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Abstract. Hand-foot-mouth disease (HFMD) is an infectious disease caused by en-
teroviruses common in everyone and reinfection can occur. In order to investigate the
impact of covert infection and temporary immunity on the transmission of HFMD, we
establish an age-structured model, which is based on a system of partial differential
equations, describing the interactions among susceptible individuals, latently infected
individuals, and temporarily immune individuals. At first, a careful analysis of the
existence and local stability of equilibrium states shows the disease-free equilibrium
is globally asymptotically stable for R0 < 1, the endemic equilibrium is unstable for
R0 > 1, by means of reformulating the model as an abstract Cauchy problem. Then,
an application of the Lyapunov–Schmidt approach reveals the conditions for the occur-
rence of backward bifurcation, and the numerical simulations of obtained conclusions
are examined.
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1 Introduction

Hand-foot-mouth disease disease is a common infectious disease, which is common in chil-
dren, but adults can also be infected [1]. It can be caused by more than 20 types of viruses in
the enterovirus genus, including coxsackievirus, enterovirus 71, and echovirus, all of which are
single-stranded positive-sense RNA viruses with strong transmissibility [22]. Enteroviruses
spread through multiple routes, including the fecal-oral route, respiratory droplets, and con-
tact with oral or nasal secretions, skin blister fluid, or contaminated objects [29]. After in-
fection, individuals enter an incubation period generally lasting 2 to 5 days. Most cases are
mild [8], some patients infected with EV71 may progress to severe complications and even
death [18, 20]. Recovery confers specific immunity against the infecting virus type, but due to
the lack of cross-protection between different enterovirus types, individuals may experience
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multiple episodes of HFMD caused by distinct viral strains [27]. The first case of HFMD was
reported in New Zealand in 1957 along with the isolation of the coxsackievirus pathogen, and
subsequent outbreaks have been documented globally [16]. Notably, mainland China has ex-
perienced high infection rates, over the past decade, HFMD has consistently ranked among
the top three Class C diseases in China in both incidence and mortality, representing a major
public health threat and consequently driving extensive research into its transmission dynam-
ics [30].

Mathematical modeling serves as an effective tool for analyzing infectious disease dynam-
ics. Most current HFMD models are based on the classical SIR compartmental model, which
was originally developed by Kermack and McKendrick while studying the spread of the
plague in London. This model pioneered the categorization of the population into three
groups (Susceptible-Infected-Removed), laying a crucial foundation for research in infectious
disease dynamics [6]. Given the severity of the HFMD outbreak in Sarawak, Malaysia, a sim-
ple deterministic model based on the SIR framework was constructed to predict the number
of infections and the duration of the epidemic, representing one of the earlier applications of
the SIR model to HFMD [21], 

dS
dt

= µ0 − µ1S − β(t)SI + γR,

dI
dt

= β(t)SI − ωI − µ1 I,

dR
dt

= ωI − µ1R − γR.

However, the classical SIR model assumes that individuals become infectious immediately af-
ter exposure. In reality, HFMD patients undergo a latent period after infection during which
they are no infectious or minimally infectious. As early as 1998, epidemiological surveillance
and virological testing in children confirmed that the incubation period for HFMD caused by
CVA16 ranges from 2 to 8 days [9]. The study in [10] first introduced an exposed (or latent)
compartment (E) into the HFMD transmission model, moving away from the assumption of
immediate infectivity and better reflecting the actual transmission dynamics of HFMD. The
authors also incorporated the impact of quarantine measures (Q), constructing an SEIQR
model. They systematically analyzed the conditions for the existence of disease free and en-
demic equilibrium points and proved the local stability of these equilibria using the char-
acteristic equation method, thereby enhancing the accuracy and predictive capability of early
epidemic dynamics modeling. The study in [3] addressed the limitations of traditional models
in capturing the clinical heterogeneity of HFMD. This heterogeneity is characterized by the
fact that some infected individuals exhibit typical symptoms such as fever and herpetiform
lesions, while a considerable proportion remain asymptomatic yet still capable of transmitting
the virus. Asymptomatic individuals (A), due to their concealed status, often evade routine
prevention and control measures and can act as hidden sources of infection. To systematically
reveal the impact of this pathological heterogeneity on disease transmission dynamics, the
authors introduced a separate asymptomatic infected compartment, extending the model to
an SIAR framework, this modification resolved prediction biases associated with traditional
models. In recent years, many researchers have integrated these two compartments, leading
to extensive discussion and application of the SEIAR model [19].

The above HFMD models are primarily based on ordinary differential equations (ODEs).
Under this ODE framework, it is assumed that individuals within each compartment are
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entirely homogeneous in their epidemiological characteristics and are not influenced by the
duration of their stay in that compartment [13, 24]. However, literature [25] indicates that the
risk of infection among susceptible individuals within the same compartment is heteroge-
neous. This highlights the high age dependency of incidence. Furthermore, during the trans-
mission of HFMD, individuals in the latent period are asymptomatic. Yet, several days after
exposure, once these latent carriers become active, they begin spreading the virus within the
population. This latency period may lead to a serious underestimation of HFMD transmission.

Therefore, we introduce an age variable for each compartment to account for the state of
individuals within them. Here, age does not refer to the individual’s chronological age, but
rather to the duration since the individual entered the current compartment. It represents the
number of individuals who have been in a given compartment for a specific length of time. By
incorporating the duration a within each state, it becomes possible to express factors such
as the infectiousness of infected individuals and the risk of activation for exposed individu-
als as functions of a. This approach offers greater flexibility in model distribution, allowing
for dynamic tracking of the evolution of individuals within compartments and their impact
on HFMD infection dynamics. This formulation adopts a partial differential equation (PDE)
methodology. Recently, continuous models based on age structure have been extensively ex-
plored in numerous studies [12, 14, 17].

Based on the epidemiological characteristics of HFMD, such as age-related differences in
incidence and heterogeneity in population exposure risks, reference [23] constructed an age-
structured SEIAR infectious disease dynamics model that incorporates the effect of media
publicity, as represented by the following differential equation,

dS(t)
dt

= br − drS(t)− βS(t)
(

I(t) + kA(t)
)
,

∂E(t, a)
∂t

+
∂E(t, a)

∂a
= −χ(a)E(t, a), t ≥ 0, a ≥ 0,

dI(t)
dt

= p
∫ ∞

0
c(a)E(t, a)da −

(
dr + µ + γ1

)
I(t), t ≥ 0,

dA(t)
dt

= (1 − p)
∫ ∞

0
c(a)E(t, a)da −

(
dr + γ2

)
A(t), t ≥ 0,

dR(t)
dt

= γ1 I(t) + γ2A(t)− drR(t), t ≥ 0,

E(t, 0) = βS(t)
(

I(t) + kA(t)
)
, t ≥ 0,

where relevant parameters can be referred to in [23]. The authors discussed the possible exis-
tence of both disease free and endemic steady states, analyzed the stability of these states, and
verified the theoretical findings through numerical simulations.

Following the aforementioned discussion and expanding the model in [23], this paper de-
velops an age-structured SEIAR model for HFMD incorporating partial immunity. An age
variable is introduced into the five compartments to characterize the state of individuals
within each compartment, representing the number of individuals in each compartment over
a given period. Key parameters such as the infectivity of infectious individuals, the risk of
progression from the exposed state, and immune status are expressed as functions of age, de-
noted by a. The study investigates the existence and stability of steady solutions for the model
and derives the basic reproduction number R0 as the threshold determining disease extinc-
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tion or persistence. Furthermore, considering the absence of cross-immunity between virus
serotypes and the possibility of repeated HFMD infections, the Lyapunov-Schmidt method [2]
is employed to examine whether the temporary immunity of recovered individuals can induce
backward bifurcation, as well as the conditions under which such backward bifurcation may
arise.

