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Abstract. In this paper, we investigate the existence of ground state sign-changing
solutions for Kirchhoff-type equation with critical exponent

- <a—|— b/3 |Vu|2dx> Au+AV(x)u = ul*u+puf(u), xR
R

where a,b,u,A > 0 are positive parameters. Under suitable conditions on f and V,
by working on a sign-changing Nehari manifold and combining minimax arguments
with deformation techniques, we establish the existence of least energy sign-changing
solutions. At the same time, we also study the asymptotic behavior of sign-changing
solutions as A — co.
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1 Introduction and main results

In this work, we consider the existence of ground state sign-changing solutions for the follow-
ing critical Kirchhoff-type equation

- <a + b/3 |Vu|2dx> Au+AV(x)u = |ul*u + uf(u), x€cR, (1.1)
R
where a,b, u, A > 0 are positive parameters, the potential V satisfy the following assumptions:

(V1) V € C(R3,R) and V(x) > 0 in R,

(V2) there is Vy > 0 such that the set {x € R : V(x) < Vp} is nonempty and has finite
measure;
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(V3) Q:=int V~1(0) is nonempty and has smooth boundary, ) = V1(0).

The above conditions of V were firstly proposed by Bartsch and Wang in [3] to study the
nonlinear Schrodinger equation. They pointed out that AV (x) is a potential well whose depth
is controlled by A. If A is sufficiently large, then AV(x) is called the steep potential well.
Moreover, on the nonlinearity term f, we assume that

(f1) f € C(R,R), lim_o £ = 0 and f(t)t >0forallt € R\ {0};
(f2) limy o f(‘) 0;
( f3) f\3 is an increasing function of t € R\ {0};

(fa) im0 |t(|4) = 400, where F(t fo s)ds > 0.

Problem (1.1) is related to the stationary analogue of the equation
uy — (a+ b/ |Vul*dx)Au = f(x,u),
0

which was introduced by Kirchhoff [13] as a generalization of the well-known D’Alembert
wave equations for free vibration of elastic strings. For more mathematical and physical
background on Kirchhoff-type equation, we refer the reader to [1,2] and the references therein.

In recent years, there has been a great deal of interests in studying the existence of positive
solutions, multiple solutions and ground state solutions for Kirchhoff problem, for examples
[14,16,19,20,29] and the references therein. Moreover, for more results about sign-changing
solutions for Kirchhoff-type equation with subcritical growth, see [8,17,23,28,30,31]. As far
as we know, there are few articles on the existence of sign-changing solutions for Kirchhoff-
type equation with critical growth, such as [9,25,26,34]. More specifically, Wang [26] firstly
obtained the least energy sign-changing solutions of the following critical Kirchhoff equation
in a bounded domain

- <a+b/ |Vu]2dx> Au = |ul*u+Af(x,u), x€Q,
0
1,[:0, xeaﬂ,

where Q) C R is a bounded domain with a smooth boundary 0Q), A, a, b > 0 and f €
C(Q x R) satisfying:

(fs) thereexist g € (4,6) and C > 0 such that |f(x,t)| < C(1+|t[971), for almost every x € Q
and allt € R;

(fo) lims—o % = 0, uniformly for almost every x € ();

( f7) ‘ t|3 is a strictly increasing function of t € R\{0}, for almost every x € Q.

Using the constraint variational methods and the degree theory, he got the existence of the
least energy sign-changing solutions. Gao et al. [9] proved the existence of sign-changing
solutions by truncation methods for the following equation

- (a + b/3 |Vu]2dx> Au+V(x)u = f(u) + AlulP~2u, xe€R®, (1.2)
R

where V is coercive potential, p > 6, A € (0,A*) for some A* > 0. When V(x) =A=1,p =6,
f satisfies (f1)-(f3) and the following condition:
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Zhao et al. [34] also obtained the existence of the least energy sign-changing solutions of

problem (1.2) by the parameter perturbation technique. Recently, Tian et al. [25] studied the
following critical Kirchhoff equation with steep potential well

— (a—l—b/3 ]Vu|2dx> Au+AV(x)u = |ul*u+ [ulP"'u, x€R5,
R

where V satisfies (V1)-(V3) and p € (4,5). By adopting a sign-changing Nehari manifold and
perturbation technique, they obtained that the existence and asymptotic behavior of ground
state sign-changing solutions for A > 1 large enough and b > 0 small.

Inspired by the above results, in this paper, we study the existence of ground state sign-
changing solutions of problem (1.1) with steep potential well and more general f. Now our
main results in this paper can be stated as follows.

Theorem 1.1. Assume that (V1)—(V3), (f1)—(fa) hold, then there exists u* > 0 and A > 1 such
that problem (1.1) has a least energy sign-changing solution u, for all y > u* and A > A, which has
precisely two nodal domains, and its energy is strictly larger than twice that of the positive ground state
solution.

Theorem 1.2. Under the assumptions of Theorem 1.1, for any sequence A, C [A,+o0) with Ay —
+o00 as n — oo, the sequence of sign-changing solutions for problem (1.1) strongly converges to u,
in HY(R®) up to a subsequence, where u, € H}(Q) is a ground state sign-changing solution of the
following problem

{ <a +b/0 |Vu|2dx> Au = |ultu+pf(u), x€Q, (1.3)

u=0, x € Q).

Remark 1.3. To our best knowledge, our results are up to date. On the one hand, we generalize
[28] to the critical case. On the other hand, compared with [26] and [34], we study the steep
potential well and more general f. Moreover, when f(u) = |u|P~2u with p € (4,6), our results
also hold.

Moreover, we replace the condition (fs) with a stronger (f;), and obtain the following
conclusions.

Theorem 1.4. Assume that (V1)—(V3), (f1)—(f3) and (fy) hold, then there exists by > 0 and A > 1
such that problem (1.1) has a least enerqy sign-changing solution u, for 0 < b < by, A > A and
u > 0, and u, has the same properties as in Theorem 1.1.

Theorem 1.5. Under the assumption of Theorem 1.4, for any sequence A, C [A, +00) with A, — +00
as n — oo, the sequence of sign-changing solutions for problem (1.1) strongly converges to u.. in
HY(R®) up to a subsequence, where u., € HY(Q) changing sign exactly once is a ground state sign-
changing solution of problem (1.3).

Remark 1.6. When f(u) = |u|f~2u with p € (5,6), our results also hold. Consequently, we
extend the results of [25] to the general case of f.
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2 Preliminaries
In this section, we make use of the following notations.

e Let D'2(R3) = {u € L%(R%) : Vu € L*(R%)} be the Sobolev space endowed with the
norm

1
2
24| prz ey = < /R 3 !Vu|2dx> .

e H(R3) = {u € L*(R3) : Vu € L*(R®)} is a Hilbert space endowed with the scalar
product and norm

1

2

]| b1 3y = </ (|Vu|2+u2)dx> .
R3

o Let

E:— {u e H'(R%): /IR3 V(x)uldx < oo},

be equipped with the inner product and the norm

(u,v) = /IRS(aVu -Vo+ V(x)uv)dx, lul| = (u,u)%.

e For any A > 0, we introduce the following work space

E):= {u € HY(R?) : /]R3 AV (x)uPdx < oo} ,

with scalar product and norm given by

(u,v)) = /a(aVu - Vo + AV (x)uv)dx, |lul|r = (u,u))%.
R

It is clear that ||u|| < ||u]|) for A > 1. Then, for any g € [2, 6], the embedding E, — L1(IR?) is
continuous and there exists S; > 0 such that

|ulg < Sqllull < Sqllullx-

(2.1)
Moreover, the embedding D'?(R3) < L°(IR?) is continuous and there exists the best Sobolev
constant given by

Jrs |Vul?dx

in -
ueD2(RO\{0} ( fps |ulodx)s
is achieved by the Talenti function

1
we= Vo paRd), (2.2)
(e+[x])>
Next, we define the energy functional of problem (1.1) by I} : Ex — R

1 b
() = Sl +

2
2 _1/ 60 _ /
1 (/1123 |Vl dx) 6 Jre |u|®dx — u ]RSF(u)dx.
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The functional IK is well defined for every u € E, and I’; S Cl(EA,]R). For any u,v € E,, we
get that

(ID) (w),v) = (u,0)) + b/]R3 |Vul?dx /IR3 Vu - Vodx — /11{3 lu|*uvdx — V/R3f(u)vdx. (2.3)

By simple calculation, one obtains
b
d — 7H(t P — e +12 -2
Ii(u) =I5 (u™) + I (u >+2/1stu \dxA3]Vu |dx, (2.4)

(1) (u), u™) = (1)) (u™), u™) —kb/}R3 |Vu™|2dx /1R3 |Vu~ 2dx. (2.5)

Clearly, the critical points of I} are weak solutions of problem (1.1). Moreover, if u € E, is
a solution of problem (1.1) and u* # 0, then u is a sign-changing solution, where

ut :=max{u,0}, u~ :=min{u,0}.

To prove the existence of least energy sign-changing solutions of problem (1.1), we consider
the following minimization problem

mh == inf I(u),

1z
ue M

where

MY ={ueEy:u*#£0, (I}) (u),u™) = 0}.
On the other hand, we seek a ground state solution on the following Nehari manifold
NY = {u € Ex\ {0} : (1) (), u) = 0},
and let ¢/, := infuej\/f ¥ (u).
Now, we will focus on proving MK # @ and giving some properties of MK
Lemma 2.1. Suppose that (Vy) and (f1)~(f3) hold. For any A > 0 and u € E) with u™ # 0, then

(i) there exists a unique pair of positive numbers (s, t,) such that s,u™ + t,u~ € MK and
I¥ (syu™ + tyu™) = maxg o Iy (su™ + tu~);

(i) if ((I¥)'(u),u*) < 0, there exists a pair of (s, tu) € (0,1] x (0,1] such that s,u™ + t,u~ €
M.

Proof. (i) First, we prove the existence of s, and f,. Let
g1(s,t) = ((I{) (sut +tu™),su™)
= &?|lut|} + b/]R3 |V (su™ + tu™)|2dx /IR3 |Vsu™|?dx (2.6)
— b /]R3 lu™|%dx — y/lef(suﬂsu*dx,
and
g (s, t) = ((I)) (su™ +tu™), tu™)
— 20,12 + 24y | -2
— 2||u |\A+b/]R3 IV (su™ + tu)| dx/]RS IVt~ [2dx 27)

6 ~16 g
—t /]R3|u |dx—y/IR3f(tu Vtu~dx.
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By (f3), we have
F(t)t—4F(t) >0, (2.8)

is an increasing function as t > 0. From (f1) and (f2), for any ¢ > 0, there exists C; > 0 such
that
(D] < elt] + Celt], (29)

for any t € R. Obviously, we can see that g1(s,s) > 0, g2(s,s) > 0 for s > 0 sufficiently small
and g1(t,t) <0, g2(t,t) < 0 for t > 0 sufficiently large. Then, there exist 0 < #; < 1 such that

g1(m,m) >0, g(ni,m) >0, gi(y2,1m) <0, g(2,12) <O0. (2.10)

Thus, we can deduce that

g1(n1,t) >0, gi(n2,t) <0, Vte [,m; 2.11)
82(5,m) >0, &2(s,12) <0, Vs € [m,12]. (2.12)
Then, using Miranda’s theorem [21], there exists (s,,t,) € (0,00) x (0,00) such that s,u™t +

tu- € MK
Next, we prove the uniqueness of (s, t,) and consider the following cases.

