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Abstract. We consider the fractional Kirchhoff equation with Choquard-type nonlinear-
ities in R3:(

a + b
∫

R3

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)
(−∆)su = λu + µ (Iα ∗ |u|q) |u|q−2u +

(
Iα ∗ |u|2

∗
α,s
)
|u|2∗α,s−2u,

subject to the constraint ∫
R3

|u|2dx = c2,

where a, b, c > 0, α ∈ (0, 3), s ∈ ( 3−α
4 , 1), µ > 0, 3+α

3 < q < 3+α+2s
3 , and Iα denotes the

Riesz potential. We tackle the challenges of nonlocality and critical exponent associated
with the above equation by employing Pohožaev manifold decomposition, fibering map
analysis, and compactness arguments for Palais–Smale sequences. Specifically, we es-
tablish the existence of a positive, radially decreasing normalized solution to the above
equation, and further characterize its asymptotic behavior as µ → 0+.

Keywords: fractional Kirchhoff, normalized solutions, Pohožaev manifold, fibering
map.

2020 Mathematics Subject Classification: 35B33, 35R11, 35J20.

1 Introduction

In this paper, we study the existence and asymptotic behavior of positive normalized solutions
for the following fractional Kirchhoff equation with Choquard-type nonlinearities:(

a + b
∫

R3

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)
(−∆)su = λu + µ (Iα ∗ |u|q) |u|q−2u +

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s−2u, (1.1)

with prescribed L2-norm ∫
R3

|u|2 dx = c2, (1.2)
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where a, b, c > 0, α ∈ (0, 3), s ∈
( 3−α

4 , 1
)
, µ is the positive parameter, 3+α

3 < q < 2∗α,s,
3+α

3
and 2∗α,s = 3+α

3−2s are the lower and upper Hardy–Littlewood–Sobolev critical exponents, re-
spectively. Iα : RN \ {0} 7→ R is the Riesz potential defined by

Iα(x) :=
Aα

|x|N−α
with Aα =

Γ
(N−α

2

)
2απ

N
2 Γ
(

α
2

) .

The fractional Laplacian (−∆)s admits the definition of a pseudo-differential operator, see
[9, 11] and references therein,

(−∆)su(x) = CsP.V.
∫

R3

u(x)− u(y)
|x − y|3+2s dy = Cs lim

ε→0+

∫
Bc

ε (x)

u(x)− u(y)
|x − y|3+2s dy, ∀u ∈ S(R3), (1.3)

where S(R3) denotes the Schwartz space of rapidly decreasing C∞ functions in R3, P.V. stands
for the principal value of the integral, and

Cs =

(∫
R3

1 − cos(ζ1)

|ζ|3+2s dζ

)−1

= π−(2s+ 3
2 )

Γ
(
s + 3

2

)
Γ(−s)

.

Furthermore, if u is smooth enough, by [8, Lemma 3.2], the definition (1.3) is equivalent to

(−∆)su(x) = −1
2

Cs

∫
R3

u(x + y) + u(x − y)− 2u(x)
|y|3+2s dy, ∀x ∈ R3.

We define the Hilbert space Hs(R3) via

Hs(R3) :=
{

u ∈ L2(R3) : (−∆)
s
2 u ∈ L2(R3)

}
,

endowed with the inner product and associated norm

⟨u, v⟩Hs(R3) =
∫

R3

(
(−∆)

s
2 u(−∆)

s
2 v + uv

)
dx, ∥u∥Hs(R3) =

(
∥(−∆)

s
2 u∥2

2 + ∥u∥2
2

) 1
2

,

where ∥(−∆)
s
2 u∥2

2 = Cs
2

∫∫
R6

|u(x)−u(y)|2
|x−y|3+2s dxdy and ∥u∥p

p =
∫

R3 |u|pdx for simplification.
The problem (1.1) stands in close relation to the equation

−
(

a + b
∫

R3
|∇u|2dx

)
∆u = f (x, u),

corresponding to the stationary analog of the equation

utt −
(

a + b
∫

R3
|∇u|2dx

)
∆u = f (x, u), (1.4)

where f (x, u) stands for a general nonlinearity, u designates the displacement, the nonlinear
term f denotes the external force, and a is the initial tension while b is related to the intrinsic
properties of the string. The problem (1.4) is introduced by Kirchhoff [15] as an extension
of the classical D’Alembert’s wave equation to free vibration of elastic strings. In addition,
comparing with other equations, it is much more challenging and interesting to study problem
(1.1) due to the nonlocal term

∫
R3 |(−∆)

s
2 u|2dx(−∆)su and the Choquard term.

Since the pioneering contributions of Lions [20], the study of nonlocal systems with fixed
frequencies λ and V(x) has been extensively developed over the past few decades, see [13,
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23, 25, 26, 32] and references therein. Under such circumstances, it is well established that
solutions of (1.1) correspond to critical points of the following energy functional:

Φλ (u) =
a
2

∥∥∥(−∆)
s
2 u
∥∥∥2

2
+

b
4

∥∥∥(−∆)
s
2 u
∥∥∥4

2
− λ

2

∫
R3

|u|2 dx

− µ

2q

∫
R3

(
Iα ∗ |u|q

)
|u|qdx − 1

22∗α,s

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx.

As an alternative approach, one may seek solutions to (1.1) that possess the prescribed
mass given by (1.2). From a physical perspective, the prescribed L2-norm (1.2) corresponds
to the particle count of the component in mean-field models of Bose–Einstein condensation
for further details, see [1, 12] and references therein. The standing wave solutions of problem
(1.1) is associated with the form Ψ(t, x) = e−iλtu(x). In this case, u satisfies (1.1) subject to the
constraint ∫

R3
|Ψ(t, x)|2dx =

∫
R3

|u|2dx = c2.

Investigating the prescribed L2-norm solution or normalized solutions of the Kirchhoff prob-
lem is particularly compelling, as these solutions correspond to a fixed total mass; for addi-
tional physical motivations pertaining to the fractional Kirchhoff model, we refer the reader to
[7]. These types of solutions can be obtained as the constrained critical points of the following
functional:

Eµ (u) =
a
2

∥∥∥(−∆)
s
2 u
∥∥∥2

2
+

b
4

∥∥∥(−∆)
s
2 u
∥∥∥4

2

− µ

2q

∫
R3

(
Iα ∗ |u|q

)
|u|qdx − 1

22∗α,s

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx,

on the L2-sphere Sc =
{

u ∈ Hs(R3) : ∥u∥2 = c
}

.
When s = 1, i.e., in the context of the classical Laplacian, numerous studies have addressed

this problem. For instance, if a = 1, b = 0 and no Choquard terms, problem (1.1) simplifies to
the classical Schrödinger equation,

−∆u = λu + µ|u|q−2u + |u|p−2u, x ∈ RN ,

where N ≥ 1, p ∈ (2, 2∗), and 2∗ = 2N
N−2 . The L2-critical exponent 2 + 4

N is widely regarded as
a key component in the Schrödinger equation. Cazenave et al. [4] and Shibata [28] established
the existence of normalized solutions using minimization techniques. Recently, Soave [30]
investigated normalized solutions for Sobolev critical growth and mixed nonlinearities µ ∈ R,
2 < q ≤ 2+ 4

N ≤ p < 2∗. His work fully categorized the problem by L2-subcritical, critical, and
supercritical regimes, analyzed interactions between L2-subcritical and L2-supercritical terms,
and verified the multiplicity of solutions. Subsequently, in [29], Soave also tackled the criti-
cal case. Owing to the lack of compactness in the Sobolev embedding H1(RN) ↪→ L2∗(RN),
this problem is more challenging. Drawing on techniques from [3, 14], he derived a con-
strained Palais–Smale sequence with additional properties by analyzing the geometry of the
corresponding Pohožaev manifold, and proved the compactness of this sequence under spe-
cific energy levels. If the Choquard term is present, problem (1.1) simplifies to the Choquard
equation with Hardy–Littlewood–Sobolev exponent. Of course, this class of equations has
also been extensively studied in the literature. Chen [6] proved the existence of normalized
ground states for a Hardy–Littlewood–Sobolev upper critical Schrödinger equation with dou-
ble Choquard-type nonlinear terms via minimization methods. In the same year, Shang et
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al. [27] addressed the two cases N+α
N < q < N+α+2

N and N+α+2
N ≤ q < 2∗α = 2N

N−2 by using
the mountain pass lemma, they verified the existence of positive normalized solutions to the
nonlinear Choquard equations with the Hardy–Littlewood–Sobolev upper critical exponent,
as well as the asymptotic behavior of such solutions as µ → 0+.