The paper is organized as follows. We transform the model into a Cauchy problem and
analyze the well-posedness of its solutions in Section 2. In Section 3, we linearize the model
around the equilibria to obtain the normalized system, derive the basic reproduction number
R0, and analyze the existence and stability of the disease-free equilibrium. In Section 4, we in-
vestigate the existence conditions and number of endemic equilibria, as well as the conditions
for the occurrence of backward bifurcation. Numerical simulations are presented in Section 5
to corroborate our theoretical results. Finally, a summary of our work is given in Section 6.

2 Mathematical model

In this section, we show examples how theorems, definitions, lists and formulae should be
formatted. We establish an age-structured SEIAR model comprising five compartments: sus-
ceptible, exposed, symptomatically infected, asymptomatically infected, and temporarily re-
covered. Here, S(t, a), E(t, a), I(t, a), A(t, a) and R(t, a) denote the population density of each
compartment at age a and time t, respectively. The total population density satisfies

N(t, a) = S(t, a) + E(t, a) + I(t, a) + A(t, a) + R(t, a). (2.1)

Assume that after infection with the virus, an individual first enters the latent period with a
progression rate of σ. Subsequently, they develop symptomatic infection at an age-dependent
proportion of 1 − p(a) and asymptomatic infection at a proportion of p(a). The contact rate
between individuals of different ages is described by the function β(a, a′), γI(a) and γA(a) are
the recovery rates of symptomatic and asymptomatic infected individuals respectively. µ(a)
and b(a) refer to the natural mortality rate of the population and the fertility rate at age
a, respectively, and recovered individuals acquire temporary immunity, then revert to the
susceptible state at a rate of ξ(a). The transmission dynamics of the disease are illustrated
in Figure 2.1. The disease transmission dynamics are described by the following system of
partial differential equations,

(
∂

∂a
+

∂

∂t

)
S(t, a) = −λ(t, a)S(t, a)− µ(a)S(t, a) + ξ(a)R(t, a),(

∂

∂a
+

∂

∂t

)
E(t, a) = λ(t, a)S(t, a)− µ(a)E(t, a)− σE(t, a),(

∂

∂a
+

∂

∂t

)
I(t, a) =

(
1 − p(a)

)
σE(t, a)− γI(a)I(t, a)− µ(a)I(t, a),(

∂

∂a
+

∂

∂t

)
A(t, a) = p(a)σE(t, a)− γA(a)A(t, a)− µ(a)A(t, a),(

∂

∂a
+

∂

∂t

)
R(t, a) = γI(a)I(t, a) + γA(a)A(t, a)− ξ(a)R(t, a)− µ(a)R(t, a).

(2.2)

The force of infection for susceptible individuals λ(t, a) takes an integral form as

λ(t, a) =
∫ ∞

0
β(a, a1)

[ε1E(a1, t) + I(a1, t) + η1A(a1, t)]
N(a1, t)

da1
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Figure 2.1: SEIAR compartment model.

with ε1 ∈ (0, 1) and η1 ∈ (0, 1) representing the infectiousness factors for latent individuals
and asymptomatic infectors, respectively. The boundary conditions for system (2.2) are

S(0, t) =
∫ ∞

0
b(a)N(t, a)da, E(0, t) = I(0, t) = A(0, t) = R(0, t) = 0.

Meanwhile, the initial conditions are

S(a, 0) = S0(a), E(a, 0) = E0(a), I(a, 0) = I0(a), A(a, 0) = A0(a), R(a, 0) = R0(a).

The functions and parameters in model (2.2) satisfy the following conditions:

(i) The age-dependent parameters β(a), γI(a), γA(a), ξ(a) are bounded and belong to
L1
+[0, ∞), and µ(a) ∈ L1

loc+(0, ∞) with
∫ ∞

0 µ(a)da = ∞.

(ii) The natural space for the state variables S(·, t), E(·, t), I(·, t), A(·, t), R(·, t) is L1
+[0, ∞).

(iii) The initial conditions satisfy S0(a), E0(a), I0(a), A0(a), R0(a) belong to L1
+[0, ∞).

Based on equations (2.1) and (2.2), N(a, t) satisfies(
∂

∂a
+

∂

∂t

)
N(a, t) = −µ(a)N(a, t),

N(0, t) =
∫ ∞

0
b(a)N(a, t)da,

N(a, 0) = N0(a) = S0(a) + E0(a) + I0(a) + A0(a) + R0(a).

Solving the equation for N(a, t) by the method of characteristics yields

N(a, t) =

N(a − t, 0) exp
(
−
∫ a

t µ(a − t + τ)dτ
)

a > t,

N(0, t − a) exp
(
−
∫ a

0 µ(τ)dτ
)

a ≤ t.
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Note that N(a, t) is continuous when N0(a) =
∫ ∞

0 b(a)N(a, t). The steady-state solution of
model (2.2) can be derived as limt→∞ N(a, t) = e−

∫ a
0 µ(τ)dτ

∫ ∞
0 b(a)N(a, t)da. Without loss of

generality, it is assumed that N(a, t) = N∞(a) = e−
∫ a

0 µ(τ)dτ
∫ ∞

0 b(a)N(a, t)da. For analytical
simplicity, the system (2.2) is subsequently subjected to normalization. Let

s(a, t) =
S(a, t)
N∞(a)

, e(a, t) =
E(a, t)
N∞(a)

, i(a, t) =
I(a, t)
N∞(a)

, a(a, t) =
A(a, t)
N∞(a)

, r(a, t) =
R(a, t)
N∞(a)

.

This gives 

(
∂

∂a
+

∂

∂t

)
s(t, a) = −λ(a, t)s(a, t) + ξ(a)r(a, t),(

∂

∂a
+

∂

∂t

)
e(t, a) = λ(a, t)s(a, t)− σe(a, t),(

∂

∂a
+

∂

∂t

)
i(t, a) =

(
1 − p(a)

)
σe(a, t)− γI(a)i(a, t),(

∂

∂a
+

∂

∂t

)
a(t, a) = p(a)σe(a, t)− γA(a)a(a, t),(

∂

∂a
+

∂

∂t

)
r(t, a) = γI(a)i(a, t) + γA(a)a(a, t)− ξ(a)r(a, t),

(2.3)

where
λ(a, t) = c(a)

∫ ∞

0
β(a′)

[
ε1e(a′, t) + i(a′, t) + η1a(a′, t)

]
da′ = c(a)F(t),

and the state space is

X =

{
(s, e, i, a, r) ∈

(
L1
+(0, ∞)

)5
, s + e + i + a + r = 1

}
.

The boundary and initial conditions satisfied by system (2.3) are given by

s(0, t) = 1, e(0, t) = i(0, t) = a(0, t) = r(0, t) = 0,

s(a, 0) = s0(a), e(a, 0) = e0(a), i(a, 0) = i0(a), a(a, 0) = a0(a), r(a, 0) = r0(a).

Next, system (2.3) is transformed into an abstract Cauchy problem with a non-densely
defined operator. The well-posedness of the system is deduced by virtue of the integrated
semigroup theory, and the existence and uniqueness of non-negative solutions are investi-
gated. The norm of the Banach space X is defined as follows: ∥Φ∥ = ∑5

i=1 ∥Φi∥, Φ(a) =

(Φ1(a), Φ2(a), Φ3(a), Φ4(a), Φ5(a))T ∈ X, with ∥Φi∥ =
∫ ∞

0 Φi(a)da, Φi(a) ∈ L1
+(0,+∞). A

linear operator A : D(A) ⊂ X → X is given by

AΦ(a) =
(
− d

da
Φ1(a), − d

da
Φ2(a), − d

da
Φ3(a), − d

da
Φ4(a), − d

da
Φ5(a)

)T

,

with the domain

D(A) =
{

Φ ∈ X
∣∣Φ′

i ∈ L1(0, ∞), Φ1(0) = 1, Φj(0) = 0, j = 2, 3, 4, 5
}

.

