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Abstract. Most ecological interactions occur in open ecosystems, where species can
enter or leave. Predator—prey dynamics are no exception. This work generalizes a
predator-prey model by incorporating immigration for both species, making it more
biologically relevant. We analyze a system with a Holling type II functional response in
the positive quadrant of the Poincaré disk, the biologically meaningful region, including
its behavior near infinity. We identify several realizable phase portrait configurations
and provide sufficient conditions for the occurrence of a Hopf bifurcation giving rise to
a small-amplitude limit cycle.
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1 Introduction

The field of biomathematics aims to understand and explain the evolution of biological sys-
tems at different scales. Differential equations and dynamical systems are powerful tools
for this purpose, as evidenced by classic examples like Lotka—Volterra equations and the
SIR model. This work focuses on predator-prey interactions, a subject of longstanding in-
terest. While numerous studies exist, and new advances are continuously being made (see
[1,7,9,15,21,22,24,25]), real-world complexities demand further exploration. One such as-
pect that deserves further study is immigration, a ubiquitous phenomenon across all animal
groups. From plankton to whales, migration significantly impacts population dynamics (see
[14,18]).

Recent studies have explored the effects of immigration on different populations using di-
verse modeling approaches, including delay equations [3,5,8,31] and fractional order models
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[4]. Notably, Sugie et al. [28] incorporated constant prey immigration into the Rosenzweig-
MacArthur model, demonstrating its potential for coexistence and highlighting its impact
on simple models. Similarly, Priyanka et al. [26] investigated non-constant, population-
dependent immigration in both prey and predator populations (but not simultaneously).

Although Tahara et al. [29] analyzed predator—prey models with various functional re-
sponses and immigration representations, they lacked an analytical study of immigration in
both species. Mukherjee [23] explored a three-dimensional model with constant prey immi-
gration, but focused only on equilibria and stability.

There are also discrete-time models for predator—prey systems with immigration. How-
ever, these models consistently restrict immigration to a single species. For instance, Kangalgil
et al. [19] built upon the Holling type I discrete system of Rana [27] by introducing a constant
immigration rate for prey. Their analysis focused on the equilibria and the dynamical shifts
caused by the immigration term, but while they explored bifurcation, their results stemmed
from numerical simulations rather than direct analytical solutions.

Other works including the immigration effect can be found in [11], where different
predator—prey models have been analyzed and compared.

Motivated by these gaps, in [10] we presented a comprehensive analysis of the global
dynamics in a predator-prey system with Holling type I functional response and constant
immigration in both populations. We built upon existing research by incorporating the new
feature of immigration and analyzing dynamics beyond local behavior through compactifica-
tion, similar to recent studies on classical models [12]. This approach offers valuable insights
for studying real-world ecosystems with migratory prey and predators.

Although simple models are often valid for modeling certain phenomena, we aim to go a
step further and present a system with a functional response closer to reality. More precisely,
we consider a Holling type II functional response.

Our starting point is the general system
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where r represents the growth rate of prey; n is the death rate of predator; a is the rate of
predation; b is the conversion rate of eaten prey into new predators; & and « are the functional
response coefficients (which involve, for example, the handling time); and c; and c; are the
immigration rates of prey and predator, respectively. All these real parameters are positive
due to their biological meaning.

The case with « = I = 0 has been studied in [10]. That case corresponds to a Holling type I
functional response. In this paper we consider the case with « = 0, 1 # 0, which corresponds
to the more realistic Holling type II functional response. Due to the complexity of the system
and the number of parameters, we impose an additional condition b = hn.

This equality is not intended to represent an empirically established relationship between
the biological parameters, but rather a biologically interpretable critical regime. From a bi-
ological point of view, the parameters b, i, and n are related to the energetic balance of the
predator. The parameter b describes the contribution of consumed prey to predator growth,
while F is related to the handling time and limits the amount of prey that a predator can con-
sume. Then, the ratio b/h can be interpreted as the maximum asymptotic contribution of prey
consumption to predator growth. The parameter 1, on the other hand, represents predator
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mortality. Consequently, even when prey are very abundant, predator growth may remain
limited because consumption saturates and because predators face mortality and metabolic
costs. This may be interpreted as a marginal energetic regime in which predation alone is
not sufficient to produce positive predator growth and immigration may therefore play an
important role in predator persistence. Indeed, in the absence of predator immigration, the
predator per capita growth rate is