In recent years, Kirchhoff equations with different exponents have attracted the extensive
attention of scholars. If a, b > 0 are arbitrary fixed constants, problem (1.1) reduces to the
Kirchhoff equation, whose corresponding L2-critical exponent is 2 + 8

N . Results for the purely
nonlinear case can be found in [33] and the references therein. Recently, for N = 3 with 2 <

q < 14
3 < p ≤ 6 or 14

3 < q < p ≤ 6, Li et al. [18] proved the existence and asymptotic properties
of solutions to Kirchhoff equation; for the case 14

3 ≤ q < p = 6, Zhu et al. [34] investigated the
existence and asymptotic behavior of mixed critical and purely L2-supercritical solutions for
the Choquard equation with Kirchhoff perturbation via variational methods.

Inspired by these studies, many researchers have extended this theory to the fractional
Laplacian setting and relevant results for fractional equations (including Schrödinger,
Choquard, Kirchhoff, and their mixed-term variants) can be found in [16, 17, 22, 24]. How-
ever, to the best of our knowledge, the existence of normalized solutions for the fractional
Kirchhoff equation with a Choquard term (i.e., 3+α

3 < q < 2∗α,s) remains rare in the current
literature.

To fill this research gap, we propose dedicated analytical strategies to overcome the techni-
cal challenges brought by the three core components of the model. For the fractional Kirchhoff
structure, the quartic fractional gradient term generates degenerate Pohožaev branches and
distorts the limiting equations of Palais–Smale sequences, so we introduce the threshold con-
stant C to eliminate degenerate solutions and reconstruct the analytical framework of fibering
maps. For mixed subcritical and Hardy–Littlewood–Sobolev critical Choquard convolution,
subcritical and Hardy–Littlewood–Sobolev critical nonlinear terms exhibit entirely different
compactness properties under weak convergence, and the critical term gives rise to the resid-
ual mass parameter ℓ, based on which we establish the dichotomy compactness lemma. For
the prescribed L2 mass constraint, the energy functional is unbounded from below on the
mass sphere Sc, thus we construct local minimizers on Pohožaev manifolds and prove a novel
asymptotic result that the energy and fractional gradient semi-norm vanish as µ → 0+.

It should be noted that for the fractional Kirchhoff problem, via the inequality in Lemma
2.1 or a simple scaling argument (see (2.6)), the L2-critical exponent is derived as 3+α+4s

3 , which
determines whether the energy functional is bounded below.

Now, we state our main results. For convenience, let δs,q = 3q−3−α
2sq . For 3+α

3 < q < 3+α+2s
3 ,

we deduce

C̄ :=
q(2∗α,s − 2)b

2(2∗α,s − qδs,q)Cs,q

(
2∗α,s(2 − qδs,q)bS2∗α,s

α,s

2(2∗α,s − qδs,q)

) 2−qδs,q
2∗α,s−2

, (1.5)

C̃ :=
2qAs,q

Cs,q

 a
2

(
2∗α,sbS2∗α,s

α,s

2

) 1−qδs,q
2∗α,s−2

+

(
b
4

) 2∗α,s−qδs,q
2∗α,s−2 (

22∗α,sS
2∗α,s
α,s

) 2−qδs,q
2∗α,s−2

 , (1.6)

Ĉ :=
1

2(2∗α,s − qδs,q)Cs,q

(
(22∗α,s − 4)b

δs,q

) qδs,q
2
(

8q2∗α,sc∗

2 − qδs,q

)1− qδs,q
2

, (1.7)

where

c∗ =
(

1
2
− 1

22∗α,s

)
aSα,sT2 +

(
1
4
− 1

22∗α,s

)
bS2

α,sT4,
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As,q :=
(

2(2 − qδs,q)

2∗α,s(2∗α,s − 1)(2∗α,s − qδs,q)

) 2−qδs,q
2∗α,s−2

−
(

2(2 − qδs,q)

2∗α,s(2∗α,s − 1)(2∗α,s − qδs,q)

) 2∗α,s−qδs,q
2∗α,s−2

> 0,

T > 0 is the unique global maximum point of the function K(t) = a
2 Sα,st2 + b

4 S2
α,st4 − 1

22∗α,s
t22∗α,s ,

and Cs,q and Sα,s denote the best constant in the (2.1) and (2.2) inequality, respectively (see Sec.
II for details).

Theorem 1.1. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < min{C̄, C̃, Ĉ}.

Then, we deduce the following conclusions.

1. The restriction Eµ

∣∣
Sc

admits a critical point uµ at the energy level m(c, µ) < 0, which serves as
a local minimizer of Eµ over the set AR0 :=

{
u ∈ Sc :

∥∥(−∆)
s
2 u
∥∥

2 < R0
}

for an appropriate
R0 = R0(c, µ) > 0. Furthermore, uµ constitutes a ground state of Eµ

∣∣
Sc

, and every ground state
of Eµ

∣∣
Sc

acts as a local minimizer of Eµ on AR0 .

2. uµ is a solution to equation (1.1) corresponding to some λµ < 0. Furthermore, uµ is positive and
radially decreasing.

3. m(c, µ) → 0− and
∥∥(−∆)

s
2 uµ

∥∥
2 → 0 as µ → 0+.

Remark 1.2. We clarify the analytical necessity of all parameter restrictions and threshold
constants imposed in Theorem 1.1:

1. Fractional order constraint s ∈
( 3−α

4 , 1
)
. The lower bound s > 3−α

4 ensures the exponent
interval for q is non-empty, while the full domain s ∈ (0, 1) complies with the validity
range of the fractional regularity lemma given in [10].

2. Exponent range 3+α
3 < q < 3+α+2s

3 . The lower bound arises from the Hardy–Littlewood–
Sobolev inequality, which yields compact embedding of the subcritical Choquard term
on radial spaces and serves as a prerequisite for constructing Palais–Smale sequences.
The upper bound guarantees that the one-dimensional radial energy function h(t) ad-
mits negative local minimizers alongside a positive global maximum, which allows us
to define the local minimizing set AR0 on the mass sphere Sc. If q exceeds this upper
threshold, the energy functional becomes unbounded from below, and the fibering-map
analysis fails entirely.

3. Threshold constants defined in (1.5)–(1.7) and the combined smallness condition

0 < µc2q(1−δs,q) < min{C, C̃, Ĉ}.

• C: Utilized in Lemma 4.1 to eliminate the degenerate Pohožaev branch P0
c,µ and

split the Pohožaev manifold into two disjoint smooth branches P±
c,µ;

• C̃: Applied in Lemma 4.3 to produce two positive cut-off values 0 < R0 < R1 for
h(t), which characterize the bounded region containing ground-state minimizers;

• Ĉ: Deployed in the contradiction argument for Theorem 1.1 to rule out the mass-
loss alternative in Proposition 3.1, thus avoiding the contradictory inequality 0 >

m(c, µ) ≥ c∗.

