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Abstract. We consider the fractional Kirchhoff equation with Choquard-type nonlinear-
ities in R3:

<a+b/R3 (—a)iu

subject to the constraint

2 2 2 22
dx) (=A)u = Au+p (I * |u|?) |u|T"u+ (I,X * |ul u,s) |u|2es 2,

/3 lu|?dx = c?,
R

where a,b,c > 0,a € (0,3),s € (317"‘,1), >0, 3% <g< %, and I, denotes the
Riesz potential. We tackle the challenges of nonlocality and critical exponent associated
with the above equation by employing PohoZaev manifold decomposition, fibering map
analysis, and compactness arguments for Palais—Smale sequences. Specifically, we es-
tablish the existence of a positive, radially decreasing normalized solution to the above
equation, and further characterize its asymptotic behavior as y — 0.

Keywords: fractional Kirchhoff, normalized solutions, Pohozaev manifold, fibering
map.
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1 Introduction

In this paper, we study the existence and asymptotic behavior of positive normalized solutions
for the following fractional Kirchhoff equation with Choquard-type nonlinearities:

s 2 * *
<a+b/3 ‘(—A)iu‘ dx> (—A)*u = Au+ 1 (L [u]7) |u] 72 + (I,X*\u|2w'5) 22, (1.1)
R

with prescribed L?-norm

/3 lu>dx = 2, (1.2)
R
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where a,b,c > 0, « € (0,3), s € (33%,1), u is the positive parameter, 1% < g < 27, 3=

and 2 = 333"5 are the lower and upper Hardy-Littlewood-Sobolev critical exponents, re-
spectively. I, : RN \ {0} — R is the Riesz potential defined by

r (%5
2473T (5)

A .
I(x) := ’x|1\;x_a with A, =

The fractional Laplacian (—A)® admits the definition of a pseudo-differential operator, see
[9,11] and references therein,

AV () — u@) —uy) .~ u(x) —u(y) 3
(=A)°u(x) = CP.V. R Tx —yPE dy = nglir(]?+ b x — g dy, Vue S(R°), (1.3)

where S(IR®) denotes the Schwartz space of rapidly decreasing C* functions in R3, P.V. stands
for the principal value of the integral, and

-1 3
Cs _ / 1_COS(€1)d€ — n*(ZS‘F%)r(S—’—E)'
RO I'(—s)
Furthermore, if u is smooth enough, by [8, Lemma 3.2], the definition (1.3) is equivalent to

S0y - 1 u(x+y) +ulx—y) —2u(x) 3
(=A)u(x) = _ECS o e dy, Vx e R’

We define the Hilbert space H*(IR?) via
H5(R%) := {u € [2(R3): (—A)5u € L2(1R3)},

endowed with the inner product and associated norm

(1, 0) s (r2) = /

R3

N =

(=) 2u(=8)i0+uo)dx, [ull) = (I(=8)2ul3+lul3)",
where |[(=A)2ul2 = S [[ge %dmy and [|u||p = [gs |u|Pdx for simplification.
The problem (1.1) stands in close relation to the equation

- <a+b/11<3 |Vu\2dx) Au = f(x,u),

corresponding to the stationary analog of the equation

Up — (a + b/]R3 \Vu]de) Au = f(x,u), (1.4)

where f(x,u) stands for a general nonlinearity, u designates the displacement, the nonlinear
term f denotes the external force, and a is the initial tension while b is related to the intrinsic
properties of the string. The problem (1.4) is introduced by Kirchhoff [15] as an extension
of the classical D’Alembert’s wave equation to free vibration of elastic strings. In addition,
comparing with other equations, it is much more challenging and interesting to study problem
(1.1) due to the nonlocal term s ](—A)%ulzdx(—A)su and the Choquard term.

Since the pioneering contributions of Lions [20], the study of nonlocal systems with fixed
frequencies A and V(x) has been extensively developed over the past few decades, see [13,
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23,25,26,32] and references therein. Under such circumstances, it is well established that
solutions of (1.1) correspond to critical points of the following energy functional:

R N I Y

2 2
" NI / 206\ 14125
g o Ut )l = o | (B [l ) s dx.