Case1l: u ¢ ./\/lf{
For any u € MY, it means that

Hungﬁ—b/]Ra ]Vu\zdx/R3 |V 2dx = /R ]ui\édx—ky/mf(ui)uidx. 2.13)

We will show that the pair (s,, t,) = (1,1) is the unique one which such that s,u* + t,u~ €
Mﬁ Let (so, to) be a pair of numbers such that sou™ + tou™ € /\/lﬁlL with 0 < sg < tg, then one
has

Sllut 3 +b | |V(sout + tou)|?d Vsou™|d
5 il , 0u+0u)]x3|sou]x
R R (2.14)
_ 6 +16 FYongy T
—so/]RS|u | dx+y/IR3f(sou Ysou " dx

and
tg||u—||§+b/ |V(sou++t0u—)|2dx/ |V tou~ [2dx
R3 R3
_ 46 —16 N
—to/]R3|u | dx+y/IR3f(tou Jtou " dx.

By 0 < sp < tg and (2.15), we deduce

(2.15)

113
£

(tou™)

o o= )? (u™)*dx. (2.16)

—|—b/ \Vu|2dx/ \Vu~ [2dx > tg/ ™ [8dx +
R3 R3 R3
Combining (2.13) and (2.16), one obtains
1 — 2 2 —16 flou=) fu )], —\a
(1) 11 = GGy [l aver e [ [0 - S0 oyt

Under the assumption (f3), we get fop < 1. Similarly, we can easily get so > 1. Therefore, we
have sp = tg = 1.
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Case 2: u ¢ MK
If u ¢ M’, we suppose that there exist (s1,t;) and (s, t;) such that

Uy = slu+ +Hhu € MV, Uy = SQLFL +tHhu € MK

Then, it is easy to see that

52 ¥ tr - S2\  + f\ _ u
U (sl>slu +<t1> 11U <S1>u1 +<t1 u; € My

If the first case holds and u; € /\/lﬁ, then s; = s, and t; = t;. Thus, we complete the proof for
the uniqueness of positive numbers (s, t,) such that s,u* + t,u~ € MK

Next, we define i, : RT x R™ — R by ¢,(s, t) := I}P\‘(szfr + tu~). We show that the critical
point (s, t,) of ¢, is its unique maximum point on [0, %) X [0, ). Since

Pu(s, t) = Ik (su™ +tu™)
e B fz_i_b V*t’zdz
= Tt R+ Sl 13+ 5 ([ 19"+ )P 217)
—56/ ]uﬂ%lx—té/ lu™[odx — / F(su™ +tu~)dx
6 Jr3 6 Jr? K R3 .

It is easy to see that I\ (su™ +tu~) > 0 as |(s,t)] — 0 and I}(su™ +tu") — —oo as
|(s,t)| — oo, which means that the maximum point cannot be achieved on the boundary of
R* x R*. Without loss of generality, we only show that I K (tyu=) < Ik(sour + t,u~). Clearly,
I} (su™ + tu~) is an increasing function with respect to s if s > 0 is small enough, which
means that If(tuu*) < IK (syut +t,u™). Thus, Iﬁ: (syu™ 4+ t,u") = maxg >0 IK (su™ +tu~). We
complete the proof of (i).

(ii) Finally, we prove that if <(IK)’(u),ui> < 0, then 0 < s,,t, < 1. Since s,u™ +t,u~ €
MY, without loss of generality, we may assume that 0 < t, < s,. Consequently, we obtain

sf,”u*”i—kbsﬁ/ ]Vu|2dx/ |Vu™|?dx > sﬁ/ \u+|6dx—|—;4/ f(suu™t)syutdx.  (2.18)
R3 R R R
Since ((I})(u), u*) <0, one has

||u+||§+b/R3 ywﬁm/w Vit PPdx < /Ra \u+|6dx+y/]R3f(u+)u+dx. 2.19)

Combining (2.18) with (2.19), we get

<1 _ 512) lut? < (1 _S%‘)/IRs |u+]6dx+y/1R3 Hiﬁ;g - {SZT)B)} (ut)*dx.

u

Thanks to (f3), one gets s, < 1. Then, 0 < s,,t, < 1. Thus, the proof of Lemma 2.1 is
completed. O

Lemma 2.2. Assume that (Vy) and (f1)—(f3) hold. For any A > 1 and u € E, with u™ # 0, (sy, t,)
is obtained by Lemma 2.1, then

(i) sy, t, are continuous functionals in E, with respect to u;

(ii) if u;f — 0asn — oo, then s, — oo, if u,, — 0as n — oo, then t,, — oo;
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(iii) if {un} C MY, limy oo I} (uy) = mhy, then my > 0 and C; < |uf|[y < Cp for some
C1,C > 0.

Proof. (i) Take a sequence {u,} C E, such that u, — u in E,, then u}f — u® in E,. By

Lemma 2.1, there exist (sy,, tu,) and (su, ty) such that s, u;} + ty,u;, syu® + tu~ € Mh.
Then, we obtain

+

S I3 40 [ 19 (sutnf + by ) Pt [ [V, )2

(2.20)
= st [ o [ f s

and
tinHu;HE\—’—b/ |V(Su”u$ +tu’1M;)‘2dX/ ‘Vtunuizlzdx
R3 R3
=, [l Pdx+p [ f(t )b, dx.
R3 R3

We claim that {s,,} and {t,,} are bounded in R*. Otherwise, if s,, — +o0 as n — oo, it
follows from (2.20) that

(2.21)

tun

— +00,
Sun

and we get t,, — +o0 as n — oco. Similarly, by (2.21), one also gets

Sun

— +00,

tun

which leads to a contradiction.
Thus, passing to a subsequence if necessary, still denoted by {s,, }, {t, }, we assume that
there is a pair of non-negative numbers (so, o) such that
lim Su, = S0, lim tun = to.
n—oo n—oo

Passing to the limit in (2.20) and (2.21), we obtain
21014, 112 + -\|2 +12
sollu H;ﬁ—b/}R3 |V (sou™ + tou™)| dx/IR3 |Vsou™ |~ dx

(2.22)
s$ /1[{3 |u+]6dx+pt/IRsf(sou*)soLﬁr dx,

and

t3|\u*|\§+b/ |V(sou++t0u*)|2dx/ Vtou~|? dx
R3 RR3
__ 46 —16 — —
_tO/IRS\u ] dx—i—y/lef(tou Jtou~ dx,

which implies that sout +tou~ € MK By Lemma 2.1, since the uniqueness of (Su,tu), so we
have (s, ty) = (S0, to) and complete the proof of (i).

(ii) We only prove that s,, — +oo if u;f — 0 as n — oo; similarly, we can prove the other
case. It follows from (2.20) that

(2.23)

] f
(o) = 13 46 [V (a4 tu,) P [ 9 P = o [ fsu ) 22

Un
=s; / lu,|8dx =: ho(uy).
R3
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By contradiction. Suppose that there exists a positive constant C such that s, < C, then by
the Sobolev inequality (2.1) and (2.9), choosing 1 — ueS3 > 0, we have

hy (tn) — ho(un) > [Ju;f |13 —

zuu,ﬂri— : / O — ee [ o P~ pCest, [ i 1o
> (1 - pes3)llu I3 = Clit 13 > 0,

Yudx — s} /3 lul|%dx

which contradicts the fact sy, u;; + t,,u,, € MY for |lu;||x small enough. Thus, s,, — oo if
u; —0asn— oo.
(iii) Because {u,} C M}, one derives

w40 [ [VuaP [Py =p [ pudr+ [ fax
By (2.9) and the Sobolev inequality, one has
ol < w [ fyudx+ [ S < sl 3+ Cll s @29)

Choosing 1 — pueS% > 0, we get ||ui ||, > C; for some C; > 0. Furthermore, it follows from
{u,} € MY C N that ((I¥)(un), us) — 0. By (2.8), we have

—_

iy +0(1) = Iy (un) — 2 (1) (un), ttn)
1 1
= ;1||un||§ +15 /W |1y |°dx + %/}RS[f(un)un — 4F (uy,)]dx (2.25)

1 1
> Ll > R > 0.

W~ |

This means that my, > 0 and {u,} is bounded in E,. By (2.24) and (2.25), we know that
there exist positive constants Cy, C; such that C; < ||u;-||, < Cy. This completes the proof of
Lemma 2.2. O

3 Proof of Theorem 1.1

Before proving Theorem 1.1, we give some important lemmas.

Lemma 3. 1 Assume that (V1)—(V3), (f1)-(fa) hold. For any A > 1, if m\ = inf, ¢ v I (u), then

limy, 0 m =0.

Proof. First, we shall prove that m) = inf wme ¥ (u) is well defined. By (iii) of Lemma 2.2, one
has ||u® |, > C; > 0. Thanks to (2.8), we get

() = ﬂ‘() LY (), )

2 I _ L
|| 2+ / Ju — 4F( )]dx+12/ |u|Cdx

> 1||”HA-
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Thus, we conclude that I} (1) > 0, that is, m = inf, M I} (u) is well defined.

Next, we claim that lim mﬁ = 0. According to Lemma 2.1, for any u > 0, there exists
a pair of (s, t,) such that s,u™ +t,u~ € M. Then, by (f»), we have that

0< mﬁ < IK(SHIFL + tu”)
1 ) b . ) 2
< EHsybﬁr + o [|7 + 1 </]R3 |V (suu™ + t,u™)| dx)

< [t | + & u- |} + 2bs? </R ]Vuﬂzdx>2 T2t (/R |Vu\2dx>2.
To our end, we just prove thats, — 0 and t, — 0 as p — oo. Let
Hu = {(su,ty) € [0,00) x [0,00) : (§1(5p, tu), §2(sp, ty)) = (0,0), > 0},
where g1, ¢» are defined by Lemma 2.1. By (f1) and (f1), one gets
s5 /]R3 |ut|°dx + £ /]R3 u™|dx < s /1R3 |u™|°dx + £ /]R3 lu~|®dx
—|—pt/]RSf(squ“)sﬂu*dx+;4/H{3f(tyu’)t”u’dx
= ||sput +tu |3+ </]R3 IV (suut + tyu_)|2dx>2
< 2sp[lu* |} + 265 w3

+ 4bs,, (/ |Vu+\2dx) dx + 4bt, (/ |Vu_|2dx) dx.
R3 R3
Hence, H,, is bounded.

