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Abstract. In this paper, we investigate the existence of ground state sign-changing
solutions for Kirchhoff-type equation with critical exponent

−
(

a + b
∫

R3
|∇u|2dx

)
∆u + λV(x)u = |u|4u + µ f (u), x ∈ R3,

where a, b, µ, λ > 0 are positive parameters. Under suitable conditions on f and V,
by working on a sign-changing Nehari manifold and combining minimax arguments
with deformation techniques, we establish the existence of least energy sign-changing
solutions. At the same time, we also study the asymptotic behavior of sign-changing
solutions as λ → ∞.
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1 Introduction and main results

In this work, we consider the existence of ground state sign-changing solutions for the follow-
ing critical Kirchhoff-type equation

−
(

a + b
∫

R3
|∇u|2dx

)
∆u + λV(x)u = |u|4u + µ f (u), x ∈ R3, (1.1)

where a, b, µ, λ > 0 are positive parameters, the potential V satisfy the following assumptions:

(V1) V ∈ C(R3, R) and V(x) ≥ 0 in R3;

(V2) there is V0 > 0 such that the set {x ∈ R3 : V(x) ≤ V0} is nonempty and has finite
measure;
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(V3) Ω := int V−1(0) is nonempty and has smooth boundary, Ω̄ = V−1(0).

The above conditions of V were firstly proposed by Bartsch and Wang in [3] to study the
nonlinear Schrödinger equation. They pointed out that λV(x) is a potential well whose depth
is controlled by λ. If λ is sufficiently large, then λV(x) is called the steep potential well.
Moreover, on the nonlinearity term f , we assume that

( f1) f ∈ C(R, R), limt→0
f (t)

t = 0 and f (t)t > 0 for all t ∈ R \ {0};

( f2) lim|t|→∞
f (t)
|t|5 = 0;

( f3)
f (t)
|t|3 is an increasing function of t ∈ R \ {0};

( f4) lim|t|→∞
F(t)
|t|4 = +∞, where F(t) =

∫ t
0 f (s)ds ≥ 0.

Problem (1.1) is related to the stationary analogue of the equation

utt − (a + b
∫

Ω
|∇u|2dx)∆u = f (x, u),

which was introduced by Kirchhoff [13] as a generalization of the well-known D’Alembert
wave equations for free vibration of elastic strings. For more mathematical and physical
background on Kirchhoff-type equation, we refer the reader to [1,2] and the references therein.

In recent years, there has been a great deal of interests in studying the existence of positive
solutions, multiple solutions and ground state solutions for Kirchhoff problem, for examples
[14, 16, 19, 20, 29] and the references therein. Moreover, for more results about sign-changing
solutions for Kirchhoff-type equation with subcritical growth, see [8, 17, 23, 28, 30, 31]. As far
as we know, there are few articles on the existence of sign-changing solutions for Kirchhoff-
type equation with critical growth, such as [9, 25, 26, 34]. More specifically, Wang [26] firstly
obtained the least energy sign-changing solutions of the following critical Kirchhoff equation
in a bounded domain−

(
a + b

∫
Ω
|∇u|2dx

)
∆u = |u|4u + λ f (x, u), x ∈ Ω,

u = 0, x ∈ ∂Ω,

where Ω ⊂ R3 is a bounded domain with a smooth boundary ∂Ω, λ, a, b > 0 and f ∈
C(Ω × R) satisfying:

( f5) there exist q ∈ (4, 6) and C > 0 such that | f (x, t)| ≤ C(1+ |t|q−1), for almost every x ∈ Ω
and all t ∈ R;

( f6) limt→0
f (x,t)
|t|3 = 0, uniformly for almost every x ∈ Ω;

( f7)
f (x,t)
|t|3 is a strictly increasing function of t ∈ R\{0}, for almost every x ∈ Ω.

Using the constraint variational methods and the degree theory, he got the existence of the
least energy sign-changing solutions. Gao et al. [9] proved the existence of sign-changing
solutions by truncation methods for the following equation

−
(

a + b
∫

R3
|∇u|2dx

)
∆u + V(x)u = f (u) + λ|u|p−2u, x ∈ R3, (1.2)

where V is coercive potential, p ≥ 6, λ ∈ (0, λ∗) for some λ∗ > 0. When V(x) = λ = 1, p = 6,
f satisfies ( f1)–( f3) and the following condition:
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( f ′4) lim|t|→∞
F(t)
|t|5 = +∞.

Zhao et al. [34] also obtained the existence of the least energy sign-changing solutions of
problem (1.2) by the parameter perturbation technique. Recently, Tian et al. [25] studied the
following critical Kirchhoff equation with steep potential well

−
(

a + b
∫

R3
|∇u|2dx

)
∆u + λV(x)u = |u|4u + |u|p−1u, x ∈ R3,

where V satisfies (V1)–(V3) and p ∈ (4, 5). By adopting a sign-changing Nehari manifold and
perturbation technique, they obtained that the existence and asymptotic behavior of ground
state sign-changing solutions for λ ≥ 1 large enough and b > 0 small.

Inspired by the above results, in this paper, we study the existence of ground state sign-
changing solutions of problem (1.1) with steep potential well and more general f . Now our
main results in this paper can be stated as follows.

Theorem 1.1. Assume that (V1)–(V3), ( f1)–( f4) hold, then there exists µ∗ > 0 and Λ > 1 such
that problem (1.1) has a least energy sign-changing solution uλ for all µ > µ∗ and λ > Λ, which has
precisely two nodal domains, and its energy is strictly larger than twice that of the positive ground state
solution.

Theorem 1.2. Under the assumptions of Theorem 1.1, for any sequence λn ⊂ [Λ,+∞) with λn →
+∞ as n → ∞, the sequence of sign-changing solutions for problem (1.1) strongly converges to u∗
in H1(R3) up to a subsequence, where u∗ ∈ H1

0(Ω) is a ground state sign-changing solution of the
following problem −

(
a + b

∫
Ω
|∇u|2dx

)
∆u = |u|4u + µ f (u), x ∈ Ω,

u = 0, x ∈ ∂Ω.
(1.3)

Remark 1.3. To our best knowledge, our results are up to date. On the one hand, we generalize
[28] to the critical case. On the other hand, compared with [26] and [34], we study the steep
potential well and more general f . Moreover, when f (u) = |u|p−2u with p ∈ (4, 6), our results
also hold.

Moreover, we replace the condition ( f4) with a stronger ( f ′4), and obtain the following
conclusions.

Theorem 1.4. Assume that (V1)–(V3), ( f1)–( f3) and ( f ′4) hold, then there exists b0 > 0 and Λ > 1
such that problem (1.1) has a least energy sign-changing solution uλ for 0 < b < b0, λ > Λ and
µ > 0, and uλ has the same properties as in Theorem 1.1.

Theorem 1.5. Under the assumption of Theorem 1.4, for any sequence λn ⊂ [Λ,+∞) with λn → +∞
as n → ∞, the sequence of sign-changing solutions for problem (1.1) strongly converges to u∗∗ in
H1(R3) up to a subsequence, where u∗∗ ∈ H1

0(Ω) changing sign exactly once is a ground state sign-
changing solution of problem (1.3).

Remark 1.6. When f (u) = |u|p−2u with p ∈ (5, 6), our results also hold. Consequently, we
extend the results of [25] to the general case of f .
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2 Preliminaries

In this section, we make use of the following notations.

• Let D1,2(R3) = {u ∈ L6(R3) : ∇u ∈ L2(R3)} be the Sobolev space endowed with the
norm

∥u∥D1,2(R3) =

(∫
R3

|∇u|2dx
) 1

2

.

• H1(R3) = {u ∈ L2(R3) : ∇u ∈ L2(R3)} is a Hilbert space endowed with the scalar
product and norm

∥u∥H1(R3) =

(∫
R3
(|∇u|2 + u2)dx

) 1
2

.

• Let

E :=
{

u ∈ H1(R3) :
∫

R3
V(x)u2dx < ∞

}
,

be equipped with the inner product and the norm

(u, v) =
∫

R3
(a∇u · ∇v + V(x)uv)dx, ∥u∥ = (u, u)

1
2 .

• For any λ > 0, we introduce the following work space

Eλ :=
{

u ∈ H1(R3) :
∫

R3
λV(x)u2dx < ∞

}
,

with scalar product and norm given by

(u, v)λ =
∫

R3
(a∇u · ∇v + λV(x)uv)dx, ∥u∥λ = (u, u)

1
2
λ .

It is clear that ∥u∥ ≤ ∥u∥λ for λ ≥ 1. Then, for any q ∈ [2, 6], the embedding Eλ ↪→ Lq(R3) is
continuous and there exists Sq > 0 such that

|u|q ≤ Sq∥u∥ ≤ Sq∥u∥λ. (2.1)

Moreover, the embedding D1,2(R3) ↪→ L6(R3) is continuous and there exists the best Sobolev
constant given by

S = inf
u∈D1,2(R3)\{0}

∫
R3 |∇u|2dx

(
∫

R3 |u|6dx)
1
3

,

is achieved by the Talenti function

uε =
(3ε)

1
4

(ε + |x|2) 1
2
∈ D1,2(R3). (2.2)

Next, we define the energy functional of problem (1.1) by Iµ
λ : Eλ → R

Iµ
λ(u) =

1
2
∥u∥2

λ +
b
4

(∫
R3

|∇u|2dx
)2

− 1
6

∫
R3

|u|6dx − µ
∫

R3
F(u)dx.
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The functional Iµ
λ is well defined for every u ∈ Eλ and Iµ

λ ∈ C1(Eλ, R). For any u, v ∈ Eλ, we
get that

⟨(Iµ
λ)

′(u), v⟩ = (u, v)λ + b
∫

R3
|∇u|2dx

∫
R3

∇u · ∇vdx −
∫

R3
|u|4uvdx − µ

∫
R3

f (u)vdx. (2.3)

By simple calculation, one obtains

Iµ
λ(u) = Iµ

λ(u
+) + Iµ

λ(u
−) +

b
2

∫
R3

|∇u+|2dx
∫

R3
|∇u−|2dx, (2.4)

⟨(Iµ
λ)

′(u), u±⟩ = ⟨(Iµ
λ)

′(u±), u±⟩+ b
∫

R3
|∇u+|2dx

∫
R3

|∇u−|2dx. (2.5)

Clearly, the critical points of Iµ
λ are weak solutions of problem (1.1). Moreover, if u ∈ Eλ is

a solution of problem (1.1) and u± ̸= 0, then u is a sign-changing solution, where

u+ := max{u, 0}, u− := min{u, 0}.

To prove the existence of least energy sign-changing solutions of problem (1.1), we consider
the following minimization problem

mµ
λ := inf

u∈Mµ
λ

Iµ
λ(u),

where
Mµ

λ = {u ∈ Eλ : u± ̸= 0, ⟨(Iµ
λ)

′(u), u±⟩ = 0}.

On the other hand, we seek a ground state solution on the following Nehari manifold

N µ
λ = {u ∈ Eλ \ {0} : ⟨(Iµ

λ)
′(u), u⟩ = 0},

and let cµ
λ := infu∈N µ

λ
Iµ
λ(u).

Now, we will focus on proving Mµ
λ ̸= ∅ and giving some properties of Mµ

λ.

Lemma 2.1. Suppose that (V1) and ( f1)–( f3) hold. For any λ > 0 and u ∈ Eλ with u± ̸= 0, then

(i) there exists a unique pair of positive numbers (su, tu) such that suu+ + tuu− ∈ Mµ
λ and

Iµ
λ(suu+ + tuu−) = maxs,t≥0 Iµ

λ(su+ + tu−);

(ii) if ⟨(Iµ
λ)

′(u), u±⟩ ≤ 0, there exists a pair of (su, tu) ∈ (0, 1]× (0, 1] such that suu+ + tuu− ∈
Mµ

λ.