Define a nonlinear operator F : X → X as

FΦ(a) =


−λ(a, t)Φ1(a) + ξ(a)Φ5(a)

λ(a, t)Φ1(a)− σΦ2(a)
(1 − p(a))σΦ2(a)− γI(a)Φ3(a)

p(a)σΦ2(a)− γA(a)Φ4(a)
γI(a)Φ3(a) + γA(a)Φ4(a)− ξ(a)Φ5(a)

 , Φ ∈ L1
+(0, ∞).
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Let W = (s, e, i, a, r)T ∈ X, then system (2.3) can be formulated as the following Cauchy
problem in X:

dW(t)
dt

= AW(t) + F(W(t)), W(0) = W0 ∈ X, (2.4)

where W0(a) = (s0(a), e0(a), i0(a), a0(a), r0(a)). It is known that the linear operator A is the
infinitesimal generator of the C0-semigroup T(t) for t ≥ 0, and the nonlinear operator F is
continuously Fréchet differentiable on the space X. Let

Ω =
{
(s, e, i, a, r)T ∈ X | s, e, i, a, r ≥ 0

}
, Ω0 =

{
(s, e, i, a, r)T ∈ X | 0 ≤ s, e, i, a, r ≤ 1

}
.

By similar analysis as in [5] or [7], the following conclusion can be drawn.

Proposition 2.1. For any non-negative initial condition W0 ∈ Ω ∩ D(A), system ((2.4)) has a unique
continuous solution, and Ω0 is a positive invariant set of system ((2.4)).

3 Disease-free equilibrium

This section, the existence and stability of the disease-free equilibrium of system (2.3) are
mainly discussed. Let the disease-free equilibrium be E0 =

(
s0(a), e0(a), i0(a), a0(a), r0(a)

)
. By

the definition of a disease-free equilibrium, e0(a) = i0(a) = a0(a) = 0, so λ(a) = 0. From
ds0(a)

da = ξ(a)r0(a), dr0(a)
da = −ξ(a)r0(a) and r(0) = 0, we obtain r(a) = 0. Thus, ds0(a)

da = 0,
which implies s0(a) = s(0) = 1. Therefore, the disease-free equilibrium is E0 = (1, 0, 0, 0, 0).
Next, the local asymptotic stability of the disease-free equilibrium is analyzed. System (2.3) is
linearized about the equilibrium point E0. Consider the exponential solutions of system (2.3)

s(a, t) = s(a)eαt, e(a, t) = e(a)eαt, i(a, t) = i(a)eαt, a(a, t) = a(a)eαt, r(a, t) = r(a)eαt. (3.1)

Substituting the exponential solutions (3.1) into the system leads to

s′(a) + αs(a) = −λ(a) + ξ(a)r(a),

e′(a) + αe(a) = λ(a)− σe(a),

i′(a) + αi(a) = σ
(
1 − p(a)

)
e(a)− γI(a)i(a),

a′(a) + αa(a) = σp(a)e(a)− γA(a)a(a),

r′(a) + αr(a) = γI i(a) + γAa(a)− ξ(a)r(a),

(3.2)

λ(a) = c(a)F0, F0 =
∫ ∞

0
β(u)

(
ε1e(u) + i(u) + η1a(u)

)
du.

Solution of the second, third and fourth equations of system ((3.2)) results in

e(a) = e−
∫ a

0 (σ+α)dξ
∫ a

0
λ(τ)e

∫ τ
0 (σ+α)dξdτ,

i(a) = e−
∫ a

0 (γI(ξ)+α)dξ
∫ a

0
σ
(
1 − p(η)

)
e(η)e

∫ η
0 (γI(ξ)+α)dξdη,

a(a) = e−
∫ a

0 (γA(ξ)+α)dξ
∫ a

0
σp(η)e(η)e

∫ η
0 (γA(ξ)+α)dξdη.
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Substituting e(a), i(a) and a(a) into F0 yields

F0 =
∫ ∞

0
β(a)

[
ε1e−

∫ a
0 (σ+α)dξ

∫ a

0
c(τ)F0e

∫ τ
0 (σ+α)dξdτ

+ e−
∫ a

0 (γI(ξ)+α)dξ
∫ a

0
σ(1 − p(η))e−

∫ η
0 (σ+α)dξ ×

∫ η

0
c(τ)F0e

∫ τ
0 (σ+α)dξdτe

∫ η
0 (γI(ξ)+α)dξdη

+ η1e−
∫ a

0 (γA(ξ)+α)dξ
∫ a

0
σp(η)e−

∫ η
0 (σ+α)dξ ×

∫ η

0
c(τ)F0e

∫ τ
0 (σ+α)dξdτe

∫ η
0 (γA(ξ)+α)dξdη

]
da.

Canceling F0 from both sides gives

1 =
∫ ∞

0
β(a)

[
ε1e−

∫ a
0 (σ+α)dξ

∫ a

0
c(τ)e

∫ τ
0 (σ+α)dξdτ

+ e−
∫ a

0 (γI(ξ)+α)dξ
∫ a

0
σ(1 − p(η))e−

∫ η
0 (σ+α)dξ ×

∫ η

0
c(τ)e

∫ τ
0 (σ+α)dξdτe

∫ η
0 (γI(ξ)+α)dξdη

+ η1e−
∫ a

0 (γI(ξ)+α)dξ
∫ a

0
σp(η)e−

∫ η
0 (σ+α)dξ ×

∫ η

0
c(τ)e

∫ τ
0 (σ+α)dξdτe

∫ η
0 (γI(ξ)+α)dξdη

]
da.

Setting the right-hand side equal to H(α), the basic reproduction number reads

R0 =
∫ ∞

0
β(a)

[
ε1e−

∫ a
0 σdξ

∫ a

0
c(τ)e

∫ τ
0 σdξdτ

+ e−
∫ a

0 γI(ξ)dξ
∫ a

0
σ(1 − p(η))e−

∫ η
0 σdξ

∫ η

0
c(τ)e

∫ τ
0 σdξdτe

∫ η
0 γI(ξ)dξdη

+ η1e−
∫ a

0 γA(ξ)dξ
∫ a

0
σp(η)e−

∫ η
0 σdξ

∫ η

0
c(τ)e

∫ τ
0 σdξdτe

∫ η
0 γA(ξ)dξdη

]
da = H(0).

Theorem 3.1. If R0 < 1, the disease-free equilibrium E0 of the system is locally asymptotically stable. If
R0 > 1, the disease-free equilibrium E0 is unstable.