The combined constraint 0 < µc2q(1−δs,q) < min{C, C̃, Ĉ} synthesizes three independent geo-
metric restrictions and is indispensable for every step of our existence proof.
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Remark 1.3. Compared to the findings in [18, 24, 29, 30, 33]. Theorem 1.1 may be viewed
as an extension of these results, though we employ distinct arguments here. First, we ex-
tend the results in [24, 29, 33] for the general Schrödinger and Choquard equations to their
fractional counterparts. Second, we further generalize the findings in [6, 17, 27, 34] for frac-
tional Schrödinger and Choquard equations to fractional Kirchhoff equations of Schrödinger
or Choquard-type.

The structure of this paper is outlined as follows. In Section 2, we provide some prelim-
inary concepts and lemmas. Section 3 is dedicated to the establishment of a compactness
lemma. The proof of Theorem 1.1 is presented in Section 4.

Throughout the present paper, we adopt the following notations:

• on(1) denotes an arbitrary quantity that converges to zero as n → ∞.

• Hs
r (R

3) = {u ∈ Hs(R3) : u(x) = u(|x|)} and Sc,r := {u ∈ Hs
r (R

3) : ∥u∥2
2 = c2}.

• → and ⇀ stand for strong convergence and weak convergence in the corresponding
function space, respectively.

2 Preliminaries

In this section, we present several lemmas that will be utilized in the subsequent parts of this
paper. To begin with, we state the sharp Gagliardo–Nirenberg type inequality, where Ds,2(R3)

refers to the completion of C∞
0 (R3) with respect to the semi-norm

∥∥(−∆)
s
2 u
∥∥

2.

Lemma 2.1 ([10]). Let u ∈ Hs(R3) and 3+α
3 < q < 2∗α,s. Then, there exists a best constant Cs,q in the

following sharp Gagliardo–Nirenberg inequality,∫
R3

(
Iα ∗ |u|q

)
|u|q dx ≤ Cs,q

∥∥∥(−∆)
s
2 u
∥∥∥2qδs,q

2
∥u∥2q(1−δs,q)

2 . (2.1)

In the special case of (2.1), denoting that Sα,s = C
− 1

2∗α,s
s,2∗α,s

, if q = 2∗α,s, we obtain the following
inequality ∫

R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx ≤ S−2∗α,s

α,s

∥∥∥(−∆)
s
2 u
∥∥∥22∗α,s

2
. (2.2)

Lemma 2.2 ([5]). Let u ∈ Hs(R3) ∩ L∞(R3) be a weak solution of

(−∆)su = g(u)

and G(u) ∈ L1(R3). Then, it holds that∫
R3

∣∣∣(−∆)
s
2 u
∣∣∣2 dx =

6
3 − 2s

∫
R3

G(u)dx,

where G(u) =
∫ u

0 g(t)dt.

Remark 2.3. In Lemma 2.2, g(u) = λu + µ (Iα ∗ |u|q) |u|q−2u +
(

Iα ∗ |u|2
∗
α,s
)
|u|2∗α,s−2u. Given

that u ∈ Hs(R3), and leveraging the continuity of the embedding Hs(R3) ↪→ Lγ(R3) for
γ ∈ [2, 2∗s ] (see [21]), it is straightforward to verify that u ∈ Lγ(R3). Consequently, G(u) =
λ
2 |u|2 +

µ
2q

3+α
3

∫
R3

(
Iα ∗ |u|q

)
|u|q dx + 1

22∗α,s

3+α
3

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx ∈ L1(R3). Therefore, we

may adapt the reasoning from the proof in [5, Proposition 4.1] to conclude that u ∈ L∞(R3),
which then enables us to apply the above Pohožaev identity to our equation.
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Lemma 2.4. Let a, b > 0, q ∈ ( 3+α
3 , 2∗α,s), and µ, λ ∈ R. If u ∈ Hs(R3) is a weak solution of (1.1),

then the Pohožaev identity

Pµ(u) = a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ b

∥∥∥(−∆)
s
2 u
∥∥∥4

2
− µδs,q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx

−
∫

R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx = 0

(2.3)

holds.

Proof. Let M =
∫

R3

∣∣(−∆)
s
2 u
∣∣2 dx. Then, u ∈ Hs(R3) is a weak solution of the following

problem:

(−∆)su =
1

a + bM

(
µ (Iα ∗ |u|q) |u|q−2u +

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s−2u + λu

)
.

By similar arguments as in [31, Lemma 2.8], we may infer that u ∈ C2,η(RN) for some η ∈
(0, 1). As u ∈ Hs(R3) is a weak solution of (1.1), we derive

a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ b

∥∥∥(−∆)
s
2 u
∥∥∥4

2
= µ

∫
R3

(
Iα ∗ |u|q

)
|u|q dx +

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx + λ∥u∥2

2.

(2.4)

From Lemma 2.2, we deduce that

a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ b

∥∥∥(−∆)
s
2 u
∥∥∥4

2
=

6
3 − 2s

(
µ

2q
3 + α

3

∫
R3

(
Iα ∗ |u|q

)
|u|q dx

+
1

22∗α,s

3 + α

3

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx +

λ

2
∥u∥2

2

)
.

(2.5)

Combining (2.4) and (2.5), we deduce that the lemma holds.

Following [14], the below Pohožaev manifold will play a special role in the proof:

Pc,µ = {u ∈ Sc : Pµ(u) = 0}.

In light of Lemma 2.4, every solution to (1.1) lies in Pc,µ. For any t ∈ R and u ∈ Hs(R3), we
set

(t ⋆ u)(x) := e
3t
2 u(etx). (2.6)

Then, ∥u∥2 = ∥t ⋆ u∥2 for all t ∈ R. Consequently, for any u ∈ Sc, it follows that t ⋆ u ∈ Sc,
which naturally motivates the study of the fiber map

Ψµ
u(t) := Eµ(t ⋆ u)

=
ae2st

2

∥∥∥(−∆)
s
2 u
∥∥∥2

2
+

be4st

4

∥∥∥(−∆)
s
2 u
∥∥∥4

2

− µ

2q
e2qδs,qst

∫
R3

(Iα ∗ |u|q) |u|qdx − 1
22∗α,s

e22∗α,sst
∫

R3

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s dx.

It is straightforward to verify that (Ψµ
u)

′(t) = sPµ(t ⋆ u) and Pc,µ = {u ∈ Sc : (Ψµ
u)

′(0) = 0}.
On the basis of these results, we obtain the following conclusion.

Lemma 2.5. Let u ∈ Sc. Then, t ∈ R is a critical point for Ψµ
u if and only if t ⋆ u ∈ Pc,µ.
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In this sense, Pc,µ can be split into the disjoint union Pc,µ = P+
c,µ ∪ P0

c,µ ∪ P−
c,µ, where

P+
c,µ := {u ∈ Pc,µ : (Ψµ

u)
′′(0) > 0},

P0
c,µ := {u ∈ Pc,µ : (Ψµ

u)
′′(0) = 0},

P−
c,µ := {u ∈ Pc,µ : (Ψµ

u)
′′(0) < 0},

where

(Ψµ
u)

′′(0) := 2a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ 4b

∥∥∥(−∆)
s
2 u
∥∥∥4

2
− 2µqδ2

s,q

∫
R3

(Iα ∗ |u|q) |u|qdx

− 22∗α,s

∫
R3

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s dx.

To conclude, we state the subsequent technical lemma.

Lemma 2.6 ([18]). Let ã, b̃, c̃, d̃, q̃ ∈ (0,+∞) and f (t) := ãt2 + b̃t4 − c̃tq̃ − d̃t22∗α,s for t ≥ 0. If
q̃ ∈ (0, 2) and( 2(4 − q̃)

2∗α,s(2∗α,s − 1)(22∗α,s − q̃)

) 4−q̃
22∗α,s−4

−
(

2(4 − q̃)
2∗α,s(2∗α,s − 1)(22∗α,s − q̃)

) 22∗α,s−q̃
22∗α,s−4


·

 ã
c̃

(
b̃
d̃

) 2−q̃
22∗α,s−4

+
1
c̃

b̃
22∗α,s−q̃
22∗α,s−4

d̃
4−q̃

22∗α,s−4

 > 1,

then conclude that f (t) admits a local strict minimum at a negative level as well as a global strict
maximum at a positive level over [0,+∞).

