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Abstract. Hand-foot-mouth disease (HFMD) is an infectious disease caused by en-
teroviruses common in everyone and reinfection can occur. In order to investigate the
impact of covert infection and temporary immunity on the transmission of HFMD, we
establish an age-structured model, which is based on a system of partial differential
equations, describing the interactions among susceptible individuals, latently infected
individuals, and temporarily immune individuals. At first, a careful analysis of the
existence and local stability of equilibrium states shows the disease-free equilibrium
is globally asymptotically stable for Ry < 1, the endemic equilibrium is unstable for
Rog > 1, by means of reformulating the model as an abstract Cauchy problem. Then,
an application of the Lyapunov-Schmidt approach reveals the conditions for the occur-
rence of backward bifurcation, and the numerical simulations of obtained conclusions
are examined.
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1 Introduction

Hand-foot-mouth disease disease is a common infectious disease, which is common in chil-
dren, but adults can also be infected [1]. It can be caused by more than 20 types of viruses in
the enterovirus genus, including coxsackievirus, enterovirus 71, and echovirus, all of which are
single-stranded positive-sense RNA viruses with strong transmissibility [22]. Enteroviruses
spread through multiple routes, including the fecal-oral route, respiratory droplets, and con-
tact with oral or nasal secretions, skin blister fluid, or contaminated objects [29]. After in-
fection, individuals enter an incubation period generally lasting 2 to 5 days. Most cases are
mild [8], some patients infected with EV71 may progress to severe complications and even
death [18,20]. Recovery confers specific immunity against the infecting virus type, but due to
the lack of cross-protection between different enterovirus types, individuals may experience
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multiple episodes of HFMD caused by distinct viral strains [27]. The first case of HFMD was
reported in New Zealand in 1957 along with the isolation of the coxsackievirus pathogen, and
subsequent outbreaks have been documented globally [16]. Notably, mainland China has ex-
perienced high infection rates, over the past decade, HFMD has consistently ranked among
the top three Class C diseases in China in both incidence and mortality, representing a major
public health threat and consequently driving extensive research into its transmission dynam-
ics [30].

Mathematical modeling serves as an effective tool for analyzing infectious disease dynam-
ics. Most current HFMD models are based on the classical SIR compartmental model, which
was originally developed by Kermack and McKendrick while studying the spread of the
plague in London. This model pioneered the categorization of the population into three
groups (Susceptible-Infected-Removed), laying a crucial foundation for research in infectious
disease dynamics [6]. Given the severity of the HFMD outbreak in Sarawak, Malaysia, a sim-
ple deterministic model based on the SIR framework was constructed to predict the number
of infections and the duration of the epidemic, representing one of the earlier applications of
the SIR model to HFMD [21],

ds

FTRA u1S — B(t)SI+ R,
dI

Fri B(£)SI — wl — 41,
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However, the classical SIR model assumes that individuals become infectious immediately af-
ter exposure. In reality, HFMD patients undergo a latent period after infection during which
they are no infectious or minimally infectious. As early as 1998, epidemiological surveillance
and virological testing in children confirmed that the incubation period for HFMD caused by
CVA16 ranges from 2 to 8 days [9]. The study in [10] first introduced an exposed (or latent)
compartment (E) into the HFMD transmission model, moving away from the assumption of
immediate infectivity and better reflecting the actual transmission dynamics of HFMD. The
authors also incorporated the impact of quarantine measures (Q), constructing an SEIQR
model. They systematically analyzed the conditions for the existence of disease free and en-
demic equilibrium points and proved the local stability of these equilibria using the char-
acteristic equation method, thereby enhancing the accuracy and predictive capability of early
epidemic dynamics modeling. The study in [3] addressed the limitations of traditional models
in capturing the clinical heterogeneity of HFMD. This heterogeneity is characterized by the
fact that some infected individuals exhibit typical symptoms such as fever and herpetiform
lesions, while a considerable proportion remain asymptomatic yet still capable of transmitting
the virus. Asymptomatic individuals (A), due to their concealed status, often evade routine
prevention and control measures and can act as hidden sources of infection. To systematically
reveal the impact of this pathological heterogeneity on disease transmission dynamics, the
authors introduced a separate asymptomatic infected compartment, extending the model to
an SIAR framework, this modification resolved prediction biases associated with traditional
models. In recent years, many researchers have integrated these two compartments, leading
to extensive discussion and application of the SEIAR model [19].

The above HFMD models are primarily based on ordinary differential equations (ODEs).
Under this ODE framework, it is assumed that individuals within each compartment are
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entirely homogeneous in their epidemiological characteristics and are not influenced by the
duration of their stay in that compartment [13,24]. However, literature [25] indicates that the
risk of infection among susceptible individuals within the same compartment is heteroge-
neous. This highlights the high age dependency of incidence. Furthermore, during the trans-
mission of HFMD, individuals in the latent period are asymptomatic. Yet, several days after
exposure, once these latent carriers become active, they begin spreading the virus within the
population. This latency period may lead to a serious underestimation of HFMD transmission.

Therefore, we introduce an age variable for each compartment to account for the state of
individuals within them. Here, age does not refer to the individual’s chronological age, but
rather to the duration since the individual entered the current compartment. It represents the
number of individuals who have been in a given compartment for a specific length of time. By
incorporating the duration a within each state, it becomes possible to express factors such
as the infectiousness of infected individuals and the risk of activation for exposed individu-
als as functions of a. This approach offers greater flexibility in model distribution, allowing
for dynamic tracking of the evolution of individuals within compartments and their impact
on HEMD infection dynamics. This formulation adopts a partial differential equation (PDE)
methodology. Recently, continuous models based on age structure have been extensively ex-
plored in numerous studies [12,14,17].

Based on the epidemiological characteristics of HFMD, such as age-related differences in
incidence and heterogeneity in population exposure risks, reference [23] constructed an age-
structured SEIAR infectious disease dynamics model that incorporates the effect of media
publicity, as represented by the following differential equation,

df{(tﬂ =b,—d,S(t) — BS(t) (I(t) + kA(t)),

aEg{a) + aEéZa) = —x(a)E(t,a), t=0,a>0,
dil(tt) = P/Ooo c(a)E(t,a)da— (dr +p+m)I(t), t>0,
dz:lit) =(1-p) /OOOC(”)E(tra)da — (dr + 1) A(t), t>0,
d]:ét) = 1I(t) + A(t) —d,R(t), t>0,

E(t,0) = BS(t) (I(t) + kA(t)), t>0,

where relevant parameters can be referred to in [23]. The authors discussed the possible exis-
tence of both disease free and endemic steady states, analyzed the stability of these states, and
verified the theoretical findings through numerical simulations.