1 . bx .
yy_l+hx

Since the Holling type II functional response saturates as prey abundance increases, we have

lim _bx n|= b_ n

x—eo \ 14 hx T h
Therefore, b > hn allows positive predator per capita growth for sufficiently large prey abun-
dance, whereas for b < hn predator mortality cannot be compensated by predation, even

when prey are abundant. The condition b = hn is precisely the critical boundary between
these two regimes, under which

bx -_n=— " <0
1+ hx - 1+hx ’

This per capita growth rate tends to zero when x tends to infinity. The biological mechanisms
underlying this interpretation are well established. In particular, empirical Holling type II
functional responses show that prey consumption approaches a finite maximum at high prey
densities because of handling-time limitations [30]. Moreover, metabolic costs associated with
foraging may substantially affect the net energetic benefit obtained by predators and, conse-
quently, their population dynamics and persistence [16]. Thresholds obtained by comparing
the maximum predation-supported growth rate with predator mortality are also standard in
Rosenzweig-MacArthur and related predator-prey models [17]. The comparison between b/h
and 7 is consistent with the bioenergetic approach to consumer-resource dynamics, in which
the maximum ingestion rate is compared with the metabolic requirements of the consumer [2].

Thus, although b = hn has not been empirically established for a particular predator—
prey system, it represents a biologically meaningful critical regime in which immigration may
become decisive for predator persistence.

In this critical regime, immigration becomes a key ecological mechanism. Since the preda-
tor population cannot sustain itself only through predation, even in the presence of abundant
prey, the arrival of individuals given by the immigration term may therefore play a decisive
role in maintaining the predator population and determining its long-term abundance. This
highlights the importance of considering open systems when modeling ecological interactions,
as immigration can qualitatively alter the system dynamics, for instance by stabilizing equi-
libria or enabling the emergence of oscillatory behavior that would not be observed in closed
systems.

We therefore study system (1.1) with i # 0, « = 0 and b = hn, representing a Holling type
II functional response:

X =rx — XY +c
(1.2)
hnxy —ny—+c
1+ hx yra
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We can work with an equivalent polynomial system, which allows us to use the Poincaré
compactification. To obtain the equivalent system we do a time rescaling introducing the new
time variable T = t/(1 + hx). Then, denoting now x = dx/dt and y = dy/dt, we obtain the
polynomial system:

X =rhx® —axy + (cih+7r)x +c1,
(1.3)
Yy = cohx — ny + ca.

Let us consider
K = ac3 +acon(n —2r) — n’r(cth+n—7r),
T = K2 — 4n®(ac; — nr)z(ucz —nr+ cihn).
Our main results are the following:

Theorem 1.1. System (1.3) admits the global phase portraits shown in Figure 1.1 in the positive
quadrant of the Poincaré disk. More precisely, if acy < nr, then system (1.3) has a global phase portrait
topologically equivalent to the global phase portrait in Figure 1.1(A).

Ifacy, > nr, T > 0and K > /T or if T < 0and K > 0, then system (1.3) can have a global phase
portrait topologically equivalent to the global phase portrait in Figure 1.1(B) or (C). If aco > nr, T > 0
and K < —/T or if T < 0 and K < 0, then system (1.3) can have a global phase portrait topologically
equivalent to the global phase portrait in Figure 1.1(D) or (E).
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Figure 1.1: Phase portraits of system (1.3) in the positive quadrant of the
Poincaré disk.

Observation 1.2. We have proved analytically that the phase portrait in Figure 1.1(A) is real-
izable.
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For the case ac; > nr, although the existence of additional limit cycles generated through
mechanisms other than the Hopf bifurcation analyzed in this paper cannot be ruled out ana-
lytically, extensive numerical simulations performed with the software P4 did not detect any
phase portrait configuration different from those shown in Figure 1.1.

If the existence of limit cycles arising through mechanisms other than the Hopf bifurcation
could be ruled out, then all phase portraits shown in Figure 1.1 would be analytically justified
(and no other phase portraits would be possible). Indeed, for each parameter regime consid-
ered, the local dynamics together with the configuration of the infinite equilibria determines
a unique possible global arrangement of separatrices in the Poincaré disk.