3 Compactness result of Palais–Smale sequences

In this section, we present the compactness result for Palais–Smale sequences, a key com-
ponent in the proof of our main theorem. Drawing inspiration from [18, 29], we develop a
perturbed Pohožaev constraint method that builds on the splitting properties of the Brézis–
Lieb lemma.

Proposition 3.1. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, µ > 0, and 3+α

3 < q < 3+α+2s
3 . Let {un} ⊂ Sc,r be a

Palais–Smale sequence for Eµ|Sc at energy level m ̸= 0, with Pµ(un) → 0 as n → ∞, and

m < c∗, c∗ :=
(

1
2
− 1

22∗α,s

)
aSα,sT2 +

(
1
4
− 1

22∗α,s

)
bS2

α,sT4,

where T > 0 denotes the unique global maximum point of the function K(t) = a
2 Sα,st2 + b

4 S2
α,st4 −

1
22∗α,s

t22∗α,s for t ≥ 0. Passing to a subsequence, one of the following alternatives holds:

1. un ⇀ u ̸≡ 0 in Hs(R3), where u is a solution of the following equation:

(a + Bb)(−∆)su = λu + µ (Iα ∗ |u|q) |u|q−2u +
(

Iα ∗ |u|2
∗
α,s

)
|u|2∗α,s−2u, x ∈ R3, (3.1)
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for some λ < 0 and

m − c∗ ≥ Iµ(u) :=
(

a
2
+

Bb
4

)∥∥∥(−∆)
s
2 u
∥∥∥2

2
− µ

2q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx

− 1
22∗α,s

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx,

for B := lim
n→∞

∥∥(−∆)
s
2 un
∥∥2

2 > 0.

2. un → u in Hs(R3), Eµ(u) = m, and u satisfies equations (1.1) and (1.2) for some λ < 0.

Proof. We divide the proof into four main steps. To begin with, we apply the Pohožaev
identity combined with the exponent range of the equation to carry out energy estimates,
which proves that all Palais–Smale sequences are uniformly bounded in the fractional Sobolev
space Hs(R3) and lays a foundation for extracting weakly convergent subsequences. Relying
on the compact embedding from the radial subspace Hs

r (R
3) to the subcritical Lq space, we

extract a weakly convergent subsequence un ⇀ u from the bounded sequence, and then utilize
the Lagrange multiplier rule to verify that the multiplier sequence {λn} admits a convergent
subsequence with limit multiplier λ. Next, we adopt a proof by contradiction: supposing the
limit function satisfies u ≡ 0 (equivalently λ = 0), we deduce a lower energy bound m ≥ c∗

via the critical Hardy–Littlewood–Sobolev inequality, which contradicts the given condition
m < c∗. This contradiction implies that the limit function is nontrivial and λ < 0, and we
further derive a crucial inequality for the critical remainder term ℓ. Finally, the Brézis–Lieb
lemma is employed to decompose the functional associated with the two types of Choquard
convolution terms separately. The integral remainder of the subcritical term vanishes as the
sequence tends to the limit, while only the critical term retains a residual mass parameter
ℓ. Based on the monotonicity of the single-variable function K(t), there exist two mutually
exclusive cases: either ℓ ≥ T corresponding to weak convergence with mass loss, or ℓ = 0
corresponding to strong convergence without mass loss. This dichotomy conclusion for the
convergence branches is therefore established.
Step 1. {un} is bounded in Hs(R3). From 3+α

3 < q < 3+α+2s
3 and Pµ(un) → 0, we deduce(

a
2
− a

22∗α,s

)∥∥∥(−∆)
s
2 un

∥∥∥2

2
+

(
b
4
− b

22∗α,s

)∥∥∥(−∆)
s
2 un

∥∥∥4

2

≤ m + 1 +
µ

2q

(
1 −

qδs,q

2∗α,s

)
Cs,q

∥∥∥(−∆)
s
2 un

∥∥∥2qδs,q

2
c2q(1−δs,q)

which implies that {un} is bounded in Hs(R3).
Step 2. There exists some λ ∈ R such that, up to a subsequence, λn → λ as n → ∞. By
virtue of the compact embedding Hs

r (R
3) ↪→ Lq(R3), there exists u ∈ Hs

r (R
3) such that,

up to a subsequence, un ⇀ u in Hs
r (R

3), un → u in Lq(R3), un → u a.e. in R3, and∫
R3

(
Iα ∗ |un|q

)
|un|q dx →

∫
R3

(
Iα ∗ |u|q

)
|u|q dx. Since {un} is a bounded Palais–Smale se-

quence of Eµ|Sc , by the Lagrange multiplier’s rule, there exists λn ∈ R such that(
a + b

∥∥∥(−∆)
s
2 un

∥∥∥2

2

) ∫
R3
(−∆)

s
2 un(−∆)

s
2 φdx

−
∫

R3

(
µ (Iα ∗ |un|q) |un|q−2un +

(
Iα ∗ |un|2

∗
α,s

)
|un|2

∗
α,s−2un − λnun

)
φdx

= on(1),

(3.2)
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for every φ ∈ Hs(R3). In particular, choosing φ = un, we obtain

λnc2 = a
∥∥∥(−∆)

s
2 un

∥∥∥2

2
+ b

∥∥∥(−∆)
s
2 un

∥∥∥4

2
− µ

∫
R3

(
Iα ∗ |un|q

)
|un|q dx

−
∫

R3

(
Iα ∗ |un|2

∗
α,s
)
|un|2

∗
α,s dx + on(1).

That the sequence {un} is bounded in Hs(R3) implies that {λn} is also bounded. As a result,
there exists λ ∈ R for which, up to a subsequence, λn → λ as n → ∞.

Step 3. λ < 0 and u ̸≡ 0. Using again Pµ(un) → 0, we derive

λc2 = lim
n→∞

λnc2 = lim
n→∞

µ(δs,q − 1)
∫

R3

(
Iα ∗ |un|q

)
|un|q dx = µ(δs,q − 1)

∫
R3

(
Iα ∗ |u|q

)
|u|q dx.

By virtue of µ > 0 and 0 < δs,q < 1, we conclude that λ ≤ 0, with equality ⇐⇒ u ≡ 0. If
λn → 0, the boundedness of {un} in Hs(R3) ensures that, passing to a subsequence,

lim
n→∞

(
a
∥∥∥(−∆)

s
2 un

∥∥∥2

2
+ b

∥∥∥(−∆)
s
2 un

∥∥∥4

2

)
= lim

n→∞

∫
R3

(
Iα ∗ |un|2

∗
α,s
)
|un|2

∗
α,s dx = ℓ22∗α,s . (3.3)

This consequently implies that limn→∞
∥∥(−∆)

s
2 un
∥∥2

2 =
√

ℓ22∗α,s

b + a2

4b2 − a
2b . It is worth noting

that

m = lim
n→∞

Eµ(un)

= lim
n→∞

(
a
2

∥∥∥(−∆)
s
2 un

∥∥∥2

2
+

b
4

∥∥∥(−∆)
s
2 un

∥∥∥4

2
− 1

22∗α,s

∫
R3

(
Iα ∗ |un|2

∗
α,s
)
|un|2

∗
α,s dx

)
= lim

n→∞

(
a
4

∥∥∥(−∆)
s
2 un

∥∥∥2

2
+

(
1
4
− 1

22∗α,s

) ∫
R3

(
Iα ∗ |un|2

∗
α,s
)
|un|2

∗
α,s dx

)