As an alternative approach, one may seek solutions to (1.1) that possess the prescribed
mass given by (1.2). From a physical perspective, the prescribed L?-norm (1.2) corresponds
to the particle count of the component in mean-field models of Bose-Einstein condensation
for further details, see [1,12] and references therein. The standing wave solutions of problem
(1.1) is associated with the form ¥(t, x) = e~ Mu(x). In this case, u satisfies (1.1) subject to the

constraint
/ ¥ (t, x)|?dx = / |u|?dx = 2.
RR3 RR3

Investigating the prescribed L?-norm solution or normalized solutions of the Kirchhoff prob-
lem is particularly compelling, as these solutions correspond to a fixed total mass; for addi-
tional physical motivations pertaining to the fractional Kirchhoff model, we refer the reader to
[7]. These types of solutions can be obtained as the constrained critical points of the following
functional:

b= 0o oo

1 * *
— ZP; - (L Ju|7) Ju|dx — /]R3 <LX * |u|2“> |u|*dx,

=

on the L?-sphere Sc = {u € H*(R3) : |Jul], = c}.

When s = 1, i.e., in the context of the classical Laplacian, numerous studies have addressed
this problem. For instance, if 2 = 1,b = 0 and no Choquard terms, problem (1.1) simplifies to
the classical Schrodinger equation,

—Au = Au+ plu|%u + |u|P?u, x € RV,

where N > 1, p € (2,2%), and 2* = % The L2-critical exponent 2 + % is widely regarded as
a key component in the Schrodinger equation. Cazenave et al. [4] and Shibata [28] established
the existence of normalized solutions using minimization techniques. Recently, Soave [30]
investigated normalized solutions for Sobolev critical growth and mixed nonlinearities # € R,
2<qg<2+ % < p < 2*. His work fully categorized the problem by L2-subcritical, critical, and
supercritical regimes, analyzed interactions between L?-subcritical and L?-supercritical terms,
and verified the multiplicity of solutions. Subsequently, in [29], Soave also tackled the criti-
cal case. Owing to the lack of compactness in the Sobolev embedding H'(RN) — L2 (RN),
this problem is more challenging. Drawing on techniques from [3, 14], he derived a con-
strained Palais-Smale sequence with additional properties by analyzing the geometry of the
corresponding PohoZaev manifold, and proved the compactness of this sequence under spe-
cific energy levels. If the Choquard term is present, problem (1.1) simplifies to the Choquard
equation with Hardy-Littlewood-Sobolev exponent. Of course, this class of equations has
also been extensively studied in the literature. Chen [6] proved the existence of normalized
ground states for a Hardy-Littlewood-Sobolev upper critical Schrodinger equation with dou-
ble Choquard-type nonlinear terms via minimization methods. In the same year, Shang et
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al. [27] addressed the two cases Mt < g < N2 and Ntas2 < g < 2% = 2N by uging
the mountain pass lemma, they verified the existence of positive normalized solutions to the
nonlinear Choquard equations with the Hardy-Littlewood-Sobolev upper critical exponent,
as well as the asymptotic behavior of such solutions as 1 — 0.

In recent years, Kirchhoff equations with different exponents have attracted the extensive
attention of scholars. If a,b > 0 are arbitrary fixed constants, problem (1.1) reduces to the
Kirchhoff equation, whose corresponding L?-critical exponent is 2 + %. Results for the purely
nonlinear case can be found in [33] and the references therein. Recently, for N = 3 with 2 <
g < % <p<é6or % < g < p <6, Lietal. [18] proved the existence and asymptotic properties
of solutions to Kirchhoff equation; for the case ¥ < ¢ < p = 6, Zhu et al. [34] investigated the
existence and asymptotic behavior of mixed critical and purely L2-supercritical solutions for
the Choquard equation with Kirchhoff perturbation via variational methods.

Inspired by these studies, many researchers have extended this theory to the fractional
Laplacian setting and relevant results for fractional equations (including Schrodinger,
Choquard, Kirchhoff, and their mixed-term variants) can be found in [16,17,22,24]. How-
ever, to the best of our knowledge, the existence of normalized solutions for the fractional
Kirchhoff equation with a Choquard term (i.e., 3%“ < g < 2,,) remains rare in the current
literature.