Proof. (i) First, we prove the existence of su and tu. Let

g1(s, t) = ⟨(Iµ
λ)

′(su+ + tu−), su+⟩

= s2∥u+∥2
λ + b

∫
R3

|∇(su+ + tu−)|2dx
∫

R3
|∇su+|2dx

− s6
∫

R3
|u+|6dx − µ

∫
R3

f (su+)su+dx,

(2.6)

and

g2(s, t) = ⟨(Iµ
λ)

′(su+ + tu−), tu−⟩

= t2∥u−∥2
λ + b

∫
R3

|∇(su+ + tu−)|2dx
∫

R3
|∇tu−|2dx

− t6
∫

R3
|u−|6dx − µ

∫
R3

f (tu−)tu−dx.

(2.7)
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By ( f3), we have
f (t)t − 4F(t) ≥ 0, (2.8)

is an increasing function as t > 0. From ( f1) and ( f2), for any ε > 0, there exists Cε > 0 such
that

| f (t)| ≤ ε|t|+ Cε|t|5, (2.9)

for any t ∈ R. Obviously, we can see that g1(s, s) > 0, g2(s, s) > 0 for s > 0 sufficiently small
and g1(t, t) < 0, g2(t, t) < 0 for t > 0 sufficiently large. Then, there exist 0 < η1 < η2 such that

g1(η1, η1) > 0, g2(η1, η1) > 0, g1(η2, η2) < 0, g2(η2, η2) < 0. (2.10)

Thus, we can deduce that

g1(η1, t) > 0, g1(η2, t) < 0, ∀t ∈ [η1, η2]; (2.11)

g2(s, η1) > 0, g2(s, η2) < 0, ∀s ∈ [η1, η2]. (2.12)

Then, using Miranda’s theorem [21], there exists (su, tu) ∈ (0, ∞)× (0, ∞) such that suu+ +

tuu− ∈ Mµ
λ.

Next, we prove the uniqueness of (su, tu) and consider the following cases.

Case 1: u ∈ Mµ
λ.

For any u ∈ Mµ
λ, it means that

∥u±∥2
λ + b

∫
R3

|∇u|2dx
∫

R3
|∇u±|2dx =

∫
R3

|u±|6dx + µ
∫

R3
f (u±)u±dx. (2.13)

We will show that the pair (su, tu) = (1, 1) is the unique one which such that suu++ tuu− ∈
Mµ

λ. Let (s0, t0) be a pair of numbers such that s0u+ + t0u− ∈ Mµ
λ with 0 < s0 ≤ t0, then one

has

s2
0∥u+∥2

λ + b
∫

R3
|∇(s0u+ + t0u−)|2dx

∫
R3

|∇s0u+|2dx

= s6
0

∫
R3

|u+|6dx + µ
∫

R3
f (s0u+)s0u+dx

(2.14)

and

t2
0∥u−∥2

λ + b
∫

R3
|∇(s0u+ + t0u−)|2dx

∫
R3

|∇t0u−|2dx

= t6
0

∫
R3

|u−|6dx + µ
∫

R3
f (t0u−)t0u−dx.

(2.15)

By 0 < s0 ≤ t0 and (2.15), we deduce

∥u−∥2
λ

t2
0

+ b
∫

R3
|∇u|2dx

∫
R3

|∇u−|2dx ≥ t2
0

∫
R3

|u−|6dx + µ
∫

R3

f (t0u−)

(t0u−)3 (u
−)4dx. (2.16)

Combining (2.13) and (2.16), one obtains(
1
t2
0
− 1
)
∥u−∥2

λ ≥ (t2
0 − 1)

∫
R3

|u−|6dx + µ
∫

R3

[
f (t0u−)

(t0u−)3 − f (u−)

(u−)3

]
(u−)4dx.

Under the assumption ( f3), we get t0 ≤ 1. Similarly, we can easily get s0 ≥ 1. Therefore, we
have s0 = t0 = 1.
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Case 2: u ̸∈ Mµ
λ.

If u /∈ Mµ
λ, we suppose that there exist (s1, t1) and (s2, t2) such that

u1 = s1u+ + t1u− ∈ Mµ
λ, u2 = s2u+ + t2u− ∈ Mµ

λ.

Then, it is easy to see that

u2 =

(
s2

s1

)
s1u+ +

(
t2

t1

)
t1u− =

(
s2

s1

)
u+

1 +

(
t2

t1

)
u−

1 ∈ Mµ
λ.

If the first case holds and u1 ∈ Mµ
λ, then s1 = s2 and t1 = t2. Thus, we complete the proof for

the uniqueness of positive numbers (su, tu) such that suu+ + tuu− ∈ Mµ
λ.

Next, we define ψu : R+ × R+ → R by ψu(s, t) := Iµ
λ(su+ + tu−). We show that the critical

point (su, tu) of ψu is its unique maximum point on [0, ∞)× [0, ∞). Since

ψu(s, t) = Iµ
λ(su+ + tu−)

=
s2

2
∥u+∥2

λ +
t2

2
∥u−∥2

λ +
b
4

(∫
R3

|∇(su+ + tu−)|2dx
)2

− s6

6

∫
R3

|u+|6dx − t6

6

∫
R3

|u−|6dx − µ
∫

R3
F(su+ + tu−)dx.

(2.17)

It is easy to see that Iµ
λ(su+ + tu−) > 0 as |(s, t)| → 0 and Iµ

λ(su+ + tu−) → −∞ as
|(s, t)| → ∞, which means that the maximum point cannot be achieved on the boundary of
R+ × R+. Without loss of generality, we only show that Iµ

λ(tuu−) < Iµ
λ(suu+ + tuu−). Clearly,

Iµ
λ(su+ + tu−) is an increasing function with respect to s if s > 0 is small enough, which

means that Iµ
λ(tuu−) < Iµ

λ(suu+ + tuu−). Thus, Iµ
λ(suu+ + tuu−) = maxs,t≥0 Iµ

λ(su+ + tu−). We
complete the proof of (i).

(ii) Finally, we prove that if ⟨(Iµ
λ)

′(u), u±⟩ ≤ 0, then 0 < su, tu ≤ 1. Since suu+ + tuu− ∈
Mµ

λ, without loss of generality, we may assume that 0 < tu ≤ su. Consequently, we obtain

s2
u∥u+∥2

λ + bs4
u

∫
R3

|∇u|2dx
∫

R3
|∇u+|2dx ≥ s6

u

∫
R3

|u+|6dx + µ
∫

R3
f (suu+)suu+dx. (2.18)

Since ⟨(Iµ
λ)

′(u), u±⟩ ≤ 0, one has

∥u+∥2
λ + b

∫
R3

|∇u|2dx
∫

R3
|∇u+|2dx ≤

∫
R3

|u+|6dx + µ
∫

R3
f (u+)u+dx. (2.19)

Combining (2.18) with (2.19), we get(
1 − 1

s2
u

)
∥u+∥2

λ ≤ (1 − s2
u)
∫

R3
|u+|6dx + µ

∫
R3

[
f (u+)

(u+)3 − f (suu+)

(suu+)3

]
(u+)4dx.

Thanks to ( f3), one gets su ≤ 1. Then, 0 < su, tu ≤ 1. Thus, the proof of Lemma 2.1 is
completed.

Lemma 2.2. Assume that (V1) and ( f1)–( f3) hold. For any λ ≥ 1 and u ∈ Eλ with u± ̸= 0, (su, tu)

is obtained by Lemma 2.1, then

(i) su, tu are continuous functionals in Eλ with respect to u;

(ii) if u+
n → 0 as n → ∞, then sun → ∞, if u−

n → 0 as n → ∞, then tun → ∞;
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(iii) if {un} ⊂ Mµ
λ, limn→∞ Iµ

λ(un) = mµ
λ, then mµ

λ > 0 and C1 ≤ ∥u±
n ∥λ ≤ C2 for some

C1, C2 > 0.

Proof. (i) Take a sequence {un} ⊂ Eλ such that un → u in Eλ, then u±
n → u± in Eλ. By

Lemma 2.1, there exist (sun , tun) and (su, tu) such that sun u+
n + tun u−

n , suu+ + tuu− ∈ Mµ
λ.

Then, we obtain

s2
un
∥u+

n ∥2
λ + b

∫
R3

|∇(sun u+
n + tun u−

n )|2 dx
∫

R3
|∇sun u+

n |2 dx

= s6
un

∫
R3

|u+
n |6 dx + µ

∫
R3

f (sun u+
n )sun u+

n dx,
(2.20)

and

t2
un
∥u−

n ∥2
λ + b

∫
R3

|∇(sun u+
n + tun u−

n )|2 dx
∫

R3
|∇tun u−

n |2 dx

= t6
un

∫
R3

|u−
n |6 dx + µ

∫
R3

f (tun u−
n )tun u−

n dx.
(2.21)

We claim that {sun} and {tun} are bounded in R+. Otherwise, if sun → +∞ as n → ∞, it
follows from (2.20) that

tun

sun

→ +∞,

and we get tun → +∞ as n → ∞. Similarly, by (2.21), one also gets

sun

tun

→ +∞,

which leads to a contradiction.
Thus, passing to a subsequence if necessary, still denoted by {sun}, {tun}, we assume that

there is a pair of non-negative numbers (s0, t0) such that

lim
n→∞

sun = s0, lim
n→∞

tun = t0.

Passing to the limit in (2.20) and (2.21), we obtain

s2
0∥u+∥2

λ + b
∫

R3
|∇(s0u+ + t0u−)|2 dx

∫
R3

|∇s0u+|2 dx

= s6
0

∫
R3

|u+|6 dx + µ
∫

R3
f (s0u+)s0u+ dx,

(2.22)

and

t2
0∥u−∥2

λ + b
∫

R3
|∇(s0u+ + t0u−)|2 dx

∫
R3

|∇t0u−|2 dx

= t6
0

∫
R3

|u−|6 dx + µ
∫

R3
f (t0u−)t0u− dx,

(2.23)

which implies that s0u+ + t0u− ∈ Mµ
λ. By Lemma 2.1, since the uniqueness of (su, tu), so we

have (su, tu) = (s0, t0) and complete the proof of (i).
(ii) We only prove that sun → +∞ if u+

n → 0 as n → ∞; similarly, we can prove the other
case. It follows from (2.20) that

h1(un) := ∥u+
n ∥2

λ + b
∫

R3
|∇(sun u+

n + tun u−
n )|2dx

∫
R3

|∇u+
n |2dx − µ

∫
R3

f (sun u+
n )

u+
n

sun

dx

= s4
un

∫
R3

|u+
n |6dx =: h2(un).
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By contradiction. Suppose that there exists a positive constant C such that sun ≤ C, then by
the Sobolev inequality (2.1) and (2.9), choosing 1 − µεS2

2 > 0, we have

h1(un)− h2(un) ≥ ∥u+
n ∥2

λ − µ

sun

∫
R3

f (sun u+
n )u

+
n dx − s4

un

∫
R3

|u+
n |6dx

≥ ∥u+
n ∥2

λ − s4
un

∫
R3

|u+
n |6dx − µε

∫
R3

|u+
n |2dx − µCεs4

un

∫
R3

|u+
n |6dx

≥ (1 − µεS2
2)∥u+

n ∥2
λ − C∥u+

n ∥6
λ > 0,

which contradicts the fact sun u+
n + tun u−

n ∈ Mµ
λ for ∥u+

n ∥λ small enough. Thus, sun → ∞ if
u+

n → 0 as n → ∞.
(iii) Because {un} ⊂ Mµ

λ, one derives

∥u±
n ∥2

λ + b
∫

R3
|∇un|2dx

∫
R3

|∇u±
n |2dx = µ

∫
R3

f (u±
n )u

±
n dx +

∫
R3

|u±
n |6dx.

By (2.9) and the Sobolev inequality, one has

∥u±
n ∥2

λ ≤ µ
∫

R3
f (u±

n )u
±
n dx +

∫
R3

|u±
n |6dx ≤ µεS2

2∥u±
n ∥2

λ + C∥u±
n ∥6

λ. (2.24)

Choosing 1 − µεS2
2 > 0, we get ∥u±

n ∥λ ≥ C1 for some C1 > 0. Furthermore, it follows from
{un} ⊂ Mµ

λ ⊂ N µ
λ that ⟨(Iµ

λ)
′(un), un⟩ → 0. By (2.8), we have

mµ
λ + o(1) = Iµ

λ(un)−
1
4
⟨(Iµ

λ)
′(un), un⟩

=
1
4
∥un∥2

λ +
1
12

∫
R3

|un|6dx +
µ

4

∫
R3
[ f (un)un − 4F(un)]dx

≥ 1
4
∥un∥2

λ ≥ 1
4
∥u±

n ∥2
λ > 0.