=

(
1
4
− 1

22∗α,s

)
ℓ22∗α,s +

a
4

√
ℓ22∗α,s

b
+

a2

4b2 − a2

8b
,

(3.4)

and m ̸= 0. We obtain ℓ ̸= 0. From (3.3) and (2.2), we get

ℓ22∗α,s ≥ aSα,sℓ
2 + bS2

α,sℓ
4. (3.5)

Since T > 0 is the unique global maximum point of the function K(t), it is easy to check that

aSα,sT2 + bS2
α,sT4 = T22∗α,s . (3.6)

From (3.5), we obtain K′(ℓ) ≤ 0, which implies that ℓ ≥ T. By (3.4) and (3.6), we derive

m ≥
(

1
4
− 1

22∗α,s

)
T22∗α,s +

a
4

√
T22∗α,s

b
+

a2

4b2 − a2

8b

=

(
1
4
− 1

22∗α,s

)
T22∗α,s +

a
4

Sα,sT2

=

(
1
2
− 1

22∗α,s

)
aSα,sT2 +

(
1
4
− 1

22∗α,s

)
bS2

α,sT4 = c∗,

which contradicts our initial assumption that m < c∗. We conclude that λ < 0 and u ̸≡ 0.
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Step 4. One of the alternatives (i) or (ii) holds. From un ⇀ u ̸≡ 0 in Hs(R3), we have
B := limn→∞ ∥(−∆)

s
2 un∥2

2 ≥ ∥(−∆)
s
2 u∥2

2 > 0. Subsequently, by letting n → ∞ in (3.2), we
obtain

(a + Bb)
∫

R3
(−∆)

s
2 u(−∆)

s
2 φ dx − µ

∫
R3

(Iα ∗ |u|q) |u|q−2uφ dx

−
∫

R3

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s−2uφ dx − λ

∫
R3

uφ dx = 0,
(3.7)

for every φ ∈ Hs(R3), which implies that u is a solution to the following equation:

(a + Bb)(−∆)su = λu + µ (Iα ∗ |u|q) |u|q−2u +
(

Iα ∗ |u|2
∗
α,s

)
|u|2∗α,s−2u.

By Lemma 2.4, it follows that

Qµ (u) := (a + Bb)
∥∥∥(−∆)

s
2 u
∥∥∥2

2
− µδs,q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx −

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx = 0.

Let vn = un − u. It follows that vn ⇀ 0 in Hs(R3), vn → 0 in Lq(R3), vn → 0 a.e. in R3, and∫
R3

(
Iα ∗ |vn|q

)
|vn|q dx → 0,

∥∥∥(−∆)
s
2 un

∥∥∥2

2
=
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+
∥∥∥(−∆)

s
2 vn

∥∥∥2

2
+ on(1).

By the Brézis–Lieb lemma in [2, Theorem 1 and 2], we obtain∫
R3

(Iα ∗ |un|q) |un|qdx =
∫

R3
(Iα ∗ |u|q) |u|qdx +

∫
R3

(Iα ∗ |vn|q) |vn|qdx + on(1),∫
R3

(
Iα ∗ |un|2

∗
α,s

)
|un|2

∗
α,s dx =

∫
R3

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s dx +

∫
R3

(
Iα ∗ |vn|2

∗
α,s

)
|vn|2

∗
α,s dx + on(1).

Note that
∫

R3

(
Iα ∗ |vn|q

)
|vn|q dx → 0 in Lq(R3). Then,∫

R3

(
Iα ∗ |un|q

)
|un|q dx =

∫
R3

(
Iα ∗ |u|q

)
|u|q dx + on(1).

Therefore, we are able to rewrite Pµ(un) = on(1) as

Pµ(un) = (a + Bb)∥(−∆)
s
2 un∥2

2 − µδs,q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx

−
∫

R3

(
Iα ∗ |un|2

∗
α,s
)
|un|2

∗
α,s dx + o(1).

From Qµ(u) = 0, we obtain that up to a subsequence,

ℓ22∗α,s = lim
n→∞

∫
R3

(
Iα ∗ |vn|2

∗
α,s
)
|vn|2

∗
α,s dx = lim

n→∞
(a + Bb)∥(−∆)

s
2 vn∥2

2

≥ lim
n→∞

(
a∥(−∆)

s
2 vn∥2

2 + b∥(−∆)
s
2 vn∥4

2

)
.

(3.8)

From (2.2), we derive ℓ22∗α,s ≥ aSα,sℓ2 + bS2
α,sℓ

4 and

lim
n→∞

(
a∥(−∆)

s
2 vn∥2

2 + b∥(−∆)
s
2 vn∥4

2

)
≤ lim

n→∞

∫
R3

(
Iα ∗ |vn|2

∗
α,s
)
|vn|2

∗
α,s dx

≤ S−2∗α,s
α,s lim

n→∞
∥(−∆)

s
2 vn∥

22∗α,s
2 .
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This implies that

either ℓ ≥ T and lim
n→∞

∥(−∆)
s
2 vn∥2

2 ≥ Sα,sT2 or ℓ = 0 = lim
n→∞

∥(−∆)
s
2 vn∥2

2.

First, suppose ℓ ≥ T and limn→∞ ∥(−∆)
s
2 vn∥2

2 ≥ Sα,sT2. Then by (3.6) and (3.8), we obtain

m = lim
n→∞

Eµ(un)

= Iµ(u) + lim
n→∞

(
a
2
∥(−∆)

s
2 vn∥2

2 +
Bb
4
∥(−∆)

s
2 vn∥2

2 −
1

22∗α,s

∫
R3

(
Iα ∗ |vn|2

∗
α,s
)
|vn|2

∗
α,s dx

)
= Iµ(u) +

(
1
4
− 1

22∗α,s

)
ℓ22∗α,s + lim

n→∞

a
4
∥(−∆)

s
2 vn∥2

2

≥ Iµ(u) +
(

1
4
− 1

22∗α,s

)
T22∗α,s +

a
4

Sα,sT2

= Iµ(u) +
(

1
2
− 1

22∗α,s

)
aSα,sT2 +

(
1
4
− 1

22∗α,s

)
bS2

α,sT4,

where

Iµ(u) :=
(

a
2
+

Bb
4

)∥∥∥(−∆)
s
2 u
∥∥∥2

2
− µ

2q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx − 1

22∗α,s

∫
R3

(
Iα ∗ |u|2

∗
α,s
)
|u|2

∗
α,s dx.

Hence, alternative (i) of the proposition holds. If instead ℓ = 0 = limn→∞ ∥(−∆)
s
2 vn∥2

2, we get
un → u in Ds,2(R3) and L2∗α,s(R3). To show that un → u in L2(R3), we test (3.2) and (3.7) with
φ = un − u, we obtain

(a + Bb)∥(−∆)
s
2 (un − u)∥2

2 − λ∥un − u∥2
2 → 0,

which implies that alternative (ii) of the proposition holds. The proof is thus completed.

4 The proof of Theorem 1.1

In this section, we investigate the existence and asymptotic behavior of normalized ground
states for (1.1) and (1.2), and we present the proof of Theorem 1.1. We first analyze the
structure of the Pohožaev manifold Pc,µ.

Lemma 4.1. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < C̄. It then

follows that P0
c,µ = ∅ and Pc,µ is a smooth manifold of codimension 2 in Hs(R3). Here, C̄ is given in

(1.5).

Proof. Assume that there exists u ∈ P0
c,µ. Let

W(t) = t
(
Ψµ

u
)′
(0)−

(
Ψµ

u
)′′

(0)

= (t − 2)a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ (t − 4)b

∥∥∥(−∆)
s
2 u
∥∥∥4

2

− µ
(
t − 2qδs,q

)
δs,q

∫
R3

(Iα ∗ |u|q) |u|qdx − (t − 22∗α,s)
∫

R3

(
Iα ∗ |u|2

∗
α,s

)
|u|2∗α,s dx

= 0.
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On the one hand, W(2qδs,q) = 0 implies that

(2 − 2qδs,q)a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ (4 − 2qδs,q)b

∥∥∥(−∆)
s
2 u
∥∥∥4

2

≤ (22∗α,s − 2qδs,q)S
−2∗α,s
α,s

∥∥∥(−∆)
s
2 u
∥∥∥22∗α,s

2
.