To fill this research gap, we propose dedicated analytical strategies to overcome the techni-
cal challenges brought by the three core components of the model. For the fractional Kirchhoff
structure, the quartic fractional gradient term generates degenerate PohoZaev branches and
distorts the limiting equations of Palais-Smale sequences, so we introduce the threshold con-
stant C to eliminate degenerate solutions and reconstruct the analytical framework of fibering
maps. For mixed subcritical and Hardy-Littlewood—-Sobolev critical Choquard convolution,
subcritical and Hardy-Littlewood—-Sobolev critical nonlinear terms exhibit entirely different
compactness properties under weak convergence, and the critical term gives rise to the resid-
ual mass parameter ¢, based on which we establish the dichotomy compactness lemma. For
the prescribed L? mass constraint, the energy functional is unbounded from below on the
mass sphere S., thus we construct local minimizers on Pohozaev manifolds and prove a novel
asymptotic result that the energy and fractional gradient semi-norm vanish as y — 0%.

It should be noted that for the fractional Kirchhoff problem, via the inequality in Lemma
2.1 or a simple scaling argument (see (2.6)), the L?-critical exponent is derived as %, which
determines whether the energy functional is bounded below.

Now, we state our main results. For convenience, let Osq = 39370 For 3% <g< %,

2sq
we deduce
Z—qb's,q
* * 255\ 2Zis2
C - q(ztx,s - Z)b 204,5 (2 - q(SS,q)bSW,é ’ (1 5)
2(2525 - qfss,q)cs,q 2(2§,s - CI‘Ss,q) ’
20 A 5 bsz* % b 24,599, 24059
~ . 2945 [ a (2450508 | ™ b\ 27 (o Q2 T2
=" 5 ( > > + ( 4) (22,1,55%5 ) , (1.6)
Js, Js,
. 1 ((22;;,5 _ 4)b> e < 8q2: " )“zq a7
T 2(2;,5 - qés,q)CS,q 55,q 2 - qéslq ! )

where

1 1 1 1
x« [ 2 _ T2 - b 2 T4
o= (o) ()it
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2—gds, 2:{,5 *‘7‘55,17

2(2 — gd5,) ) = ( 2(2 — qds,) ) 5T
222,5 (2;,5 - 1) (2:;,5 - qés,q) '

T > 0 is the unique global maximum point of the function K(t) = 4S,t* + %Sﬁ/s .

and G, ; and S, s denote the best constant in the (2.1) and (2.2) inequality, respectively (see Sec.
II for details).

Theorem 1.1. Lets € (23%,1),a,b,¢ >0, HT"‘ <g< W,ando < uc®11-%40) < min{C,C, C}.
Then, we deduce the following conclusions.

1.

3.

The restriction E,| ¢ admits a critical point u, at the energy level m(c, p) < 0, which serves as
a local minimizer of E,, over the set Ag, := {u € S : H(—A)%qu < Ro} for an appropriate
Ro = Ro(c, ) > 0. Furthermore, u,, constitutes a ground state of E, ‘ s, and every ground state
of Ey, ‘S acts as a local minimizer of E, on Ag,.

. uy is a solution to equation (1.1) corresponding to some A, < 0. Furthermore, u,, is positive and

radially decreasing.

m(c,u) — 0~ and ||(=A)2uy||, — 0as u — 0.

Remark 1.2. We clarify the analytical necessity of all parameter restrictions and threshold
constants imposed in Theorem 1.1:

1.

Fractional order constraint s € (377"‘, 1). The lower bound s > 3%‘ ensures the exponent
interval for q is non-empty, while the full domain s € (0,1) complies with the validity
range of the fractional regularity lemma given in [10].

3+a

. Exponent range 1% < g < 342 The lower bound arises from the Hardy-Littlewood—

Sobolev inequality, which yields compact embedding of the subcritical Choquard term
on radial spaces and serves as a prerequisite for constructing Palais-Smale sequences.
The upper bound guarantees that the one-dimensional radial energy function h(t) ad-
mits negative local minimizers alongside a positive global maximum, which allows us
to define the local minimizing set Ag, on the mass sphere S.. If g exceeds this upper
threshold, the energy functional becomes unbounded from below, and the fibering-map
analysis fails entirely.