Proof. Differentiating H(α) with respect to α yields H′(α) < 0, which implies that H(α) is a
decreasing function with limα→−∞ H(α) = +∞, limα→+∞ H(α) = 0. Therefore, there exists a
unique real root α0 such that H(α0) = 1. When R0 < 1, it follows that α0 < 0. A complex root
l = l1 + il2 with l2 = 0 satisfying H(l) = 1 is now considered. It is shown that the real part l1
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must be negative. Assume, instead, l1 ≥ 0. Then

1 = |H(l)|

=

∣∣∣∣∣
∫ ∞

0
β(a)

[
ε1e−

∫ a
0 (σ+l1+il2)dξ

∫ a

0
c(τ)e

∫ τ
0 (σ+l1+il2)dξdτ

+ e−
∫ a

0 (γI(ξ)+l1+il2)dξ
∫ a

0
σ(1 − p(η))e−

∫ η
0 (σ+l1+il2)dξ

×
∫ η

0
c(τ)e

∫ τ
0 (σ+l1+il2)dξdτe

∫ η
0 (γI(ξ)+l1+il2)dξdη

+ η1e−
∫ a

0 (γA(ξ)+l1+il2)dξ
∫ a

0
σp(η)e−

∫ η
0 (σ+l1+il2)dξ

×
∫ η

0
c(τ)e

∫ τ
0 (σ+l1+il2)dξdτe

∫ η
0 (γA(ξ)+l1+il2)dξdη

]
da

∣∣∣∣∣
≤
∣∣∣∣∫ ∞

0

∫ a

0
ε1β(a)e−

∫ a
0 (σ+l1)dξc(τ)dτda

+
∫ ∞

0

∫ a

0

∫ η

0
β(a)e−

∫ a
0 (γI(ξ)+l1)dξσ(1 − p(η))e−

∫ η
0 (σ+l1)dξc(τ)dτdηda

+
∫ ∞

0

∫ a

0

∫ η

0
β(a)e−

∫ a
0 (γA(ξ)+l1)dξσp(η)e−

∫ η
0 (σ+l1)dξc(τ)dτdηda

∣∣∣∣∣
= |H(l1)| ≤ H(0) = R0 < 1,

this is a contradiction. Therefore, the complex root l = l1 + il2 has a negative real part, which
implies that the disease-free equilibrium E0 is locally asymptotically stable when R0 < 1. Sim-
ilarly, when H(0) = R0 > 1, the characteristic equation has a positive root, and thus the
disease-free equilibrium E0 is unstable.

Remark 3.2. This is a classic epidemiological threshold theorem, which establishes R0 = 1 as
the critical point determining whether the disease will break out in the population. Although
our system extends from an ordinary differential equation (ODE) model to a partial differen-
tial equation model, and the R0 here depends not only on common parameters but also on
age [4], the conclusion remains consistent with that in the ODE model.

Theorem 3.3. The disease-free equilibrium E0 is globally asymptotically stable if 1+ µ(a)
σ − (1−p(a))σ

γI(a) −
p(a)σ
γA(a) > 0.

Proof. Consider the following Lyapunov functional L(t) =
∫ ∞

0

[ E(a,t)
σ + I(a,t)

γI(a) +
A(a,t)
γA(a)

]
da, L(t) =

0 if and only if E(a, t) = I(a, t) = A(a, t) = 0. Then

dL
dt

=
∫ ∞

0

[
λ(a, t)S(a, t)

σ
− E(a, t)− µ(a)E(a, t)

σ

+

(
1 − p(a)

)
σE(a, t)

γI(a)
− µ(a)I(a, t)

γI(a)
+

p(a)σE(a, t)
γA(a)

− A(a, t)− µ(a)A(a, t)
γA(a)

]
da

−
∫ ∞

0

(
1
σ

∂E(a, t)
∂a

+
1

γI(a)
∂I(a, t)

∂a
+

1
γA(a)

∂A(a, t)
∂a

)
da.
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By the Fundamental Theorem of Calculus, with

lim
a→+∞

E(a, t) = 0, lim
a→+∞

I(a, t) = 0, lim
a→+∞

A(a, t) = 0,

E(0, t) = 0, I(0, t) = 0, A(0, t) = 0,

it follows that
∫ ∞

0

[
1
σ

∂E(a,t)
∂a + 1

γI(a)
∂I(a,t)

∂a + 1
γA(a)

∂A(a,t)
∂a

]
da = 0. This gives

dL(t)
dt

=
∫ ∞

0

[
− E(a, t)

(
1 +

µ(a)
σ

−
(
1 − p(a)

)
σ

γI(a)
− p(a)σ

γA(a)

)

− I(a, t)
(

1 +
µ(a)
γI(a)

)
− A(a, t)

(
1 +

µ(a)
γA(a)

)]
da.

Analysis is conducted on the behavior near the disease-free equilibrium E0 = (s0(a), 0, 0, 0, 0),
for which λ(a, t) = 0, therefore, if 1 + µ(a)

σ − (1−p(a))σ
γI(a) − p(a)σ

γA(a) > 0, then dL
dt < 0, and the

disease-free equilibrium E0 of the system is globally asymptotically stable.

Remark 3.4. This theorem provides a stronger sufficient condition, under which the disease
will eventually die out regardless of how many people are infected initially. This suggests
that we can achieve the complete eradication of the disease by substantially increasing the
recovery rate or reducing the proportion of latent individuals progressing to the infectious
stage, without being affected by the initial scale of infection.

4 Endemic equilibrium and backward bifurcation

This section mainly discusses the conditions for the existence of the endemic equilibrium, as
well as the conditions for the occurrence of backward bifurcation.

Theorem 4.1. The system (2.3) possesses at least one endemic equilibrium E∗ if the reproduction
number R0 > 1.

Proof. At the equilibrium E∗ = (s∗(a), e∗(a), i∗(a), a∗(a), r∗(a)), system (2.3) reduces to

ds∗(a)
da

= −λ∗(a)s∗(a) + ξ(a)r∗(a),

de∗(a)
da

= λ∗(a)s∗(a)− σe∗(a),

di∗(a)
da

= σ
(
1 − p(a)

)
e∗(a)− γI(a)i∗(a),

da∗(a)
da

= σp(a)e∗(a)− γA(a)a∗(a),

dr∗(a)
da

= γI(a)i∗(a) + γA(a)a∗(a)− ξ(a)r∗(a),

(4.1)

λ∗(a) = c(a)
∫ ∞

0
β(a)

[
ε1e∗(u) + i∗(u) + η1a∗(u)

]
du = c(a)F0,
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and the initial conditions are s∗(0) = 1, e∗(0) = i∗(0) = a∗(0) = r∗(0) = 0. Solution of system
(4.1) yields

s∗(a) = e−
∫ a

0 λ∗(ϵ)dϵ

[∫ a

0
e
∫ η

0 λ∗(ϵ)dϵξ(η)r∗(η)dη + 1
]

,

e∗(a) = e−σa
∫ a

0
λ∗(η)s∗(η)eσηdη,

i∗(a) = e−
∫ a

0 γI(ϵ)dϵ
∫ a

0
σ
(
1 − p(η)

)
e∗(η)e

∫ η
0 γI(ϵ)dϵdη,

a∗(a) = e−
∫ a

0 γA(ϵ)dϵ
∫ a

0
σp(η)e∗(η)e

∫ η
0 γA(ϵ)dϵdη,

r∗(a) = e−
∫ a

0 ξ(ϵ)dϵ
∫ a

0
(γI(η)i∗(η) + γA(η)a∗(η)) e

∫ η
0 ξ(ϵ)dϵdη,

by substituting e∗(a), i∗(a), a∗(a) and r∗(a) into s∗(a) gives

s∗(a) = e−
∫ a

0 λ∗(ϵ)dϵ

[ ∫ a

0
e
∫ η

0 λ∗(ϵ)dϵξ(η)e−
∫ η

0 ξ(ϵ)dϵ

×
∫ η

0

(
γI(τ)e−

∫ τ
0 γI(ϵ)dϵ

∫ τ

0
σ(1 − p(s))e−σs ×

∫ s

0
λ∗(θ)s∗(θ)eσθdθe

∫ s
0 γI(ϵ)dϵds

+ γA(τ)e−
∫ τ

0 γA(ϵ)dϵ
∫ τ

0
σp(s)e−σs ×

∫ s

0
λ∗(θ)s∗(θ)eσθdθe

∫ s
0 γA(ϵ)dϵds

)
e
∫ τ

0 ξ(ϵ)dϵdτdη + 1

]
.