It follows that ∥∥∥(−∆)
s
2 u
∥∥∥

2
≥
(
(2 − qδs,q)bS2∗α,s

α,s

2∗α,s − qδs,q

) 1
22∗α,s−4

. (4.1)

On the other hand, from W(22∗α,s) = 0, we obtain

(22∗α,s − 2)a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ (22∗α,s − 4)b

∥∥∥(−∆)
s
2 u
∥∥∥4

2

≤ µδs,q(22∗α,s − 2qδs,q)Cs,qc2q(1−δs,q)
∥∥∥(−∆)

s
2 u
∥∥∥2qδs,q

2
,

implies that ∥∥∥(−∆)
s
2 u
∥∥∥

2
≤
(

µδs,q(2∗α,s − qδs,q)Cs,qc2q(1−δs,q)

(2∗α,s − 2)b

) 1
4−2qδs,q

. (4.2)

From (4.1) and (4.2), we can infer that

µc2q(1−δs,q) ≥
(2∗α,s − 2)b

δs,q(2∗α,s − qδs,q)Cs,q

(
(2 − qδs,q)bS2∗α,s

α,s

2∗α,s − qδs,q

) 2−qδs,q
2∗α,s−2

> C̄,

where we get the fact that (
2∗α,s

2

)4−2qδs,q (qδs,q

2

)22∗α,s−4

< 1,

and this result can be established by virtue of the monotonically decreasing property of ln x
x−1 .

We then arrive at a contradiction. This shows that P0
c,µ = ∅. The remainder of the proof

is essentially analogous to the argument in [30, Lemma 5.2], and thus we omit the details
here.

Lemma 4.2. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < C̄. If u ∈ Pc,µ

is a critical point of the functional Eµ restricted to Pc,µ, then u is also a critical point of Eµ restricted
to Sc. Here, C̄ is given in (1.5).

Proof. Assume u ∈ Pc,µ is a critical point for Eµ|Pc,µ . By the Lagrange multiplier’s rule, there
exist λ, ν ∈ R such that for all φ ∈ Hs(R3),〈

(Eµ)
′(u), φ

〉
= λ

∫
R3

uφdx + ν
〈

P′
µ(u), φ

〉
.

This implies that u is a solution to the equation:(
(1 − 2ν)a + (1 − 4ν)b

∫
R3

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)
(−∆)su

= λu + µ
(
1 − 2qνδs,q

)
(Iα ∗ |u|q)|u|q−2u +

(
1 − 22∗α,sν

)
(Iα ∗ |u|2

∗
α,s)|u|2∗α,s−2u.
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Therefore, we can get the corresponding Pohožaev identity,

(1 − 2ν)a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ (1 − 4ν)b

∥∥∥(−∆)
s
2 u
∥∥∥4

2

= µδs,q
(
1 − 2qνδs,q

) ∫
R3
(Iα ∗ |u|q)|u|qdx +

(
1 − 22∗α,sν

) ∫
R3
(Iα ∗ |u|2

∗
α,s)|u|2∗α,s dx.

(4.3)

From (4.3) and u ∈ Pc,µ, we obtain

ν

(
2a
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ 4b

∥∥∥(−∆)
s
2 u
∥∥∥4

2
− 2µδ2

s,qq
∫

R3
(Iα ∗ |u|q)|u|qdx

− 22∗α,s

∫
R3
(Iα ∗ |u|2

∗
α,s)|u|2∗α,s dx

)
= 0. (4.4)

By Lemma 4.1, P0
c,µ = ∅, and thus ν = 0. The proof is complete.

From (2.1) and (2.2), we deduce

Eµ(u) ≥
a
2

∥∥∥(−∆)
s
2 u
∥∥∥2

2
+

b
4

∥∥∥(−∆)
s
2 u
∥∥∥4

2

− µ

2q
Cs,qc2q(1−δs,q)

∥∥∥(−∆)
s
2 u
∥∥∥2qδs,q

2
− S−2∗α,s

α,s

22∗α,s

∥∥∥(−∆)
s
2 u
∥∥∥22∗α,s

2
,

(4.5)

for all u ∈ Sc. To analyze the geometric properties of Eµ|Sc , we define the function h : R+ → R,

h(t) =
a
2

t2 +
b
4

t4 − µ

2q
Cs,qc2q(1−δs,q)t2qδs,q − S−2∗α,s

α,s

22∗α,s
t22∗α,s , t > 0.

It holds that h(0+) = 0− and h(+∞) = −∞.

Lemma 4.3. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < C̃. Then, the

function h attains a local strict minimum at a negative level and a global strict maximum at a positive
level. Furthermore, there exist constants 0 < R0 < R1, which depend only on c and µ, such that
h(R0) = 0 = h(R1) and h(t) > 0 if and only if t ∈ (R0, R1). Here, C̃ is given in (1.6).

Proof. Take ã = a
2 , b̃ = b

4 , c̃ = µ
2q Cs,qc2q(1−δs,q), d̃ =

S
−2∗α,s
α,s

22∗α,s
, and q̃ = 2qδs,q in Lemma 2.6. Then, it

suffices to show that( 2(4 − q̃)
2∗α,s (2∗α,s − 1) (22∗α,s − q̃)

) 4−q̃
22∗α,s−4

−
(

2(4 − q̃)
2∗α,s (2∗α,s − 1) (22∗α,s − q̃)

) 22∗α,s−q̃
22∗α,s−4


·

 ã
c̃

(
b̃
d̃

) 2−q̃
22∗α,s−4

+
1
c̃

b̃
22∗α,s−q̃
22∗α,s−4

d̃
4−q̃

22∗α,s−4

 > 1.

Indeed, direct computation reveals that the above inequality is equivalent to

µc2q(1−δs,q) <
2qAs,q

Cs,q

 a
2

(
2∗α,sbS2∗α,s

α,s

2

) 1−qδs,q
2∗α,s−2

+

(
b
4

) 2∗α,s−qδs,q
2∗α,s−2 (

22∗α,sS
2∗α,s
α,s

) 2−qδs,q
2∗α,s−2

 =: C̃.

Hence, the conclusion holds, provided that 0 < µc2q(1−δs,q) < C̃.
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Lemma 4.4. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < min{C̄, C̃}.

For every u ∈ Sc, the functional Ψµ
u admits exactly two critical points su < tu ∈ R and two zeros

cu < du ∈ R, satisfying the strict ordering su < cu < tu < du. Furthermore, we obtain the following.

1. su ⋆ u ∈ P+
c,µ and tu ⋆ u ∈ P−

c,µ, and if t ⋆ u ∈ Pc,µ, then either t = su or t = tu.

2.
∥∥(−∆)

s
2 (t ⋆ u)

∥∥
2 ≤ R0 for every t ≤ cu, and

Eµ(su ⋆ u) = min
{

Eµ(t ⋆ u) : t ∈ R and
∥∥∥(−∆)

s
2 (t ⋆ u)

∥∥∥
2
< R0

}
< 0.

3. Eµ(tu ⋆ u) = max
t∈R

Eµ(t ⋆ u) > 0,

and Ψµ
u is strictly decreasing and concave on (tu,+∞).

4. The mappings u 7→ su and u 7→ tu from Sc to R are both of class C1.

Proof. From (4.5), we deduce that

Ψµ
u(t) = Eµ(t ⋆ u) ≥ h

(∥∥∥(−∆)
s
2 (t ⋆ u)

∥∥∥
2

)
= h

(
est
∥∥∥(−∆)

s
2 u
∥∥∥

2

)
,

and consequently,

Ψµ
u(t) > 0, ∀t ∈

(
log

R0∥∥(−∆)
s
2 u
∥∥

2

, log
R1∥∥(−∆)

s
2 u
∥∥

2

)
.