Following the aforementioned discussion and expanding the model in [23], this paper de-
velops an age-structured SEIAR model for HFMD incorporating partial immunity. An age
variable is introduced into the five compartments to characterize the state of individuals
within each compartment, representing the number of individuals in each compartment over
a given period. Key parameters such as the infectivity of infectious individuals, the risk of
progression from the exposed state, and immune status are expressed as functions of age, de-
noted by a. The study investigates the existence and stability of steady solutions for the model
and derives the basic reproduction number Ry as the threshold determining disease extinc-
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tion or persistence. Furthermore, considering the absence of cross-immunity between virus
serotypes and the possibility of repeated HFMD infections, the Lyapunov-Schmidt method [2]
is employed to examine whether the temporary immunity of recovered individuals can induce
backward bifurcation, as well as the conditions under which such backward bifurcation may
arise.

The paper is organized as follows. We transform the model into a Cauchy problem and
analyze the well-posedness of its solutions in Section 2. In Section 3, we linearize the model
around the equilibria to obtain the normalized system, derive the basic reproduction number
Ro, and analyze the existence and stability of the disease-free equilibrium. In Section 4, we in-
vestigate the existence conditions and number of endemic equilibria, as well as the conditions
for the occurrence of backward bifurcation. Numerical simulations are presented in Section 5
to corroborate our theoretical results. Finally, a summary of our work is given in Section 6.

2 Mathematical model

In this section, we show examples how theorems, definitions, lists and formulae should be
formatted. We establish an age-structured SEIAR model comprising five compartments: sus-
ceptible, exposed, symptomatically infected, asymptomatically infected, and temporarily re-
covered. Here, S(t,a), E(t,a), I(t,a), A(t,a) and R(t,a) denote the population density of each
compartment at age 2 and time t, respectively. The total population density satisfies

N(t,a) = S(t,a) + E(t,a) + I(t,a) + A(t,a) + R(t, a). 2.1)

Assume that after infection with the virus, an individual first enters the latent period with a
progression rate of ¢. Subsequently, they develop symptomatic infection at an age-dependent
proportion of 1 — p(a) and asymptomatic infection at a proportion of p(a). The contact rate
between individuals of different ages is described by the function B(a,a’), y;(a) and y4(a) are
the recovery rates of symptomatic and asymptomatic infected individuals respectively. p(a)
and b(a) refer to the natural mortality rate of the population and the fertility rate at age
a, respectively, and recovered individuals acquire temporary immunity, then revert to the
susceptible state at a rate of {(a). The transmission dynamics of the disease are illustrated
in Figure 2.1. The disease transmission dynamics are described by the following system of
partial differential equations,

( <8 + E?t) S(t,a) = —A(t,a)S(t,a) — u(a)S(t,a) + &(a)R(t,a),
( > (t,a) = A(t,a)S(t,a) — u(a)E(t,a) — cE(t,a),

(50 * a) @) = (1= p(@))oE(t,a) — vi(@)1(t,0) — w(@) (), 22)
(35 57 ) At:0) = p@)0E(,) = 74(0) ACt) - p(a) A, 0),

(35+ ) R0 = M(@)1(6,0) + 1400 0) ~ E@R(E0) — p(a)R1,0)

The force of infection for susceptible individuals A(t,a) takes an integral form as

At a) = / " B(a,a1) [e1E(ar, t) + ZI\](?;;’?)+ mA@L] g
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Figure 2.1: SEIAR compartment model.

with 1 € (0,1) and #; € (0,1) representing the infectiousness factors for latent individuals
and asymptomatic infectors, respectively. The boundary conditions for system (2.2) are

5(0,t) = /Ooob(a)N(t,a)da, E(0,t) =1(0,t) = A(0,t) = R(0,t) = 0.
Meanwhile, the initial conditions are
S(a,0) = So(a), E(a,0)=Eg(a), I(a0)=1Iy(a), A(a,0) = Ao(a), R(a0) = Ry(a).
The functions and parameters in model (2.2) satisfy the following conditions:

(i) The age-dependent parameters S(a), yi(a), ya(a), ¢(a) are bounded and belong to
L1 [0,00), and pi(a) € L{ _ (0,00) with [~ (a)da = oco.

(ii) The natural space for the state variables S(-,t), E(-,t), I(-,t), A(-,t), R(-,t) is L1 [0, c0).
(iii) The initial conditions satisfy So(a), Eo(a), Io(a), Ao(a), Ro(a) belong to LL [0, c0).

Based on equations (2.1) and (2.2), N(a, t) satisfies

(aaa + E?t> N(a,t) = —u(a)N(a,t),
N(0,) = /0 " b(a)N(a, t)da,
N(a,0) = Nyo(a) = So(a) + Eo(a) + Ip(a) + Ao(a) + Ro(a).
Solving the equation for N(a,t) by the method of characteristics yields

N(at){N(atO exp (— [fu(a—t+1)dr) a>t,
N(0,t —a)exp (— [y u(t)dT) a<t.
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Note that N(a,t) is continuous when No(a) = [;° b(a)N (a,t). The steady—state solution of

model (2.2) can be derived as lim; o N(a,t) = e~ Jo wmdz f b(a)N(a,t)da. Without loss of
generality, it is assumed that N(a,t) = N(a) = e~ fo T)dr I b N(a,t)da. For analytical
simplicity, the system (2.2) is subsequently subjected to normahzatlon Let
_ S(a,t) _ E(a,t) _ I(a,t) _ A(a,t) _ R(a,t)
s(a, t) = Neo ()’ e(a, t) = Neo(a)’ i(at) = Neo(a)’ a(a, t) = Neo(a)’ r(a,t) = Neo(2)
This gives
0 0
<8a + 8t> s(t,a) = —A(a,t)s(a,t) +&(a)r(a,t),
9 + 9 e(t,a) = A(a,t)s(a,t) —oe(a,t)
aa at’ 7 - 7 7 7 7
2+ 2)itta) = (1- p@)ee(a ) — mi(a)iCa, 23
5. T3 ) i(ba) = p(a))oe(a, vi(a)i(a,t), :
9 9
(3% 51 ) a0 = p(@)oe@,) = 7a(aala, ),
0 0 .
(35 5 ) b = M(@i(0,) +1a(a(e,) ~ Ea)r(a, ),
where