Additionally, using the software P4, we provided numerical evidence that the phase por-
traits shown in Figure 1.1(B) and (D) are realizable.

The software P4 is a numerical package designed for the qualitative study of planar poly-
nomial differential systems. For a given set of parameters, it computes finite and infinite
equilibrium points, analyzes their local phase portraits, determines separatrices, and provides
a complete numerical visualization of the global phase portrait. In addition, it can search for
limit cycles in prescribed regions. Further information about P4 can be found in [13, Chapter
4] and [6].

Theorem 1.3. System (1.3) has the positive equilibrium point P; when acy > nr, and this equilibrium
point undergoes a Hopf bifurcation at &1 = (acy — nr)(acy +n(n —r))/(hn?r) when T < 0 and
acy # 2nr, for |c1 — &1 sufficiently small.

More precisely, the bifurcation is supercritical if acy — 2nr > 0 and then for c; > ¢; the system has
a unique small-amplitude stable limit cycle bifurcating from the equilibrium point Py. The bifurcation
is subcritical if acy — 2nr < 0 and then for ¢; < ¢; the system has a unique small-amplitude unstable
limit cycle bifurcating from the equilibrium point P;.

The proofs of these results are organized as follows: In Section 2 we study the local dynam-
ics at the finite equilibrium points; in Section 3 we study the dynamics at infinity by means of
the Poincaré compactification. In Section 4 we analyze the existence of a Hopf bifurcation and
we give sufficient conditions for it to appear, giving rise to a limit cycle. Finally, in Section 5
we study the realizable global phase portraits in the positive quadrant of the Poincaré disk.

2 Finite equilibrium points

Depending on the values of the parameters, we distinguish the following cases according to
the existence of finite equilibrium points of system (1.3): If b = hn and ac, = nr, the only
equilibrium point is Py = ( — %, O) ; If b = hn and acy # nr, the equilibrium points are

1 1 h
Py = <_,o) and P = ( <+>)
h ac, — nr n - ac, —nr

As we are studying a population model, we are interested in studying the positive quad-
rant, so now we analyze when these equilibrium points are in that quadrant and which are
the phase portraits in those cases. First, it is clear that the equilibrium point P is always on
the negative part of the x-axis, so we do not need to study it. The equilibrium point P; is
in the positive quadrant if and only if ac, > nr, so we study its local dynamics under this
condition. Let us consider K and T as previously defined.



6 E. Diz-Pita and M. V. Otero-Espinar

The Jacobian matrix of system (1.3) at the equilibrium point P; has eigenvalues (K =+
VT)/(—2n(acy — nr)). The determinant is acy — nr + c;hn > 0, so P; is non-degenerate. If
T > 0, then P is a node: if K > V/T, it is a stable node and if K < —+/T it is an unstable node;
if T < 0and K > 0, then Pj is a stable focus and if T < 0 and K < 0, then P; is an unstable
focus. If K = 0, then necessarily T < 0 and P; has a pair of purely imaginary eigenvalues; this
case corresponds to ¢; = & and it is studied in Section 4.

3 Dynamics at infinity

To achieve a comprehensive understanding of the behavior of system (1.3), we use the Poincaré
compactification. This technique allows us to control the dynamics of a polynomial differential
system near infinity. We provide a basic introduction to this method here, with more in-depth
details available in Chapter 5 of [13].

The basic idea of this method consists of projecting the system from the plane onto a
sphere, particularly the sphere $* = {y € R : y3 + y3 + y3 = 1}, which is called the Poincaré
sphere. We consider a planar polynomial system of the form

X1 = P(x1,x2),

X2 = Q(x1,x2),

and project it onto the sphere, obtaining induced vector fields, one in each open hemisphere
of $2. The plane IR? can be identified with the tangent plane to the sphere at the point (0,0,1).
The projection can be done with the central projections f* : R> — §? and f~ : R? — 2,
defined by

X X 1 3 —x1 —xy —1
Frx) = (A(;)’A(i)'A(x)> and f(x) = (A(xl)’A(xZ)’A(x)> '

where A(x) = /x2 +x3 + 1.