(2.25)

This means that mµ
λ > 0 and {un} is bounded in Eλ. By (2.24) and (2.25), we know that

there exist positive constants C1, C2 such that C1 ≤ ∥u±
n ∥λ ≤ C2. This completes the proof of

Lemma 2.2.

3 Proof of Theorem 1.1

Before proving Theorem 1.1, we give some important lemmas.

Lemma 3.1. Assume that (V1)–(V3), ( f1)–( f4) hold. For any λ ≥ 1, if mµ
λ = infu∈Mµ

λ
Iµ
λ(u), then

limµ→∞ mµ
λ = 0.

Proof. First, we shall prove that mµ
λ = infu∈Mµ

λ
Iµ
λ(u) is well defined. By (iii) of Lemma 2.2, one

has ∥u±∥λ ≥ C1 > 0. Thanks to (2.8), we get

Iµ
λ(u) = Iµ

λ(u)−
1
4
⟨(Iµ

λ)
′(u), u⟩

=
1
4
∥u∥2

λ +
µ

4

∫
R3
[ f (u)u − 4F(u)]dx +

1
12

∫
R3

|u|6dx

≥ 1
4
∥u∥2

λ.
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Thus, we conclude that Iµ
λ(u) > 0, that is, mµ

λ = infu∈Mµ
λ

Iµ
λ(u) is well defined.

Next, we claim that limµ→∞ mµ
λ = 0. According to Lemma 2.1, for any µ > 0, there exists

a pair of (sµ, tµ) such that sµu+ + tµu− ∈ Mµ
λ. Then, by ( f2), we have that

0 ≤ mµ
λ ≤ Iµ

λ(sµu+ + tµu−)

≤ 1
2
∥sµu+ + tµu−∥2

λ +
b
4

(∫
R3

|∇(sµu+ + tµu−)|2dx
)2

≤ s2
µ∥u+∥2

λ + t2
µ∥u−∥2

λ + 2bs4
µ

(∫
R3

|∇u+|2dx
)2

+ 2bt4
µ

(∫
R3

|∇u−|2dx
)2

.

To our end, we just prove that sµ → 0 and tµ → 0 as µ → ∞. Let

Hu = {(sµ, tµ) ∈ [0, ∞)× [0, ∞) : (g1(sµ, tµ), g2(sµ, tµ)) = (0, 0), µ > 0},

where g1, g2 are defined by Lemma 2.1. By ( f1) and ( f4), one gets

s6
µ

∫
R3

|u+|6dx + t6
µ

∫
R3

|u−|6dx ≤ s6
µ

∫
R3

|u+|6dx + t6
µ

∫
R3

|u−|6dx

+ µ
∫

R3
f (sµu+)sµu+dx + µ

∫
R3

f (tµu−)tµu−dx

= ∥sµu+ + tµu−∥2
λ + b

(∫
R3

|∇(sµu+ + tµu−)|2dx
)2

≤ 2s2
µ∥u+∥2

λ + 2t2
µ∥u−∥2

λ

+ 4bs4
µ

(∫
R3

|∇u+|2dx
)

dx + 4bt4
µ

(∫
R3

|∇u−|2dx
)

dx.

Hence, Hu is bounded.
Let {µn} ⊂ (0, ∞) be such that µn → ∞ as n → ∞. Then, there exist s0 and t0 such that

(sµn , tµn) → (s0, t0), (3.1)

as n → ∞ (in a subsequent sense). We claim s0 = t0 = 0. By contradiction. Suppose that
s0 > 0 or t0 > 0. Since sµn u+ + tµn u− ∈ Mµn

λ , for any n ∈ N, we get

∥sµn u+ + tµn u−∥2
λ + b

(∫
R3

|∇(sµn u+ + tµn u−)|2dx
)2

=
∫

R3
|sµn u+ + tµn u−|6 dx + µn

∫
R3

f (sµn u+ + tµn u−)(sµn u+ + tµn u−) dx.
(3.2)

From (2.9), (3.1) and ( f1), one has∫
R3

f (sµn u+ + tµn u−)(sµn u+ + tµn u−) dx

→
∫

R3
f (s0u+ + t0u−)(s0u+ + t0u−) dx > 0.

Since µn → ∞ as n → ∞ and {sµn u+ + tµn u−} is bounded in Eλ that we have a contradiction
with (3.2). Therefore, we get s0 = t0 = 0, that is, limµ→∞ mµ

λ = 0. So, we complete the
proof.

Lemma 3.2. Assume that (V1)–(V3), ( f1)–( f4) hold, there exists Λ > 1 and µ∗ > 0 such that mµ
λ is

achieved for all µ ≥ µ∗ and λ ≥ Λ.
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Proof. In view of definition of mµ
λ, there exists a sequence {un} ⊂ Mµ

λ such that mµ
λ =

lim
n→∞

Iµ
λ(un). It follows from (2.25) that {un} is bounded in Eλ. Then, for the subsequence

of {un}, there exists u = u+ + u− ∈ Eλ such that
un ⇀ uλ, in Eλ,

un → uλ, in Lq
loc(R

3) for all q ∈ [2, 6),

un(x) → uλ(x), a.e. in R3.

Next we will show un → u in Lq(R3) with q ∈ (2, 6). Let un = uλ,n, then there are the
following two cases may happen

(1) lim infλ→∞ limn→∞ supy∈R3

∫
Br(y)

|uλ,n − u|2 dx > 0;

(2) lim infλ→∞ limn→∞ supy∈R3

∫
Br(y)

|uλ,n − u|2 dx = 0.

If (1) holds, there exists ν > 0 independent of λ such that

lim inf
λ→∞

lim
n→∞

sup
y∈R3

∫
Br(y)

|uλ,n − u|2 dx = ν > 0. (3.3)

By the weak lower semicontinuity, one has

∥uλ,n − uλ∥λ ≤ ∥uλ,n∥λ + ∥uλ∥λ ≤ ∥uλ,n∥λ + lim inf
n→∞

∥uλ,n∥λ.

From (2.25), there exists C̄ > 0 independent of λ such that lim supn→∞ ∥uλ,n − u∥λ ≤ 2C̄.
Define

DR := {x ∈ R3 \ BR(0) : V(x) ≥ V0}, FR := {x ∈ R3 \ BR(0) : V(x) < V0}.

Then

lim sup
n→∞

∫
DR

|uλ,n − u|2 dx ≤ 1
λV0

lim sup
n→∞

∫
DR

λV(x)|uλ,n − u|2 dx

≤ 1
λV0

lim sup
n→∞

∥uλ,n − u∥2
λ ≤ 4C̄2

λV0
.

Furthermore, we have that |FR| → 0 as R → ∞ by (V2). Combining this with the Hölder
inequality, as R → ∞, one gets

∫
FR

|uλ,n − u|2 dx ≤
(∫

FR

|uλ,n − u|sdx
) 2

s
(∫

FR

1dx
) s−2

s

≤ C∥uλ,n − u∥2
λ|FR|

s−2
s → 0,

where s ∈ (2, 6). By un → u in Lq
loc(R

3) with q ∈ [2, 6), and taking R > 0 sufficiently large, we
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have

ν = lim inf
λ→∞

lim
n→∞

sup
y∈R3

∫
Br(y)

|uλ,n − u|2 dx

≤ lim inf
λ→∞

lim sup
n→∞

∫
R3

|uλ,n − u|2 dx

≤ lim inf
λ→∞

lim sup
n→∞

∫
BR(0)

|uλ,n − u|2 dx + lim inf
λ→∞

lim sup
n→∞

∫
R3\BR(0)

|uλ,n − u|2 dx

= lim inf
λ→∞

lim sup
n→∞

(∫
DR

|uλ,n − u|2 dx +
∫

FR

|uλ,n − u|2 dx
)

≤ lim inf
λ→∞

4C̄2

λV0
= 0,

which is a contradiction. Hence (1) is impossible.
If (2) holds. Then for any sequence {λk} such that λk → ∞ as k → ∞. Since n, k ∈ N, by a

diagonalization principle, there is a subsequence {uλk ,k} such that

lim inf
k→∞

sup
y∈R3

∫
Br(y)

|uλk ,k − u|2dx = 0.

By Lions’ lemma, uλk ,k → u in Ls(R3) for s ∈ (2, 6). Then, we have u±
λk ,k → u± in Lq(R3) with

q ∈ (2, 6).
Let δ := 1

3 S
3
2 , where S is the best Sobolev constant. By Lemma 3.1, there exists µ∗ > 0 such

that mµ
λ < δ for any µ > µ∗. Since {uλk ,k} is a subsequence of {uλ,n} and λk → ∞ as k → ∞.

Then, thanks to Lemma 2.1, one obtains Iµ
λ(su+

λk ,k + tu−
λk ,k) ≤ Iµ

λ(uλk ,k) for all s, t > 0. Hence,
according to Fatou’s lemma and the Brézis–Lieb lemma, we obtain

lim inf
k→∞

Iµ
λ(su+

λk ,k + tu−
λk ,k) ≥

s2

2
lim
k→∞

(
∥u+

λk ,k − u+∥2
λ + ∥u+∥2

λ

)
+

t2

2
lim
k→∞

(
∥u−

λk ,k − u−∥2
λ + ∥u−∥2

λ

)
+

bs4

4

(
lim
k→∞

∫
R3
(|∇(u+

λk ,k − u+)|2 + |∇u+|2)dx
)2

+
bt4

4

(
lim
k→∞

∫
R3
(|∇(u−

λk ,k − u−)|2 + |∇u−|2)dx
)2

− s6

6
lim
k→∞

(∫
R3

|u+
λk ,k − u+|6dx +

∫
R3

|u+|6dx
)

− t6

6
lim
k→∞

(∫
R3

|u−
λk ,k − u−|6dx +

∫
R3

|u−|6dx
)

+
bs2t2

2
lim inf

k→∞

∫
R3

|∇u+
λk ,k|

2dx
∫

R3
|∇u−

λk ,k|
2dx

− µ
∫

R3
F(su+)dx − µ

∫
R3

F(tu−)dx

≥ Iµ
λ(su+ + tu−) +

s2

2
lim
k→∞

∥u+
λk ,k − u+∥2

λ +
t2

2
lim
k→∞

∥u−
λk ,k − u−∥2

λ

+
bs4

2
lim
k→∞

∫
R3

|∇(u+
λk ,k − u+)|2dx

∫
R3

|∇u+|2dx

+
bt4

2
lim
k→∞

∫
R3

|∇(u−
λk ,k − u−)|2dx

∫
R3

|∇u−|2dx
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+
bs4

4

(
lim
k→∞

∫
R3

|∇(u+
λk ,k − u+)|2dx

)2

+
bt4

4

(
lim
k→∞

∫
R3

|∇(u−
λk ,k − u−)|2dx

)2

− s6

6
lim
k→∞

∫
R3

|u+
λk ,k − u+|6dx − t6

6
lim
k→∞

∫
R3

|u−
λk ,k − u−|6dx

= Iµ
λ(su+ + tu−) +

s2

2
A1 +

bs4

2
A1

∫
R3

|∇u+|2dx +
bs4

4
A2

1 −
s6

6
B1

+
t2

2
A2 +

bt4

2
A2

∫
R3

|∇u−|2dx +
bt4

4
A2

2 −
t6

6
B2,

where
A1 = lim

k→∞
∥u+

λk ,k − u+∥2
λ, A2 = lim

k→∞
∥u−

λk ,k − u−∥2
λ,

B1 = lim
k→∞

∫
R3

|u+
λk ,k − u+|6dx, B2 = lim

k→∞

∫
R3

|u−
λk ,k − u−|6dx.