In addition, inserting e∗(a), i∗(a), a∗(a) and λ∗(a) = c(a)F0 into F0 results in

F0 =
∫ ∞

0
β(a)

(
ε1e(a) + i(a) + η1a(a)

)
da

=
∫ ∞

0
β(a)

(
ε1e−σa

∫ a

0
F0c(η)s∗(η)eσηdη

+ e−
∫ a

0 γI(ϵ)dϵ
∫ a

0
σ(1 − p(η))e−ση

∫ η

0
F0c(τ)s∗(τ)eστdτe

∫ η
0 γI(ϵ)dϵdη

+ η1e−
∫ a

0 γA(ϵ)dϵ
∫ a

0
σp(η)e−ση

∫ η

0
F0c(τ)s∗(τ)eστdτe

∫ η
0 γA(ϵ)dϵdη

)
da.

Canceling F0 from both sides of the equation leads to

1 =
∫ ∞

0
β(a)

(
ε1e−σa

∫ a

0
c(η)s∗(η)eσηdη

+ e−
∫ a

0 γI(ϵ)dϵ
∫ a

0
σ
(
1 − p(η)

)
e−ση

∫ η

0
c(τ)s∗(τ)eστdτe

∫ η
0 γI(ϵ)dϵdη

+ η1e−
∫ a

0 γA(ϵ)dϵ
∫ a

0
σp(η)e−ση

∫ η

0
c(τ)s∗(τ)eστdτe

∫ η
0 γA(ϵ)dϵdη

)
da.

Define the right-hand side of the equality as Q(F0). Setting F0 = 0, then

Q(0) =
∫ ∞

0
β(a)

(
ε1e−σa

∫ a

0
c(η)eσηdη

+ e−
∫ a

0 γI(ϵ)dϵ
∫ a

0
σ
(
1 − p(η)

)
e−ση

∫ η

0
c(τ)eστdτe

∫ η
0 γI(ϵ)dϵdη

+ η1e−
∫ a

0 γA(ϵ)dϵ
∫ a

0
σp(η)e−ση

∫ η

0
c(τ)eστdτe

∫ η
0 γA(ϵ)dϵdη

)
da = R0.
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Moreover, limF0→+∞ Q(F0) = 0. Therefore, when R0 > 1, the equation Q(F0) = 1 has at least
one positive solution, which implies that the model admits at least one endemic equilibrium.

We now consider the case where R0 < 1. Differentiating Q(F0) with respect to F0 and
setting F0 = 0 gives Q′(0) = −

∫ a
0 c(ϵ)dϵ. Let Q′(0) = U.

Theorem 4.2. When the basic reproduction number R0 < 1, if U > 0 and |R0 − 1| is sufficiently
small, then the system (2.3) admits at least two endemic equilibria.

Proof. Let W(F0, q) = q Q(F0)
R0

− 1, then W(0, 1) = Q(0)
R0

− 1 = 0, ∂W
∂F0

∣∣∣
(0,1)

= U
R0

> 0. By the

implicit function theorem, there exists a unique implicit function F0 = F0(q) in a neighborhood
of the point (0, 1) for W(F0, q), which satisfies

∂F0

∂q

∣∣∣∣
q=1

= −R0

U
< 0,

together with W(F0(q), q) = 0 and F0(1) = 0. Thus, there exists ε > 0 such that F0(q) > 0
for all q ∈ (1 − δ, 1) and W(F0, q) = 0. Let R0 ∈

(
1 − δ

2 , 1
)

and q ∈
(
1 − ε, 1 − ε

2

)
. Then we

have F0(q) > 0, limF0→+∞ Q(F0) = 0, Q(0) = R0 < 1, which implies Q(F0(q)) = R0
q > 1.

Therefore, there exist K1 ∈ (0, F0(q)) and K2 ∈ (F0(q),+∞) such that Q(K1) = Q(K2) =

1. Consequently, the system (2.3) admits at least two endemic equilibria.

Remark 4.3. It is generally believed that R0 < 1 is sufficient to eliminate the disease, but
Theorem 4.2 implies that merely reducing R0 below 1 may not be enough to eradicate it. If
the current infection base is large, the system may evolve to a stable endemic equilibrium.
Therefore, controlling the disease may require reducing R0 to a critical value smaller than 1,
or simultaneously drastically reducing the number of current infected individuals.

Theorem 4.2 indicates that a backward bifurcation may occur when R0 < 1. Now employ
the Lyapunov–Schmidt method and its techniques to conduct a detailed investigation into the
existence of such a backward bifurcation.

A bifurcation parameter β(τ) = β̄β0(τ) is now introduced, where β0(τ) satisfies

1 =
∫ ∞

0
β0(a)

[
ε1e−

∫ a
0 σdξ

∫ a

0
c(τ)e

∫ τ
0 σdξdτ

+ e−
∫ a

0 (γI(ξ)+α)dξ
∫ a

0
σ
(
1 − p(η)

)
e−
∫ η

0 (σ+α)dξ
∫ η

0
c(τ)e

∫ τ
0 σdξdτe

∫ η
0 γI(ξ)dξdη

+ η1e−
∫ a

0 γA(ξ)dξ
∫ a

0
σp(η)e−

∫ η
0 σdξ

∫ η

0
c(τ)e

∫ τ
0 σdξdτe

∫ η
0 γA(ξ)dξdη

]
da.

It follows that R0 = 1 when β̄ = 1. Next, the following spaces are defined:

X = L1
(0,∞) × R × L1

(0,∞) × R × L1
(0,∞) × R × L1

(0,∞) × R × L1
(0,∞) × R,

X0 = L1
(0,∞) × {0} × L1

(0,∞) × {0} × L1
(0,∞) × {0} × L1

(0,∞) × {0} × L1
(0,∞) × {0},

X+ = L1
+(0,∞) × R+ × L1

+(0,∞) × R+ × L1
+(0,∞) × R+ × L1

+(0,∞) × R+ × L1
+(0,∞) × R+,

X0+ = X0 ∩ X+, Φ = (s, 0, e, 0, i, 0, a, 0, r, 0)T ∈ X0.
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A nonlinear operator D : X0+ → X0+ takes the form of

D(Φ, β̄) =



−sa − β̄c(a)
∫ ∞

0 β0(u)
[
ε1e(u) + i(u) + η1a(u)

]
du s(a) + ξ(a)r(a)

1 − s(0)
−ea + β̄c(a)

∫ ∞
0 β0(u)

[
ε1e(u) + i(u) + η1a(u)

]
du s(a)− σe(a)

−e(0)
−ia +

(
1 − p(a)

)
σe(a)− γI(a)i(a)

−i(0)
−aa + p(a)σe(a)− γA(a)a(a)

−a(0)
−ra + γI(a)i(a) + γA(a)a(a)− ξ(a)r(a)

−r(0)


.

The derivative of the operator D is evaluated on an arbitrary element

h = (x, 0, y, 0, z, 0, k, 0, l, 0)T ∈ X0+.

This gives

DΦ(Φ, β̄)h =



−xa − F1 + ξ(a)l(a)
−x(0)

−ya + F1 − σy(a)
−y(0)

−za +
(
1 − p(a)

)
σy(a)− γI(a)z(a)

−z(0)
−ka + p(a)σy(a)− γA(a)k(a)

−k(0)
−la + γI(a)z(a) + γA(a)k(a)− ξ(a)l(a)

−l(0)


,

where
F1 = β̄c(a)

∫ ∞

0
β0(u)

[
ε1e(u) + i(u) + η1a(u)

]
du x(a)

+ β̄c(a)
∫ ∞

0
β0(u)

[
ε1y(u) + z(u) + η1k(u)

]
du s(a).