The differential Df* (resp. Df ) provides a vector field in the northern (resp. southern)
hemisphere, and we can extend analytically this vector field to the points of the equator
multiplying the field by yg_l, where d is the degree of the original vector field in the plane.

As the points of the equator S! of S? correspond to the points at infinity of R?, with this
extension we can study the dynamics at the infinite equilibrium points, which are those in the
equator of the sphere.

We consider the local charts (U;, ¢;) and (V;, ;) of the sphere §?, where U; = {y € S :
y; > 0}, Vi = {yGSZ:yi<0}, ¢ Uy — R? and Y Vi — R? for i = 1,2,3 with
¢i(y) = ¥i(y) = (Ym/ Vi, Yn/yi) form < nand m,n # i.

The extended field, the so-called Poincaré compactification of the original vector field, has
the following expression in the local chart (U, ¢1):

i = of [—uP <Zl) Z) o) (Zl) Z)] ., o=—olp <le Z) ) (3.1)

in the local chart (Uy, ¢) the expression is

1 1 1
= fp (01 (L], e-we(D), 6o
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and in the local chart (U3, ¢3) is
= P(u,v), 0= Q(u,v). (3.3)

In the charts (V;,¢;), with i = 1,2,3, the system is the same as in the charts (U, ¢;)
multiplied by (—1)4~1.

If a point y € S! is an infinite equilibrium point, then —y is also an infinite equilibrium
point and they have the same or opposite stability depending on whether the system has odd
or even degree. Taking this into account, it is sufficient to study the infinite points on the local
chart U; and the origin of the local chart U.

As we are studying a real population problem, we are only interested in the positive values
of the variables, and we present the phase portraits of the polynomial differential system in
the positive quadrant of the Poincaré disk, which is the orthogonal projection of the northern
hemisphere of S? onto the plane y; = 0.

In chart Uy system (1.3) has the expression

it = —cyuv? + au® — (cih + n + r)uv + c0* — hru + cyho,

34
0 = —c10° + auv — (cih + r)v* — hro G4

The equilibrium points over v = 0 are the origin of the local chart U;, hereafter denoted by
O1, and the point P = (hr/a,0). We study their local behavior. First, the origin of system
(3.4), i.e., the origin of chart U; is a hyperbolic stable node if r > 0, as the Jacobian matrix
at this equilibrium point has an eigenvalue —hr with multiplicity two. The equilibrium point
P = (hr/a,0) is semi-hyperbolic: if nr # acy, it is a saddle-node and if nr = ac, it is an
unstable node. This can be deduced by Theorem 2.19 in [13] as follows: We translate P to the
origin by doing the variable change (1,v) — (U + %, V), and we obtain the system:

. —c1h

U= —cUV?+al? — (cth+n+r)Uv + I Ay
acoh+hn(cth+n+r)—h(n+r)(cth+n+r)

a

+ hrl + V,
V= —cV3+alV — (cth+r)V>

Now we write the system in coordinates that put its linear part into Jordan normal form,
by doing the variable change (U, V) — (p + (224 — 2)g g). Thus, we obtain the system:

) ac C c1th+n
p=—cpq® +ap* —=Zpq+(n+r) (f— :

2
p >q + hrp,

i=—ag+(n—=2) g +ap.

We obtain the function

g(q) = (n—"2) i+ <(n Flred i —oc) cl> 7 +o(),

hr?

that corresponds to the dynamics on the center manifold associated with the zero eigenvalue
of P. Therefore, the local phase portrait of P can be determined by applying the mentioned
Theorem 2.19, in [13], by studying the first non-vanishing term in the expression of g(gq). We
get that, if acy # nr, the coefficient of degree two is non-zero, and the equilibrium point P
is a saddle-node, as the degree is even. In the case ac; = nr, the coefficient of degree three
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becomes (acicp)/ r2, which is positive, so in that case the equilibrium point is an unstable
topological node.
In chart U, system (1.3) is written

1 = —cohu?v — couv® + hru® + (cth+n+r)uv+ c10% — au,
0 = —cohuv? — v + nv’.
The origin of this local chart, which is the only infinite equilibrium point we have to
consider here, is semi-hyperbolic. Hereafter we denote this equilibrium point by O,. The
system has its linear part in Jordan normal form, but since the non-zero eigenvalue, —a, is

negative, we change the sign of the field. We get ¢(v) = —nv? + 0(v?), so the origin is a
saddle-node.