Let {yn} C (0,00) be such that y,, — co0 as n — oo. Then, there exist sy and f( such that

(Sﬂnl tﬂn) — (SOI tO)/ (31)

as n — oo (in a subsequent sense). We claim sy = tg = 0. By contradiction. Suppose that
sgp > 0 or ty > 0. Since synu+ +t,u” € M for any n € IN, we get

2
+ -2 + —\ 2
Hsynu + t}ln“ H/\ + b (/IR?’ ’v(sﬂn“ + t,“nu )’ dx)

- /]R3 sy, u™ +t%nu_|6dx+yn /]Rsf(synbﬁr + by ") (S, u™ 4ty u”) dx.

(3.2)

From (2.9), (3.1) and (f1), one has

+ - + -
/H@f(synu by, u ) (S, Ut 4ty u) dx
— /sf(souJr + tou” ) (sou™t + tou~) dx > 0.
R
Since p, — co0 as n — oo and {s,,u* + t,,u"} is bounded in E, that we have a contradiction

with (3.2). Therefore, we get so = top = 0O, that is, lim, e mﬁ = 0. So, we complete the
proof. O

Lemma 3.2. Assume that (V1)~(V3), (f1)~(fa) hold, there exists A > 1 and p* > 0 such that m) is
achieved for all y > p* and A > A.
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Proof. In view of definition of m), there exists a sequence {u,} C MY such that m =
1i_r>n 1§ (uy). 1t follows from (2.25) that {u,} is bounded in E,. Then, for the subsequence
n—oo

of {u,}, there exists u = u™ + u~ € E, such that

Uy — uy, inE,,
uy — uy, in L] (R®)forallg € [2,6),
uy(x) = up(x), ae. in R3,

Next we will show u, — u in L1(R®) with q € (2,6). Let u, = u, ,, then there are the
following two cases may happen

(1) liminfy e limy 0 SUP, s fo(y) lupr, — ul?dx > 0;

(2) Himinfy_,e limy—e0 SUP, 3 fBr(y) lup, — ul?dx = 0.

If (1) holds, there exists v > 0 independent of A such that

liminf lim sup lup, —ul>dx =v > 0. (3.3)
A—00 n—o0 ye]R3 B, (y

By the weak lower semicontinuity, one has
[uan —ualla < fluanlla + lualla < lluanlla + Eminf (i, |2
n—oo

From (2.25), there exists C > 0 independent of A such that limsup, . [[ur, —ullx < 2C.
Define

Dg:= {x ¢ R¥*\ Bg(0): V(x) > Vp}, Fr:={x € R3\ Br(0):V(x) < Vp}.
Then

1
lim sup lup, —ul>dx < —limsup | AV(x)|up, — ul*dx
n—co R 0 n—oo JDg

<ilimsu upn —ul)3 < —
= AV et A RIS By

Furthermore, we have that |Fg| — 0 as R — oo by (V). Combining this with the Holder
inequality, as R — co, one gets

5=2

2
/ lup, — ul>dx < </ ltpn — u|sdx) </ 1dx>
Fr Fr Fr

5-2
< Cllupn — ul3|Fr|T =0,

where s € (2,6). By u, — uin L] (R®) with g € [2,6), and taking R > 0 sufficiently large, we
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have

v = liminf lim sup lup, — ul?dx
A—co  n—sooyeR3 Y Br(y

< liminf limsup [ |uy, —u[*dx
A—oo  n—oo JR®

< liminf lim sup ]u,\n—u|2dx—|-hmmfhmsup lupn — ul?dx
A—s00 n—00 Br(0) A=y s JR3\BR(0

= liminf lim sup </ lup, — ul?dx —l—/ lup, — ul? dx)
A—co  n—oo Dr Fr
4C?
<l f— =0,
iminf o

which is a contradiction. Hence (1) is impossible.
If (2) holds. Then for any sequence {1} such that Ay — oo as k — oo. Since 1,k € IN, by a
diagonalization principle, there is a subsequence {u, } such that

o 2
hlgglfys;lg 5.0 lup k — ul"dx = 0.
By Lions’ lemma, u) s — u in L¥(R?) for s € (2,6). Then, we have ”)i,k — u¥ in L1(R®) with
g€ (2,6).

Let 6 := %S%, where S is the best Sobolev constant. By Lemma 3.1, there exists u* > 0 such
that m, < & for any u > p*. Since {u, x} is a subsequence of {u,,} and Ay — co as k — co.
Then, thanks to Lemma 2.1, one obtains I)P: (su;[k,k + t”)Tk,k> < I)P:(“Ak,k) for all s,t > 0. Hence,
according to Fatou’s lemma and the Brézis-Lieb lemma, we obtain

2
n ([l — IR+ 1)

Liminf I¥ (sut | + tu;
P A( Ak )\k,k)

lim
2 ks
2 2 2
o dim (g — a3+ [l )
bs*

2
; + +32 +12
+ <hm /IRS(W(uM—u W+ [Vu y)dx>

T k—o0
—i—ﬁ 11m/ (IV(uy ,—u)?+ | Vu [P)dx 2
4 k—o0 Ak

6

ST .. + +16 +16
_Ekh_fn (/]RJ”Ak,k_” |dx+/]RB|u |dx>
. - —16 —16
_6]}L%</H{3‘MAk’k_u ]dx+/]RS|u ]dx>

hmmf |VuA k\zdx/ [Vuy, k’ dx

—y/ (su™ dx—pt/ (tu™)dx

2

t
> IV (sut +tu") + Ehm Hu/\k—uﬂh—kzhm [y, 1 —u |2
+§ lim [ |V(uf —u+)\2dx/ |Vu™|2dx
2 k—oo JR3 Ak R3

btt _ _ -
+ — lim [V (uy, o —u )|2dx/]R3 |Vu~ 2dx

k—oco JIR3
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bs* li \V4 + 7t 2d ?
# 7 (fm 90—

bt ([ Gl —u ) Pdx)
IR

6 6
A +_+6_L-/—_—6
6 0 Jyo Mt =71 = iy fg W 0Pty
2 4 4 6
=1 -y 43 bs +12 bs* » s
_IA(SL[_‘——’—tu )+EA1+7A1/]R3|VM | dx+TA1—€B]
2 bt o btt , 0
+EA2+7A2/IRS|VL¢ [dx + 243 — By,
where ‘ . o ‘ - o
Ar = lim [l ) — ™[5, Ay = lim [l ) — ™5,
. 6 T _ —16
Bl:kh—{?o 1R3|u;(klk—u+’ dx, B2—k11_>r£10 ]R3|u)tk’k—u |%dx.
Thus, one gets
2 b4 b4 6
IK(qur—i—tu’)—i—S—Al—i—iAl/ \Vuﬂzdx—l—iA%—s—Bl
2 2 R3 4 6 (3.4)
+t2A +bt4A / |Vu*\2dx+b—t4A2—ﬁB < mh |
272 7 Jps 472 g 2=

foralls,t > 0.
To handle the lack of compactness, the proof is divided in to three steps.
Step 1. We prove u® # 0.
Since the argument for u~ # 0 is analogous, we just prove u™ # 0. By contradiction. Suppose
ut = 0. Hence, let t = 0 in (3.4), one obtains

s2 bs* sb
EAl + TA% - gBl < mh, (3.5)
foralls > 0.

Case 1: B; = 0.
If A; = 0, we have that “er , — uT in E,. Then, according to Lemma 2.1, we get |[u™|[, > 0,
which is a contradiction. If A; > 0, by (3.5), we get

s2 bs*

A1+ TA% < mh,
which is impossible for all s > 0.

Case 2: B; > 0.

By the definition of S, we obtain that

N
CIES
~— |
@I=
~_—
[\S]ler]

It is not hard to see that

3

1( A \° s? s° 52 bs* , s°
z — Z A —ZBy < A1+ ——A7T——Bi ;.
3<(Bl)§> r?fé‘{zAl 6 1}—3130"{2 S
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Hence, according to m| < 6 and (3.5), we get

s2 s6 s2 bs*
< S R A+ p2 %
5—T38‘{2 ! 631}—T38‘{2 1ty 6B1} <o

which is a contradiction.
Therefore, we deduce that u* # 0.

Step 2. We prove that By = B, = 0.
Indeed, we assume that B; > 0. We discuss it with the following two cases.

Case 1: B, > 0.
According to By, B, > 0 and the Sobolev embedding, we obtain that A;, A, > 0. Let

(P ZA +bS4A B
( ) 2 ! 4 6 vos=20

It is easy to see that ¢(s) > 0 for s > 0 small enough and ¢(s) < 0 for s > 0 large enough.
Hence, by the continuity of ¢(s), there exists § > 0 such that
2 bt 26

2
—Al—l— Az—s—Bl :max{sA1+
s>0 2

bs* s°
2 416 A%_Bl}'

4 6

Similarly, there exists f > 0 such that

£ bt £ t2 btt , 1o
EAZ TAZ 6B2 l'?aOX{ZAZ_}' 4 A2_6B2}.
Since [0,35] x [0,] is compact and i, (defined by (2.17)) is continuous, there exists (s,, t,) €
[0,5] x [0, f] such that

u Su) = Sb).
PulSustu) <s,t>§f(l>fa§1xx[o,ﬂ¢“(s )

Then, we need to prove that (s, t,) € (0,3) x (0, ).
Note that, if ¢ is small enough, for any s € [0, 5], one gets

Wu(s,0) = I{ (su®) < I (su™) + I{ (tu™) < I¥(sut +tu™) = u(s, t).

Hence, for any s € [0, §], there exists o € [0, f] such that ¢, (s,0) < ¢,(s, o). That is, any (s,0)
with s € [0,35) is not the maximum point of ¢,,. Therefore, (s,, t,) € [0,5] x {0}. Similarly, we
can get (sy, t,) ¢ {0} x [0, f].

In the following, we need to prove that (s,, t,) € {s} x [0,f] and (sy, t.) ¢ [0,5] x {t}. For
any s € (0,5] and t € (0, f], we have that

s? bs* ) bs* ,
—A1+—A1/3 Vit P+ 2 A3 gB1 >0, (3.6)
2 bt* bt* to
— A+ —A ~|? —A3--B . 7
S Ar+ 2/3yW|dx+ B> >0 (3.7)
Then, we get
52 bt bs* g6
<5 oS- +12 2
5_2A1+2A1/]RS]Vu |dx+4A 6B1
t2 btt o bt* o t°
n 2A2+7A2/3|Vu P+ 2 A3~ By,
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and

s2 bs* bs*
< T A +—A +? — A% - B
0 5 1+ > 1/3 |Vu |“dx + 1 6 1

P bt bt
+ A2 + 7142/3 ]V |2dx + 7142 6 Bz,

forall s € [0,3] and all t € [0, f]. By (3.4) and the definition of ¢, (that is, (2.17)), one has

Yu(s,£) <0,  wu(51t) <0,

for all s € [0,3] and all t € [0,f]. Hence, (s, t,) ¢ {8} x [0,f] and (s,,t,) ¢ [0,5] x {f}. In
conclusion, we have that (s,, t,) € (0,5) x (0,f).