3. Threshold constants defined in (1.5)—(1.7) and the combined smallness condition

0 < uc?1%41) < min{C,C,C}.

¢ C: Utilized in Lemma 4.1 to eliminate the degenerate Pohozaev branch ng and

split the PohoZaev manifold into two disjoint smooth branches 7337; ;

e C: Applied in Lemma 4.3 to produce two positive cut-off values 0 < Ry < R; for
h(t), which characterize the bounded region containing ground-state minimizers;

o C: Deployed in the contradiction argument for Theorem 1.1 to rule out the mass-
loss alternative in Proposition 3.1, thus avoiding the contradictory inequality 0 >
m(c, u) > c*.

The combined constraint 0 < uc211-%4) < min{C,C,} synthesizes three independent geo-
metric restrictions and is indispensable for every step of our existence proof.
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Remark 1.3. Compared to the findings in [18,24,29,30,33]. Theorem 1.1 may be viewed
as an extension of these results, though we employ distinct arguments here. First, we ex-
tend the results in [24,29,33] for the general Schrodinger and Choquard equations to their
fractional counterparts. Second, we further generalize the findings in [6,17,27,34] for frac-
tional Schrodinger and Choquard equations to fractional Kirchhoff equations of Schrodinger
or Choquard-type.

The structure of this paper is outlined as follows. In Section 2, we provide some prelim-
inary concepts and lemmas. Section 3 is dedicated to the establishment of a compactness
lemma. The proof of Theorem 1.1 is presented in Section 4.

Throughout the present paper, we adopt the following notations:

* 0,(1) denotes an arbitrary quantity that converges to zero as n — .
e Hi(R®) = {u € H*(R®) : u(x) = u(|x|)} and S, := {u € Hi(R®) : ||u|)3 = ¢*}.

e — and — stand for strong convergence and weak convergence in the corresponding
function space, respectively.

2 Preliminaries

In this section, we present several lemmas that will be utilized in the subsequent parts of this
paper. To begin with, we state the sharp Gagliardo-Nirenberg type inequality, where D%?(R3)
refers to the completion of C§°(IR®) with respect to the semi-norm ||(—A)2u/|,.

Lemma 2.1 ([10]). Let u € H*(IR®) and 3% < q < 24 Then, there exists a best constant Cs 4 in the
following sharp Gagliardo—Nirenberg inequality,

s 245, s,
[ e ul?) Juf? dx < Cog [[(~2)F H Nl 1)

1

In the special case of (2.1), denoting that S,s = 52* ,if g = 2, we obtain the following

inequality
/ (I,x * |u]2‘?5) || dx < S;,sz“'s
R3

Lemma 2.2 ([5]). Let u € H*(RR®) N L*(IR3) be a weak solution of

(—A)? quZ"s . 2.2)

and G(u) € LY(R3). Then, it holds that

/M

Remark 2.3. In Lemma 2.2, g(u) = Au+ p (Lo [u]7) [u7-2u + (Ly * [u]?s) [u|>+"2u. Given
that u € H*(IR®), and leveraging the continuity of the embedding H*(R3) < L7(RR®) for
v € [2,2%] (see [21]), it is straightforward to verify that u € LV(]RB’) Consequently, G(u) =
)‘]u|2+ Lot foo (Lo * [u|?) [u|T dx + o M s <Lx |u| “) |u|?s dx € L'(R3). Therefore, we
may adapt the reasoning from the proof in [5, Proposition 4.1] to conclude that u € L*(R3),
which then enables us to apply the above PohoZaev identity to our equation.

s 6
2 ‘ dx_3_25/]R3G(u)dx,

where G(u fo
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Lemma 2.4. Let a,b > 0, q € (342,2 ), and p, A € R. If u € H*(R®) is a weak solution of (1.1),
then the PohoZaev identity

S

) = |- + o -t

J2ul )~ by [ (e ful?) uf dx

/]R3 (I s u? “ \u| v dx =0
holds.