Recalling that Ψµ
u(−∞) = 0− and Ψµ

u(+∞) = −∞, it follows that Ψµ
u possess at least two

critical points su < tu, where su is a local minimum point on
(
− ∞, log R0

∥(−∆)
s
2 u∥2

)
at a

negative level and tu is a global maximum point at a positive level. Next, we establish
that Ψµ

u(t) has at most two critical points in R. Indeed, (Ψµ
u)

′(t) = 0 entails that φ(s) =

µδs,q
∫

R3

(
Iα ∗ |u|q

)
|u|q dx, where

φ(s) = ae(2−2qδs,q)st
∥∥∥(−∆)

s
2 u
∥∥∥2

2
+ be(4−2qδs,q)st

∥∥∥(−∆)
s
2 u
∥∥∥4

2

− e(22∗α,s−2qδs,q)st
∫

R3
(Iα ∗ |u|2

∗
α,s)|u|2∗α,s dx .

We observe that φ admits a unique global maximum point, and as such, the equation φ(s) =
µδs,q

∫
R3

(
Iα ∗ |u|q

)
|u|q dx has at most two solutions. Therefore, we may conclude that Ψµ

u(t)
has exactly two critical points su and tu. Since (Ψµ

u)
′(t) = sPµ(t ⋆ u), it follows that t ⋆ u ∈ Pc,µ

implies t = su or tu. Furthermore, noting that (Ψµ
u)

′′(su) ≥ 0, (Ψµ
u)

′′(tu) ≤ 0, and P0
c,µ = ∅, we

infer that su ⋆ u ∈ P+
c,µ and tu ⋆ u ∈ P−

c,µ.
By virtue of monotonicity, Ψµ

u has exactly two zero-points cu and du, satisfying su < cu <

tu < du. It remains only to show that the mappings u 7→ tu and u 7→ su are of class C1. We
apply the implicit function theorem to Φ(s, u) := (Ψµ

u)
′(s). Utilizing the fact that

Φ(su, u) = Φ(tu, u) = 0,

∂sΦ(su, u) = (Ψµ
u)

′′(su) > 0,

∂sΦ(tu, u) = (Ψµ
u)

′′(tu) < 0,

and P0
c,µ = ∅, we can establish that u 7→ tu and u 7→ su are of class C1. The proof is therefore

complete.



16 D. Wang and Y. Sang

For k > 0, we set
Ak :=

{
u ∈ Sc :

∥∥∥(−∆)
s
2 u
∥∥∥

2
< k

}
and

m(c, µ) := inf
u∈AR0

Eµ(u).

From Lemma 4.4, it follows immediately that we get the following corollary.

Corollary 4.5. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < min{C̄, C̃}.

Then, the set P+
c,µ is contained in AR0 =

{
u ∈ Sc :

∥∥(−∆)
s
2 u
∥∥

2 < R0
}

and supP+
c,µ

Eµ ≤ 0 ≤
infP−

c,µ
Eµ.

Lemma 4.6. Let s ∈
( 3−α

4 , 1
)
, a, b, c > 0, 3+α

3 < q < 3+α+2s
3 , and 0 < µc2q(1−δs,q) < min{C̄, C̃}. It

follows that m(c, µ) ∈ (−∞, 0), and there exists a sufficiently small constant ρ such that

m(c, µ) = inf
Pc,µ

Eµ = inf
P+

c,µ

Eµ and m(c, µ) < inf
AR0\AR0−ρ

Eµ.

Proof. For u ∈ AR0 , it holds that

Eµ(u) ≥ h
(∥∥∥(−∆)

s
2 u
∥∥∥

2

)
≥ min

t∈[0,R0]
h(t) > −∞,

and consequently, m(c, µ) > −∞. Furthermore, for any u ∈ Sc, we derive
∥∥(−∆)

s
2 (t ⋆ u)

∥∥
2 <

R0 and Eµ(t ⋆ u) < 0 for t ≪ −1, from which it follows that m(c, µ) < 0.
By virtue of Corollary 4.5 and the inclusion P+

c,µ ⊂ AR0 , we deduce that m(c, µ) ≤ infP+
c,µ

Eµ.
On the other hand, if u ∈ AR0 , we obtain tu ⋆ u ∈ P+

c,µ ⊂ AR0 and

Eµ(tu ⋆ u) = min
{

Eµ(t ⋆ u) : t ∈ R and
∥∥∥(−∆)

s
2 (t ⋆ u)

∥∥∥
2
< R0

}
≤ Eµ(u).

This implies that infP+
c,µ

Eµ ≤ m(c, µ). Recalling that Eµ ≥ 0 on P−
c,µ, we infer that infP+

c,µ
Eµ =

infPc,µ Eµ. Finally, by the continuity of h, there exists a constant ρ > 0 (independent of c and µ)

such that h(t) ≥ m(c,µ)
2 for all t ∈ [R0 − ρ, R0]. Hence,

Eµ(u) ≥ h
(∥∥∥(−∆)

s
2 u
∥∥∥

2

)
≥ m(c, µ)

2
> m(c, µ),

for every u ∈ AR0 \ AR0−ρ.

Proof of Theorem 1.1-(i), (ii). Let {vn} be a minimizing sequence for infAR0
Eµ. By virtue of the

results in [19, Lemma 7.17] and [17], we have Eµ(|vn|∗) ≤ Eµ(vn) for all n, where |vn|∗ stands
for the Schwarz symmetric nonincreasing rearrangement of |vn|. This rearrangement cannot
raise the value of the energy functional. Consequently, each term of the minimizing sequence
can be replaced by its radially symmetric nonincreasing rearrangement without changing the
infimum of the energy. For this reason, we assume without loss of generality that 0 ≤ vn ∈ Sc

is radially nonincreasing for all n. By virtue of Lemma 4.4 and Corollary 4.5, we deduce that
svn ⋆ vn ∈ P+

c,µ,
∥∥(−∆)

s
2 (svn ⋆ vn)

∥∥
2 < R0, and

Eµ(svn ⋆ vn) = min
{

Eµ(t ⋆ vn) : t ∈ R and
∥∥∥(−∆)

s
2 (t ⋆ vn)

∥∥∥
2
< R0

}
≤ Eµ(vn).

Thus, we are able to obtain a new minimizing sequence {ωn = svn ⋆ vn} ⊂ Sc,r ∩ P+
c,µ. From

Lemma 4.6, we infer that
∥∥(−∆)

s
2 ωn

∥∥
2 < R0 − ρ. By virtue of the Ekeland’s variational



Normalized solutions for fractional Kirchhoff–Choquard equation 17

principle, there exists a new minimizing sequence {un} ⊂ AR0 corresponding to m(c, µ) < 0,
such that ∥un − ωn∥Hs(R3) → 0, as n → ∞. This sequence is also a Palais–Smale sequence for
Eµ on Sc. Given the boundedness of {ωn} and the Brézis–Lieb lemma, we derive

Pµ(un) = Pµ(ωn) + on(1) → 0,

as n → ∞. Hence, one of the alternatives stated in Proposition 3.1 is valid. Our goal is to
establish that alternative (ii) is the case. Adopting a proof by contradiction, suppose that
un ⇀ uµ ̸≡ 0 in Hs(R3), where uµ is a solution to (3.1) corresponding to some λ < 0, and