By Lemma 2.1, (sy, t) is a critical point of ¢,. So, s,u™ + t,u~ € /\/lglL Then, by (3.4), (3.6)
and (3.7), we get

mh > I”(sour—i—tuu’)—i— ”A —|— A / |Vu™2dx + bS“A2 6’B1
t ty t
+ 2 +b“A2/3]Vu]2dx+b“A2 632

> Iﬁf(suu +tu") > mﬁ.

This is a contradiction.

Case 2: B, = 0.

In this case, we need to prove that there exists to € [0,00) such that I} (s,u® + t,u~) < 0 for
any (s,t) € [0,5] x [to, 00). That is, there exists (s, t,) € [0,5] X [0,00) such that

) = ,t).
Pulsu bu) (s,t)er[{)}g);[o,oo)l’[]u(s )

Then, we claim that (s,,t,) € (0,5) x (0,00). If t is small enough, for all s € [0, 5], we have
that ¥, (s,0) < ¥, (s, t). Thatis, (sy, ty) & [0,5] x {0}. Similarly, if s is small enough, for all
t € [0,00), we have that ,,(0,t) < ¢, (s, t). Thatis, (s, t,) ¢ {0} x [0,00).

In the following, it is easy to get that

& bs' +2
5 < A1—|——A1/ |Vu ]dx—l—

t2 btt _»
+ A2+—A2/3\Vu |“dx +

bg*
Az——B
6 1

bt A2
for all t € [0,00).

Therefore, we can get that ¢, (5,t) < 0. That is, (s,,t,) ¢ {5} x [0,00). In conclusion,
(su, tu) € (0,8) x (0,00). Hence, s,u™ + t,u~ € ./\/IK Then, by (3.6), we have that
bst s8

A2 LB,

2 b 4
mh > I (syu™ + tu™) + %”Al + %Al / |Vu™2dx + 0

2 bt bt}
+ t”A +—”A2/3 qu*1de+

>IK(suu + tyu )Zmﬁ,

A2

which implies a contradiction. Hence, B; = 0. In the same way, we can get B, = 0. Therefore,
By =B, =0.
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Step 3. We prove that m/ is achieved.

For any u® # 0, by Lemma 2.1, there exists a pair of (s, t,) such that s,u™ + t,u~ € MK In
addition, if ((I})(u), u™) <0, there exists a pair of (s, t,) € (0,1] x (0,1].
Since u,, x € M}, according to Lemma 2.1, we get

I (sumy o+ tutty ) < IN(uf A uy ) = 1) (0)-

Thanks to (f3), By = B, = 0 and the weakly lower semicontinuity, we obtain

1
mh < I¥(syu™t +tu~) — 1((1&‘)’(5,@# +tyu” ), suut 4 tuT)

1 _ 1 _
= g (lsuar I3 + 1t 1B) + 5 [ (lsus® o+ It )

+% [ L su™) (sue) _4F(Suu+)]dx+%/}Rs[f(suu_)(suu_) — 4F(syu~)dx

1 1
< ghulld + 55 [l 5 [ [Fn—4F)dx

1
: H H
< Jim [0 = Y () )
< mﬁ
Hence, we have thats, =, =1, and mf{ is achieved. We complete the proof. O

Motivated by Tian and Tang [25], with the help of the Nehari manifold, the following
lemma holds. Since the proof is standard, we omit it here.

Lemma 3.3. Assume that (V1)—(V3), (f1)—(fs) hold, then
(i) for any u € E,, there is a unique s, > 0 such that s,u € N and

I} (Sun) = max I} (su);

(ii) problem (1.1) has a positive ground state solution vy € N} and I} (vg) = ¢ < c¢* := 2=

3
p356 + (b?S*+-4aS)2
24 24 :

Now, we give the proof of Theorem 1.1 by the quantitative deformation lemma.

Proof of Theorem 1.1. First, we will prove that the minimizer u, is indeed a sign-changing so-
lution of problem (1.1), that is, (I})'(u)) = 0. Since uy € MY, one has ((I}) (up),uf) =
((I¥)'(up),uy) = 0. By Lemma 2.1 and Step 3 in the proof of Lemma 3.2, for any (a, ) €
(Rt x RT) and (&, B) # (1,1), we get
I (et + Buy ) < I{(uf +uy) =mbh. (3.8)
By contradiction. Suppose that (I})’(u,) # 0, then there exist x > 0 and T > 0 such that
(1) (@)l > %, forall o —u,|| < 3.
By (iii) of Lemma 2.2, there exist L > 0 such that ||u; ||, > L, and we can assume 67 < L. Let
D:=(3,3) x(3,3) and g(a, B) := au} + pu;, (x,B) € D. By Lemma 2.1, we have

) = ¥ ,B) < mh. 3.9
= max (I og)(w, ) < my (39)

H_ =M
For ¢ := min{ o 4"“, %} and S; := B(u,, T), there exists a deformation # such that
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(1) n(t,u) =uift =0, 0r u ¢ (I)) 1 ([m} — 2¢,m} + 2¢]) N Spr, where Sy := {x | [[x —y|| <
27, Yy € S};

@) (1, (IY)y"+enS,) < ()™
3) I{(n(1,u)) < I{(u) forall u € Ey;
(4) I%(-,u) is non increasing for every u € E,.
Now, we prove
max, I (n(1,g(a, B))) < mbh. (3.10)

According to Lemma 2.1, we have that I} (g(a, 8)) < m} < mh +e. That s, g(a, ) € (IK)’”K“.
From (1) and (4), one gets

I(n(1u) < I¥(n(0,u)) = I} (u), Vué€E,. (3.11)
In view of (3.8) and (3.11), we obtain
I3 (7(1,8(x, B))) < I3 (g(w, B)) < ),
where (, 8) # (1,1). On the other hand, from (2), one has
IH(n(1,8(1,1))) < mh —e < m.

Hence (3.10) holds.
In the following, we claim that 17(1,¢(D)) N M} # @. Let ¢(a, B) := (1, g(a, B)) and

1
«

(a, p) = ( <<I§‘>’<¢<a,ﬁ>>,<qo<a,ﬁ>>+>,1<<I§‘>'<¢<a,ﬁ>>,<¢<a,ﬁ>>>) |

B
The claim holds if there exists («g, Bo) € D such that ®(«o, o) = (0,0). Since

18(a, B) — upll5 = (& — Duy + (B—Duy |3
< la—1PJu 3
< |a— 1\2(61')2,

and |« — 1[2(67)> > 47% <> a < % or « > 3, using the above item (1) and the range of a, for
a =  and for every B € [1,3], we have g(3,B) & Sor. So from (1), when (3,8) € D, we have

¢(3,B) = g(3,B), thus

@38 = (2t (Gt +pus ) gt ) (000 (Gt +uy ) b ) )
By (f3), we know that
(ary (Gui = ) qui ) = (@t (ut ) gt )+ B2 [ 19 Pax [ 9P

2
1\ 1 .
> <(1§’)’ <2m> ,2u;> >0, forallpe [22} _

(3.12)
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Similar, when (3, 8) € D, we have ¢(3,8) = g(3, B), so that

3 \ 3 3 3 9B2p _
<(I§f)/ (Zuir +ﬁuA> ,zuj(> = <(IK)’ <2uj[> ,2uj(> + i/}m \VL[A\ZtJlx/]RS |Vu [*dx

3 3 13
<y (Gu) gui) <o manpe[p 3] e
Similarly, we have
1 \ 1 13
(0 (w4301 ) 3o ) >0 foratiae [1.3], 6.14)
3 \ 3 _ 13
<(1/P\’)’ (lxu;\*‘ + 214)\) , 2uA> <0, foralla e [2, 2} . (3.15)

Since @ is continuous on D, according to (3.11)—-(3.15) and Miranda’s theorem [21], we have
®(wo, Bo) = 0 for some (ap, Bo) € D. Hence 1(1,g(wo, Bo)) = ¢(ao, Bo) € M, which contra-
dicts with (3.10). Hence (I})’(u,) = 0. That is, u, is a ground state sign-changing solution of
problem (1.1).

Next, we shall prove that 1, changes sign only once, that is, u, has two nodal domains.
Indeed, we assume that uy = 17 + iip + i3 with

u; 70, u; >0, u; <0, uz>0,
supp(u;) Nsupp(u;) =@, i#j(i,j=123).

Then, let v = 11 + iy, v© = U3, v~ = i, by Lemma 2.1, there is a unique pair of (s,,t,) €
(0,1] x (0,1] such that s,0™ + t,o~ = s,lly + tyllp € MK, Iﬁf(svﬁl + tyilp) > mK Thanks to
(1Y) (up), 1) = 0 (i = 1,2,3), we get ((I})'(v),v*) < 0. Since

1 _
(D) (), 83)
1 b
:ZLHM?’H)‘ /]Vu1|2dx/ |Vits|*dx + ~ /]Vuzlzdx/ |Viis|*dx
+Z(/ |Vii3|2dx)? /fu3 u3dx—f/ |i13]%dx
< 1M(il3) + b/ |Vu1|2dx/ |V its[2dx + - / IVu2|2dx/ |V its[2dx.
By (2.8), we have
I | o
If\‘(svul + tyllp) — Z((IK)’(svul + tyllp), Splly + tyily)
2
= Sl + o [ Il lodx+ EImIE 4 o [ el
%/}Rs[f(sval)(sval)—4F(svﬁ1)]dx+ﬁ/ F(toiin) (tolly) — 4F (toila)|dx
< Il + 55 [ lmldx+ Il + 55 [l
=42 AT 12

"/ (i) iy — 4F(i1y)] dx+E/ (i) (i) — 4F (i1p)]dx
R3 4 R3

+

+
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= 1+ ) = (1) (0 + ), (1 + 1)

- 1 - b - _
= (00 + )+ (1) (), () + 5 [ [VimPax [ [V Pdx

+b/ ’Vﬁz’zdx/ |Vﬁ3|2dx
4 R3 R3

e ~ ~ b . - -
< IV () + I (ii2) + I} (u3) + 1 (/}RB ]VLLZ\ZGIJH—/]R3 |Vu3|2dx) /]R3 |Vt |*dx

+b</ \va1|2dx+/ ]Vﬁ;;]zdx)/ |Vilp|*dx
4 \ JRr3 R3 R3

b
+</ |Vﬁ1|2dx—|—/ ]Vﬁ2]2dx>/ |V its|2dx
4 R3 R3 R3
M

= I{(uy) = mh,
which is impossible. Then u, changes sign only once, that is, u, has exactly two nodal
domains.
Finally, we are going to prove m) > 2c/. Similar to the proof of Lemma 2.1, there exist
§,f > 0 such that su},fu; € N )f’ . Then, it follows from (3.8) that

b32F
2
> I8 (sul) + I (Fuy ) > 2ch.

| |Vuj[|2dx/]R3 Vut[2dx

Hence, the energy of ground state sign-changing solution is strictly larger than twice the
energy of the positive ground state solution. Then, we complete the proof of Theorem 1.1. [

Before the proof of Theorem 1.2, we define I%: H}(Q) — R as the energy functional of
problem (1.3), where

2
p_ 4 2 b / 2 _1/ 64y — /
I 2/Q|Vu| dx~|—4 ( Q\Vu| dx) 6.Q|u\ dx —p QF(u)dx.