Compute the derivative of the operator D at the disease-free equilibrium E0 = (1, 0, 0, 0, 0)T,
let Φ0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T, it follows that

DΦ(Φ0, β̄)h =



−xa − β̄c(a)
∫ ∞

0 β0(u)
[
ε1y(u) + z(u) + η1k(u)

]
du + ξ(a)l(a)

−x(0)
−ya + β̄c(a)

∫ ∞
0 β0(u)

[
ε1y(u) + z(u) + η1k(u)

]
du − σy(a)

−y(0)
−za +

(
1 − p(a)

)
σy(a)− γI(a)z(a)

−z(0)
−ka + p(a)σy(a)− γA(a)k(a)

−k(0)
−la + γI(a)z(a) + γA(a)k(a)− ξ(a)l(a)

−l(0)


.

Let A denote the linear operator DΦ(Φ0, 1). For the sake of simplicity in calculation, let
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M =
∫ ∞

0 β0(u)
[
ε1y(u) + z(u) + η1k(u)

]
du. Solving the system of equations Ah = 0 yields

x(a) =
∫ a

0

(
− Mc(ω) + ξ(ω)e−

∫ ω
0 ξ(ϵ)dϵ

×
∫ ω

0
e−
∫ µ

0 ξ(ϵ)dϵ

[
γI(µ)M

∫ µ

0
e−
∫ µ

τ rI(ϵ)dϵσ
(
1 − p(τ)

)
×
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

+ γA(µ)M
∫ µ

0
e−
∫ µ

τ rA(ϵ)dϵσp(τ)×
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

]
dµ

)
dω,

y(a) = M
∫ a

0
e−
∫ a

θ σdηc(θ)dθ,

z(a) = M
∫ a

0
e−
∫ a

τ rI(ϵ)dϵσ
(
1 − p(τ)

) ∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ,

k(a) = M
∫ a

0
e−
∫ a

τ rA(ϵ)dϵσp(τ)
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ,

l(a) = e−
∫ a

0 ξ(ϵ)dϵ
∫ a

0
e−
∫ µ

0 ξ(ϵ)dϵ

[
γI(µ)M

∫ µ

0
e−
∫ µ

τ rI(ϵ)dϵσ
(
1 − p(τ)

)
×
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

+ γA(µ)M
∫ µ

0
e−
∫ µ

τ rA(ϵ)dϵσp(τ)×
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

]
dµ.

Further, the following definitions are introduced:

x̂0(a) =
∫ a

0

[
− c(ω) + ξ(ω)e−

∫ ω
0 ξ(ε)dε

∫ ω

0
e
∫ µ

0 ξ(ε)dε

×
(

γI(µ)
∫ µ

0
e−
∫ µ

τ rI(ε)dεσ
(
1 − p(τ)

) ∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

+ γA(µ)
∫ µ

0
e−
∫ µ

τ rA(ε)dεσp(τ)
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

)
dµ

]
dω,

ŷ0(a) =
∫ a

0
e−
∫ a

θ σdηc(θ)dθ,

ẑ0(a) =
∫ a

0
e−
∫ a

τ rI(ϵ)dϵσ
(
1 − p(τ)

) ∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ,

k̂0(a) =
∫ a

0
e−
∫ a

τ rA(ϵ)dϵσp(τ)
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ,

l̂0(a) = e−
∫ a

0 ξ(ε)dε
∫ a

0
e
∫ µ

0 ξ(ε)dε

(
γI(µ)

∫ µ

0
e−
∫ µ

τ rI(ε)dεσ
(
1 − p(τ)

) ∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

+ γA(µ)
∫ µ

0
e−
∫ µ

τ rA(ε)dεσp(τ)
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

)
dµ.

Substitution of y(a), z(a) and k(a) into M yields

M =
∫ ∞

0
β0(a)

[
ε1y(a) + z(a) + η1k(a)

]
da

= M
∫ ∞

0
β0(a)

[
ε1

∫ a

0
e−
∫ a

θ σdηc(θ)dθ +
∫ a

0
e−
∫ a

τ rI(ε)dεσ
(
1 − p(τ)

) ∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

+ η1

∫ a

0
e−
∫ a

τ rA(ε)dεσp(τ)
∫ τ

0
e−
∫ τ

θ σdηc(θ)dθdτ

]
da.
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If M ̸= 0, then

1 =
∫ ∞

0
β0(a)

[
ε1ŷ0(a) + ẑ0(a) + η1k̂0(a)

]
da. (4.2)

Therefore, the linear operator A has an eigenvector given by

v̂0 =
(

x̂0(a), 0, ŷ0(a), 0, ẑ0(a), 0, k̂0(a), 0, l̂0(a), 0
)T.

To compute the adjoint operator A∗, let ψ = (ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7, ψ8, ψ9, ψ10)
T. From

⟨Ah, ψ⟩ = ⟨h,A∗ψ⟩, expanding the inner product gives

⟨Ah, ψ⟩ =
∫ ∞

0

[
−xa − c(a)M + ξ(a)l(a)

]
ψ1(a)da − ψ2x(0)

+
∫ ∞

0

[
−ya + c(a)M − σy(a)

]
ψ3(a)da − ψ4y(0)

+
∫ ∞

0

[
−za + σ

(
1 − p(a)

)
y(a)− γI(a)z(a)

]
ψ5(a)da − ψ6z(0)

+
∫ ∞

0

[
−ka + σp(a)y(a)− γA(a)k(a)

]
ψ7(a)da − ψ8k(0)

+
∫ ∞

0

[
−la + γI(a)z(a) + γA(a)k(a)− ξ(a)l(a)

]
ψ9(a)da − ψ10l(0)

= ⟨h,A∗ψ⟩.

Integrating by parts for the differential equations and assuming ψ(∞) = 0, the adjoint operator
is as follows:

A∗ψ =



ψ1a

ψ1(0)
ψ3a − ε1β0(a)

∫ ∞
0 c(u)ψ1(u)du

+ε1β0(a)
∫ ∞

0 c(u)ψ3(u)du − σψ3(a)
+σ
(
1 − p(a)

)
ψ5(a) + σp(a)ψ7(a)

ψ3(0)
ψ5a − β0(a)

∫ ∞
0 c(u)ψ1(u)du

+β0(a)
∫ ∞

0 c(u)ψ3(u)du − γI(a)ψ5(a) + γI(a)ψ9(a)
ψ5(0)

ψ7a − η1β0(a)
∫ ∞

0 c(u)ψ1(u)du
+η1β0(a)

∫ ∞
0 c(u)ψ3(u)du − γA(a)ψ7(a) + γA(a)ψ9(a)

ψ7(0)
ψ9a + ξ(a)ψ1(a)− ξ(a)ψ9(a)

ψ9(0)



.

We then calculate the eigenvector of the adjoint operator A∗ associated with the eigen-
value 0. Setting A∗ψ = 0 leads to

ψ1(a) = ψ1(0) = 0,

ψ9(a) = ψ9(0)e
∫ a

0 ξ(ϵ)dϵ,

ψ5(a) = −e
∫ a

0 rI(ε)dε
∫ ∞

a
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(τ) + β0(τ)

∫ ∞

0
c(u)ψ3(u)du

)
dτ,

ψ7(a) = −e
∫ a

0 rA(ε)dε
∫ ∞

a
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(τ) + η1β0(τ)

∫ ∞

0
c(u)ψ3(u)du

)
dτ,
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ψ3(a) = Σeaσ
∫ ∞

a
e−θσ

[
σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ + σp(θ)e

∫ θ
0 rA(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ,

where

Σ =
∫ ∞

0
c(u)ψ3(u)du.

