.16) we can conclude that

/ @i dz =0
Q

and

/ f(@)|uy|"dz — 0 as  n — oo.
Q

/\Aun\pdx:/\un\qd:c+o(1)
Q 0

1 1 A
Ia(u,) = —/ |Aun|pdx——/ |un|qu——/f(:p)|un|rdx

b Ja qJa rJo

G =) [ Jualtdz + of1)

= (=—= up|?dx + o

p 9 Ja
11 [
= (=——) [ |ug|%dz as n— oo,
p 49 Ja
this contradicts Jy(u,) — ax(Q) < 0 as n — oo. In particular, uf € M} (Q) is
a nontrivial solution of problem (1.1) and Jy(ug) > (). We now prove that
U, — ug strongly in WP(€). Supposing the contrary, then ||ug|| < lim inf||u,|| and
SO

[P / |9z — A / @)l da
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< 1iminf<|]un|]p—/ |un|qu—A/f<x)|un|rdx) ~0,
n—0o0 Q Q

this contradicts uj € M,(Q). In fact, if uj € M, (), by Lemma 2.4, there are
unique ¢t and ty such that tjug € M (Q) and tyud € My (), we have 7 <ty =
1. Since

d d?
gJ,\(tf{uaL):O and e

there exists t§ < ¢ <ty such that Jy(tgug) < Ja(tug). By

J)\(tf{uf{) > 0,

N(t§ug) < I(tug) < I(tgug) = Ja(ug),

which is a contradiction. By Lemma 2.3, we know that ug is a nontrivial solution.
Moreover, by Lemma 2.7,

0> hi) 2 ‘A%Mmsrm,

it is clear that Jy(ug) — 0 as A — 0. O
Next, we establish the existence of a local minimum for Jy on M, (£2).

Theorem 3.2. Let \g as in Proposition 3.1, then for A € (0, \o), the functional Jy
has a minimizer u, € M, () and it satisfies
(1) Ja(ug) = oy (2);

(ii) uy is a nontrivial solution of problem (0.1).

Proof. Let {u,} is a minimizing sequence for .Jy on M, (£2) such that

Then by Proposition 3.1(ii) and the compact imbedding theorem, there exists a
subsequence {u,} and u, € M, (Q) such that

Up — Uy weakly in WgP(Q)

Uy — Ug strongly in  L7(2)

and
Uy, — Uy strongly in  L"(2). (3.17)

We now prove that u, — u, strongly in W02 (). Supposing the contrary, then
||lug || < liminflju,|| and so
n—oo

lug [P — / g 4 — A / F@)lug " de

< liminf<||un||p—/ |un|qu—)\/f(x)|un|’"dx) —0,
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this contradicts uy € M, (). Hence u, — ug strongly in Wy (Q2). This implies
In(un) — Ia(ug ) = oy () as as n — oo.
By Lemma 2.3, we know that u, is a nontrivial solution. O

Combing with Theorem 3.1 and Theorem 3.2, for problem (0.1) there exist
two nontrivial solution ud and u, such that uj € M (Q), uy € M, (Q). Since
M (Q) N My (Q) = 0, this shows that ug and ug are different.
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