Obviously, Ik is well defined and Ik € C'(H}(Q), R). Define
Me = {u € BY(Q) : u* 0, (18 (), u*) = 0},

and e := inf,e pm., 5 (u). Obviously, by the definition of Q) in (V3), one has M« C MY and
I¥(u) = I&(u) for any u € H}(Q) and A > 0. Then we get m/y, < mq.. Now, we give the proof
of Theorem 1.2.

Proof of Theorem 1.2. By Theorem 1.1, for any sequence {A,} C [A,+o0) with A, — o as
n — oo, {uy,} is the sequence of sign-changing solutions to problem (1.1), which satisfy
I (uy,) = mﬁn, (Ixn)’(u)\n) = 0 and ui # 0. By Lemma 3.1, there exists u* > 0 such that

mKﬂ < M for any p > uj, where M is independent of A,,. Then

1 1 1
M >l =1y (uy,) = (1) (ua,) ) > Fllua IR, = 4l ]?,
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which implies that {u,, } is bounded in E. Up to a subsequence, there is u, € E such that

uy, — Uy, in E;
uy, = sy, in LT (R3) for all g € (2,6); (3.16)

Uy, — Uy, a.e. in R3.

Firstly, we claim that u, € H}(Q) and (I%)'(u.) = 0. Since V(x) > 0, it follows from
Fatou’s lemma that

=0.

> - > e,
0< | V(x)uidx <liminf | V(x)uj dx <liminf
R3 n—oo JR3 n n—»00 n
By the condition (V3), we have that u,|qc = 0. Further, u. € H}(Q) because the boundary of
() smooth.
Secondly, similar to the proof of Lemma 3.2, we can deduce that u,, — u, in L*(R3) for
s € (2,6) and u, — u, in E. Hence, we obtain (IKH)’(u*) — 0. Due to (IKn)’(u*) =0, it is easy
to check that

0= (I} ) (u.),w) = a/ Vi, - Vwdx +b/ ]Vu*\zdx/ Vi, - Vwdx
" 0 0 0

— [ Puwds —p [ flu)ed = ((14) (w),w),

for any w € H}(Q), which means that ((I%)'(u.),w) = 0. That is, u, is a weak solution of
problem (1.3).

Finally, we only need to show that u, is a least energy sign-changing solution of problem
(1.3). Since u,, € Mﬁn, similar to Lemma 2.2-(iii), we get Hui | >Cy >0.Byuy, — u,inkE,
then ||u|| > 0. Hence, uf # 0 and u, € M. Combining Fatou’s lemma, (I%)’(u.) = 0 and
<(I§’n)’(u;\n),mn> = 0, we have

Moo < Ic’jo(u*) -

(%) (), us)

I T _ 1 6
= g3+ 4 [ 1w —ab@ )l + 55 [ odx

(] 2 M 1 6
<timinf (Gl I, + 5 [ (70 Js, —4F G )l + 35 [, )

= liminf (1;1,,(“?»") — z11<(1;;n)/(m")’m">>

n—00

=

= liminf mﬁ < Meo.-
n—o0 n

Hence, I%(u.) = me. Hence,we conclude that u, is a ground state sign-changing solution of
problem (1.3) and u), — u, in E. Thus, we complete the proof of Theorem 1.2. ]

4 Proof of Theorem 1.4

Since the problem involves critical nonlinearity, in order to get the existence of sign-changing
solutions for problem (1.1), we need to construct a sign-changing (PS) nl-Sequence. Inspired
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by the method of [6], we give some definitions. Let the functional ¢(u, v) be defined on E, by
Jia [|%dx + p [ps f(u)udx

if u #0;

@(u,0) = { Nulld +0([s |VulPdx)? +b [ [Vul?dx [y |Vo|?dx’ (4.1)
0, ifu=0.
It is obvious that u € M if and only if (u™,u~) = ¢(u~,ut) = 1. Set
_ 313
U.—{ueE;\.2<q)(u ,u)<2,2<(p(u ,u)<2}. (4.2)
Let P denote the cone of non-negative functions in E,, Q = [0,1] x [0,1], X be the set of

continuous maps ¢ with s, f € [0,1], and

(D) o(s,0) =0,0(0,t) € Pand o(1,t) € —P;

m (I"oo 5,1) <0, Jr3 lo(s,1)|0 dx+u Jr3 flo(s1))o(s,1) dx >
@) (Iyeo)(s:1) < lo(s )R +( fa IVo(s)Pdx)”

Choosing u € E, with u™ # 0, let o(s,t) = C+(1 —s)u™ + Ctsu~, where C > 0, s,t € [0,1]. Tt
is easy to see that o € X for C > 0 large enough, which implies X # @.

Lemma 4.1.
inf sup I)(u) = inf I}(u).
ceXuco(Q) ueMy

Proof. In fact, for any u € M}, there exists (s, t) = Ct(1 —s)ut + Ctsu~ € £ for C > 0
sufficiently large. By Lemma 2.1, we can deduce that

I (u) = max IV (sut +tu") > sup I)(u)>inf sup Ij(u).
S;t=>

ueo(Q) cexueor(Q)
Consequently,
inf sup I)(u) < inf I}(u). (4.3)
ceXuco(Q) ue MY

Meanwhile, if for each o € X, there exists u, € 0(Q) N MY, which implies that
sup I§(u) > I§(uy) > inf IY(u),
uer(Q) ue My
which gives

inf sup I)(u) > inf I}(u). (4.4)
ceXuco(Q) ue MY

Hence it is sufficient to show that for each o € X, there holds that o(Q) N MY # @. On the
one hand, for each ¢ € ¥, t € [0,1], we have
e(c(0,1),07(0,1)) = @(0™(0,8),07(0,4)) = @(c7 (0, £),07 (0, ) > 0; (4.5)

e (1,8),07 (L) — (e (Lt),07(1,1)) = (o (L t),0"(1,1)) <0. (4.6)
On the other hand, from the definition of X, for any ¢ € X and s € [0, 1], using the elementary
inequality g + % > % for any a,b,c,d > 0, one infers that

Jga 1o (s, )]0 dx + p [ f(0(s,1))o(s,1) dx

lo(s, V)13 +b (fo [V (s, 1)[2dx)?

N

9(c"(s,1),07(s,1)) + (e (5,1),07(s,1)) >

> 2.
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Therefore, by the definition of ¢ and X, one has

¢(07(s,1),07(5,1)) + ¢(0(s5,1),07(5,1)) =2 >0, 4.7)
@(c"(s,0),07(5,0)) + @(c (s,0),07(5,0)) —2= -2 < 0. (4.8)
By Miranda’s theorem [21] with (4.5) — (4.8), it follows that there exists (s, t,) € Q such that

(0t (50, t0), 0 (So,te)) — (0 (S0, o), 0" (S0, ts)) = 0;

o0 (80,t0),0 (80, ts)) + @(0 (S0, ts), 0" (8¢, t0)) = 2.

Then,
@0t (S0, te), 0 (8e,ts)) = (0 (8¢, t0), 07" (50, ts)) = 1.

This means that for all ¢ € £, there exists uy = 0(s, tr) € 0(Q) N M. Therefore, by (4.3)
and (4.4), we complete the proof of Lemma 4.1. O

Lemma 4.2. There exists a sequence {u,} C U satisfying I} (u,) — mhy and (1)) (uy) — 0.

Proof. First, we prove the existence of the (PS)mﬁ-sequence {u,} C E, for I{. Consider a
minimizing sequence {w,} C MY and 0,,(s,t) = Ct(1 — s)w,} + Ctsw,, € %, then

lim max I¥(w) = lim I*(w,) = m".
n—oo wer, (Q) /\( ) n—0o /\( n) A

Using a variant form of the classical deformation lemma [22] due to Hofer [10], we claim that
{u,} C E, such that, as n — oo,

I (un) — mb, (I8) (un) — 0, dist(un, 04(Q)) — 0. (4.9)

Suppose the claim is false, then it is possible to find a é; > 0 such that ,,(Q) NV, = @ for n
large enough, where

Vs, ={u € Ey:Tv€Ey, st lo—ully <&, (1)) (0)x <6, [I{(v) —mh| <&}

By the deformation lemma [22], there exists a continuous map 7 : [0,1] x Ey, — E, satisfying
for some ¢ € (0, WTK) and all ¢ € [0,1], with

@) 7(0,u) = u; y(t, —u) = —n(t,u);

(b) 77(t,u) = u for Yu € (I})"~5 U (Ex\(I})"3*);

(©) (1, ()™ HE\V,,) < ()"

(@) (1L ()" 2P\,  (I)" 2N P,
where (I{)? = {u € E, : I§ (u) < d}.

Since limy,—;co MaXyeq, () L ¥ (w) = mY, we can find n such that
0a(Q) € (I)"*E, 0,(Q) NV, = . (4.10)

Let us define 7, : Q — E, by (s, t) = n(1,04(s, t)) for V(s,t) € Q. Then, we know &, € X.
By the property (c) of 17, we can derive that 7,(Q) C (I K)WK—%, which leads to a contradiction

because

mh =inf sup I)(w) < max I)(w) <m)— .

ceXwer(Q) wed (Q)
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Therefore, it is sufficient to verify that &, € X. Indeed, due to property (b) of # and 7, € Z,
one gets

Tu(s,0) =1(1,04(s,0)) =5(1,0) = 0.
And it follows from 0,(0,t) € P, (4.10) and property (d) of # that ,,(0,f) € P. Moreover, in
view of 0,,(1,t) € —P and (4.10), we obtain

—0u(1,t) € ((zg‘)m%% mp) \ Vs,

which implies that ¢,(1,t) = —5(1, —0,(1,t)) € —P thanks to properties (a) and (d) of 7.
Then, 7, satisfies property (I). Furthermore, using the fact that (I K 00)(s,1) <0 and property
(b) of 7, we have

Tu(s,1) =n(1,04(s,1)) = 0u(s,1),

that is, &, satisfies property (II). Hence, we can conclude that 7,, € ¥ from the continuity of #
and &;,.

Lastly, we show that the {u,} C U for n sufficiently large. Since (I})(u;) — 0, then
((IY)(un), uf) = 0(1). Then we need to prove that u;> # 0 because it implies that ¢ (1}, u, ) —
1, ¢(u, ,u;;) — 1 for n sufficiently large. By (4.9), there exists a sequence {v,} such that

Un = YWy + Buw, € 0u(Q),  [on — unllx — 0. (4.11)

Thus, in order to get u;¥ # 0, we can prove that y,w,” # 0 and B,w, # 0 for n sufficiently
large. By {w,} C MK and (iii) of Lemma 2.2, we only need to prove that lim, ;e ¥, 7# 0
and lim, e B # 0. Otherwise, if lim, ;o Y, = 0 and lim, o B, = 0, it follows from the
continuity of I K and (4.11) that

mh = lim I (vy) = Hm IY (yawy + Buwy, ) = lim I (yawyh).