Without loss of generality, it can be assumed that ψ9(0) = 0, which implies that

ψ3(a) = Σeaσ
∫ ∞

a
e−θσ

[
σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ + σp(θ)e

∫ θ
0 rA(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ.

Upon substituting ψ3(a) into the expression for Σ, we arrive at

Σ = Σ
∫ ∞

0
c(u)euσ

∫ ∞

u
e−θσ

[
σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ + σp(θ)e

∫ θ
0 rA(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ du.

Let

ψ∗
3(a) = eaσ

∫ ∞

a
e−θσ

[
σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ + σp(θ)e

∫ θ
0 rA(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ.

It follows that

1 =
∫ ∞

0
c(u)ψ∗

3(u)du. (4.3)

Substituting ψ∗
3(a) into ψ5(a) and ψ7(a) gives

ψ∗
5(a) = −e

∫ a
0 rI(ε)dε

∫ ∞

a
e−
∫ τ

0 rI(ε)dεβ0(τ)dτ,

ψ∗
7(a) = −e

∫ a
0 rA(ε)dε

∫ ∞

a
e−
∫ τ

0 rA(ε)dεη1β0(τ)dτ.
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Therefore, an eigenvector of A∗ corresponding to the eigenvalue 0 is given by

v∗0 =
(
0, 0, ψ∗

3(a), ψ∗
3(0), ψ∗

5(a), ψ∗
5(0), ψ∗

7(a), ψ∗
7(0), 0, 0

)
.

We next compute the mixed partial derivative

DΦβ̄(Φ, β̄)h =



−c(a)
∫ ∞

0 β0(u)
[
ε1e(u) + i(u) + η1a(u)

]
du x(a)

−c(a)
∫ ∞

0 β0(u)
[
ε1y(u) + z(u) + η1k(u)

]
du s(a)

0
c(a)

∫ ∞
0 β0(u)

[
ε1e(u) + i(u) + η1a(u)

]
du x(a)

c(a)
∫ ∞

0 β0(u)
[
ε1y(u) + z(u) + η1k(u)

]
du s(a)

0
0
0
0
0
0
0



,

and define

b = ⟨DΦβ̄(Φ
0, 1)v̂0, v̂∗0⟩

=
∫ ∞

0
c(a)

( ∫ ∞

0
β0(u)

[
ε1ŷ0(u) + ẑ0(u) + η1k̂0(u)

]
du
)

ψ∗
3(a)da.

Moreover, based on the identities (4.2) and (4.3), it can conclude that

b =
∫ ∞

0
c(a)da > 0.

Let h2 = (x2, 0, y2, 0, z2, 0, k2, 0, l2, 0), it can be shown that

DΦΦ(Φ0, β̄)[h, h2] =



−β̄c(a)
∫ ∞

0

[
ε1y(u) + z(u) + η1k(u)

]
du x2(a)

−β̄c(a)
∫ ∞

0

[
ε1y2(u) + z2(u) + η1k2(u)

]
du x(a)

0
β̄c(a)

∫ ∞
0

[
ε1y(u) + z(u) + η1k(u)

]
du x2(a)

β̄c(a)
∫ ∞

0

[
ε1y2(u) + z2(u) + η1k2(u)

]
du x(a)

0
0
0
0
0
0
0



.

Set a to be
a = ⟨DΦΦ(Φ0, 1)[v̂0, v̂∗0 ], v̂∗0⟩

= 2
∫ ∞

0
x̂0(a)c(a)

∫ ∞

0

[
ε1ŷ0(u) + ẑ0(u) + η1k̂0(u)

]
du ψ∗

3(a)da

= 2
∫ ∞

0
x̂0(a)c(a)ψ∗

3(a)da.
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Lemma 4.4 ([26, Theorem 2.1]). Assume

(i) A is a closed operator with a simple isolated eigenvalue zero and the remaining eigenvalues having
negative real parts. v̂0 is the unique solution of Av = 0.

(ii) D(Φ, β̄) ∈ C2(U0 × I0, X) for some neighborhood U0 of Φ0 and an interval I0 containing 1.

(iii) v̂∗0 ∈ X∗ is the unique positive solution of ⟨Aϕ, v̂∗0⟩ = 0, which implies dim(kerA∗) = 1, where
kerA∗ = span{v̂∗0}.

(iv) ⟨DΦβ̄(Φ
0, 1)v̂0, v̂∗0⟩ ̸= 0, where DΦβ̄(Φ

0, 1) is the mixed partial derivative of D with respect to
Φ and β̄.

Then, if b > 0, the bifurcation is backward if and only if a > 0 and forward if and only if a < 0.

Theorem 4.5. System (2.3) exhibits a backward bifurcation when R0 < 1 and the following conditions
are satisfied:∫ ∞

0

∫ a

0

[
− c(ω) + ξ(ω)e−

∫ ω
0 ξ(ε)dε

∫ ω

0
e
∫ µ

0 ξ(ε)dε

×
(

γI(µ)
∫ µ

0
e−
∫ µ

t rI(ε)dεσ
(
1 − p(t)

) ∫ t

0
e−
∫ t

v σdηc(v)dv dt + γA(µ)
∫ µ

0
e−
∫ µ

t rA(ε)dεσp(t)

×
∫ t

0
e−
∫ t

v σdηc(v)dv dt
)

dµ

]
dω × c(a)eaσ

∫ ∞

a
e−θσ

[
σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ + σp(θ)e

∫ θ
0 rA(ε)dε

×
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ da > 0.

Proof. Substituting ψ∗
3(a) into the expression for a leads to

a = 2
∫ ∞

0
x̂0(a)c(a)eaσ

∫ ∞

a
e−θσ

×
[

σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ

+ σp(θ)e
∫ θ

0 rA(ε)dε
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ da

= 2
∫ ∞

0

∫ a

0

[
− c(ω) + ξ(ω)e−

∫ ω
0 ξ(ε)dε

∫ ω

0
e
∫ µ

0 ξ(ε)dε

×
(

γI(µ)
∫ µ

0
e−
∫ µ

t rI(ε)dεσ
(
1 − p(t)

) ∫ t

0
e−
∫ t

v σdηc(v)dv dt

+ γA(µ)
∫ µ

0
e−
∫ µ

t rA(ε)dεσp(t)
∫ t

0
e−
∫ t

v σdηc(v)dv dt
)

dµ

]
dω c(a)eaσ

∫ ∞

a
e−θσ

×
[

σ
(
1 − p(θ)

)
e
∫ θ

0 rI(ε)dε
∫ ∞

θ
e−
∫ τ

0 rI(ε)dε

(
rI(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + β0(τ)

)
dτ

+ σp(θ)e
∫ θ

0 rA(ε)dε
∫ ∞

θ
e−
∫ τ

0 rA(ε)dε

(
rA(τ)ψ9(0)e

∫ τ
0 ξ(ε)dε + η1β0(τ)

)
dτ − ε1β0(θ)

]
dθ da.
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Hence, if the conditions hold, then a > 0. From Lemma 4.4, system exhibits a backward
bifurcation.

Remark 4.6. The conditions for backward bifurcation in non-age-structured infectious disease
models usually only depend on global parameters (such as recovery rate and transmissibil-
ity); in contrast, the backward bifurcation conditions in this model include age-dependent
integral terms and the age heterogeneity of the asymptomatic proportion p(a). The introduc-
tion of age structure makes the occurrence of backward bifurcation more dependent on the
dynamic coupling of different age groups rather than a single global parameter [10].