Thus, one gets

Iµ
λ(su+ + tu−) +

s2

2
A1 +

bs4

2
A1

∫
R3

|∇u+|2dx +
bs4

4
A2

1 −
s6

6
B1

+
t2

2
A2 +

bt4

2
A2

∫
R3

|∇u−|2dx +
bt4

4
A2

2 −
t6

6
B2 ≤ mµ

λ,
(3.4)

for all s, t ≥ 0.
To handle the lack of compactness, the proof is divided in to three steps.

Step 1. We prove u± ̸= 0.
Since the argument for u− ̸= 0 is analogous, we just prove u+ ̸= 0. By contradiction. Suppose
u+ ≡ 0. Hence, let t = 0 in (3.4), one obtains

s2

2
A1 +

bs4

4
A2

1 −
s6

6
B1 ≤ mµ

λ, (3.5)

for all s ≥ 0.

Case 1: B1 = 0.
If A1 = 0, we have that u+

λk ,k → u+ in Eλ. Then, according to Lemma 2.1, we get ∥u+∥λ > 0,
which is a contradiction. If A1 > 0, by (3.5), we get

s2

2
A1 +

bs4

4
A2

1 ≤ mµ
λ,

which is impossible for all s ≥ 0.

Case 2: B1 > 0.
By the definition of S, we obtain that

δ =
1
3

S
3
2 ≤ 1

3

(
A1

(B1)
1
3

) 3
2

.

It is not hard to see that

1
3

(
A1

(B1)
1
3

) 3
2

= max
s≥0

{
s2

2
A1 −

s6

6
B1

}
≤ max

s≥0

{
s2

2
A1 +

bs4

4
A2

1 −
s6

6
B1

}
.



14 S.-X. Liu and J.-F. Liao

Hence, according to mµ
λ < δ and (3.5), we get

δ ≤ max
s≥0

{
s2

2
A1 −

s6

6
B1

}
≤ max

s≥0

{
s2

2
A1 +

bs4

4
A2

1 −
s6

6
B1

}
< δ,

which is a contradiction.
Therefore, we deduce that u± ̸= 0.

Step 2. We prove that B1 = B2 = 0.

Indeed, we assume that B1 > 0. We discuss it with the following two cases.

Case 1: B2 > 0.

According to B1, B2 > 0 and the Sobolev embedding, we obtain that A1, A2 > 0. Let

φ(s) =
s2

2
A1 +

bs4

4
A2

1 −
s6

6
B1, s ≥ 0.

It is easy to see that φ(s) > 0 for s > 0 small enough and φ(s) < 0 for s > 0 large enough.
Hence, by the continuity of φ(s), there exists s̃ > 0 such that

s̃2

2
A1 +

bs̃4

4
A2

1 −
s̃6

6
B1 = max

s≥0

{
s2

2
A1 +

bs4

4
A2

1 −
s6

6
B1

}
.

Similarly, there exists t̃ > 0 such that

t̃2

2
A2 +

bt̃4

4
A2

2 −
t̃6

6
B2 = max

t≥0

{
t2

2
A2 +

bt4

4
A2

2 −
t6

6
B2

}
.

Since [0, s̃] × [0, t̃] is compact and ψu(defined by (2.17)) is continuous, there exists (su, tu) ∈
[0, s̃]× [0, t̃] such that

ψu(su, tu) = max
(s,t)∈[0,s̃]×[0,t̃]

ψu(s, t).

Then, we need to prove that (su, tu) ∈ (0, s̃)× (0, t̃).
Note that, if t is small enough, for any s ∈ [0, s̃], one gets

ψu(s, 0) = Iµ
λ(su+) < Iµ

λ(su+) + Iµ
λ(tu

−) ≤ Iµ
λ(su+ + tu−) = ψu(s, t).

Hence, for any s ∈ [0, s̃], there exists t0 ∈ [0, t̃] such that ψu(s, 0) ≤ ψu(s, t0). That is, any (s, 0)
with s ∈ [0, s̃) is not the maximum point of ψu. Therefore, (su, tu) /∈ [0, s̃]× {0}. Similarly, we
can get (su, tu) /∈ {0} × [0, t̃].

In the following, we need to prove that (su, tu) /∈ {s} × [0, t̃] and (su, tu) /∈ [0, s̃]× {t}. For
any s ∈ (0, s̃] and t ∈ (0, t̃], we have that

s2

2
A1 +

bs4

2
A1

∫
R3

|∇u+|2dx +
bs4

4
A2

1 −
s6

6
B1 > 0, (3.6)

t2

2
A2 +

bt4

2
A2

∫
R3

|∇u−|2dx +
bt4

4
A2

2 −
t6

6
B2 > 0. (3.7)

Then, we get

δ ≤ s̃2

2
A1 +

bs̃4

2
A1

∫
R3

|∇u+|2dx +
bs̃4

4
A2

1 −
s̃6

6
B1

+
t2

2
A2 +

bt4

2
A2

∫
R3

|∇u−|2dx +
bt4

4
A2

2 −
t6

6
B2,
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and

δ ≤ s2

2
A1 +

bs4

2
A1

∫
R3

|∇u+|2dx +
bs4

4
A2

1 −
s6

6
B1

+
t̃2

2
A2 +

bt̃4

2
A2

∫
R3

|∇u−|2dx +
bt̃4

4
A2

2 −
t̃6

6
B2,

for all s ∈ [0, s̃] and all t ∈ [0, t̃]. By (3.4) and the definition of ψu (that is, (2.17)), one has

ψu(s, t̃) ≤ 0, ψu(s̃, t) ≤ 0,

for all s ∈ [0, s̃] and all t ∈ [0, t̃]. Hence, (su, tu) /∈ {s̃} × [0, t̃] and (su, tu) /∈ [0, s̃] × {t̃}. In
conclusion, we have that (su, tu) ∈ (0, s̃)× (0, t̃).

By Lemma 2.1, (su, tu) is a critical point of ψu. So, suu+ + tuu− ∈ Mµ
λ. Then, by (3.4), (3.6)

and (3.7), we get

mµ
λ ≥ Iµ

λ(suu+ + tuu−) +
s2

u
2

A1 +
bs4

u
2

A1

∫
R3

|∇u+|2dx +
bs4

u
4

A2
1 −

s6
u
6

B1

+
t2
u
2

A2 +
bt4

u
2

A2

∫
R3

|∇u−|2dx +
bt4

u
4

A2
2 −

t6
u
6

B2

> Iµ
λ(suu+ + tuu−) ≥ mµ

λ.

This is a contradiction.

Case 2: B2 = 0.

In this case, we need to prove that there exists t0 ∈ [0, ∞) such that Iµ
λ(suu+ + tuu−) ≤ 0 for

any (s, t) ∈ [0, s̃]× [t0, ∞). That is, there exists (su, tu) ∈ [0, s̃]× [0, ∞) such that

ψu(su, tu) = max
(s,t)∈[0,s̃]×[0,∞)

ψu(s, t).

Then, we claim that (su, tu) ∈ (0, s̃)× (0, ∞). If t is small enough, for all s ∈ [0, s̃], we have
that ψu(s, 0) < ψu(s, t). That is, (su, tu) /∈ [0, s̃]× {0}. Similarly, if s is small enough, for all
t ∈ [0, ∞), we have that ψu(0, t) < ψu(s, t). That is, (su, tu) /∈ {0} × [0, ∞).

In the following, it is easy to get that

δ ≤ s̃2

2
A1 +

bs̃4

2
A1

∫
R3

|∇u+|2dx +
bs̃4

4
A2

1 −
s̃6

6
B1

+
t2

2
A2 +

bt4

2
A2

∫
R3

|∇u−|2dx +
bt4

4
A2

2,

for all t ∈ [0, ∞).
Therefore, we can get that ψu(s̃, t) ≤ 0. That is, (su, tu) /∈ {s̃} × [0, ∞). In conclusion,

(su, tu) ∈ (0, s̃)× (0, ∞). Hence, suu+ + tuu− ∈ Mµ
λ. Then, by (3.6), we have that

mµ
λ ≥ Iµ

λ(suu+ + tuu−) +
s2

u
2

A1 +
bs4

u
2

A1

∫
R3

|∇u+|2dx +
bs4

u
4

A2
1 −

s6
u
6

B1

+
t2
u
2

A2 +
bt4

u
2

A2

∫
R3

|∇u−|2dx +
bt4

u
4

A2
2

> Iµ
λ(suu+ + tuu−) ≥ mµ

λ,

which implies a contradiction. Hence, B1 = 0. In the same way, we can get B2 = 0. Therefore,
B1 = B2 = 0.
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Step 3. We prove that mµ
λ is achieved.

For any u± ̸= 0, by Lemma 2.1, there exists a pair of (su, tu) such that suu+ + tuu− ∈ Mµ
λ. In

addition, if ⟨(Iµ
λ)

′(u), u±⟩ ≤ 0, there exists a pair of (su, tu) ∈ (0, 1]× (0, 1].
Since uλk ,k ∈ Mµ

λ, according to Lemma 2.1, we get

Iµ
λ(suu+

λk ,k + tuu−
λk ,k) ≤ Iµ

λ(u
+
λk ,k + u−

λk ,k) = Iµ
λ(uλk ,k).

Thanks to ( f3), B1 = B2 = 0 and the weakly lower semicontinuity, we obtain

mµ
λ ≤ Iµ

λ(suu+ + tuu−)− 1
4
⟨(Iµ

λ)
′(suu+ + tuu−), suu+ + tuu−⟩

=
1
4
(∥suu+∥2

λ + ∥tuu−∥2
λ) +

1
12

∫
R3
(|suu+|6 + |tuu−|6)dx

+
µ

4

∫
R3
[ f (suu+)(suu+)− 4F(suu+)]dx +

µ

4

∫
R3
[ f (suu−)(suu−)− 4F(suu−)]dx

≤ 1
4
∥u∥2

λ +
1
12

∫
R3

|u|6dx +
µ

4

∫
R3
[ f (u)u − 4F(u)]dx

≤ lim
k→∞

[
Iµ
λ(uλk ,k)−

1
4
⟨(Iµ

λ)
′(uλk ,k), uλk ,k⟩

]
≤ mµ

λ.

Hence, we have that su = tu = 1, and mµ
λ is achieved. We complete the proof.

Motivated by Tian and Tang [25], with the help of the Nehari manifold, the following
lemma holds. Since the proof is standard, we omit it here.

Lemma 3.3. Assume that (V1)–(V3), ( f1)–( f4) hold, then

(i) for any u ∈ Eλ, there is a unique s̃u > 0 such that s̃uu ∈ N µ
λ and

Iµ
λ(s̃uu) = max

s≥0
Iµ
λ(su);

(ii) problem (1.1) has a positive ground state solution v0 ∈ N µ
λ and Iµ

λ(v0) = cµ
λ < c∗ := abS3

4 +

b3S6

24 + (b2S4+4aS)
3
2

24 .

Now, we give the proof of Theorem 1.1 by the quantitative deformation lemma.

Proof of Theorem 1.1. First, we will prove that the minimizer uλ is indeed a sign-changing so-
lution of problem (1.1), that is, (Iµ

λ)
′(uλ) = 0. Since uλ ∈ Mµ

λ, one has ⟨(Iµ
λ)

′(uλ), u+
λ ⟩ =

⟨(Iµ
λ)

′(uλ), u−
λ ⟩ = 0. By Lemma 2.1 and Step 3 in the proof of Lemma 3.2, for any (α, β) ∈

(R+ × R+) and (α, β) ̸= (1, 1), we get

Iµ
λ(αu+

λ + βu−
λ ) < Iµ

λ(u
+
λ + u−

λ ) = mµ
λ. (3.8)

By contradiction. Suppose that (Iµ
λ)

′(uλ) ̸= 0, then there exist κ > 0 and τ > 0 such that

∥(Iµ
λ)

′(v)∥ ≥ κ, for all ∥v − uλ∥ ≤ 3τ.