However, for § sufficiently small, by (2.9), we can deduce that

mh = lim I} (w,) = lim max I} (yw,} + w;, ) > lim max I} (y,w, + Bwy,)

n—oo n—o0 7,0 n—oo >0

. 1 _ b _ 2
= lim ma3<{2||7nw;[+/3wn 13 + 4(/]123 IV (ynwy + Buw, )|2dx>

n—oo >

é (il [+ |y %) dx—y/ (ynwy + Bw, ) d }

> lim I} (y,w )+hm max{ |w, |15 — ;4/ (Bw,) x—f/ |Bw,, ]6dx}

n—o0o o B>0

2 iy +max (Cif* — Cof°) > i,
which is a contradiction. Therefore, we can assume that {u,} C U satisfies I} (u,) — m’ and
(I¥)(un) — 0 for n sufficiently large. Hence, we complete the proof of Lemma 4.2. O

Let ve = @u,, where u, is defined by (2.2) and ¢ is a cutoff function such that 0 < ¢ <1,
(P’Bro(f)) = 1 and supp ¢ C By, (g for some ro > 0.
Similar to [4], we have

1

/Rs Vo 2dx = $3 + 0 (s%), </}R$ |vg\6dx>3 g3 +o( %)
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and
0 (si) re[2,3);
/ |ve|" dx = O(eillnso r=3; (4.12)
R3
o(ﬁ) r € (3,6).
Then, we have the following conclusion.

Lemma 4.3. Assume that (V1)—(V3), (f1)-(f3) and (f}) hold, then m’ < ¢} + c*.

Proof. Step 1. We need to find an element that belongs to M. Actually, there exist s, t, > 0
such that s,vg — t.vs € Mﬁ, where vy defined by Lemma 3.3 is a positive ground state solution
of problem (1.1). By the elliptic estimates, we derive vy € L*(R?). Denote ¢(a) = 1oy —v,,
a > 0. Define

s =sup{a € R": 9" (a) #0}, m=inf{aecR":¢ (a) #0},

we obtain a1 = 400 and 0 < a, < ay, because of vy is a positive ground state solution. As
a—af, ¢ (a) — 0, then t(¢(a)) — +oo by (ii) of Lemma 2.2 and the boundedness of s(¢(a))
in R*. Therefore,

s(g(a)) —t(p(a)) — —oo. (4.13)

Similarly, as 4 — a1 = +o0, we obtain that

s(p(a)) —t(p(a)) — +oo. (4.14)

Hence, by (i) of Lemma 2.2 and (4.13) and (4.14), there exists a4, € (a2,a1) such that s(¢(a;)) —

t(p(ag)) =0, ie., s(p(as)) = t(g(a:)). Let s, = ul—ss(qo(ag)) and t. = t(¢(ae)), it is easy to see
that

5(p(ac))@(ac) = s(@(ac)) 9™ (ac) + t(@(ac)) @~ (ac) = sev0 — teve € My,

Step 2. We show that mﬁ < cﬁ +c*. We only need to consider that s, f. are contained
in bounded interval because Iﬁf(sgvo — teve) < 0if s, or t, is sufficiently large. By a direct
calculation, one obtains

IK (Sevo — teve) — I”(sgvo)

= 2/ (| Vteve|? —2SEthUQVUg)—|—)\V( ) (2 —ZSgtEvovg)))dx
b
+4(/ |Vtgvg]2dx —I—b / Vs:0g - Vtgvgdx 2/ \ngvo|2dx/ |Vtgvg] dx
—b/ ]ngvo\ dx/ Vsevg - V0, dx—b/ |Vtgv€]2 dx/ Vsevg - V0 dx
R3 RR3 IR3 R3
1

1
— 2| (sevo — teve)®dx — y/ F(sevg — teve) dx + = / |5v0[® dx + ;4/ F(s:vp) dx
6 /R R? 6 JR3 R?

=111 + 11, + 113 4+ 114 + 115 + I + I1;.

That is,
I;: (SEUO — tgve) = IK (SEU()) + 11 + 11, + 115+ 11y + 115 + Il + 117, (4.15)
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where

_4a 2 b 2 4 6
I, = —a/ Vsevg - Vitvedx — b/3 \ngvoF dx/3 Vs.vg - Vitve dx,
R R
= _V/ tsvs
z2b 2 2
Il :b / ngvo-Vtsvedx) +7/ |Vsevpl dx/ |Viteve|”dx,
R3 2 JRr3 R3
Ils = 1/ /\V(x)|tgv€|2dx - b/ |Vtgvg|2dx/ Vs.vg - Vtve dx —setg/ AV (x)vgvedx,
2 Jr3 R3 R3 R3
Iy = y/ F(s:vp) dx + y/ F(—teve) dx — y/ F(sevg — teve) dx,
R3 R3 R3
1 1 1
I1; = A /]R3 |500[® dax + 3 /1R3 |teve|® dx — < /]R3(sgvo — t.0e)% dx.

For I, according to (4.12), as ¢ — 0, one has

b 2 1 . 1
I, <max{2/ |Vtvg|2dx—|—4</]R3\Vtvg|2dx> —g/le|tvg|6dx} =c"+0(e2). (4.16)

t>0

For I1,, we get
I, < 0. (4.17)

For I3, when ¢ is sufficiently small, for |x| < ez,

3ei
(e+]xP)z

ST

Ve = Uy =

By (f;), we know that for R > 0 large enough, there exists Ag > 0 such that
E(s) > R|s|’,

for any |s| € [Agr, +).
When ¢ is small enough, one gets

-

/| <ed F(—t:ve) > CR | € idx = CRei. (4.18)
x| <&

|x|<e2

By (f1) and (f}), there exist L > 0 and any ¢ > 0 such that F(t) 4+ Lt* > 0. Through (4.12), one
has
/ , F(teve)dx > —C | vel?dx = —Ce?. (4.19)
|x|>e2

|x\>82

Thus, for any € > 0, through (4.18) and (4.19), we obtain

= —]/l/ tsve

—CR . e idx+C

1
|x|<e2 |x|>e2

< Ce? — CRel.

|ve|? dax
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For Iy, we can assume 0 < b < by := €2 with Holder’s inequality such that

2
I, =0 (/ ngvo-Vtgvgdx) —I-b/ Ingvolzdx/ |Vteve|? dx
R3 2 Jr3 R3

1 192
2 2
(/}RS|VUO|2dx> (/IR3|VUg|zdx>

< Cb/ yvpo|2dx/ Vo2 dx
RR3 R3

< CbS3? < Cez.

<Cb

For ITs, due to supp ¢ C Byg,(0) and By, (0) C Q), we get
Tls — —b / |V te0e|? dx / Vse0p - Vieoe dx < 0. 4.21)
RR3 RR3
For I1¢, by [34, Lemma 3.3] and (4.12), we have

ITg < |2 /]R3 (’f(ssvo)tgvg‘ + \f(—Ssvo)tsUd + |f(_t£ve)5£z)0’ + ’f(teva)ssUOD dx

<4y /]R3 (esetevove + CesateUqve + Ces2vev]) dx 122)

< C|vo|oo/ |vg|dx—|—C|vo|20/ |v€|dx—|—C|vo|oo/ (0|7 dx
R3 R3 R3
< Cs%.

For Iy, for the elementary inequality x® + y® — |x — y|® < C(x°y + xy°) for any x,y > 0,
by vy € L°°(]R3), Holder’s inequality and the boundedness of s, t¢, one obtains

7 <C [ (Isconl|teve] + [teoe Plscool) dx
< C|z70]§o/ ]vg|dx~|—C|vo|oo/ l0e |3 dx (4.23)
R3 R3
< Cet.
Thus, in virtue of (4.16)—(4.23) and (ii) of Lemma 2.2, as ¢ — 0, one obtains
ml < 1§ (s¢vg — te0e)

< I¥(vg) +c* + Ce? + Cei + —CRei
< ch +c* (since R > 0 large enough),

we conclude that m! < ¢ + ¢*. Thus, we complete the proof. O

Similar to [15, Lemma 3.6], we can obtain the following lemma by a standard argument.

Lemma 4.4. For 5,f > 0, the following system
(4.24)

has a unique solution (3¢, t). Furthermore, if 11(5,t) > 0 and I5(5,f) > 0, then

§>5) and t> 1y,



Ground state sign-changing solutions for critical Kirchhoff-type equations 27

where

_ abS® + a\/b256 + 44853 _ b3S® +2abS3 4+ b2S3\/b2S6 + 4453
= > and fy = 5 .

Lemma 4.5. Assume that (V1)—(V3), (f1)-(f3) and (f;) hold. Then there exists A > 1 such that for
any sequence {u,} C U satifying

Y (un) = mh € (0,ck +¢*) and (1)) (uy) >0 as n— oo, (4.25)
admits a strongly convergent subsequence for all A > A.

Proof. By (4.25), we can deduce that

i 0(1) = I (u) — (L) (s, )

L e L 6 E/ _
= 2l + 2 /Rs|un| de+ [ [ Gun)u, — 4F () (4.26)

1
> ZLHM"H%"

which implies that {u,} is bounded in E,. Up to a subsequence {u,}, there exists u, € E,
such that
Uy — uy, in E,,

uy — uy, in L] (R®) forallg € [2,6),
un(x) = up(x), ae. inR3.

Set vy, := u, — u,. By the Brézis-Lieb lemma, we get

/ \vnyédx:/ \un]6dx—/ 1A |® dx + o(1). (4.27)
R3 R3 RR3

Furthermore,

lunllz = llonll + lluall} +o(1),

Jgs [VunPdx =[5 [Vou?dx + [s [Vup[2dx +0(1),

(S | Vun|2dx)? = (Jgs |Vou]?dx)? + ([gs [Vua|2dx)? +2 [is [V [*dx [is |Vup[2dx 4 0(1).
(4.28)

Let p € R such that [p; [Vu,|?dx — p?. By the weak lower semicontinuity of norm, we have
that p? > [s |Vu,|?dx. We define

+ bp? 1
iy o= 00 /H{3|Vu\2dx+§/]RSAV(x)”2dx 4.29)
1 6 |
-z st dx—y/lRBF(u)dx,
N L 2 .
(03 (w),0) 1= (a +bp?) [ V- Vodut [ AV(xuod (4.30)

4
—/]RBM uvdx—pt/wf(u)vdx.

Since (I})"(uy) — 0 and u, — u, in E,, one has

/}RS(aVuA-VqH—AV(x)uA(p) dx + bp? /1R3 Vu/\-V(palx—/]R3 |u;\]4qu)dx—y/]R3f(uA)(pdx =0,
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for any ¢ € E,, which implies that (J})’ (1)) = 0. Using (4.27) and (4.28), we get

(a+ bo?) /1123 Vo, |* dx + /1{{3 AV (x)v% dx — u /Rsf(vn)vn dx — /]RS |0,0dx = 0(1).  (4.31)
By (2.1), (2.9) and (4.31), one obtains

[oa]5 < /}RS |vn|6dx+]/l/]RSf(Un)'UndX—|—O(1)
< VS/IRS \Unlzdx—i—C/]Rs ]vn\6dx < ysS%an]ﬁ—i—CanHf’\.