Proof. Let M =[5 ‘(—A)%u‘zdx. Then, u € H*(R%) is a weak solution of the following
problem:

1

(=A)°u = ST bM (y (Lo * |u)7) [u]7~%u + (L,( * |u|2zf5) |u |20 4 Au) :
By similar arguments as in [31, Lemma 2.8], we may infer that u € C>7(RYN) for some 7 €

(0,1). As u € H*(IR%) is a weak solution of (1.1), we derive

aH(—A)iu}2+bH(—A)§uH4:y/ (Ia*\u\q)\qux—f—/ (B e ) P e+ A3
2 2 R3 R3
(2.4)
From Lemma 2.2, we deduce that
s |2 s 146 H3+a N 11
a|[(=8)hu| +b (=) = =5 <2q . /Rs(l,x*|u|)|u| dx
1 3+« A 25
2 2% 2yl12
gy o (to ) P axs ).
Combining (2.4) and (2.5), we deduce that the lemma holds. O

Following [14], the below PohoZaev manifold will play a special role in the proof:

In light of Lemma 2.4, every solution to (1.1) lies in P . For any t € R and u € H® (R3), we

set
(txu)(x) := e%u(etx). (2.6)

Then, |lu|l, = ||t *ul]2 for all + € R. Consequently, for any u € S, it follows that t xu € S,
which naturally motivates the study of the fiber map

Wi (t) := Eu(t*u)
2st s 2 be4st

i+ T )

N 2q5<qst/ I 9 4174 1 22;/5515/ (I 2;;,5) %4
~ gt [ Con ) et [ (1 e ) P

Nlw

u

}4

2

It is straightforward to verify that (¥})'(t) = sP,(txu) and P., = {u € Sc : (¥4)'(0) = 0}.
On the basis of these results, we obtain the following conclusion.

Lemma 2.5. Let u € S.. Then, t € R is a critical point for ¥}, if and only if t % u € P .
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In this sense, P, can be split into the disjoint union P, = P;f WU PO UP

en Y Pey where

Plyi={u e Py (¥h)"(0) >0},
Py = {u € Pey: (¥h)"(0) =0},
Py = {u € Py (¥h)"(0) <0},
where
(¥7(0) = 2a H(—A)%uHZ +ab H(—A)%uH4 = 2482, [ (Lo [ul?) [l
u . 5 P l’lq 5,9 ]R3 1

— 22;{5/ (I,X * ]u\ZZ'S) |u|?sdx.
R3

To conclude, we state the subsequent technical lemma.

Lemma 2.6 ([18]). Let 4,b,¢,d,G € (0,+c0) and f(t) := at*> + bt* — ¢t1 — dt*%s for t > 0. If
g€ (0,2) and

4-g 225 =0
( 2(4 — §) ) el < 2(4 - ) )
232,5 (2:;,5 - 1) (2232,5 - [7) 232,5 (2;64,5 - 1) (2232,5 - ’7)

- 2—g - ZZX,s*ﬁ
i/b\ 2t 1pTast

= | = +-— >1
c d C a1
J24

then conclude that f(t) admits a local strict minimum at a negative level as well as a global strict
maximum at a positive level over [0, +o0).

3 Compactness result of Palais—Smale sequences

In this section, we present the compactness result for Palais-Smale sequences, a key com-
ponent in the proof of our main theorem. Drawing inspiration from [18,29], we develop a
perturbed PohoZaev constraint method that builds on the splitting properties of the Brézis—
Lieb lemma.

Proposition 3.1. Let s € (332,1),a,b,c > 0, u > 0, and & < q < 3L et {u,} C S, bea
Palais-Smale sequence for E,|s, at energy level m # 0, with P, (u,) — 0 as n — oo, and

1 1 1 1
* . [ Z T2 - b52 T4
o ke R L

where T > 0 denotes the unique global maximum point of the function K(t) = S, st> + %Sﬁ/st‘l -
53— % for t > 0. Passing to a subsequence, one of the following alternatives holds:

1. uy, — u # 0in H*(IR®), where u is a solution of the following equation:

(a+Bb)(—=A)*u = Au+ p (I * |u|7) |u|]"%u + (LX * \u]Z;/S) lul72u, xecR3 (3.1)
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for some A < 0 and
. __(a Bb s 12 0N 1.1d
m—c* > 1,(u) := <2+4 > H(—A)zu‘z—zq /IR3 (Lo [u]7) Ju|" dx

1 2.\ {120
_ 2 /]R3 <L,¢>|< |1t ) || dx,

for B:= lim ||(— A)iu

Jm ol >
2. uy — uin H(R®), E, (1) = m, and u satisfies equations (1.1) and (1.2) for some A < 0.