By (iii) of Lemma 2.2, there exist L > 0 such that ∥u±
λ ∥λ > L, and we can assume 6τ < L. Let

D := ( 1
2 , 3

2 )× ( 1
2 , 3

2 ) and g(α, β) := αu+
λ + βu−

λ , (α, β) ∈ D. By Lemma 2.1, we have

mµ
λ := max

(α,β)∈∂D

(
Iµ
λ ◦ g

)
(α, β) < mµ

λ. (3.9)

For ε := min
{mµ

λ−mµ
λ

4 , κτ
8

}
and Sτ := B(uλ, τ), there exists a deformation η such that
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(1) η(t, u) = u if t = 0, or u /∈ (Iµ
λ)

−1([mµ
λ − 2ε, mµ

λ + 2ε]
)
∩ S2τ, where S2τ := {x | ∥x − y∥ ≤

2τ, ∀y ∈ S};

(2) η
(
1, (Iµ

λ)
mµ

λ+ε ∩ Sτ

)
⊂ (Iµ

λ)
mµ

λ−ε;

(3) Iµ
λ

(
η(1, u)

)
≤ Iµ

λ(u) for all u ∈ Eλ;

(4) Iµ
λ(·, u) is non increasing for every u ∈ Eλ.

Now, we prove
max

(α,β)∈D
Iµ
λ

(
η(1, g(α, β))

)
< mµ

λ. (3.10)

According to Lemma 2.1, we have that Iµ
λ(g(α, β)) ≤ mµ

λ < mµ
λ + ε. That is, g(α, β) ∈ (Iµ

λ)
mµ

λ+ε.
From (1) and (4), one gets

Iµ
λ(η(1, u)) ≤ Iµ

λ(η(0, u)) = Iµ
λ(u), ∀u ∈ Eλ. (3.11)

In view of (3.8) and (3.11), we obtain

Iµ
λ(η(1, g(α, β))) ≤ Iµ

λ(g(α, β)) < mµ
λ,

where (α, β) ̸= (1, 1). On the other hand, from (2), one has

Iµ
λ(η(1, g(1, 1))) ≤ mµ

λ − ε < mµ
λ.

Hence (3.10) holds.
In the following, we claim that η(1, g(D)) ∩Mµ

λ ̸= ∅. Let φ(α, β) := η(1, g(α, β)) and

Φ(α, β) :=
(

1
α
⟨(Iµ

λ)
′(φ(α, β)), (φ(α, β))+⟩, 1

β
⟨(Iµ

λ)
′(φ(α, β)), (φ(α, β))−⟩

)
.

The claim holds if there exists (α0, β0) ∈ D such that Φ(α0, β0) = (0, 0). Since

∥g(α, β)− uλ∥2
λ = ∥(α − 1)u+

λ + (β − 1)u−
λ ∥

2
λ

≤ |α − 1|2∥uλ∥2
λ

≤ |α − 1|2(6τ)2,

and |α − 1|2(6τ)2 > 4τ2 ⇔ α < 2
3 or α > 4

3 , using the above item (1) and the range of α, for
α = 1

2 and for every β ∈ [ 1
2 , 3

2 ], we have g( 1
2 , β) /∈ S2τ. So from (1), when ( 1

2 , β) ∈ D, we have
φ( 1

2 , β) = g( 1
2 , β), thus

Φ(
1
2

, β) =

(
2
〈
(Iµ

λ)
′
(

1
2

u+
λ + βu−

λ

)
,

1
2

u+
λ

〉
,

1
β

〈
(Iµ

λ)
′
(

1
2

u+
λ + βu−

λ

)
, βu−

λ

〉)
.

By ( f3), we know that〈
(Iµ

λ)
′
(

1
2

u+
λ + βu−

λ

)
,

1
2

u+
λ

〉
=

〈
(Iµ

λ)
′
(

1
2

u+
λ

)
,

1
2

u+
λ

〉
+

β2b
4

∫
R3

|∇u−
λ |

2dx
∫

R3
|∇u+

λ |
2dx

≥
〈
(Iµ

λ)
′
(

1
2

uλ

)
,

1
2

u+
λ

〉
> 0, for all β ∈

[
1
2

,
3
2

]
.

(3.12)
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Similar, when ( 3
2 , β) ∈ D, we have φ( 3

2 , β) = g( 3
2 , β), so that〈

(Iµ
λ)

′
(

3
2

u+
λ + βu−

λ

)
,

3
2

u+
λ

〉
=

〈
(Iµ

λ)
′
(

3
2

u+
λ

)
,

3
2

u+
λ

〉
+

9β2b
4

∫
R3

|∇u−
λ |

2dx
∫

R3
|∇u+

λ |
2dx

≤
〈
(Iµ

λ)
′
(

3
2

uλ

)
,

3
2

u+
λ

〉
< 0, for all β ∈

[
1
2

,
3
2

]
. (3.13)

Similarly, we have 〈
(Iµ

λ)
′
(

αu+
λ +

1
2

u−
λ

)
,

1
2

u−
λ

〉
> 0, for all α ∈

[
1
2

,
3
2

]
, (3.14)

〈
(Iµ

λ)
′
(

αu+
λ +

3
2

u−
λ

)
,

3
2

u−
λ

〉
< 0, for all α ∈

[
1
2

,
3
2

]
. (3.15)

Since Φ is continuous on D, according to (3.11)–(3.15) and Miranda’s theorem [21], we have
Φ(α0, β0) = 0 for some (α0, β0) ∈ D. Hence η(1, g(α0, β0)) = φ(α0, β0) ∈ Mµ

λ, which contra-
dicts with (3.10). Hence (Iµ

λ)
′(uλ) = 0. That is, uλ is a ground state sign-changing solution of

problem (1.1).
Next, we shall prove that uλ changes sign only once, that is, uλ has two nodal domains.

Indeed, we assume that uλ = ũ1 + ũ2 + ũ3 with

ũi ̸= 0, ũ1 ≥ 0, ũ2 ≤ 0, ũ3 ≥ 0,

supp(ũi) ∩ supp(ũj) = ∅, i ̸= j (i, j = 1, 2, 3).

Then, let v = ũ1 + ũ2, v+ = ũ1, v− = ũ2, by Lemma 2.1, there is a unique pair of (sv, tv) ∈
(0, 1] × (0, 1] such that svv+ + tvv− = svũ1 + tvũ2 ∈ Mµ

λ, Iµ
λ(svũ1 + tvũ2) ≥ mµ

λ. Thanks to
⟨(Iµ

λ)
′(uλ), ũi⟩ = 0 (i = 1, 2, 3), we get ⟨(Iµ

λ)
′(v), v±⟩ < 0. Since

0 =
1
4
⟨(Iµ

λ)
′(uλ), ũ3⟩

=
1
4
∥ũ3∥2

λ +
b
4

∫
R3

|∇ũ1|2dx
∫

R3
|∇ũ3|2dx +

b
4

∫
R3

|∇ũ2|2dx
∫

R3
|∇ũ3|2dx

+
b
4
(
∫

R3
|∇ũ3|2dx)2 − µ

4

∫
R3

f (ũ3)ũ3dx − 1
4

∫
R3

|ũ3|6dx

< Iµ
λ(ũ3) +

b
4

∫
R3

|∇ũ1|2dx
∫

R3
|∇ũ3|2dx +

b
4

∫
R3

|∇ũ2|2dx
∫

R3
|∇ũ3|2dx.

By (2.8), we have

mµ
λ ≤ Iµ

λ(svũ1 + tvũ2)

= Iµ
λ(svũ1 + tvũ2)−

1
4
⟨(Iµ

λ)
′(svũ1 + tvũ2), svũ1 + tvũ2⟩

=
s2

v
4
∥ũ1∥2

λ +
1

12

∫
R3

|svũ1|6dx +
t2
v
4
∥ũ2∥2

λ +
1

12

∫
R3

|tvũ2|6dx

+
µ

4

∫
R3
[ f (svũ1)(svũ1)− 4F(svũ1)]dx +

µ

4

∫
R3
[ f (tvũ2)(tvũ2)− 4F(tvũ2)]dx

≤ 1
4
∥ũ1∥2

λ +
1
12

∫
R3

|ũ1|6dx +
1
4
∥ũ2∥2

λ +
1

12

∫
R3

|ũ2|6dx

+
µ

4

∫
R3
[ f (ũ1)ũ1 − 4F(ũ1)]dx +

µ

4

∫
R3
[ f (ũ2)(ũ2)− 4F(ũ2)]dx
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= Iµ
λ(ũ1 + ũ2)−

1
4
⟨(Iµ

λ)
′(ũ1 + ũ2), (ũ1 + ũ2)⟩

= Iµ
λ(ũ1 + ũ2) +

1
4
⟨(Iµ

λ)
′(uλ), (ũ3)⟩+

b
4

∫
R3

|∇ũ1|2dx
∫

R3
|∇ũ3|2dx

+
b
4

∫
R3

|∇ũ2|2dx
∫

R3
|∇ũ3|2dx

< Iµ
λ(ũ1) + Iµ

λ(ũ2) + Iµ
λ(ũ3) +

b
4

(∫
R3

|∇ũ2|2dx +
∫

R3
|∇ũ3|2dx

) ∫
R3

|∇ũ1|2dx

+
b
4

(∫
R3

|∇ũ1|2dx +
∫

R3
|∇ũ3|2dx

) ∫
R3

|∇ũ2|2dx

+
b
4

(∫
R3

|∇ũ1|2dx +
∫

R3
|∇ũ2|2dx

) ∫
R3

|∇ũ3|2dx

= Iµ
λ(uλ) = mµ

λ,

which is impossible. Then uλ changes sign only once, that is, uλ has exactly two nodal
domains.

Finally, we are going to prove mµ
λ > 2cµ

λ. Similar to the proof of Lemma 2.1, there exist
s̃, t̃ > 0 such that s̃u+

λ , t̃u−
λ ∈ N µ

λ . Then, it follows from (3.8) that

mµ
λ = Iµ

λ(uλ) = Iµ
λ(u

+
λ + u−

λ )

≥ Iµ
λ(s̃u+

λ + t̃u−
λ )

= Iµ
λ(s̃u+

λ ) + Iµ
λ(t̃u

−
λ ) +

bs̃2 t̃2

2

∫
R3

|∇u+
λ |

2dx
∫

R3
|∇u+

λ |
2dx

> Iµ
λ(s̃u+

λ ) + Iµ
λ(t̃u

−
λ ) ≥ 2cµ

λ.

Hence, the energy of ground state sign-changing solution is strictly larger than twice the
energy of the positive ground state solution. Then, we complete the proof of Theorem 1.1.

Before the proof of Theorem 1.2, we define Iµ
∞: H1

0(Ω) → R as the energy functional of
problem (1.3), where

Iµ
∞ =

a
2

∫
Ω
|∇u|2dx +

b
4

(∫
Ω
|∇u|2dx

)2

− 1
6

∫
Ω
|u|6dx − µ

∫
Ω

F(u)dx.

Obviously, Iµ
∞ is well defined and Iµ

∞ ∈ C1(H1
0(Ω), R). Define

M∞ = {u ∈ H1
0(Ω) : u± ̸= 0, ⟨(Iµ

∞)
′(u), u±⟩ = 0},

and m∞ := infu∈M∞ Iµ
∞(u). Obviously, by the definition of Ω in (V3), one has M∞ ⊂ Mµ

λ and
Iµ
λ(u) = Iµ

∞(u) for any u ∈ H1
0(Ω) and λ > 0. Then we get mµ

λ ≤ m∞. Now, we give the proof
of Theorem 1.2.

Proof of Theorem 1.2. By Theorem 1.1, for any sequence {λn} ⊂ [Λ,+∞) with λn → ∞ as
n → +∞, {uλn} is the sequence of sign-changing solutions to problem (1.1), which satisfy
Iµ
λ(uλn) = mµ

λn
, (Iµ

λn
)′(uλn) = 0 and u±

λn
̸= 0. By Lemma 3.1, there exists µ∗ > 0 such that

mµ
λn

≤ M for any µ > µ∗
1 , where M is independent of λn. Then

M ≥ mµ
λn

= Iµ
λn
(uλn)−

1
4
⟨(Iµ

λn
)′(uλn), uλn⟩ ≥

1
4
∥uλn∥2

λn
≥ 1

4
∥uλn∥2,
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which implies that {uλn} is bounded in E. Up to a subsequence, there is u∗ ∈ E such that
uλn ⇀ u∗, in E;

uλn → u∗, in Lq
loc(R

3) for all q ∈ (2, 6);

uλn → u∗, a.e. in R3.