Aa,t) = c(a)

and the state space is

B(a') [ere(a’,t) +i(a',t) + ma(d’,t)] da’ = c(a)F(t),

S—
3

5
X= {(S'e'if”fr) < (Li(O,OO)) ,stetitatr= 1}.

The boundary and initial conditions satisfied by system (2.3) are given by
s(0,t) =1, e(0,t) =1i(0,t) =a(0,t) =r(0,t) =0,
s(a,0) =so(a), e(a,0) =ep(a), i(a,0)=ip(a), a(a,0)=ag(a), r(a,0)=ro(a).
Next, system (2.3) is transformed into an abstract Cauchy problem with a non-densely
defined operator. The well-posedness of the system is deduced by virtue of the integrated
semigroup theory, and the existence and uniqueness of non-negative solutions are investi-
gated. The norm of the Banach space X is defined as follows @] = X5, |19, @(a) =

(®@1(a), P2(a), P3(a), P4(a), P5(a))" € X, with [|®;]| = [ Pi(a)da, ®;(a) € L}(0,+00). A
linear operator A : D(A) C X — X is given by

(@
)

T
j@()d%w»—d%w»—d@w»—d%wﬁ,

A®(a) = ( da da da da

with the domain
D(A) = {q> €X|® eL(0,00), ®(0)=1, ®;(0)=0, j= 2,3,4,5}.
Define a nonlinear operator F : X — X as
—A(a, t)®1(a) + ¢ (a)Ps(a)
Aa, t)Pq(a) — oDy (a)
F®(a) = (1—p(a))oDz(a) — vi(a)Ps(a) , ®eLi(0,00).
)

1
p(a)o®s(a) — ya(a)Ps(a)
11(a)®3(a) + va(a)® ( ) — &(a)®s(a)
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Let W = (s,e,i,a,r)T € X, then system (2.3) can be formulated as the following Cauchy
problem in X:

= AW(H) + F(W(t)), W(0) =W, € X, (2.4)

where Wy(a) = (so(a),eo(a),io(a),ap(a),ro(a)). It is known that the linear operator A is the
infinitesimal generator of the Cp-semigroup T(f) for t > 0, and the nonlinear operator F is
continuously Fréchet differentiable on the space X. Let

0= {(s,e,i,a,r)T € X|s,eiar> 0}, QO = {(s,e,i,a,r)T €X|0<s,ei,a,r< 1}.

By similar analysis as in [5] or [7], the following conclusion can be drawn.

Proposition 2.1. For any non-negative initial condition Wy € QYN D(A), system ((2.4)) has a unique
continuous solution, and Q) is a positive invariant set of system ((2.4)).

3 Disease-free equilibrium

This section, the existence and stability of the disease-free equilibrium of system (2.3) are
mainly discussed. Let the disease-free equilibrium be Ey = (s%(a),¢%(a),i%(a),a’(a),7°(a)). By
the definition of a disease-free equilibrium, ¢°(a) = i°(a) = a%(a) = 0, so A(a) = 0. From
B0 — #(a)(a), ) = —F(a)r¥(a) and r(0) = 0, we obtain r(a) = 0. Thus, @ = g,
which implies s°(a) = s(0) = 1. Therefore, the disease-free equilibrium is Eg = (1,0,0,0,0).
Next, the local asymptotic stability of the disease-free equilibrium is analyzed. System (2.3) is
linearized about the equilibrium point Ey. Consider the exponential solutions of system (2.3)

s(a,t) =s(a)e™, e(at) =e(a)e™, i(at) =i(a)e™, a(a,t) =a(a)e™, r(at)=r(a)e™. (3.1)
Substituting the exponential solutions (3.1) into the system leads to
s'(a) +as(a) = —A(a) + &(a)r(a),
¢'(a) +ae(a) = A(a) — oe(a),
Je(a) = y1(a)i(a), (32)
a'(a) +aa(a) = op(a)e(a) — ya(a)a(a),
r'(a) +ar(a) = yii(a) + yaa(a) — E(a)r(a),

i'(a) +wi(a) = o(1—p(a)
)

Aa) = c(a)Fo, Fo= /0 " B(u) (ere(u) + i(u) + ma(u))du.
Solution of the second, third and fourth equations of system ((3.2)) results in
e(a) =e” [l (o+a)dE /Oa )\(T)efoT(‘””‘)dgdr,
i(a) = e~ Jo(ri(@)+a)dg /Ou o (1= p(n))e(y)eld n@ 1 gy

a(a) =e f(;l(7A(€)+“)d§ /u 0'p(17)e(”)efov('YA(g)+a)dCd17.
0
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Substituting e(a), i(a) and a(a) into Fy yields

PO _ /Ooﬁ(g [816 fo o+ dé/ F()Efo o+ d@dT
0

+ e Jo(n(@)+a dé/ o= Jo (o+a)d o /’7 c(T)Foeij(‘7+“)d§dTef0’7('YI(‘:)J”")d‘:diy
0

+ e Jo(ra@+a)de / op(y)e o+ / ! c(T) Foelo (o408 o i (ra@)+0)d gy, | g,
0 0
Canceling Fy from both sides gives

L /ooﬁ(a [ele J&(o+a dg/ T)els ()i g
0

1= fon@)+a)az / (1= p(y))e o erade 5 /’7C(T)efg<o-+a>d%efo"(w<c>+a>dcd,7
0

a 1 17 T

Setting the right-hand side equal to H(«), the basic reproduction number reads

Ry = /000 B(a) [ele Jo ”d‘:/ efo odS Jr

1o o m(@de / o(1— o= o ode / )els 7 el 1@ gy

+me Jy ral d‘:/ op(n)e” I ”dg/ 7)eh 4 greld 14l O dy | da = H(0).

Theorem 3.1. If Ry < 1, the disease-free equilibrium E of the system is locally asymptotically stable. If
Ro > 1, the disease-free equilibrium Ey is unstable.