Iµ(uµ) :=
(

a
2
+

Bb
4

)∥∥∥(−∆)
s
2 uµ

∥∥∥2

2
− µ

2q

∫
R3

(
Iα ∗

∣∣uµ

∣∣q) ∣∣uµ

∣∣q dx

− 1
22∗α,s

∫
R3

(
Iα ∗

∣∣uµ

∣∣2∗α,s
) ∣∣uµ

∣∣2∗α,s dx ≤ m(c, µ)− c∗,

where B := limn→∞
∥∥(−∆)

s
2 un
∥∥2

2 ≥
∥∥(−∆)

s
2 uµ

∥∥2
2 > 0. Since uµ solves (3.1), we can obtain the

Pohožaev identity

Qµ(uµ) := (a + Bb)∥(−∆)
s
2 uµ∥2

2 − µδs,q

∫
R3

(
Iα ∗

∣∣uµ

∣∣q) ∣∣uµ

∣∣q dx

−
∫

R3

(
Iα ∗

∣∣uµ

∣∣2∗α,s
) ∣∣uµ

∣∣2∗α,s dx = 0,

which implies that

Iµ(uµ) =

(
1
2
− 1

22∗α,s

)
a
∥∥∥(−∆)

s
2 uµ

∥∥∥2

2
+

(
1
4
− 1

22∗α,s

)
Bb
∥∥∥(−∆)

s
2 uµ

∥∥∥2

2

− µ

(
1
2q

−
δs,q

22∗α,s

) ∫
R3
(Iα ∗ |uµ|q)|uµ|qdx.

By virtue of the weakly lower semi-continuity of the norm, we obtain ∥uµ∥2 ≤ c. Therefore,

m(c, µ) ≥ c∗ +
(

1
2
− 1

22∗α,s

)
a
∥∥∥(−∆)

s
2 uµ

∥∥∥2

2
+

(
1
4
− 1

22∗α,s

)
Bb
∥∥∥(−∆)

s
2 uµ

∥∥∥2

2

− µ

(
1
2q

−
δs,q

22∗α,s

) ∫
R3
(Iα ∗ |uµ|q)|uµ|qdx

≥ c∗+
(

1
4
− 1

22∗α,s

)
b
∥∥∥(−∆)

s
2 uµ

∥∥∥4

2
−µ

(
1
2q

−
δs,q

22∗α,s

)
Cs,qc2q(1−δs,q)

∥∥∥(−∆)
s
2 uµ

∥∥∥2qδs,q

2
.

(4.6)

Consider the function

g(t) =
(

1
4
− 1

22∗α,s

)
bt4 − µ

(
1
2q

−
δs,q

22∗α,s

)
Cs,qc2q(1−δs,q)t2qδs,q for t > 0.

From 0 < µc2q(1−δs,q) < Ĉ, we deduce

min
t≥0

g(t) = −
(

2
qδs,q

− 1
)(

1
4
− 1

22∗α,s

)
bt4

0 > −c∗,

for t0 =
( µδs,q(2∗α,s−qδs,q)Cs,qc2q(1−δs,q)

(2∗α,s−2)b

) 1
4−2qδs,q . From (4.6), we deduce that

0 > m(c, µ) ≥ c∗ + g
(∥∥∥(−∆)

s
2 uµ

∥∥∥
2

)
≥ c∗ + min

t≥0
g(t) > 0,



18 D. Wang and Y. Sang

and this is a contradiction. Thus, un → uµ in Hs(R3), Eµ(uµ) = m(c, µ), and uµ solves (1.1)
for some λµ < 0, and it is non-negative and radially nonincreasing.

Next, we aim to demonstrate that uµ > 0. By means of reasoning similar to that in
[31, Lemma 2.8], we obtain that uµ ∈ C2,η(R3) for some η ∈ (0, 1). It then follows from
[8, Lemma 3.2] that

(−∆)suµ(x) = −1
2

Cs

∫
R3

uµ(x + y) + uµ(x − y)− 2uµ(x)
|y|3+2s dy, ∀x ∈ R3.

In view of the regularity property of uµ, we can assume that there exists x0 ∈ R3 such that
uµ(x0) = 0. Then, from uµ ≥ 0 and uµ ̸≡ 0, we obtain

(−∆)suµ(x0) = −1
2

Cs

∫
R3

uµ(x0 + y) + uµ(x0 − y)
|y|3+2s dy < 0.

However, as uµ solves (1.1) with some λµ < 0, we also get

(−∆)suµ(x0) =
λµuµ(x0) + µ(Iα ∗ |uµ|q)|uµ|q−2uµ(x0) + (Iα ∗ |uµ|2

∗
α,s)|uµ|2

∗
α,s−2uµ(x0)(

a + b
∫

R3

∣∣(−∆)
s
2 uµ(x0)

∣∣2 dx
) = 0.

This leads to a contradiction, which means our assumption that uµ vanishes at some point
is false. Since uµ ≥ 0 from rearrangement, we finally obtain the strict positivity uµ > 0
everywhere on R3.

In fact, uµ is a ground state for Eµ|Sc . Since any critical point of Eµ|Sc is contained in
Pc,µ and Eµ(uµ) = infPc,µ Eµ, it only remains to prove that any other ground state is a local
minimizer of Eµ on AR0 . Let u be a critical point of Eµ|Sc at the energy level m(c, µ). Since
Eµ(u) < 0, then u ∈ P+

c,µ. From Corollary 4.5 we deduce that P+
c,µ ⊂ AR0 . Thus, from

Lemma 4.4, we can conclude that u is a local minimizer for Eµ|AR0
.

Remark 4.7. We explain the dichotomy principle and Brézis–Lieb splitting for different
Choquard nonlinearities concisely.

1. Let {un} ∈ Sc be a radial Palais–Smale sequence with weak limit u and remainder
vn = un − u. In Step 4 of Proposition 3.1, we first employ the Brézis–Lieb decomposition
to split the subcritical and critical Choquard convolution integrals. Combined with the
Pohožaev identity Qµ satisfied by the weak limit u and equation (3.8), we obtain the
crucial lower bound for ℓ = limn→∞ ∥(−∆)

s
2 vn∥2. Together with the critical Hardy–

Littlewood–Sobolev inequality (2.2), we finally deduce that only two mutually exclusive
convergence behaviours are available for the sequence:

• ℓ ≥ T: mass loss occurs, and the weak limit satisfies the modified Kirchhoff equa-
tion;

• ℓ = 0: the fractional gradient norm of the remainder vanishes, and the sequence
converges strongly to a solution of the original normalized equation.

2. The Brézis–Lieb decomposition applied to the two classes of Choquard nonlinearities is
presented as follows:

• Subcritical exponent q: The compact embedding Hs ↪→ Lq forces the convolution
remainder integral

∫
R3(Iα ∗ |vn|q)|vn|qdx → 0;
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• Critical exponent 2∗α,s: Compactness fails at the Hardy–Littlewood–Sobolev critical
exponent, and the remainder integral satisfies∫

R3

(
Iα ∗ |vn|2

∗
α,s
)
|vn|2

∗
α,s dx = ℓ22∗α,s .

Proof of Theorem 1.1-(iii). We recall that uµ acts as an interior local minimizer of Eµ in AR0 ,
where R0(c, µ) is given by Lemma 4.3. It is clear that R0(c, µ) → 0 as µ → 0+, and then,∥∥(−∆)

s
2 uµ

∥∥
2 < R0(c, µ) → 0 as well. Furthermore, from the (2.1) and (2.2), we obtain

0 > m(c, µ) = Eµ(uµ)

≥ a
2

∥∥∥(−∆)
s
2 uµ

∥∥∥2

2
+

b
4

∥∥∥(−∆)
s
2 uµ

∥∥∥4

2
−

µCs,q

2q

∥∥∥(−∆)
s
2 uµ

∥∥∥2qδs,q

2
c2q(1−δs,q)

− S−2∗α,s
α,s

22∗α,s

∥∥∥(−∆)
s
2 uµ

∥∥∥22∗α,s

2
→ 0,

as µ → 0+, and this implies that m(c, µ) → 0.
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