Choosing 1 — ueS3 > 0 and C > 0 independent of A, we get
[oall3 < Clloull3. (4.32)
Next, we show v,, = 0 in E,. Then, one of two following cases occur:
Case (i): [|v,]3 = 0;
Case (ii): ||v,||3 > [ > 0 for some [ > 0 independent of A.

If case (i) holds, the proof is completed.
If case (ii) holds, let u;, = u, , and v, = v, ,, by the same to the prove of Lemma 3.2, one
gets

liminf lim sup |00 |2dx =0,
A=roo 00 yeR3 7 Br(y
then, there exists a subsequence {v), x} = {up, x — up} such that v, , — 0 in L1(R%) with
g€ (2,6).
Since
Jlim I (up,) =mh, (1Y) (upn), urn) — 0 asn — oo, (4.33)

and from Lemma 3.3, we have CK < c¢*. Then, taking the limit of (4.33), we deduce

.. . U R TIN U *
hﬂglfnlgr.}o Iy (upn) = ll)l;lllolélfm/\ < 2c%, (4.34)

and
liminf lim ((I§)(ua ), uru) = 0. (4.35)

A—00 N—00

By (4.34) and (4.35), as k — oo, one has

IKk(MAklk) < 2C*, <(I;fk)/(u/\k,k), Ll/\k,k> — 0.
Since u, , — u,, by a direct calculation, one has

bA*

IK(“A,n) - ]K(UA,n) + ]K(”/\) BV (4.36)

From (J})'(u)) = 0, one has
b
Fi() =30 [ [V dx
L+ 2 2 [ IvuPdx—p [ EG )dx—l/ 0, |° dx
2 AllA 4p R3 A H R3 A 6 Jr3 A
1
~1 ((J3) (1), u2)

_ 1 2 K 1 6
=l + & [~ aF)ldx+ 35 [ uaf°dx
> 0.

(4.37)



Ground state sign-changing solutions for critical Kirchhoff-type equations 29

Then, by (4.36) and (4.37), we get
1}% I/P\l(u/\,n) > r}glgo ];: (U/\,n)'
Taking the limit with respect to A in the above inequality, we obtain

Li f lim I¥ > 1i fl
iminf lim I} (uy,,) > liminf lim ]} (01,),

and consequently,
: H : H
khr{}o I, (tr k) = khr?o Jh, (Ua k) (4.38)

Moreover, ((J}) (vau), van) — 0 (n — o), by a similar argument as above, together with the
properties of subsequences, we obtain

(J3) (0a k), 0ah),  ask — co. (4.39)

From Lemma 3.2, we get u,, , — u, in L¥(R?) for all s € (2,6), then, by (f1) — (f3) and (f}),
one has

/Rsf(“Ak,kW?\k,kdx = /IRaf(u;L)u;\dx—ko(l);/}R3 F(uy, g)dx = /IRaF(u;L)dx—i—o(l). (4.40)
By (4.39)—(4.40), we get

(a+b0%) | Vo uPdx+ A [ VlorulPdx = [ oyl dx+o(1).
R3 R3 RR3
Thus there exist [; > 0 (i = 1,2,3) such that

El/]R3 \VvAk,k|2dx + Ag ./]R3 V(x)vik,kdx — 1y, bpz /][{3 \VvAk,k|2dx — b, KR3 |0Ak/k|6dx — 3.

Moreover, by the Sobolev inequality, one obtains

1
3
a/IRS |Vop, i 2dx + A /]R3 V(x)vik,kdx > aS (/]RS oA, k|® dx) ,

2
b </}R3 ]VvAk,k\zdx> > pS? </}R3 ]vAk,klédx> ,

I >aS(h+1h)5 and I > bS%(l; + 1),

and

then

By Lemma 4.4, we get
1abS® +av/b2S6 +4aS3 1 b>S® + 2abS® + b?S3\/b2S6 + 4aS3
=l —l— lz > _
3 3 2 12 2
_ab$® B0 (1St +4aS)?
4 24 24 B
Consequently, by (4.38) and (4.41), one gets

cr > im 1, o1,0) 2 fim (1% (02000 = G (U (0n,0), 0,00

. a 2 bp? 2
= lim §/ (Voa, il dx—l——/ vAkrkdx—l—?/]R3 |Voa, k| “dx

gll—i-flz > c*

which is a contradiction. Hence case (ii) is impossible. Therefore only case (i) holds, i.e.
u, — uy strongly in E,. This completes the proof. O

(4.41)
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Now, we give the proof of Theorem 1.4.

Proof of Theorem 1.4. By Lemma 4.1, there exists {u,} C U such that I}(u,) — m} and
(If) (un) — 0 as n — oo. Combining Lemma 4.3 with Lemma 4.5, we know that {u,}
contains a strongly convergent subsequence. Thus, there exists u, € E, such that u, — u, in
E) as n — co. We can deduce that I} (1)) = m} and (I})’(u,) = 0. Similar to the calculation
of (2.24), we have [luif|, > C; > 0, which means that |[u; |y > C; > 0 and u3 € M}. Then,

u) is a least energy sign-changing solution of problem (1.1).
Next, the same to the proof of Theorem 1.1, we can prove that u, has exactly two nodal
domains and its energy is strictly larger than twice that of the positive ground state solution.
O

The proof of Theorem 1.5 is analogous to that of Theorem 1.2, so we omit the details here.

Acknowledgements

The authors express their gratitude to the reviewer for careful reading and helpful suggestions
which led to an improvement of the original manuscript. This work was supported by the
Sichuan Science and Technology Program (No.2026YFTX0024).

References

[1] C. O. Arves, FE. Correa, On existence of solutions for a class of problem involving a
nonlinear operator, Comm. Appl. Nonlinear Anal. 8(2001), No. 2, 43-56. https://doi.org/
10.1016/S0096-3003(02)00740-3; MR1837101; Zbl 1086.35038

[2] A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string, Trans. Amer. Math.
Soc. 348(1996), No. 1, 305-330. https://doi.org/10.1090/50002-9947-96-01532-2;
MR1333386; Zbl 0858.35083

[3] T. BaArtscH, Z. Q. WANG, Existence and multiplicity results for some superlinear elliptic
problems on RN, Commun. Partial Differential Equations 20(1995), No. 9-10, 1725-1741.
https://doi.org/10.1080/03605309508821149; MR1349229; Zbl 0837.35043

[4] H. Brezs, L. NIRENBERG, Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math. 36(1983), No. 4, 437-477. https:
//doi.org/10.1002/cpa.3160360405; MR709644; Zbl 0514.35029

[5] K. ]J. BRowN, Y. P. ZHANG, The Nehari manifold for a semilinear elliptic equation with a
sign-changing weight function, J. Differential Equations 193(2003), No. 2, 481-499. https:
//doi.org/10.1016/30022-0396(03)00121-9; MR1998965; Zbl 1074.35032

[6] G. CEraMI, S. SoLiMINI, M. STRUWE, Some existence results for superlinear elliptic
boundary value problems involving critical exponents, |. Funct. Anal. 69(1986), No. 3,
289-306. https://doi.org/10.1016/0022-1236(86)90094-7; MR0867663; Zbl 0614.35035

[7] J. H. CuEeN, X. H. TaNG, B. T. CHENG, Existence and concentration of ground state sign-
changing solutions for Kirchhoff type equations with steep potential well and nonlinear-
ity, Topol. Methods Nonlinear Anal. 51(2018), No. 1, 111-133. https://doi.org/10.12775/
TMNA.2017.062; MR3784739; Zbl 1391.35137


https://doi.org/10.1016/S0096-3003(02)00740-3
https://doi.org/10.1016/S0096-3003(02)00740-3
https://www.ams.org/mathscinet-getitem?mr=1837101
https://zbmath.org/?q=an:1086.35038
https://doi.org/10.1090/S0002-9947-96-01532-2
https://www.ams.org/mathscinet-getitem?mr=1333386
https://zbmath.org/?q=an:0858.35083
https://doi.org/10.1080/03605309508821149
https://www.ams.org/mathscinet-getitem?mr=1349229
https://zbmath.org/?q=an:0837.35043
https://doi.org/10.1002/cpa.3160360405
https://doi.org/10.1002/cpa.3160360405
https://www.ams.org/mathscinet-getitem?mr=709644
https://zbmath.org/?q=an:0514.35029
https://doi.org/10.1016/S0022-0396(03)00121-9
https://doi.org/10.1016/S0022-0396(03)00121-9
https://www.ams.org/mathscinet-getitem?mr=1998965
https://zbmath.org/?q=an:1074.35032
https://doi.org/10.1016/0022-1236(86)90094-7
https://www.ams.org/mathscinet-getitem?mr=0867663
https://zbmath.org/?q=an:0614.35035
https://doi.org/10.12775/TMNA.2017.062
https://doi.org/10.12775/TMNA.2017.062
https://www.ams.org/mathscinet-getitem?mr=3784739
https://zbmath.org/?q=an:1391.35137

[8]

[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

Ground state sign-changing solutions for critical Kirchhoff-type equations 31

Y. B. DENG, S. ]. PENG, W. SHuAI, Existence and asymptotic behavior of nodal solutions for
the Kirchhoff-type problems in R?, J. Funct. Anal. 269(2015), No. 11, 3500-3527. https:
//doi.org/10.1016/j.jfa.2015.09.012; MR3406860; Zbl 1343.35081

L. Gao, C. F. CueN, C. X. Znu, Existence of sign-changing solutions for Kirchhoff equa-
tions with critical or supercritical nonlinearity, Appl. Math. Lett. 107(2020), 106424, 7 pp.
https://doi.org/10.1016/j.aml.2020.106424; MR4097887; Zbl 1442.35136

H. HoFER, Variational and topological methods in partially ordered Hilbert spaces, Math.
Ann. 261(1982), No. 4, 493-514. https://doi.org/10.1007/BF01457453; MR0682663;
Zbl 0488.47034

X. Q. Huang, J. E Liao, R. Q. Ly, Ground state sign-changing solutions for a
Schrodinger-Poisson system with steep potential well and critical growth, Qual. The-
ory Dyn. Syst. 23(2024), No. 2, Paper No. 61, 23 pp. https://doi.org/10.1007/
$12346-023-00931-8; MR4683109; Zbl 1533.35109

J. C. Kang, X. Q. Ly, C. L. TaNG, Ground state sign-changing solutions for critical
Schrodinger-Poisson system with steep potential well, J. Geom. Anal. 33(2023), No. 2,
Paper No. 59, 24 pp. https://doi.org/10.1007/s12220-022-01120-w; MR4523523;
Zbl 1506.35061

G. KircHHOFF, Mechanik, Teubner: Leipzig, 1883.

C.Y. LEeg J. E L1ao, C. L. TANG, Multiple positive solutions for Kirchhoff type of problems
with singularity and critical exponents, |. Math. Anal. Appl. 421(2015), No. 1, 521-538.
https://doi.org/10.1016/j.jmaa.2014.07.031; MR3250494; Zbl 1323.35016