Proof. Differentiating H(a) with respect to a yields H'(«) < 0, which implies that H(a) is a
decreasing function with lim,_, o H(a) = +00, lim,_, 1 H(a) = 0. Therefore, there exists a
unique real root ag such that H(ap) = 1. When Ry < 1, it follows that ap < 0. A complex root
I =11 +ily with I, = 0 satisfying H(I) = 1 is now considered. It is shown that the real part I;
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must be negative. Assume, instead, /; > 0. Then
1=|H()|

/°° ,3(61) [816 Jo (04l +ily)dg /u C(T)efoT(UH]Jrilz)d;‘dT
0 0

+ e~ Jo (n(@+h+ib)dg /a o(1—p(y))e” S e+l +ily)de
Jo
« / 1 o(7)el5 (@ HhH)E o [ (@) +h i) gy
0

+11e” Jo (va(§)+h+ila)dg /a op(n)e S o+l +ily)dE
0

X /]7 C(T)efoT(‘7+11+ilz)d‘§d~[efo’7(7A(§)+11+ilz)d§d17] da
0

<

/OO /ﬂ e1B(a)e” N0 T (1) drda
0 Jo

* / ) / a / " B(a)e F@+dEg(1 — p(y))em Koo 1) drdpda
0 0 0

_|_ /oo /u /;7 ‘B(a)e_ f()ﬂ(')/A(g)""l])dgo-p(q)e_.[0”(U+ll)d§C(T)de77da
0 0 Jo

= [H(l)| < H(0) = Ro <1,

this is a contradiction. Therefore, the complex root I = I; + il; has a negative real part, which
implies that the disease-free equilibrium Ej is locally asymptotically stable when Ry < 1. Sim-
ilarly, when H(0) = Ry > 1, the characteristic equation has a positive root, and thus the
disease-free equilibrium E, is unstable.

Remark 3.2. This is a classic epidemiological threshold theorem, which establishes Ry =1 as
the critical point determining whether the disease will break out in the population. Although
our system extends from an ordinary differential equation (ODE) model to a partial differen-
tial equation model, and the Ry here depends not only on common parameters but also on
age [4], the conclusion remains consistent with that in the ODE model.

Theorem 3.3. The disease-free equilibrium Ey is globally asymptotically stable if 1 + @ — % -
r@c o
va(a) '

E(a,t)
I

I(a,t Alat) o
+ v(z(ag + )]da, L{H) =

vala

Proof. Consider the following Lyapunov functional L(t) = [;” |
0 if and only if E(a,t) = I(a,t) = A(a,t) = 0. Then

% _ /Ooo [/\(a,tzf‘S(a, o E(a,f) - y(a)(f;;(a,t)
(1—p(a))oE(at)  wu(a)l(a,t) p(a)oE(a,t)

S 7 R ) R o ) R L

' (1 0E(a,t) 1 9dl(a,t) 1 0A(a,t)
-}, (a oa (@) oa " ya(a) oa )d”'

pa)Ala,t) | 4
val(a) I
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By the Fundamental Theorem of Calculus, with

a—r+oo a—r+o00 a—r—+oo

lim E(a,t) =0, lim I(at)=0, lim A(at)=0,
E(0,t) =0, =0,

1(0,) = 0, A(0,1)

it follows that fooo [laE(a’t) + 1 algi’t) + L aAa(Z’t)] da = 0. This gives

o oa 71(a) va(a)
dL(t) e p(a) (1-pla))e  pa)o
! [‘E”'” (” ) ‘mw))

—I(a,t) (1 + 5}{%) — Ala,t) <1 + ’yﬁf?ﬁ)) ]da.

Analysis is conducted on the behavior near the disease-free equilibrium Ey = (s°(a),0,0,0,0),

for which A(a,t) = 0, therefore, if 1+ @ — (1;75 ((5)))‘7 — f;ia()a‘; > 0, then ‘ZI—I; < 0, and the
disease-free equilibrium E of the system is globally asymptotically stable. O

Remark 3.4. This theorem provides a stronger sufficient condition, under which the disease
will eventually die out regardless of how many people are infected initially. This suggests
that we can achieve the complete eradication of the disease by substantially increasing the
recovery rate or reducing the proportion of latent individuals progressing to the infectious
stage, without being affected by the initial scale of infection.

4 Endemic equilibrium and backward bifurcation

This section mainly discusses the conditions for the existence of the endemic equilibrium, as
well as the conditions for the occurrence of backward bifurcation.

Theorem 4.1. The system (2.3) possesses at least one endemic equilibrium E* if the reproduction
number Rg > 1.

Proof. At the equilibrium E* = (s*(a),e*(a),i*(a),a*(a),r*(a)), system (2.3) reduces to

= M (@st(a) +¢(a)r(a),
) o @) - o)
e = o=@} @ i@, @)
18 — optae o) 740 ),
| @) @)+ ral0)a @) — ) ),
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and the initial conditions are s*(0) = 1, ¢*(0) = i*(0) = a*(0) = r*(0) = 0. Solution of system
(4.1) yields

S*(a):e—f(f?\*(e)de |:/0 Joh At (e deg( )r ( )d17—|—1
@) = e [ A s )ean,

a

i* (a) =e j(;l 71(€)d€/ 0.(1 o P(ﬂ))e* (17)6»’017 zﬂ(e)dedﬂ,
0
a* (El) =e jO vale / gp(;z]) ( )eﬂ)’] 'YA(e)dedﬂ,
(@) = e RO [T ()i () + palp)a” ) el ety
by substituting e*(a), i*(a), a*(a) and r*(a) into s*(a) gives

s*(a) = e~ Jo A(e)de [/0 Jo X (e)de () Jy Ele)de
7 T T s
= Jo mi(e)de _ —0os * 00 10,3 v1(€)de
></0 (’)’1(1’)6 /00(1 p(s))e X/o A*(6)s*(0)e”dbe ds

+ga(m)e K700 [op(ajees s[4 (0)s" (0)e doeli 1 d%)m NMedrdy +1].