(3.16)

Firstly, we claim that u∗ ∈ H1
0(Ω) and (Iµ

∞)
′(u∗) = 0. Since V(x) ≥ 0, it follows from

Fatou’s lemma that

0 ≤
∫

R3
V(x)u2

∗dx ≤ lim inf
n→∞

∫
R3

V(x)u2
λn

dx ≤ lim inf
n→∞

∥uλn∥2
λn

λn
= 0.

By the condition (V3), we have that u∗|Ωc = 0. Further, u∗ ∈ H1
0(Ω) because the boundary of

Ω smooth.
Secondly, similar to the proof of Lemma 3.2, we can deduce that uλn → u∗ in Ls(R3) for

s ∈ (2, 6) and un → u∗ in E. Hence, we obtain (Iµ
λn
)′(u∗) → 0. Due to (Iµ

λn
)′(u∗) = 0, it is easy

to check that

0 = (Iµ
λn
)′(u∗), ω) = a

∫
Ω
∇u∗ · ∇ωdx + b

∫
Ω
|∇u∗|2dx

∫
Ω
∇u∗ · ∇ωdx

−
∫

Ω
|u∗|4u∗ωdx − µ

∫
Ω

f (u∗)ωdx = ⟨(Iµ
∞)

′(u∗), ω⟩,

for any ω ∈ H1
0(Ω), which means that ⟨(Iµ

∞)
′(u∗), ω⟩ = 0. That is, u∗ is a weak solution of

problem (1.3).
Finally, we only need to show that u∗ is a least energy sign-changing solution of problem

(1.3). Since uλn ∈ Mµ
λn

, similar to Lemma 2.2-(iii), we get ∥u±
λn
∥ ≥ C1 > 0. By uλn → u∗ in E,

then ∥u±
∗ ∥ > 0. Hence, u±

∗ ̸= 0 and u∗ ∈ M∞. Combining Fatou’s lemma, (Iµ
∞)

′(u∗) = 0 and
⟨(Iµ

λn
)′(uλn), uλn⟩ = 0, we have

m∞ ≤ Iµ
∞(u∗)−

1
4
⟨(Iµ

∞)
′(u∗), u∗⟩

=
1
4
∥u∗∥2

λ +
µ

4

∫
R3
[ f (u∗)u∗ − 4F(u∗)]dx +

1
12

∫
R3

|u∗|6dx

≤ lim inf
n→∞

(
1
4
∥uλn∥2

λn
+

µ

4

∫
R3
[ f (uλn)uλn − 4F(uλn)]dx +

1
12

∫
R3

|uλn |6dx
)

= lim inf
n→∞

(
Iµ
λn
(uλn)−

1
4
⟨(Iµ

λn
)′(uλn), uλn⟩

)
= lim inf

n→∞
mµ

λn
≤ m∞.

Hence, Iµ
∞(u∗) = m∞. Hence,we conclude that u∗ is a ground state sign-changing solution of

problem (1.3) and uλn → u∗ in E. Thus, we complete the proof of Theorem 1.2.

4 Proof of Theorem 1.4

Since the problem involves critical nonlinearity, in order to get the existence of sign-changing
solutions for problem (1.1), we need to construct a sign-changing (PS)mµ

λ
-sequence. Inspired
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by the method of [6], we give some definitions. Let the functional φ(u, v) be defined on Eλ by

φ(u, v) =


∫

R3 |u|6dx + µ
∫

R3 f (u)udx
∥u∥2

λ + b(
∫

R3 |∇u|2dx)2 + b
∫

R3 |∇u|2dx
∫

R3 |∇v|2dx
, if u ̸= 0;

0, if u = 0.

(4.1)

It is obvious that u ∈ Mµ
λ if and only if φ(u+, u−) = φ(u−, u+) = 1. Set

U :=
{

u ∈ Eλ :
1
2
< φ(u+, u−) <

3
2

,
1
2
< φ(u−, u+) <

3
2

}
. (4.2)

Let P denote the cone of non-negative functions in Eλ, Q = [0, 1] × [0, 1], Σ be the set of
continuous maps σ with s, t ∈ [0, 1], and

(I) σ(s, 0) = 0, σ(0, t) ∈ P and σ(1, t) ∈ −P;

(II) (Iµ
λ ◦ σ)(s, 1) ≤ 0,

∫
R3 |σ(s,1)|6 dx+µ

∫
R3 f (σ(s,1))σ(s,1) dx

∥σ(s,1)∥2
λ+(

∫
R3 |∇σ(s,1)|2 dx)

2 ≥ 2.

Choosing u ∈ Eλ with u± ̸= 0, let σ(s, t) = Ct(1 − s)u+ + Ctsu−, where C > 0, s, t ∈ [0, 1]. It
is easy to see that σ ∈ Σ for C > 0 large enough, which implies Σ ̸= ∅.

Lemma 4.1.
inf
σ∈Σ

sup
u∈σ(Q)

Iµ
λ(u) = inf

u∈Mµ
λ

Iµ
λ(u).

Proof. In fact, for any u ∈ Mµ
λ, there exists σ(s, t) = Ct(1 − s)u+ + Ctsu− ∈ Σ for C > 0

sufficiently large. By Lemma 2.1, we can deduce that

Iµ
λ(u) = max

s,t≥0
Iµ
λ(su+ + tu−) ≥ sup

u∈σ(Q)

Iµ
λ(u) ≥ inf

σ∈Σ
sup

u∈σ(Q)

Iµ
λ(u).

Consequently,
inf
σ∈Σ

sup
u∈σ(Q)

Iµ
λ(u) ≤ inf

u∈Mµ
λ

Iµ
λ(u). (4.3)

Meanwhile, if for each σ ∈ Σ, there exists uσ ∈ σ(Q) ∩Mµ
λ, which implies that

sup
u∈σ(Q)

Iµ
λ(u) ≥ Iµ

λ(uσ) ≥ inf
u∈Mµ

λ

Iµ
λ(u),

which gives
inf
σ∈Σ

sup
u∈σ(Q)

Iµ
λ(u) ≥ inf

u∈Mµ
λ

Iµ
λ(u). (4.4)

Hence it is sufficient to show that for each σ ∈ Σ, there holds that σ(Q) ∩Mµ
λ ̸= ∅. On the

one hand, for each σ ∈ Σ, t ∈ [0, 1], we have

φ(σ+(0, t), σ−(0, t))− φ(σ−(0, t), σ+(0, t)) = φ(σ+(0, t), σ−(0, t)) ≥ 0; (4.5)

φ(σ+(1, t), σ−(1, t))− φ(σ−(1, t), σ+(1, t)) = −φ(σ−(1, t), σ+(1, t)) ≤ 0. (4.6)

On the other hand, from the definition of Σ, for any σ ∈ Σ and s ∈ [0, 1], using the elementary
inequality b

a +
d
c ≥ b+d

a+c for any a, b, c, d > 0, one infers that

φ(σ+(s, 1), σ−(s, 1)) + φ(σ−(s, 1), σ+(s, 1)) ≥
∫

R3 |σ(s, 1)|6 dx + µ
∫

R3 f (σ(s, 1))σ(s, 1) dx

∥σ(s, 1)∥2
λ + b

(∫
R3 |∇σ(s, 1)|2 dx

)2

≥ 2.
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Therefore, by the definition of φ and Σ, one has

φ(σ+(s, 1), σ−(s, 1)) + φ(σ−(s, 1), σ+(s, 1))− 2 ≥ 0, (4.7)

φ(σ+(s, 0), σ−(s, 0)) + φ(σ−(s, 0), σ+(s, 0))− 2 = −2 < 0. (4.8)

By Miranda’s theorem [21] with (4.5) − (4.8), it follows that there exists (sσ, tσ) ∈ Q such that

φ(σ+(sσ, tσ), σ−(sσ, tσ))− φ(σ−(sσ, tσ), σ+(sσ, tσ)) = 0;

φ(σ+(sσ, tσ), σ−(sσ, tσ)) + φ(σ−(sσ, tσ), σ+(sσ, tσ)) = 2.

Then,
φ(σ+(sσ, tσ), σ−(sσ, tσ)) = φ(σ−(sσ, tσ), σ+(sσ, tσ)) = 1.

This means that for all σ ∈ Σ, there exists uσ = σ(sσ, tσ) ∈ σ(Q) ∩Mµ
λ. Therefore, by (4.3)

and (4.4), we complete the proof of Lemma 4.1.

Lemma 4.2. There exists a sequence {un} ⊂ U satisfying Iµ
λ(un) → mµ

λ and (Iµ
λ)

′(un) → 0.

Proof. First, we prove the existence of the (PS)mµ
λ
-sequence {un} ⊂ Eλ for Iµ

λ . Consider a

minimizing sequence {wn} ⊂ Mµ
λ and σn(s, t) = Ct(1 − s)w+

n + Ctsw−
n ∈ Σ, then

lim
n→∞

max
w∈σn(Q)

Iµ
λ(w) = lim

n→∞
Iµ
λ(wn) = mµ

λ.

Using a variant form of the classical deformation lemma [22] due to Hofer [10], we claim that
{un} ⊂ Eλ such that, as n → ∞,

Iµ
λ(un) → mµ

λ, (Iµ
λ)

′(un) → 0, dist(un, σn(Q)) → 0. (4.9)

Suppose the claim is false, then it is possible to find a δ1 > 0 such that σn(Q) ∩ Vδ1 = ∅ for n
large enough, where

Vδ1 = {u ∈ Eλ : ∃v ∈ Eλ, s.t. ∥v − u∥λ ≤ δ1, ∥(Iµ
λ)

′(v)∥λ ≤ δ1, |Iµ
λ(v)− mµ

λ| ≤ δ1}.

By the deformation lemma [22], there exists a continuous map η : [0, 1]× Eλ → Eλ satisfying

for some ε ∈ (0, mµ
λ

2 ) and all t ∈ [0, 1], with

(a) η(0, u) = u; η(t,−u) = −η(t, u);

(b) η(t, u) = u for ∀u ∈ (Iµ
λ)

mµ
λ−ε ∪ (Eλ\(Iµ

λ)
mµ

λ+ε);

(c) η(1, (Iµ
λ)

mµ
λ+

ε
2 \Vδ1) ⊂ (Iµ

λ)
mµ

λ−
ε
2 ;

(d) η(1, ((Iµ
λ)

mµ
λ+

ε
2 ∩ P))\Vδ1 ⊂ (Iµ

λ)
mµ

λ−
ε
2 ∩ P,

where (Iµ
λ)

d = {u ∈ Eλ : Iµ
λ(u) ≤ d}.

Since limn→∞ maxw∈σn(Q) Iµ
λ(w) = mµ

λ, we can find n such that

σn(Q) ⊂ (Iµ
λ)

mµ
λ+

ε
2 , σn(Q) ∩ Vδ1 = ∅. (4.10)

Let us define σ̃n : Q → Eλ by σ̃n(s, t) = η(1, σn(s, t)) for ∀(s, t) ∈ Q. Then, we know σ̃n ∈ Σ.
By the property (c) of η, we can derive that σ̃n(Q) ⊂ (Iµ

λ)
mµ

λ−
ε
2 , which leads to a contradiction

because
mµ

λ = inf
σ∈Σ

sup
w∈σ(Q)

Iµ
λ(w) ≤ max

w∈σ̃n(Q)
Iµ
λ(w) ≤ mµ

λ − ε

2
.
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Therefore, it is sufficient to verify that σ̃n ∈ Σ. Indeed, due to property (b) of η and σn ∈ Σ,
one gets

σ̃n(s, 0) = η(1, σn(s, 0)) = η(1, 0) = 0.