5 Numerical simulations

In this section, numerical simulations are conducted to verify the main conclusions drawn
above. First, the stability of the equilibrium point of the system is verified, and the effects of
age structure and partial immunity on the prevention and control of hand, foot, and mouth
disease are analyzed. Second, numerical simulation and analysis are performed on the back-
ward bifurcation of the system. According to the parameter settings in [11], we take σ = 0.25,
p(a) = 0.6. The recovery rates γI(a) and γA(a) of symptomatic and asymptomatic infected in-
dividuals, which were given different values in [15,28,31], in general, are fixed as γI(a) = 0.01
and γA(a) = 0.17 in this paper. For the convenience of simulation, the values of each pa-
rameter are adopted as follows: µ(a) = b(a) = 0.5, ε1 = 0.01, η = 0.05. Set the initial
conditions as s0 = 150 + 40 sin(πx), e0 = 200 + sin(πx), i0 = 10000 · exp

(
−0.2(x − 5)2),

a0 = 80 + 40 sin(πx), r0 = 100 + sin(πx). Since the infection rate and immune waning rate
are age-dependent, we will simulate by assigning different values to the infection rate and
immune waning rate respectively. We choose β(a) = 0.40, ξ(a) = 0.32. A simple calculation
yields R0 = 2.3306. While we have R0 = 0.0974 by choosing β(a) = 0.008, ξ(a) = 0.05. Ac-
cording to Theorem 3.1, when the R0 < 1, the disease-free equilibrium E0 of the system is
locally asymptotically stable, implying that the disease will be eliminated eventually; when
R0 > 1, the disease-free equilibrium is unstable and the disease breaks out. This conclusion
can be verified by the simulation results in Figure 5.1 and 5.2. This indicates that when the ini-
tial conditions and other parameters are consistent, changes in the infection rate and immune
waning rate caused by age variation will have an impact on the transmission of the disease,
and may even lead to the outbreak of the disease.

To further investigate the impact of partial immunity on hand, foot, and mouth disease
(HFMD), we only consider the scenario where R0 < 1. With β fixed at 0.7132, the basic repro-
duction number R0 is calculated as 0.9462. We analyzed the transmission effects by varying
the value of immunity waning rate ξ(a). Numerical simulations of the model were conducted
for ξ(a) = 0.0000 and ξ(a) = 0.8766, respectively, and the transmission trends of HFMD were
obtained as shown in Figure 5.3. When partial immune components are incorporated into
the model, the model exhibits the characteristic of backward bifurcation. Even if the basic
reproduction number R0 < 1, the disease can still persist and become endemic. From an
epidemiological perspective, an elevated immunity waning rate means that individuals who
have acquired immunity lose their specific immunity more rapidly, leading to a continuous
replenishment of the susceptible population. Even under the condition of R0 < 1, a low level
endemic prevalence can be maintained. In the development of HFMD prevention and control
strategies, in addition to focusing on transmission intensity, attention should also be paid to
the impact of immune persistence on the long-term evolution of the epidemic. By strength-



20 P. M. Hao, S. W. Ren, J. Z. Cao and B. Y. Wen

ening vaccination and booster immunization strategies, the rate of immunity waning can be
slowed down, thereby effectively reducing the endemic prevalence level of HFMD.

Next, we fix ξ(a) = 0.8867 and set the other parameters to satisfy the conditions of The-
orem 4.5. Let R0 be a variable parameter and assign values to it within the range of 0.4
to 2. Two distinct sets of initial conditions are selected for the simulation: the first set is
s0 = 150 + 40 sin(πx), e0 = 20 + sin(πx), i0 = 100 · exp

(
−0.2(x − 5)2), a0 = 80 + 40 sin(πx),

r0 = 100 + sin(πx); the second set is s0 = 150 + 40 sin(πx), e0 = 200 + sin(πx), i0 =

15000 · exp
(
−0.2(x − 5)2), a0 = 80 + 40 sin(πx), r0 = 100 + sin(πx). The Figure 5.4 shows

that within a certain range where R0 < 1, the disease exhibits a significant characteristic
of backward bifurcation under different initial conditions: when the initial infection level is
high, a stable endemic steady state can still be formed even if R0 < 1; when the initial in-
fection level is low, the disease cannot maintain the transmission chain and gradually dies
out. When R0 > 1, regardless of the initial infection level, the two different sets of initial
conditions will eventually lead to disease outbreak and convergence to the endemic steady
state, and no disease extinction solution will appear. This indicates that when ξ(a) ̸= 0 and
the conditions of Theorem 4.5 are satisfied, backward bifurcation occurs, and the progression
of the disease is related to the initial infection scale. Under high infection levels, an endemic
state can still form even if R0 < 1, which is consistent with the conclusion of Theorem 4.5.
From an epidemiological perspective, the early monitoring and rapid response of the disease
are particularly important. In the early stage of the disease, if the infected population can
be detected and controlled in a timely manner and the initial infection level is reduced, the
formation of a stable endemic state can be effectively avoided. When formulating prevention
and control measures, we should not only focus on reducing the basic reproduction number
R0 but also strengthen the monitoring of recovered individuals, take appropriate measures to
prolong the duration of immunity, and further block the transmission chain of the disease.

Figure 5.1: R0 > 1: Evolution of infected individuals i(a, t) with time t and age
a; the right panel shows the vertical cross-section at age a = 5.

6 Conclusions

Age is a key factor influencing the transmission dynamics of HFMD. To reveal the effect
of age on its epidemic pattern, this paper constructs an age-structured SEIAR model and
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Figure 5.2: R0 < 1: Evolution of infected individuals i(a, t) with time t and age
a; the right panel shows the vertical cross-section at age a = 5.
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Figure 5.3: Solutions of i(a, t) under different value conditions when R0 < 1,
along with the vertical cross-section at a = 5.
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Figure 5.4: Backward bifurcation of the model.

systematically analyzes the stability and backward bifurcation behavior of the model. First, we
reformulate the model as an abstract Cauchy problem to analyze the well-posedness of the
system’s solutions, and then derive the basic reproduction number R0, which serves as the
threshold for determining the extinction or persistence of HFMD. In the stability analysis of
equilibria, Theorem 3.1 shows that the disease-free equilibrium E0 is locally asymptotically
stable when R0 < 1 and unstable when R0 > 1, and this classic threshold conclusion still
holds in the partial differential age-structured model. Theorem 3.3 further provides a sufficient
condition for the global asymptotic stability of the disease-free equilibrium, which can exclude
the possibility of backward bifurcation under specific scenarios.

Subsequent analysis focuses on the backward bifurcation phenomenon. Theorem 4.1
proves that there exists at least one endemic equilibrium E∗ when R0 > 1, while Theorem 4.2
reveals that even when R0 < 1, the system may still have two endemic equilibria under cer-
tain conditions, which directly provides a theoretical basis for the occurrence of backward
bifurcation. This indicates that merely reducing R0 to below 1 is not sufficient to eradicate
the disease, the reason lies in the combined effect of two key factors: on the one hand, the
age structure introduces transmission heterogeneity across different age cohorts; the younger
age groups, as high-risk populations, have a much higher transmission potential than other
age groups and serve as important carriers for the persistent spread of the disease. On the
other hand, partial immunity prolongs the duration of susceptibility in the population and
reduces the effective recovery rate, leading to a decline in the population’s resistance to the
disease and further increasing the likelihood of its sustained endemicity. Instead, it needs to
be controlled to a level lower than 1, or the number of current infected individuals must be
significantly reduced simultaneously. Theorem 4.5 clarifies the specific conditions for the oc-
currence of backward bifurcation in the system, and further confirms that the introduction of
age structure makes the occurrence of backward bifurcation no longer dependent on a single
global parameter, but rather on the dynamic interactions between different age groups. Fur-
thermore, the inclusion of partial immunity creates an age-specific immune profile, alters the
transmission and susceptibility characteristics of different age groups, and thereby influences
the occurrence and development of backward bifurcation.
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