In addition, inserting e*(a), i*(a), a*(a) and A*(a) = c(a)F, into Fy results in
k= /005 (a)(e1e(a) +i(a) + ma(a))da
= / B(a)(ere” / Foc(n)s™(n)e"dn
te Jomle /0 o / Foc(t ”drefo mi(e ded;y
+1me” I “(e)de/ o / Foe(t UTdTEJU a(e ded;y)d
Canceling Fy from both sides of the equation leads to

1= [Tp@ ( [ etns” ey

a a 7
+e b “”(e)de/ o(l- p(iy))e_””/ o(1)s* (1)e"Tdreh M(€)deqy
0 0

+ 1n1e” Jy va(e)de /Oa ap(n)e " /0’7 c(T)s*(T)e‘”d*neff;7 7A(€)d€dq> da.
Define the right-hand side of the equality as Q(F). Setting Fy = 0, then
Q) = [~ (@) (1 [ ctnenan
+ e~ Jo m(e)de /Oa o(1—p(n))e " /0]7 c(1)e’"dreld i(€)deqy

" a n 7
+ e o “(e)de/ op(n)e 1 / c(t)e"*dreld 7A(€)d€d17> da = Ro.
0 0
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Moreover, limp,_, Q(Fy) = 0. Therefore, when Ry > 1, the equation Q(Fy) = 1 has at least
one positive solution, which implies that the model admits at least one endemic equilibrium.
O

We now consider the case where Ry < 1. Differentiating Q(Fy) with respect to Fy and
setting Fy = 0 gives Q'(0) = — [; c(e)de. Let Q'(0) = U.

Theorem 4.2. When the basic reproduction number Ry < 1, if U > 0 and |Ro — 1| is sufficiently
small, then the system (2.3) admits at least two endemic equilibria.

Proof. Let W(Fy,q) = q ( o) _ 1, then W(,1) = RLS) -1 = 0,3% o) = R% > 0. By the
implicit function theorem, there exists a unique implicit function Fy = F(;(q) in a neighborhood
of the point (0,1) for W(Fy, q), which satisfies

oF Ry
Y — — <
0q g=1 u

together with W(Fy(q),q) = 0 and Fy(1) = 0. Thus, there exists ¢ > 0 such that Fo(q) > 0
forall g € (1—6,1) and W(F,q) = 0. Let Rg € (1—4,1) and g € (1—¢,1— £). Then we
have Fy(q) > 0, limp, 10 Q(Fo) = 0, Q(0) = Ro < 1, which implies Q(Fy(q)) = % > 1.
Therefore, there exist Ky € (0,Fy(g)) and K» € (Fy(g), +c0) such that Q(K;) = Q(Kz) =
1. Consequently, the system (2.3) admits at least two endemic equilibria. O

Remark 4.3. It is generally believed that Ryp < 1 is sufficient to eliminate the disease, but
Theorem 4.2 implies that merely reducing Ry below 1 may not be enough to eradicate it. If
the current infection base is large, the system may evolve to a stable endemic equilibrium.
Therefore, controlling the disease may require reducing Ry to a critical value smaller than 1,
or simultaneously drastically reducing the number of current infected individuals.

Theorem 4.2 indicates that a backward bifurcation may occur when Ry < 1. Now employ
the Lyapunov-Schmidt method and its techniques to conduct a detailed investigation into the
existence of such a backward bifurcation.

A bifurcation parameter B(7) = BBo(T) is now introduced, where By (7) satisfies

1= / Bo(a) [sle Jo ”dg/ efo odéqr
JO

+ e o 7 dg/ op(n)e o ”dg/ T)eh 74eqels 1a( dgdq] da.

It follows that Ry = 1 when B = 1. Next, the following spaces are defined:

1 1 1
X = L{g ey X R X Lg gy X R X Lig ) X R X Lig oy X RX L ) X R,
Xo = L1 ) x {0} x L1 ) X {0} X Lig oy X {0} X Lig o) x {0} x Lig ) x {0},
1 1 1
Xoy = XoN Xy, ®= (500,040,707 c X,.
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A nonlinear operator D : Xoy — Xo4 takes the form of

—$a — Be(a) [y Bo(u) [ere(u) + z((u))—l— ma(u)|dus(a) + &(a)r(a)
1—5(0
—eq + Be(a) fooo Bo(u) [Sle(u) +i(u) + ﬂla(u)]du s(a) — oe(a)
—e(0)
D(®,B) = i+ (1 - P(az)if(fg)(a) —11(a)i(a)
—a, + p(a)oe(a) —ya(a)a(a)
—a(0)
—ra+y1(a)i(a) + ya(a)a(a) — &(a)r(a)
—r(0)

The derivative of the operator D is evaluated on an arbitrary element
h=(x,0,y,0,20,k0,1,0)T € Xo,.

This gives
—xa — Fi +&(a)l(a)
—x(0)
—Ya+F —oy(a)
(1 (—))y(O)() (a)z(a)
. —z,+ (1 —p(a))oy(a) — yi(a)z(a
Da(®, Pk = At
—ka+ p(a)oy(a) —yala)k(a)
—k(0)
~lo +y1(a)z(a) + ’ZY(A ()a)k(a) —G(a)l(a)
—1(0

where

F, = Be(a) /Ooo Bo(u)[ere(u) +i(u) + mra(u)]dux(a)
+ Be(a) /Ooo Bo(u) [e1y(u) + z(u) + m1k(u)]dus(a).

Compute the derivative of the operator D at the disease-free equilibrium Ey = (1,0,0, O,O)T,

let ®° = (1,0,0,0,0,0,0,0,0,0)7, it follows that
—xq — Be(a) [y~ Bo(u) [e1y(u) W(L Z)(”) + mk(u)]du + &(a)l(a)
—x(0
—Ya -+ Be(a) [§” Bo(u) [Sly(u)(+)2(u) +mik(u)]du — oy(a)
—y(0
Dq)(q)ol E)h _ —Z; + (1 - P(a_))z(z'g)(a) - ’)’I(”)Z(a)
—ka + p(a)oy(a) — ya(a)k(a)
—k(0)
~la+71(a)z(a) + va(a)k(a) — ¢(a)l(a)
—1(0)

Let A denote the linear operator D (P’ 1). For the sake of simplicity in calculation, let
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M =[5 Bo(u) [e1y(u) 4+ z(u) + 11k(u)] du. Solving the system of equations Ah = 0 yields
x(a)= | ( ~ Me(w) +glw)e 801
0

x [Te e

0

(M [ e F e (1= p(r)) x ["em i ede(o)dodr

+ra(p)M /y e~ Jerale)degy 1y /T o I gdﬂc(e)d()drl dy) dw,
0 0
y(a) = M/a e~ Jovdic()do,
0
z(a) = M/a e It n©deg (1 — p(1)) /T e~ Jo e (g)dodr,
0 0

a a T T
k(a) = M / e Fra(e)deqy 7y / e~ Ji 7 c(g)dodr,
0 0

O [w)M [Meemenea (1 — p(e)) x [ e ee(e)deds
0 0 0

" o T T
+ya(w)M / e~ e ra@degp(7) / e s ”d”c(e)dé)dT] dy.
0 0

Further, the following definitions are introduced:

2o(a) = /Oa [— c(w) +§(w)g—f6"é‘(s)ds /Ow eJd Ele)de

" T T
() [ S 1 = po)) [ Me(o)aear

0
Fra(a) /H o I T’A(S)dso,p(T) /T - fefgdqc(g)dgdl—> dy] dw,
0 0
ola) = [ e onc(o)de,
Ou . T -
20(a) = / e~ Jeri©deg(1 — p(1)) / e~ Jo 710 (6)dodr,
~ Oa a T OT
Fo(a) = / e~ i rale)degp (7 / e I o c(g)dodr,
0 0
fo(a) = e~ Jo d(e)de /a el Gle)de <’71(ﬂ) /H e~ J g (1 — p(1)) /T e~ Ji odnc(9)dodr
0 0 0

+va(p) /0 Yol (€)degp(T) /O A Udﬂc(e)ded‘f) du.

Substitution of y(a), z(a) and k(a) into M yields
M = /Ooo Bo(a) [ely(a) +z(a) + ﬂlk(a)} da
= M/Oc>o Bo(a) |:81 /Oa e~ Jo 7c(9)do + /Oa e n€deg (1 — p(7)) /OT e~ Jr 7¥c(g)dodt

+1m /a e [ ra(e)degp (1) /T e Je ‘Td’7c(9)d9d1’] da.
0 0
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If M # 0, then .
1= [ Bola) e1sol@) + 20(a) + iko(a)] da. (4.2)

Therefore, the linear operator .4 has an eigenvector given by

90 = (%0(a),0,90(a),0,20(a),0,ko(a),0,l(a),0)".

To compute the adjoint operator A*, let ¥ = (1, o, Y3, Pa, ¥s, s, Y7, s, Po, ¥19)T. From
(Ah, ) = (h, A*¢), expanding the inner product gives

(A ) = [ = — @M+ &(@)1(@)] 1 (a)da — y2x(0)
# [t @M = oy(@)] ga(a)da - pay(0)
+ [zt o1 = p(@)y(a) — 1i(@)2(0)] ys(a)da - sz(0)
+ [ [kt 0p(@)y(a) — va(@)k(@)] gr(a)da ~ ysk(0)

+ / Lo+ 71(0)2(0) + 74 (0)k(a) = E(@)1(@)] g (a)da — P11 (0)
= (h, A"

Integrating by parts for the differential equations and assuming (c0) = 0, the adjoint operator
is as follows:

lPla
4’1( )
P30 — 81,30 fo u)du
+é&1Bo(a fo du — 0'1/)3( )
+o(1—p(a ))¢5( )+0P( )7 (a)
lli3o(00)
A*tl) — 1/15,1 fo )du
+Bo(a) [y~ c u)du —)71( )#’ (a) +yi(a)po(a)
1#5
’71,30 ) Jo ¢ u)du
+11Bo(a fo dM—WA( )lP7( )+ vala)po(a)
¥7(0)
Yoo + &(a)yr1(a) — &(a)po(a)
¥9(0)

We then calculate the eigenvector of the adjoint operator A* associated with the eigen-
value 0. Setting A*¢ = 0 leads to

p1(a) = $1(0) =0,
o (a) = o (0)els £,
Ps(a) = —elo ri(e)de /aoo e~ Jo ri(e)de <r1(r)1p9(r) + Bo(T) /OOO c(u)gtg(u)du) dr,

Pr(a) = _elorale)de /aoo o~ Jo rale)de <rA(T)1/)9(T) + mPBo(7) /Ooo c(u)lpg,(u)du)d’f,
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P3(a) = Xe" /Oo e 0o [(7(1 — p(G))efoe ri(e)de
X /900 e~ Jo ri(e)de (rI(T)l,[J9 (O)EfOT ¢(e)de ,Bo(T)) dr + O‘p(G)eng 74 (g)de

y /oo e fOTrA(E)ds <7’A (T)¢9(0)8f075(8)ds + 77150(1'))(11’ - 81‘50(9)] de,

0

where

Z:/O c(u)yps(u) du.

Without loss of generality, it can be assumed that 9(0) = 0, which implies that

P3(a) = Ze' / et [0(1 — p(6))eh ni(e)de

X /900 e Jo ri(e)de <r1(7)¢9(0)efon(8)d8 + ﬁo(T))dT—i— ap(f))efog r4(e)de

" /900 - fOT ra(e)de <1,.A (T)lpg(o)efo"'é(g)ds + Tllﬁo(r))dr _ 51,30(9)] de.

Upon substituting 13(a) into the expression for X, we arrive at
Y= Z/ c(u)e“"/ e 90 [0’(1 - p(@))efﬂg ri(e)de
0 u
W (ﬁ(r)%((})eﬂfﬂ@dﬁ + ﬁom) dr + p(6)eh %
0

X /900 e~ Jo rale)de (rA(T)tpg(O)efoT 6le)de qlﬁo(r)) dt — 8150(0)] do du.

Let
P3(a) =" /00 e 0o [0’(1 — P(G))eﬁ)@ ri(e)de

X /900 e_foT ri(e)de <7’1(’C)1P9(0)€f07 Gle)de 4 ﬁo(T))dT + (Tp(@)efoe ra(e)de

y /900 = foT r4(e)de (YA(T)lpg(O)Eng G(e)de + 171‘30(1_)> dr — €1ﬁ0(9)] de.

It follows that -
1 :/ c(u)ps(u)du.
0

Substituting 15 (a) into ip5(a) and 7 (a) gives

lp;(ﬂ) _ _ef; r1(e)de /°° - foT”(E)dE,BO(T) dr,

a

l/J;(a) _ _efo” ra(e)de /00 e_foT’A(e)dgﬂl.BO(T) dr.

(4.3)
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Therefore, an eigenvector of A* corresponding to the eigenvalue 0 is given by

5 = (0,0,93(a), ¥3(0), ¥5(a), ¥5(0), ¢7(a), 7(0),0,0).