4 Proof of Theorem 1.3

Let us consider ac, > nr, so the equilibrium point P; is on the positive quadrant. The Jacobian
matrix of system (1.3) at the equilibrium point P; is

cihnr acy acin

- = _|_ r -

A(cy) = | aca—nr n nr — acp
Czh —n

Assume that T < 0. Then the matrix A(c;) has eigenvalues y(c1) £ w(c1)i, where

a*cs +acon(n —2r) — n®r(cth+n —r)

“2n(acy —nr) Oand (4.1)

p(er) =

-T
w(cy) = 2n(acz\/7—nr)' (4.2)
We get 1(¢1) = 0 for
& = (aco — nr)(acy +n(n —r))/ (hn’r). (4.3)

Therefore at c; = ¢; the equilibrium point P; has a pair of pure imaginary eigenvalues
+iw(¢1). The system will have a Hopf bifurcation if some Lyapunov constant is nonzero and
(du/dc1)(€1) # 0. In order to analyze this Hopf bifurcation, we apply [20, Theorem 3.3], and
for that we must check whether the genericity conditions are satisfied. We check that the
transversality condition is satisfied as

du hnr

dcq (&) = 2(acy — nr) > 0. 4.4)

To check the second condition, we must compute the first Lyapunov constant. We fix the value
c1 = €1 and then the equilibrium P; has the expression

2 2
acy +n* —nr cx(ac; +n
P — ( >+ / 2( 22+ )). (4.5)
hnr n4r
We translate P; to the origin of coordinates obtaining the system
_ » anr — a’cy — an?
&1 = hre] —ag1en + neq + 9,
hnr (4.6)

&€ = cohe — ney,
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which can be represented as

1 1
¢ = Ae+ EB(E,E) + EC(E, €,€), 4.7)

where A = A(¢;) and the multilinear functions B and C are given by

B = (e oo s

Clent) = ()

We compute two eigenvectors p, g of the matrix A verifying
Aq =iwgq, Alp = —iwp, and (p,q) =1,

as for example

L. = i
2 (aca+n?)(acy—nr) 1
q= nr and p=| n w .|. (4.8)
c

— Colt i 2 ooh

(aco+n?)(aco—
2 acy nmucz nr)

Now we compute the functions g, g11 and go1:

820 = (p,B(q,9))

hnr < (acp+n?)(acy—nr) ni) <aC2 i+r < (acp+n?)(ac—nr) n Z>>

2(acy + n?)(acy — nr)

7

_acohr
"~ 2acp + 2n?’

Then, the first Lyapunov coefficient is

g = (p,B(9,9)) g1 = (p,C(q,9,9)) = 0.

—acyh®nr?(acy — 2nr)

8(acy + n2)2(acy — nr)\/

Then, if ac, # 2nr, the first Lyapunov coefficient is non-zero, and so the second condition
of the theorem we are applying is satisfied, and the equilibrium point P; undergoes a Hopf
bifurcation. More precisely, if ac, — 2nr > 0, the bifurcation is supercritical and a unique stable
limit cycle bifurcates from the equilibrium point P; for c; > & with c; — & sufficiently small;
if acy — 2nr < 0, the bifurcation is subcritical and a unique unstable limit cycle bifurcates from
the equilibrium point P; for ¢; < & with ¢; — ¢; sufficiently small.

1 .
0 = ﬁRe(lgzogn + wgo) =

(acy + n?)(acy — nr)
nr

5 Global dynamics

In this section we study the compatibility of finite and infinite equilibrium points, analyzing
the possible connections between separatrices and the configurations that arise in each case.
We will consider the phase portraits in the positive quadrant of the Poincaré disk, as it is
the region with biological meaning. Furthermore, this is consistent as the positive quadrant is
positively invariant because the flow over the positive vertical and horizontal semi-axes points
towards the interior of the region.
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5.1 Case ac, = nr

In this case the only finite equilibrium point is Py, which is not in the positive quadrant of the
Poincaré disk. The flow enters the region of the positive quadrant over the x- and y-axes. As
there is no finite equilibrium point inside this region, there cannot be periodic orbits.