Proof. We divide the proof into four main steps. To begin with, we apply the PohoZaev
identity combined with the exponent range of the equation to carry out energy estimates,
which proves that all Palais-Smale sequences are uniformly bounded in the fractional Sobolev
space H*(R%) and lays a foundation for extracting weakly convergent subsequences. Relying
on the compact embedding from the radial subspace H:(IR%) to the subcritical L7 space, we
extract a weakly convergent subsequence u, — u from the bounded sequence, and then utilize
the Lagrange multiplier rule to verify that the multiplier sequence {A,} admits a convergent
subsequence with limit multiplier A. Next, we adopt a proof by contradiction: supposing the
limit function satisfies # = 0 (equivalently A = 0), we deduce a lower energy bound m > c*
via the critical Hardy-Littlewood-Sobolev inequality, which contradicts the given condition
m < c*. This contradiction implies that the limit function is nontrivial and A < 0, and we
further derive a crucial inequality for the critical remainder term ¢. Finally, the Brézis-Lieb
lemma is employed to decompose the functional associated with the two types of Choquard
convolution terms separately. The integral remainder of the subcritical term vanishes as the
sequence tends to the limit, while only the critical term retains a residual mass parameter
¢. Based on the monotonicity of the single-variable function K(t), there exist two mutually
exclusive cases: either £ > T corresponding to weak convergence with mass loss, or / = 0
corresponding to strong convergence without mass loss. This dichotomy conclusion for the
convergence branches is therefore established.

Step 1. {u,} is bounded in H*(IR®). From 2{* < g < 3442 and P, (u,) — 0, we deduce

a a 2 b
<2_22;§,5> H(_ 2+ <4_22* >H
mere (o) el

which implies that {u,} is bounded in H? (]RS).
Step 2. There exists some A € R such that, up to a subsequence, A, — A as n — oco. By
virtue of the compact embedding H$(IR®) — L7(RR®), there exists u € H;(R®) such that,
up to a subsequence, u, — u in H{(R3), u, — u in L1(R®), u, — u ae. in R?, and
Jrs (L [un|7) Jun|Tdx — [s (In % |u|") |u|"dx. Since {u,} is a bounded Palais-Smale se-
quence of E,|s., by the Lagrange multiplier’s rule, there exists A, € R such that

2

<a+bH( 2) /]RS(—A)%un(—A)%(pdx

_ x 3.2
~Je (ﬂ D (A e L e T A) pix G2

= 0,(1),

4

Nl
I\J\"

Un

Mn

2

26155,7 Zq(lf(sg,q)

I\J\‘-h

Nlw

_A) Lln
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for every ¢ € H*(RR?). In particular, choosing ¢ = u,, we obtain

Ayt =a H(—A)%un

2 .4
Z—I—bH(—A)iun 2—;4/]1{3 (Lo [un]") Jun|" dx

- /R (T [ P5) [0 5 i+ 0, (1).

That the sequence {u,} is bounded in H*(IR®) implies that {A,} is also bounded. As a result,
there exists A € R for which, up to a subsequence, A, — A as n — co.

Step 3. A < 0 and u # 0. Using again P, (u,) — 0, we derive

n—oo n—oo

Ac? = lim A,c® = lim p(ds0 — 1) /};{3 (Lo Jun|") Jun|Tdx = p(ds5 — 1) /};{3 (L [u|7) )" dx.

By virtue of y > 0 and 0 < Js4 < 1, we conclude that A < 0, with equality <= u = 0. If
An — 0, the boundedness of {u,} in H*(R3) ensures that, passing to a subsequence,

2
lim <a H (—A)2u, , T b H(—A)%un

n—o0

4 * * *
) = llm R (LX * ‘un‘za,5> ’unyza,s dx — £22a,s' (33)

2 n—o00

. . . . s 2 s . .
This consequently implies that lim,, e ||(—=A)2u,||; = 1/ % + 5 — o5+ It is worth noting
that

m = nlgrolo E,u(uy)