And it follows from σn(0, t) ∈ P, (4.10) and property (d) of η that σ̃n(0, t) ∈ P. Moreover, in
view of σn(1, t) ∈ −P and (4.10), we obtain

−σn(1, t) ∈
(
(Iµ

λ)
mµ

λ+
ϵ
2 ∩ P

)
\ Vδ1 ,

which implies that σ̃n(1, t) = −η(1,−σn(1, t)) ∈ −P thanks to properties (a) and (d) of η.
Then, σ̃n satisfies property (I). Furthermore, using the fact that (Iµ

λ ◦ σ)(s, 1) ≤ 0 and property
(b) of η, we have

σ̃n(s, 1) = η(1, σn(s, 1)) = σn(s, 1),

that is, σ̃n satisfies property (II). Hence, we can conclude that σ̃n ∈ Σ from the continuity of η

and σ̃n.
Lastly, we show that the {un} ⊂ U for n sufficiently large. Since (Iµ

λ)
′(un) → 0, then

⟨(Iµ
λ)

′(un), u±
n ⟩ = o(1). Then we need to prove that u±

n ̸= 0 because it implies that φ(u+
n , u−

n ) →
1, φ(u−

n , u+
n ) → 1 for n sufficiently large. By (4.9), there exists a sequence {vn} such that

vn = γnw+
n + βnw−

n ∈ σn(Q), ∥vn − un∥λ → 0. (4.11)

Thus, in order to get u±
n ̸= 0, we can prove that γnw+

n ̸= 0 and βnw−
n ̸= 0 for n sufficiently

large. By {wn} ⊂ Mµ
λ and (iii) of Lemma 2.2, we only need to prove that limn→∞ γn ̸= 0

and limn→∞ βn ̸= 0. Otherwise, if limn→∞ γn = 0 and limn→∞ βn = 0, it follows from the
continuity of Iµ

λ and (4.11) that

mµ
λ = lim

n→∞
Iµ
λ(vn) = lim

n→∞
Iµ
λ(γnw+

n + βnw−
n ) = lim

n→∞
Iµ
λ(γnw+

n ).

However, for β sufficiently small, by (2.9), we can deduce that

mµ
λ = lim

n→∞
Iµ
λ(wn) = lim

n→∞
max
γ,β≥0

Iµ
λ(γw+

n + βw−
n ) ≥ lim

n→∞
max
β≥0

Iµ
λ(γnw+

n + βw−
n )

= lim
n→∞

max
β≥0

{
1
2
∥γnw+

n + βw−
n ∥2

λ +
b
4

( ∫
R3

|∇(γnw+
n + βw−

n )|2 dx
)2

− 1
6

∫
R3

(
|γnw+

n |6 + |βw−
n |6
)

dx − µ
∫

R3
F(γnw+

n + βw−
n ) dx

}

≥ lim
n→∞

Iµ
λ(γnw+

n ) + lim
n→∞

max
β≥0

{
β2

2
∥w−

n ∥2
λ − µ

∫
R3

F(βw−
n ) dx − 1

6

∫
R3

|βw−
n |6 dx

}
≥ mµ

λ + max
β≥0

(
C1β2 − C2β6) > mµ

λ,

which is a contradiction. Therefore, we can assume that {un} ⊂ U satisfies Iµ
λ(un) → mµ

λ and
(Iµ

λ)
′(un) → 0 for n sufficiently large. Hence, we complete the proof of Lemma 4.2.

Let vε = φuε, where uε is defined by (2.2) and φ is a cutoff function such that 0 ≤ φ ≤ 1,
φ|Br0(0)

≡ 1 and supp φ ⊂ B2r0(0) for some r0 > 0.
Similar to [4], we have∫

R3
|∇vε|2 dx = S

3
2 + O

(
ε

1
2

)
,
(∫

R3
|vε|6 dx

) 1
3

= S
1
2 + O

(
ε

3
2

)
,
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and

∫
R3

|vε|r dx =


O
(

ε
r
4

)
r ∈ [2, 3);

O
(

ε
r
4 | ln ε|

)
r = 3;

O
(

ε
6−r

4

)
r ∈ (3, 6).

(4.12)

Then, we have the following conclusion.

Lemma 4.3. Assume that (V1)–(V3), ( f1)–( f3) and ( f ′4) hold, then mµ
λ < cµ

λ + c∗.

Proof. Step 1. We need to find an element that belongs to Mµ
λ. Actually, there exist sε, tε > 0

such that sεv0 − tεvε ∈ Mµ
λ, where v0 defined by Lemma 3.3 is a positive ground state solution

of problem (1.1). By the elliptic estimates, we derive v0 ∈ L∞(R3). Denote φ(a) = 1
a v0 − vε,

a > 0. Define

a1 = sup
{

a ∈ R+ : φ+(a) ̸= 0
}

, a2 = inf
{

a ∈ R+ : φ−(a) ̸= 0
}

,

we obtain a1 = +∞ and 0 < a2 < a1, because of v0 is a positive ground state solution. As
a → a+2 , φ−(a) → 0, then t(φ(a)) → +∞ by (ii) of Lemma 2.2 and the boundedness of s(φ(a))
in R+. Therefore,

s(φ(a))− t(φ(a)) → −∞. (4.13)

Similarly, as a → a1 = +∞, we obtain that

s(φ(a))− t(φ(a)) → +∞. (4.14)

Hence, by (i) of Lemma 2.2 and (4.13) and (4.14), there exists aε ∈ (a2, a1) such that s(φ(aε))−
t(φ(aε)) = 0, i.e., s(φ(aε)) = t(φ(aε)). Let sε =

1
aε

s(φ(aε)) and tε = t(φ(aε)), it is easy to see
that

s(φ(aε))φ(aε) = s(φ(aε))φ+(aε) + t(φ(aε))φ−(aε) = sεv0 − tεvε ∈ Mµ
λ.

Step 2. We show that mµ
λ < cµ

λ + c∗. We only need to consider that sε, tε are contained
in bounded interval because Iµ

λ(sεv0 − tεvε) < 0 if sε or tε is sufficiently large. By a direct
calculation, one obtains

Iµ
λ(sεv0 − tεvε)− Iµ

λ(sεv0)

=
1
2

∫
R3
(a(|∇tεvε|2 − 2sεtε∇v0∇vε) + λV(x)(t2

ε v2
ε − 2sεtεv0vε)))dx

+
b
4

(∫
R3

|∇tεvε|2 dx
)2

+ b
(∫

R3
∇sεv0 · ∇tεvε dx

)2
+

b
2

∫
R3

|∇sεv0|2 dx
∫

R3
|∇tεvε|2 dx

− b
∫

R3
|∇sεv0|2 dx

∫
R3

∇sεv0 · ∇tεvε dx − b
∫

R3
|∇tεvε|2 dx

∫
R3

∇sεv0 · ∇tεvε dx

− 1
6

∫
R3
(sεv0 − tεvε)

6 dx − µ
∫

R3
F(sεv0 − tεvε) dx +

1
6

∫
R3

|sεv0|6 dx + µ
∫

R3
F(sεv0) dx

= Π1 + Π2 + Π3 + Π4 + Π5 + Π6 + Π7.

That is,
Iµ
λ(sεv0 − tεvε) = Iµ

λ(sεv0) + Π1 + Π2 + Π3 + Π4 + Π5 + Π6 + Π7, (4.15)
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where

Π1 =
a
2

∫
R3

|∇tεvε|2dx +
b
4

(∫
R3

|∇tεvε|2 dx
)2

− 1
6

∫
R3

|tεvε|6 dx,

Π2 = −a
∫

R3
∇sεv0 · ∇tεvεdx − b

∫
R3

|∇sεv0|2 dx
∫

R3
∇sεv0 · ∇tεvε dx,

Π3 = −µ
∫

R3
F(−tεvε) dx,

Π4 = b
(∫

R3
∇sεv0 · ∇tεvε dx

)2
+

b
2

∫
R3

|∇sεv0|2 dx
∫

R3
|∇tεvε|2 dx,

Π5 =
1
2

∫
R3

λV(x)|tεvε|2dx − b
∫

R3
|∇tεvε|2 dx

∫
R3

∇sεv0 · ∇tεvε dx − sεtε

∫
R3

λV(x)v0vεdx,

Π6 = µ
∫

R3
F(sεv0) dx + µ

∫
R3

F(−tεvε) dx − µ
∫

R3
F(sεv0 − tεvε) dx,

Π7 =
1
6

∫
R3

|sεv0|6 dx +
1
6

∫
R3

|tεvε|6 dx − 1
6

∫
R3
(sεv0 − tεvε)

6 dx.

For Π1, according to (4.12), as ε → 0, one has

Π1 ≤ max
t≥0

{ a
2

∫
R3

|∇tvε|2dx +
b
4

(∫
R3

|∇tvε|2 dx
)2

− 1
6

∫
R3

|tvε|6 dx
}
= c∗ + O(ε

1
2 ). (4.16)

For Π2, we get
Π2 < 0. (4.17)

For Π3, when ε is sufficiently small, for |x| < ε
1
2 ,

vε = uε =
3ε

1
4

(ε + |x|2) 1
2
≥ Cε−

1
4 .

By ( f ′4), we know that for R > 0 large enough, there exists AR > 0 such that

F(s) ≥ R|s|5,

for any |s| ∈ [AR,+∞).
When ε is small enough, one gets∫

|x|<ε
1
2

F(−tεvε) ≥ CR
∫
|x|<ε

1
2

ε−
5
4 dx = CRε

1
4 . (4.18)

By ( f1) and ( f ′4), there exist L > 0 and any t > 0 such that F(t) + Lt2 ≥ 0. Through (4.12), one
has ∫

|x|≥ε
1
2

F(tεvε)dx ≥ −C
∫
|x|≥ε

1
2
|vε|2 dx = −Cε

1
2 . (4.19)

Thus, for any ε > 0, through (4.18) and (4.19), we obtain

Π3 = −µ
∫

R3
F(−tεvε)dx

≤ −CR
∫
|x|<ε

1
2

ε−
5
4 dx + C

∫
|x|≥ε

1
2
|vε|2 dx

≤ Cε
1
2 − CRε

1
4 .
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For Π4, we can assume 0 < b < b0 := ε
1
2 with Hölder’s inequality such that

Π4 = b
(∫

R3
∇sεv0 · ∇tεvε dx

)2

+
b
2

∫
R3

|∇sεv0|2 dx
∫

R3
|∇tεvε|2 dx

≤ Cb

[(∫
R3

|∇v0|2 dx
) 1

2
(∫

R3
|∇vε|2 dx

) 1
2
]2

+ Cb
∫

R3
|∇v0|2 dx

∫
R3

|∇vε|2 dx

≤ Cb
∫

R3
|∇v0|2 dx

∫
R3

|∇vε|2 dx

≤ CbS
3
2 ≤ Cε

1
2 .

(4.20)

For Π5, due to supp φ ⊂ B2R0(0) and B2R0(0) ⊂ Ω, we get

Π5 = −b
∫

R3
|∇tεvε|2 dx

∫
R3

∇sεv0 · ∇tεvε dx < 0. (4.21)

For Π6, by [34, Lemma 3.3] and (4.12), we have

Π6 ≤ µ
∫

R3

(
| f (sεv0)tεvε|+ | f (−sεv0)tεvε|+ | f (−tεvε)sεv0|+ | f (tεvε)sεv0|

)
dx

≤ 4µ
∫

R3

(
εsεtεv0vε + Cεs5

ε tεv5
0vε + Cεs5

ε vεv5
0
)

dx

≤ C|v0|∞
∫

R3
|vε| dx + C|v0|5∞

∫
R3

|vε| dx + C|v0|∞
∫

R3
|vε|5 dx

≤ Cε
1
4 .

(4.22)

For Π7, for the elementary inequality x6 + y6 − |x − y|6 ≤ C(x5y + xy5) for any x, y > 0,
by v0 ∈ L∞(R3), Hölder’s inequality and the boundedness of sε, tε, one obtains

Π7 ≤ C
∫

R3

(
|sεv0|5|tεvε|+ |tεvε|5|sεv0|

)
dx

≤ C|v0|5∞
∫

R3
|vε| dx + C|v0|∞

∫
R3

|vε|5 dx

≤ Cε
1
4 .