Regarding the infinite equilibrium points, the origin of chart Uy is a stable node and the
equilibrium point P on U; is on the boundary of the positive quadrant and it is an unstable
node as acp, = nr. Finally, the origin of chart U, is a saddle-node.

Studying the flow over the y-axis we determine that for y large enough (more precisely for
y > c2/n) the flow points downwards, and this only allows one configuration for the saddle-
node in the origin of chart U, which must have a separatrix that leaves the equilibrium point
and enters in the positive quadrant. Then there is only one possible global configuration for
the orbits, which is given in Figure 1.1(A).

5.2 Case acy # nr

In this case there are two equilibrium points, Py, which is never in the positive quadrant, and
P;, whose position depends on the parameters.

If ac; < nr, then P; is not in the positive quadrant. The origin of chart U; is a stable
node, and the point P is now a saddle-node as nr # ac,. The origin of chart U, is again a
saddle-node, and the position of its separatrices is the same as in the previous case. At the
equilibrium point P, the flow over the boundary of the disk is determined by the eigenvalue
hr > 0, and there is only one possible position for the separatrix: if the separatrix goes from
the finite region to the equilibrium point P starting at the origin of chart U, then a canonical
region with periodic orbits would appear, but this is not possible as those periodic orbits
should enclose an equilibrium point which does not exist. If the separatrix goes from the
x-axis or the y-axis to the equilibrium point P, then the separatrix leaving from the origin of
U, has no possible w-limit, so this situation is not feasible. Then the only feasible position
for the sectors and the separatrix of the infinite equilibrium point P is the one in which the
hyperbolic sectors are outside the positive quadrant of the Poincaré disk, and the parabolic
sector is inside the disk, so finally, although the local phase portrait of P is different from
the previous case, by considering only the positive quadrant we obtain the same global phase
portrait as in Figure 1.1(A).

If aco > nr, then P is in the positive quadrant, and it can be a node or a focus. For the
other equilibrium points in the positive quadrant, we have that the origin of U; is a stable
node, the origin of chart U, has two hyperbolic sectors and the separatrix between them starts
at that point and goes into the positive region, and there is a separatrix that goes to the
point P, separating the two hyperbolic sectors of that point. Below we analyze the different
possibilities depending on the phase portrait at P;.

e IfT>0and K > vVTorif T < 0 and K > 0, then P, is a stable node or a stable
focus, which are topologically equivalent. For this case, Figures 1.1(B) and (C) provide
realizable phase portraits in the positive quadrant of the Poincaré disk.

We have used the software P4 to provide numerical evidence that phase portrait (B) is
realizable. In particular, for K > /T phase portrait (B) can be obtained for the values
b=r=a=n=h=1,c0 =3/256 and c; = 3/2, and for T < 0 and K > 0, phase
portrait (B) can be obtained forb =a=c; =c=n=h=1andr =1/2.
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In the case T < 0 and K > 0, as we have K = hn?r(&; — ¢1), then ¢; < &. Consequently,
if aco — 2nr < 0, Theorem 1.3 guarantees the existence of a unique small-amplitude
unstable limit cycle bifurcating from P;. Combining this local configuration with the
information on the infinite equilibrium points yields the realizable phase portrait in
Figure 1.1(C).

If ac; — 2nr > 0 the bifurcation is supercritical and the limit cycle exists only for c; > ¢,
so it does not appear in this case.

e IfT>0and K< —Torif T <0and K < 0, then P; is an unstable node or an unstable
focus, which are topologically equivalent. Figures 1.1(D) and (E) provide realizable
phase portraits in the positive quadrant of the Poincaré disk.

We have used the software P4 to provide numerical evidence that phase portrait (D) is
realizable. In particular, for K < —+/T phase portrait (D) can be obtained for the values
b=r=a=n=h=1,c0 =4and c; =3/2,and for T < 0 and K < 0, phase portrait
(D) can be obtained forb=a=c,=n=h=1,r=1/2and ¢; = 2.