We next compute the mixed partial derivative

—c(a) Jy_ Bo(u) [ere(u)
—c(a) fy Bo(u) [ery(u)

c(a) [y Bo(u) [ere(u) +i(u) + ma(u)]du x(a)
c(a) [y Bo(u) [ery(u) + z(u) + mik(u)]dus(a)

0
+
_|_
- 0
Dy (@, P)h = 0 :
0
0
0
0
0

i(u) +ma(u)]dux(a)

_.l_
+ z(u) 4+ mik(u)|du s(a)

and define

b = (Dgp(®°,1)d0, )
= [ e ( [ Botw lesgulw) +20() + ko)) ) g3 ) e
Moreover, based on the identities (4.2) and (4.3), it can conclude that
b= /Oooc(a)da > 0.
Let hy = (x2,0,12,0,22,0,k2,0,1,0), it can be shown that

—Bc(a) fogoo le1y(u) +z(u) + mk(u)]du x2(a)
—Be(a) [y [erya(u) +2z2(u) + mka(u)]du x(a)
0
Be(a) fogoo lery(u) + z(u) + npik(u)]du x2(a)
Be(a) [y [e1y2(u) + z2(u) 4 n1ka(u) | du x(a)

Do (@0, B)[h, o] = 0

O O O O o O

Set a to be
a = (Doo(P°,1)[00, 03], 05)
= 2/0Oo fo(ll)c(ll) /OOO [8190(“) —f—ﬁo(u) + 7]1120(”) du 1,0;(11) da

_ 2/0°° 2o(a)c(a) 3 (a) da.
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Lemma 4.4 ([26, Theorem 2.1]). Assume

(i) Ais a closed operator with a simple isolated eigenvalue zero and the remaining eigenvalues having
negative real parts. 0y is the unique solution of Av = 0.

(i) D(®,B) € C*(Uy x lo, X) for some neighborhood Uy of ®° and an interval Iy containing 1.

(iii) 0f € X* is the unique positive solution of (A, ) = 0, which implies dim(ker A*) = 1, where
ker A* = span{d}}.

(iv) <D¢B(d>0, 1)d9,3;) # 0, where Dq,B(d)O, 1) is the mixed partial derivative of D with respect to
® and B.

Then, if b > 0, the bifurcation is backward if and only if a > 0 and forward if and only if a < 0.

Theorem 4.5. System (2.3) exhibits a backward bifurcation when Ry < 1 and the following conditions
are satisfied:

/ooo /oa [_ c(w) + E(w)e™ Jo S /Ow e

‘ t t
X <71(y) /ﬂ e~ fr; T1(8)d€0.(1 . ]ﬂ(t)) / e~ fv Udﬂc(v) dodt + ,)/A(V) /M e~ ff‘y VA(s)dsO.p(t)
0 0 0
to oo
></ e~ Jo7dc(o) dvdt>dy] dw xc(a)e””/ e~
0 a

>< T linte <r1 efo ede 4 By (T ))dr + Up(@)efog ra(e)de

7 (1~ p(6))elo

>< e Jorale (rA e]o ds_|_171’30( )> 1—3150(0)] dfda > 0.

Proof. Substituting 3 (a) into the expression for a leads to

0= 2/0°° 2o(a)c(a)e™ /:’ o0
x [0(1  p(@))e e [ e IO 1y ) 0)e N (7)) e
+ ap(E)eS 08 [ e Hra0d (1 (2)(0)eh O 1 o) r—elﬁow)]deda
— 2/000 /Ou !_C(w) + &(w)e Jo Ee)de /Ow els Sle)d
< (o) [ o (1= pie)) [e Fotre(o) doar
+va(p) /Oy el raledegy(p) /Otefiffd'ic(v) dvdt)dy] dwc(a)e™ /aooe"‘f

» !0(1 B p(g))efoer,(s)ds /900 e,jgrl(s)ds (T[(T)l/)g( )610 de+ﬁ0( ))

+ op(8)el rale)de /Gme-fo%(s)ds <1’A(T)1P9( 0)eh 8 4y 8 (T ))dT—sllBo(G)]dea.



Analysis of an age-structured HFMD model with partial immunity 19

Hence, if the conditions hold, then 2 > 0. From Lemma 4.4, system exhibits a backward
bifurcation. 0

Remark 4.6. The conditions for backward bifurcation in non-age-structured infectious disease
models usually only depend on global parameters (such as recovery rate and transmissibil-
ity); in contrast, the backward bifurcation conditions in this model include age-dependent
integral terms and the age heterogeneity of the asymptomatic proportion p(a). The introduc-
tion of age structure makes the occurrence of backward bifurcation more dependent on the
dynamic coupling of different age groups rather than a single global parameter [10].

5 Numerical simulations

In this section, numerical simulations are conducted to verify the main conclusions drawn
above. First, the stability of the equilibrium point of the system is verified, and the effects of
age structure and partial immunity on the prevention and control of hand, foot, and mouth
disease are analyzed. Second, numerical simulation and analysis are performed on the back-
ward bifurcation of the system. According to the parameter settings in [11], we take o = 0.25,
p(a) = 0.6. The recovery rates y;(a) and 4 (a) of symptomatic and asymptomatic infected in-
dividuals, which were given different values in [15,28,31], in general, are fixed as y;(a) = 0.01
and y4(a) = 0.17 in this paper. For the convenience of simulation, the values of each pa-
rameter are adopted as follows: pu(a) = b(a) = 0.5, &g = 0.01, # = 0.05. Set the initial
conditions as sp = 150 + 40sin(7x), eg = 200 + sin(7x), ip = 10000 - exp (—0.2(x — 5)?),
ap = 80 + 40sin(mx), ro = 100 + sin(7rx). Since the infection rate and immune waning rate
are age-dependent, we will simulate by assigning different values to the infection rate and
immune waning rate respectively. We choose B(a) = 0.40, {(a) = 0.32. A simple calculation
yields Ry = 2.3306. While we have Ry = 0.0974 by choosing B(a) = 0.008, {(a) = 0.05. Ac-
cording to Theorem 3.1, when the Ry < 1, the disease-free equilibrium Ej of the system is
locally asymptotically stable, implying that the disease will be eliminated eventually; when
Ro > 1, the disease-free equilibrium is unstable and the disease breaks out. This conclusion
can be verified by the simulation results in Figure 5.1 and 5.2. This indicates that when the ini-
tial conditions and other parameters are consistent, changes in the infection rate and immune
waning rate caused by age variation will have an impact on the transmission of the disease,
and may even lead to the outbreak of the disease.