= lim (; H(—A)‘un

Nlw

2} .
2+ 4 H(—A)mn

n—00

VR . .
2 227 /]Rs (I"‘ * |”n|2w'5> [as dx)

2 1 1 2 25 (34)
2‘1‘(4—222,5)/]1?3 <Lx*|un| >‘”n‘ dx)

1T 1\ g a [P a2 a?
i E -ty LR
1 2, d\ v T4 s

and m # 0. We obtain ¢ # 0. From (3.3) and (2.2), we get

Nlw

lim (Z H(—A) Uy

n—00

(%5 > S, 0% + bS04, (3.5)
Since T > 0 is the unique global maximum point of the function K(t), it is easy to check that
0SusT? + bS2 T = T?s, (3.6)

From (3.5), we obtain K’'(¢) < 0, which implies that ¢ > T. By (3.4) and (3.6), we derive

m2<1 1 )TZZZ,S_,_Q @_f_ﬁ_ﬁ

4 227 4\ b " 4p> 8b
_ (1 1 20: 4 2

1 1 1 1
={z- SusT?+ (- — bS2 . T* = c*,
(27 ) osor s (- st =

which contradicts our initial assumption that m < c*. We conclude that A < 0 and u # 0.
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Step 4. One of the alternatives (i) or (ii) holds. From u, — u # 0 in H*(R®), we have
B = limy e [|[(—=A)2uy3 > ||(=A)2ul3 > 0. Subsequently, by letting n — oo in (3.2), we
obtain

(a-+Bb) [ (=8)su(-a)pdx —p [ (Lo ulf) [u"~ugpdx
R R
— 2;,5 2;,5_2 — —
/1123 (Lx* |u] > |u] updx A/}Ra updx =0,
for every ¢ € H*(RR®), which implies that u is a solution to the following equation:
(a -+ Bb) (= = Mt o (T 1) [l 2 (T fuf e ) Ju %2,

By Lemma 2.4, it follows that

Qu (u) = (a+ Bb) H(—A)%uHi — /R (L * ") [ue]? dx — /IR (T 5 Ju< dx = 0.

Let v, = u, — u. It follows that v, — 0 in H*(R?), v, — 0 in L1(RR®), v, — 0 a.e. in R3, and

2

Nl»

/1R3 (T oul) [on]" dx = 0, [[(=8)Fu, )2+H(—A) O z+on(1).

-

2

By the Brézis-Lieb lemma in [2, Theorem 1 and 2], we obtain
S Gore ) el = [ e ) [l + [ (Lo foul) fould + 0 (1),
24 2usdy = 20 25 25 24
S (ool fun P = [ (Loow i) ufPoedz o+ [ (Lo foul) o P + 0, (1)
Note that [ps (In * [04|") [04|? dx — 0 in L7(R?). Then,
/]Rs (I * ") J11]? dx = /Ra (L * |]7) [u]? dx + 04 (1).
Therefore, we are able to rewrite P, (u,) = 0,(1) as
Py(un) = (a+ BD)|[(=2)2un 3 — pdsq o (o [ul") [ul" dx
2 2
[ (1 ) e+ 0().
From Q,(u) = 0, we obtain that up to a subsequence,

* . 2% 23 : 5
622&5 — )}g}’olo o (Lx * |Un| ms) |Un’ ws dx = r}g{}o(a + Bb)”(_A)ZUnH% (3 8)
> lim (all(~A)205 + bl (~8)Eouf)

From (2.2), we derive (% > aSa,séz + bSﬁ/SE‘L and

tim (o]l (~A)5043 + b (~8)50ull) < lim [ (L ou[%<) fou [ dx

n—co n—oo JR3

< S Tim /(=) fo 3%
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This implies that
either £>T and lim [|[(—A)2v,]%3 > SesT? or £=0= lim |[(—A)2v,]3.
n—oo n—oo
First, suppose ¢ > T and limy,_,c || (—A )2, 112 5 > S, sT2. Then by (3.6) and (3.8), we obtain

m = lim E, (uy)

n—o0

— 1 E — 5 2 B7b _ 3 1 22,5 2:,5
= )+ Jimy (S0 BN 50ul = g [ (ol ) o )
~ L) + (—22*)€22as+hm||< T