(4.23)

Thus, in virtue of (4.16)–(4.23) and (ii) of Lemma 2.2, as ε → 0, one obtains

mµ
λ ≤ Iµ

λ(sεv0 − tεvε)

≤ Iµ
λ(v0) + c∗ + Cε

1
2 + Cε

1
4 +−CRε

1
4

< cµ
λ + c∗ (since R > 0 large enough),

we conclude that mµ
λ < cµ

λ + c∗. Thus, we complete the proof.

Similar to [15, Lemma 3.6], we can obtain the following lemma by a standard argument.

Lemma 4.4. For s̄, t̄ > 0, the following system{
l1(s̄, t̄) = s̄ − aS(s̄ + t̄)

1
3 = 0,

l2(s̄, t̄) = t̄ − bS2(s̄ + t̄)
2
3 = 0,

(4.24)

has a unique solution (s̄0, t̄0). Furthermore, if l1(s̄, t̄) ≥ 0 and l2(s̄, t̄) ≥ 0, then

s̄ ≥ s̄0 and t̄ ≥ t̄0,
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where

s̄0 =
abS3 + a

√
b2S6 + 4aS3

2
and t̄0 =

b3S6 + 2abS3 + b2S3
√

b2S6 + 4aS3

2
.

Lemma 4.5. Assume that (V1)–(V3), ( f1)–( f3) and ( f ′4) hold. Then there exists Λ > 1 such that for
any sequence {un} ⊂ U satifying

Iµ
λ(un) → mµ

λ ∈ (0, cµ
λ + c∗) and (Iµ

λ)
′(un) → 0 as n → ∞, (4.25)

admits a strongly convergent subsequence for all λ ≥ Λ.

Proof. By (4.25), we can deduce that

mµ
λ + o(1) = Iµ

λ(un)−
1
4
⟨(Iµ

λ)
′(un), un⟩

=
1
4
∥un∥2

λ +
1
12

∫
R3

|un|6dx +
µ

4

∫
R3
[ f (un)un − 4F(un)]dx

≥ 1
4
∥un∥2

λ,

(4.26)

which implies that {un} is bounded in Eλ. Up to a subsequence {un}, there exists uλ ∈ Eλ

such that 
un ⇀ uλ, in Eλ,

un → uλ, in Lq
loc(R

3) for all q ∈ [2, 6),

un(x) → uλ(x), a.e. in R3.

Set vn := un − uλ. By the Brézis–Lieb lemma, we get∫
R3

|vn|6 dx =
∫

R3
|un|6 dx −

∫
R3

|uλ|6 dx + o(1). (4.27)

Furthermore,
∥un∥2

λ = ∥vn∥2
λ + ∥uλ∥2

λ + o(1),∫
R3 |∇un|2dx =

∫
R3 |∇vn|2dx +

∫
R3 |∇uλ|2dx + o(1),

(
∫

R3 |∇un|2dx)2 = (
∫

R3 |∇vn|2dx)2 + (
∫

R3 |∇uλ|2dx)2 + 2
∫

R3 |∇vn|2dx
∫

R3 |∇uλ|2dx + o(1).
(4.28)

Let ρ ∈ R such that
∫

R3 |∇un|2 dx → ρ2. By the weak lower semicontinuity of norm, we have
that ρ2 ≥

∫
R3 |∇uλ|2 dx. We define

Jµ
λ(u) :=

a + bρ2

2

∫
R3

|∇u|2 dx +
1
2

∫
R3

λV(x)u2 dx

− 1
6

∫
R3

|u|6 dx − µ
∫

R3
F(u)dx,

(4.29)

⟨(Jµ
λ)

′(u), v⟩ := (a + bρ2)
∫

R3
∇u · ∇v dx +

∫
R3

λV(x)uv dx

−
∫

R3
|u|4uv dx − µ

∫
R3

f (u)v dx.
(4.30)

Since (Iµ
λ)

′(un) → 0 and un ⇀ uλ in Eλ, one has∫
R3
(a∇uλ ·∇φ+λV(x)uλ φ) dx+ bρ2

∫
R3

∇uλ ·∇φ dx−
∫

R3
|uλ|4uλ φ dx−µ

∫
R3

f (uλ)φ dx = 0,
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for any φ ∈ Eλ, which implies that (Jµ
λ)

′(uλ) = 0. Using (4.27) and (4.28), we get

(a + bρ2)
∫

R3
|∇vn|2 dx +

∫
R3

λV(x)v2
n dx − µ

∫
R3

f (vn)vn dx −
∫

R3
|vn|6 dx = o(1). (4.31)

By (2.1), (2.9) and (4.31), one obtains

∥vn∥2
λ ≤

∫
R3

|vn|6 dx + µ
∫

R3
f (vn)vn dx + o(1)

≤ µε
∫

R3
|vn|2 dx + C

∫
R3

|vn|6 dx ≤ µεS2
2∥vn∥2

λ + C∥vn∥6
λ.

Choosing 1 − µεS2
2 > 0 and C̃ > 0 independent of λ, we get

∥vn∥2
λ ≤ C̃∥vn∥6

λ. (4.32)

Next, we show vn → 0 in Eλ. Then, one of two following cases occur:

Case (i): ∥vn∥2
λ = 0;

Case (ii): ∥vn∥2
λ > l > 0 for some l > 0 independent of λ.

If case (i) holds, the proof is completed.
If case (ii) holds, let un = uλ,n and vn = vλ,n, by the same to the prove of Lemma 3.2, one

gets

lim inf
λ→∞

lim
n→∞

sup
y∈R3

∫
Br(y)

|vλ,n|2dx = 0,

then, there exists a subsequence {vλk ,k} = {uλk ,k − uλ} such that vλk ,k → 0 in Lq(R3) with
q ∈ (2, 6).

Since
lim
n→∞

Iµ
λ(uλ,n) = mµ

λ, ⟨(Iµ
λ)

′(uλ,n), uλ,n⟩ → 0 as n → ∞, (4.33)

and from Lemma 3.3, we have cµ
λ < c∗. Then, taking the limit of (4.33), we deduce

lim inf
λ→∞

lim
n→∞

Iµ
λ(uλ,n) = lim inf

λ→∞
mµ

λ < 2c∗, (4.34)

and
lim inf

λ→∞
lim
n→∞

⟨(Iµ
λ)

′(uλ,n), uλ,n⟩ = 0. (4.35)

By (4.34) and (4.35), as k → ∞, one has

Iµ
λk
(uλk ,k) < 2c∗, ⟨(Iµ

λk
)′(uλk ,k), uλk ,k⟩ → 0.

Since uλ,n ⇀ uλ, by a direct calculation, one has

Iµ
λ(uλ,n) → Jµ

λ(vλ,n) + Jµ
λ(uλ)−

bA4

4
. (4.36)

From (Jµ
λ)

′(uλ) = 0, one has

Jµ
λ(uλ)−

b
4

ρ2
∫

R3
|∇uλ|2 dx

=
1
2
∥uλ∥2

λ +
b
4

ρ2
∫

R3
|∇uλ|2 dx − µ

∫
R3

F(uλ)dx − 1
6

∫
R3

|uλ|6 dx

− 1
4
〈
(Jµ

λ)
′(uλ), uλ

〉
=

1
4
∥uλ∥2

λ +
µ

4

∫
R3
[ f (uλ)uλ − 4F(uλ)]dx +

1
12

∫
R3

|uλ|6 dx

≥ 0.

(4.37)
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Then, by (4.36) and (4.37), we get

lim
n→∞

Iµ
λ(uλ,n) ≥ lim

n→∞
Jµ
λ(vλ,n).

Taking the limit with respect to λ in the above inequality, we obtain

lim inf
λ→∞

lim
n→∞

Iµ
λ(uλ,n) ≥ lim inf

λ→∞
lim
n→∞

Jµ
λ(vλ,n),

and consequently,
lim
k→∞

Iµ
λk
(uλk ,k) ≥ lim

k→∞
Jµ
λk
(vλk ,k). (4.38)

Moreover, ⟨(Jµ
λ)

′(vλ,n), vλ,n⟩ → 0 (n → ∞), by a similar argument as above, together with the
properties of subsequences, we obtain

⟨(Jµ
λk
)′(vλk ,k), vλk ,k⟩, as k → ∞. (4.39)

From Lemma 3.2, we get uλk ,k → uλ in Ls(R3) for all s ∈ (2, 6), then, by ( f1)− ( f3) and ( f ′4),
one has∫

R3
f (uλk ,k)uλk ,kdx =

∫
R3

f (uλ)uλdx + o(1);
∫

R3
F(uλk ,k)dx =

∫
R3

F(uλ)dx + o(1). (4.40)

By (4.39)–(4.40), we get

(a + bρ2)
∫

R3
|∇vλk ,k|2dx + λk

∫
R3

V(x)|vλk ,k|2dx =
∫

R3
|vλk ,k|6 dx + o(1).

Thus there exist li ≥ 0 (i = 1, 2, 3) such that

a
∫

R3
|∇vλk ,k|2dx + λk

∫
R3

V(x)v2
λk ,kdx → l1, bρ2

∫
R3

|∇vλk ,k|2dx → l2,
∫

R3
|vλk ,k|6dx → l3.

Moreover, by the Sobolev inequality, one obtains

a
∫

R3
|∇vλk ,k|2dx + λk

∫
R3

V(x)v2
λk ,kdx ≥ aS

(∫
R3

|vλk ,k|6 dx
) 1

3

,

and

b
(∫

R3
|∇vλk ,k|2 dx

)2

≥ bS2
(∫

R3
|vλk ,k|6 dx

) 2
3

,

then
l1 ≥ aS(l1 + l2)

1
3 and l2 ≥ bS2(l1 + l2)

2
3 .

By Lemma 4.4, we get

1
3

l1 +
1
12

l2 ≥ 1
3

abS3 + a
√

b2S6 + 4aS3

2
+

1
12

b3S6 + 2abS3 + b2S3
√

b2S6 + 4aS3

2

=
abS3

4
+

b3S6

24
+

(b2S4 + 4aS)
3
2

24
= c∗.

(4.41)

Consequently, by (4.38) and (4.41), one gets

c∗ > lim
k→∞

Iµ
λk
(uλk ,k) ≥ lim

k→∞

(
Jµ
λk
(vλk ,k)−

1
6
⟨(Jµ

λk
)′(vλk ,k), vλk ,k⟩

)
= lim

k→∞

(
a
3

∫
R3

|∇vλk ,k|2dx +
λk

3

∫
R3

V(x)v2
λk ,kdx +

bρ2

3

∫
R3

|∇vλk ,k|2dx
)

≥ 1
3

l1 +
1
12

l2 ≥ c∗,

which is a contradiction. Hence case (ii) is impossible. Therefore only case (i) holds, i.e.
un → uλ strongly in Eλ. This completes the proof.
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Now, we give the proof of Theorem 1.4.

Proof of Theorem 1.4. By Lemma 4.1, there exists {un} ⊂ U such that Iµ
λ(un) → mµ

λ and
(Iµ

λ)
′(un) → 0 as n → ∞. Combining Lemma 4.3 with Lemma 4.5, we know that {un}

contains a strongly convergent subsequence. Thus, there exists uλ ∈ Eλ such that un → uλ in
Eλ as n → ∞. We can deduce that Iµ

λ(uλ) = mµ
λ and (Iµ

λ)
′(uλ) = 0. Similar to the calculation

of (2.24), we have ∥u±
n ∥λ ≥ C1 > 0, which means that ∥u±

λ ∥λ ≥ C1 > 0 and u±
λ ∈ Mµ

λ. Then,
uλ is a least energy sign-changing solution of problem (1.1).

Next, the same to the proof of Theorem 1.1, we can prove that uλ has exactly two nodal
domains and its energy is strictly larger than twice that of the positive ground state solution.

The proof of Theorem 1.5 is analogous to that of Theorem 1.2, so we omit the details here.
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