To further investigate the impact of partial immunity on hand, foot, and mouth disease
(HFMD), we only consider the scenario where Ry < 1. With B fixed at 0.7132, the basic repro-
duction number Ry is calculated as 0.9462. We analyzed the transmission effects by varying
the value of immunity waning rate ¢(a). Numerical simulations of the model were conducted
for ¢(a) = 0.0000 and ¢(a) = 0.8766, respectively, and the transmission trends of HFMD were
obtained as shown in Figure 5.3. When partial immune components are incorporated into
the model, the model exhibits the characteristic of backward bifurcation. Even if the basic
reproduction number Ry < 1, the disease can still persist and become endemic. From an
epidemiological perspective, an elevated immunity waning rate means that individuals who
have acquired immunity lose their specific immunity more rapidly, leading to a continuous
replenishment of the susceptible population. Even under the condition of Ry < 1, a low level
endemic prevalence can be maintained. In the development of HFMD prevention and control
strategies, in addition to focusing on transmission intensity, attention should also be paid to
the impact of immune persistence on the long-term evolution of the epidemic. By strength-
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ening vaccination and booster immunization strategies, the rate of immunity waning can be
slowed down, thereby effectively reducing the endemic prevalence level of HFMD.

Next, we fix ¢(a) = 0.8867 and set the other parameters to satisfy the conditions of The-
orem 4.5. Let Rp be a variable parameter and assign values to it within the range of 0.4
to 2. Two distinct sets of initial conditions are selected for the simulation: the first set is
so = 150 4 40sin(7tx), eg = 20 + sin(7x), ip = 100 - exp (—0.2(x — 5)?), a9 = 80 + 40sin(7x),
ro = 100 + sin(7rx); the second set is so = 150 + 40sin(7tx), eg = 200 + sin(7tx), iy =
15000 - exp (—0.2(x —5)?), a9 = 80 + 40sin(7x), ro = 100 + sin(7x). The Figure 5.4 shows
that within a certain range where Ry < 1, the disease exhibits a significant characteristic
of backward bifurcation under different initial conditions: when the initial infection level is
high, a stable endemic steady state can still be formed even if Ry < 1; when the initial in-
fection level is low, the disease cannot maintain the transmission chain and gradually dies
out. When Ry > 1, regardless of the initial infection level, the two different sets of initial
conditions will eventually lead to disease outbreak and convergence to the endemic steady
state, and no disease extinction solution will appear. This indicates that when ¢(a) # 0 and
the conditions of Theorem 4.5 are satisfied, backward bifurcation occurs, and the progression
of the disease is related to the initial infection scale. Under high infection levels, an endemic
state can still form even if Ry < 1, which is consistent with the conclusion of Theorem 4.5.
From an epidemiological perspective, the early monitoring and rapid response of the disease
are particularly important. In the early stage of the disease, if the infected population can
be detected and controlled in a timely manner and the initial infection level is reduced, the
formation of a stable endemic state can be effectively avoided. When formulating prevention
and control measures, we should not only focus on reducing the basic reproduction number
Rp but also strengthen the monitoring of recovered individuals, take appropriate measures to
prolong the duration of immunity, and further block the transmission chain of the disease.

%108
2 6
1.5 4 5

i(a,t)

Figure 5.1: Ry > 1: Evolution of infected individuals i(a,t) with time ¢ and age
a; the right panel shows the vertical cross-section at age a = 5.

6 Conclusions

Age is a key factor influencing the transmission dynamics of HFMD. To reveal the effect
of age on its epidemic pattern, this paper constructs an age-structured SEIAR model and
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Figure 5.2: Ry < 1: Evolution of infected individuals i(a, t) with time ¢ and age
a; the right panel shows the vertical cross-section at age a = 5.

i(at)
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Figure 5.3: Solutions of i(a,t) under different value conditions when Ry < 1,
along with the vertical cross-section at a = 5.
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Figure 5.4: Backward bifurcation of the model.

systematically analyzes the stability and backward bifurcation behavior of the model. First, we
reformulate the model as an abstract Cauchy problem to analyze the well-posedness of the
system’s solutions, and then derive the basic reproduction number Ry, which serves as the
threshold for determining the extinction or persistence of HFMD. In the stability analysis of
equilibria, Theorem 3.1 shows that the disease-free equilibrium Ej is locally asymptotically
stable when Ry < 1 and unstable when Ry > 1, and this classic threshold conclusion still
holds in the partial differential age-structured model. Theorem 3.3 further provides a sufficient
condition for the global asymptotic stability of the disease-free equilibrium, which can exclude
the possibility of backward bifurcation under specific scenarios.

Subsequent analysis focuses on the backward bifurcation phenomenon. Theorem 4.1
proves that there exists at least one endemic equilibrium E* when Ry > 1, while Theorem 4.2
reveals that even when Ry < 1, the system may still have two endemic equilibria under cer-
tain conditions, which directly provides a theoretical basis for the occurrence of backward
bifurcation. This indicates that merely reducing Ro to below 1 is not sufficient to eradicate
the disease, the reason lies in the combined effect of two key factors: on the one hand, the
age structure introduces transmission heterogeneity across different age cohorts; the younger
age groups, as high-risk populations, have a much higher transmission potential than other
age groups and serve as important carriers for the persistent spread of the disease. On the
other hand, partial immunity prolongs the duration of susceptibility in the population and
reduces the effective recovery rate, leading to a decline in the population’s resistance to the
disease and further increasing the likelihood of its sustained endemicity. Instead, it needs to
be controlled to a level lower than 1, or the number of current infected individuals must be
significantly reduced simultaneously. Theorem 4.5 clarifies the specific conditions for the oc-
currence of backward bifurcation in the system, and further confirms that the introduction of
age structure makes the occurrence of backward bifurcation no longer dependent on a single
global parameter, but rather on the dynamic interactions between different age groups. Fur-
thermore, the inclusion of partial immunity creates an age-specific immune profile, alters the
transmission and susceptibility characteristics of different age groups, and thereby influences
the occurrence and development of backward bifurcation.
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