G. B. L1, H. Y. YE, Existence of positive solutions for nonlinear Kirchhoff type problems
in with critical Sobolev exponent, Math. Methods Appl. Sci. 37(2014), No. 16, 2570-2584.
https://doi.org/10.1002/mma.3000; MR3271105; Zbl 1305.6777

G. B. L1, H. Y. YE, Existence of positive ground state solutions for the nonlinear Kirchhoff
type equations in IR?, J. Differential Equations 257(2014), No. 2, 566-600. https://doi.org/
10.1016/j.jde.2014.04.011; MR3200382; Zbl 1290.35051

Q. Ly, X. S. Dy, Z. Q. Znao, Existence of sign-changing solutions for nonlocal Kirchhoff-
Schrodinger-type equations in R, J. Math. Anal. Appl. 477(2019), No. 1, 174-186. https:
//doi.org/10.1016/j.jmaa.2019.04.025; MR3950034; Zbl 1421.35113

M. C. L1ao, C. L. Tang, Existence and concentration of nontrivial solutiona for a class
critical quasilinear Schrodinger equations with steep potential well, Discrete Contin. Dyn.
Syst. Ser. S 20(2026), 81-109. https://doi.org/10.3934/dcdss.2025041; MR4991776;
Zbl 8169122

J. Liu, J. E Liao, C. L. Tang, Positive solutions for Kirchhoff-type equations with critical
exponent in RY, . Math. Anal. Appl. 429(2015), No. 2, 1153-1172. https://doi.org/10.
1016/j.jmaa.2015.04.066; MR3342510; Zbl 1319.35021

A. M. Mao, Z. T. ZHANG, Sign-changing and multiple solutions of Kirchhoff type prob-
lems without the P.S. condition, Nonlinear Anal. 70(2009), No. 3, 1275-1287. https:
//doi.org/10.1016/j.na.2008.02.011; MR2474918; Zbl 1160.35421


https://doi.org/10.1016/j.jfa.2015.09.012
https://doi.org/10.1016/j.jfa.2015.09.012
https://www.ams.org/mathscinet-getitem?mr=3406860
https://zbmath.org/?q=an:1343.35081
https://doi.org/10.1016/j.aml.2020.106424
https://www.ams.org/mathscinet-getitem?mr=4097887
https://zbmath.org/?q=an:1442.35136
https://doi.org/10.1007/BF01457453
https://www.ams.org/mathscinet-getitem?mr=0682663
https://zbmath.org/?q=an:0488.47034
https://doi.org/10.1007/s12346-023-00931-8
https://doi.org/10.1007/s12346-023-00931-8
https://www.ams.org/mathscinet-getitem?mr=4683109
https://zbmath.org/?q=an:1533.35109
https://doi.org/10.1007/s12220-022-01120-w
https://www.ams.org/mathscinet-getitem?mr=4523523
https://zbmath.org/?q=an:1506.35061
https://doi.org/10.1016/j.jmaa.2014.07.031
https://www.ams.org/mathscinet-getitem?mr=3250494
https://zbmath.org/?q=an:1323.35016
https://doi.org/10.1002/mma.3000
https://www.ams.org/mathscinet-getitem?mr=3271105
https://zbmath.org/?q=an:1305.6777
https://doi.org/10.1016/j.jde.2014.04.011
https://doi.org/10.1016/j.jde.2014.04.011
https://www.ams.org/mathscinet-getitem?mr=3200382
https://zbmath.org/?q=an:1290.35051
https://doi.org/10.1016/j.jmaa.2019.04.025
https://doi.org/10.1016/j.jmaa.2019.04.025
https://www.ams.org/mathscinet-getitem?mr=3950034
https://zbmath.org/?q=an:1421.35113
https://doi.org/10.3934/dcdss.2025041
https://www.ams.org/mathscinet-getitem?mr=4991776
https://zbmath.org/?q=an:8169122
https://doi.org/10.1016/j.jmaa.2015.04.066
https://doi.org/10.1016/j.jmaa.2015.04.066
https://www.ams.org/mathscinet-getitem?mr=3342510
https://zbmath.org/?q=an:1319.35021
https://doi.org/10.1016/j.na.2008.02.011
https://doi.org/10.1016/j.na.2008.02.011
https://www.ams.org/mathscinet-getitem?mr=2474918
https://zbmath.org/?q=an:1160.35421

32

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[29]

[30]

[31]

[32]

[33]

S.-X. Liu and ].-F. Liao

C. Miranda, Un’osservazione su un teorema di Brouwer, Boll. Unione Mat. Ital. 3(1940),
5-7. MR0004775; Zbl 0024.02203

P. H. Rabinowitz, Variational methods for nonlinear eigenvalue problems, in: G. Prodi
(Ed.), Eigenvalues of nonlinear problems, CIME, 1974, pp. 139-195.

W. SHual, Sign-changing solutions for a class of Kirchhoff-type problem in bounded
domains, J. Differential Equations 259(2015), No. 4, 1256-1274. https://doi.org/10.1016/
j.jde.2015.02.040; MR3853624; Zbl 1319.35023

G. TArRaNTELLO, Nodal solutions of semilinear elliptic equations with critical exponent,
Differential Integral Equations 5(1992), No. 1, 25-42. MR1141725; Zbl 0758.35035

Q. L. Tian, C. L. Tang, Existence and concentration of least energy sign-changing so-
lutions for critical Kirchhoff-type equations with a steep potential well, Discrete Contin.
Dyn. Syst. Ser. S 17(2024), No. 12, 3316-3341. https://doi.org/10.3934/dcdss . 2024030;
MR4819600; Zbl 1555.35155

D. B. WANG, Least energy sign-changing solutions of Kirchhoff-type equation with crit-
ical growth, J. Math. Phys. 61(2020), No. 1, 011501, 19 pp. https://doi.org/10.1063/1.
5074163; MR4047474; Zbl 1433.35443

M. WILLEM, Minimax theorems, Progress in Nonlinear Differential Equations and their
Applications, Vol. 24, Birkhduser Boston, Inc., Boston, MA, 1996. https://doi.org/10.
1007/978-1-4612-4146-1; MR1400007; Zbl 0856.49001

M. H. Wy, C. L. TaNnG, The existence and concentration of ground state sign-changing
solutions for Kirchhoff-type equations with a steep potential well, Acta. Math. Sci. Ser. B
43(2023), No. 4, 1781-1799. https://doi.org/10.1007/s10473-023-0419-6; MR4603155;
Zbl 1524.35202

X. Wu, Existence of nontrivial solutions and high energy solutions for Schrodinger
Kirchhoff-type equations in RN, Nonlinear Anal. Real World Appl. 12(2011), No. 2, 1278
1287. https://doi.org/10.1016/j.nonrwa.2010.09.023; MR2736309; Zbl 1208.35034

Q. L. X1, Least energy nodal solution for Kirchhoff type problem with an asymptoti-
cally 4-linear nonlinearity, Appl. Math. Lett. 102(2020), 106157, 7 pp. https://doi.org/
10.1016/j.am1.2019.106157;, MR4038248; Zbl 1440.35156

C. N. Yang, C. L. TanG, Ground state sign-changing solutions for Schrodinger-Kirchhoff
equation with asymptotically cubic or supercubic nonlinearity, Qual. Theory Dyn. syst.
22(2023), No. 2, Paper No. 48, 25 pp. https://doi.org/10.1007/s12346-023-00749-4;
MR4547430; Zbl 1512.35314

E. B. ZuANG, M. Du, Existence and asymptotic behavior of positive solutions for Kirchhoff
type problems with steep potential well, J. Differential Equations 269(2020), No. 11, 10085-
10106. https://doi.org/10.1016/7. jde.2020.07.013; MR4123752; Zbl 1448.35202

H. B. ZuANG, Ground state and nodal solutions for critical Schrodinger-Kirchhoff-type
Laplacian problems, J. Fixed Point Theory Appl. 23(2021), No. 3, Paper No. 34, 16 pp.
https://doi.org/10.1007/s11784-021-00870-4; MR4265862; Zbl 1472.35173


https://www.ams.org/mathscinet-getitem?mr=0004775
https://zbmath.org/?q=an:0024.02203
https://doi.org/10.1016/j.jde.2015.02.040
https://doi.org/10.1016/j.jde.2015.02.040
https://www.ams.org/mathscinet-getitem?mr=3853624
https://zbmath.org/?q=an:1319.35023
https://www.ams.org/mathscinet-getitem?mr=1141725
https://zbmath.org/?q=an:0758.35035
https://doi.org/10.3934/dcdss.2024030
https://www.ams.org/mathscinet-getitem?mr=4819600
https://zbmath.org/?q=an:1555.35155
https://doi.org/10.1063/1.5074163
https://doi.org/10.1063/1.5074163
https://www.ams.org/mathscinet-getitem?mr=4047474
https://zbmath.org/?q=an:1433.35443
https://doi.org/10.1007/978-1-4612-4146-1
https://doi.org/10.1007/978-1-4612-4146-1
https://www.ams.org/mathscinet-getitem?mr=1400007
https://zbmath.org/?q=an:0856.49001
https://doi.org/10.1007/s10473-023-0419-6
https://www.ams.org/mathscinet-getitem?mr=4603155
https://zbmath.org/?q=an:1524.35202
https://doi.org/10.1016/j.nonrwa.2010.09.023
https://www.ams.org/mathscinet-getitem?mr=2736309
https://zbmath.org/?q=an:1208.35034
https://doi.org/10.1016/j.aml.2019.106157
https://doi.org/10.1016/j.aml.2019.106157
https://www.ams.org/mathscinet-getitem?mr=4038248
https://zbmath.org/?q=an:1440.35156
https://doi.org/10.1007/s12346-023-00749-4
https://www.ams.org/mathscinet-getitem?mr=4547430
https://zbmath.org/?q=an:1512.35314
https://doi.org/10.1016/j.jde.2020.07.013
https://www.ams.org/mathscinet-getitem?mr=4123752
https://zbmath.org/?q=an:1448.35202
https://doi.org/10.1007/s11784-021-00870-4
https://www.ams.org/mathscinet-getitem?mr=4265862
https://zbmath.org/?q=an:1472.35173

Ground state sign-changing solutions for critical Kirchhoff-type equations 33

[34] Y. X. ZrAO, X. P. Wy, C. L. TANG, Ground state sign-changing solutions for Schrodinger—
Kirchhoff-type problem with critical growth, J. Math. Phys. 63(2022), No. 10, Paper No.
101503, 17 pp. https://doi.org/10.1063/5.0092120; MR4493571; Zbl 1507.35087


https://doi.org/10.1063/5.0092120
https://www.ams.org/mathscinet-getitem?mr=4493571
https://zbmath.org/?q=an:1507.35087

	Introduction and main results
	Preliminaries
	Proof of Theorem 1.1
	Proof of Theorem 1.4