In the case T < 0 and K < 0, as we have K = hn?r(¢; — c1), then & < c;. Consequently, if
acy — 2nr > 0, Theorem 1.3 guarantees the existence of a unique small-amplitude stable
limit cycle bifurcating from P;. Combining this local configuration with the information
on the infinite equilibrium points yields the realizable phase portrait in Figure 1.1(E).

6 Conclusions

In this work, we have analyzed a predator—prey system with Holling type II functional re-
sponse under a critical regime for the predator, incorporating immigration in both species.
This framework extends previous models (such as [10]) by combining a more realistic func-
tional response with a regime in which the predator operates under marginal energetic con-
ditions.

Compared with the results obtained in [10] for the Holling type I functional response, the
Holling type II response considered here leads to richer dynamical behavior. In particular, the
positive equilibrium may fail to exist or may change its stability, and Hopf bifurcations may
occur, giving rise to small-amplitude limit cycles that can be either stable or unstable. This
highlights the significant effect of consumption saturation on the global behavior of predator—
prey systems.

Furthermore, in cases where the positive equilibrium point is stable, it is not globally
asymptotically stable. Indeed, the existence of basin boundaries implies that different initial
conditions may lead to qualitatively different long-term behaviors. In particular, trajectories
outside the basin of attraction of the positive equilibrium should not be interpreted as corre-
sponding to predator extinction, since predator immigration is always present. Rather, they
may evolve towards regimes where the predator population remains at low density despite
the continuous arrival of individuals through immigration.

Our main contribution is the analysis of the dynamics in the biologically relevant region,
namely the positive quadrant of the Poincaré disk. By means of the Poincaré compactification,
we described the local behavior at the finite and infinite equilibrium points and studied the
compatibility of their separatrices. This analysis allowed us to identify the phase portrait
configurations shown in Figure 1.1. The realizability of the phase portrait corresponding to
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acy < nr was proved analytically, while numerical computations performed with P4 provided
parameter values realizing the configurations without limit cycles when ac, > nr. Although
our numerical exploration did not reveal any additional configurations, the possible existence
of further limit cycles arising through mechanisms other than the Hopf bifurcation considered
here cannot be ruled out analytically. If the non-existence of such additional limit cycles were
established, Theorem 1.1 would yield a complete topological classification of the global phase
portraits of system (1.3) in the positive quadrant of the Poincaré disk.

From an ecological perspective, the phase portraits in Figure 1.1 illustrate different possi-
ble long-term outcomes depending on the parameter values and initial population sizes. The
basin boundaries separate initial conditions leading to different asymptotic behaviors, while
the limit cycles arising through Hopf bifurcation represent sustained oscillations in prey and
predator abundance. In particular, a small-amplitude unstable limit cycle locally separates tra-
jectories exhibiting different behaviors near the positive equilibrium, showing that relatively
small differences in the initial population sizes may produce qualitatively different popula-
tion dynamics. Moreover, trajectories approaching infinity represent unbounded population
growth within the mathematical model. Such behavior should not be interpreted as a real-
istic long-term ecological prediction, but rather as an indication that, in these regimes, the
mechanisms included in the model are not sufficient to regulate population growth. In a
real ecosystem, additional density-dependent effects, such as resource limitation, intraspecific
competition, environmental carrying capacity, or changes in predation pressure, would be
expected to prevent indefinite growth. Thus, these trajectories also help identify parameter
regimes in which additional ecological mechanisms should be incorporated into the model.

In addition, we established explicit conditions for the existence of a Hopf bifurcation at
the positive equilibrium. Depending on the parameter values, this bifurcation gives rise to
either a stable or an unstable small-amplitude limit cycle, showing that oscillatory dynamics
may occur in the presence of immigration even when the predator population is close to its
survival threshold.

These findings highlight the significant role of immigration in ecological modeling, as it
can affect the behavior of the system, particularly in terms of stability and the emergence of
periodic orbits. From an applied perspective, this work provides a more biologically realistic
framework for understanding predator—prey interactions in open ecosystems.

Future work could address more general forms of immigration (e.g., density-dependent
or time-dependent terms), as well as the extension of these techniques to higher-dimensional
models or to systems with additional ecological mechanisms such as delays.
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