1
2y 2 T4
= I,(u) ( — 2; > aSy T + ( — 22;15) bS, T,

where

_ (a_ Bb H 'NIPAL 1 2 2
I (u) = (2 )H —zq/w (I [u]") Jul = /w (B [P ) e

Hence, alternative (i) of the proposition holds. If instead £ = 0 = lim,,_,« || (—A) 20, |3, we get
uy, — u in D¥*(R®) and L%:(R3). To show that u, — u in L?(IR?), we test (3.2) and (3.7) with
@ = u, — u, we obtain

N\m

(a+ Bb)||(=2)% (un — ) 5 = Alluew — ull3 — 0,

which implies that alternative (ii) of the proposition holds. The proof is thus completed. [

4 The proof of Theorem 1.1

In this section, we investigate the existence and asymptotic behavior of normalized ground
states for (1.1) and (1.2), and we present the proof of Theorem 1.1. We first analyze the
structure of the PohoZaev manifold P .

Lemma 4.1. Let s € (3[%”‘,1), a,b,c > 0, 3% <g< %, and 0 < uc?1-%4) < C. It then
follows that 732;, = @ and Py is a smooth manifold of codimension 2 in H*(IR®). Here, C is given in
(1.5).

Proof. Assume that there exists u € P .- Let
W(E) =t (¥1)' (0) — (¥i)" (0)
d G :
(£ =2905) 8ug [ | (Laox [uf7) i = (=221, [ (1o ) ufed
= 0.

‘ 4

‘+t— bH A)su
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On the one hand, W(244; ;) = 0 implies that

s 12 .4
(2 —2985)a ||(=2) bu || + (4 = 298,0)b || (=) Fu]
. ot o 1225
< (2236 —2405,5)Sas™ |[(—A)2u )
It follows that X
25\ T A
5 2 —gdsq)bSys \ T
H(—A)iu‘ > [ (2= 9950)b5 . 4.1)
2 222,5 - qésrq
On the other hand, from W (22} ) = 0, we obtain
* s 2 * s 4
(22, 2)a || (=) 2|+ (22, = 4)b | (=8)3u
* — El 2‘755/
S V&s,q (220‘,5 — 26]55,11)(:5,[1(:26/(1 55,‘7) ‘ (—A) 2u ‘2 ! 7
implies that
1
. V‘Ss,q (2; . — q(ss/q)cs,qCZq(l—és,q) 24054
—A < ’ . 4.2
S R =
From (4.1) and (4.2), we can infer that
2—q6s,q

N 235\ Zis-
VCZq(l—(Sslq) > (204,5 - Z)b (2 - qés,q)bsa,s e > C_,
(55,11 (232,5 - Elés,q)cs,q 2435,5 - q5s,q

where we get the fact that

25\ (g8, \ P <1
2 2 !

and this result can be established by virtue of the monotonically decreasing property of %
We then arrive at a contradiction. This shows that 738]4 = @. The remainder of the proof
is essentially analogous to the argument in [30, Lemma 5.2], and thus we omit the details
here. ]

Lemma 4.2. Let s € (37%,1), a,b,c > 0, 33% < g < ¥ and 0 < pc?10-%0) < C. Ifu € Py
is a critical point of the functional E, restricted to P, then u is also a critical point of E, restricted
to S¢. Here, C is given in (1.5).

Proof. Assume u € P, is a critical point for E,|p,_,. By the Lagrange multiplier’s rule, there
exist A,v € R such that for all ¢ € H*(R3),

((Ep) (u), @) = A/W uedx +v <P;,(u),q)> :

This implies that u is a solution to the equation:

L2
((1 ~2)a+ (1 —41/)5/3 [(—a)ku dx> (—A)u
R
= M+ (1—2qv650) (I* |u|®) [u] 720 + (1 — 225 v) (L * ] ) |22,
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Therefore, we can get the corresponding PohoZaev identity,
.2 s 4
(1=2v)a |[(=8)3u + (1 — 4v)b | (=2)u|
2 2 (4.3)
= Ubsq (1 —2qvésy) /W(I,X s |ul ") Julfdx + (1 — 22 ,v) /11{3(1“ s || 2os ) | 2os dx.

From (4.3) and u € P, we obtain

S

v(ZaH( A)? H +4bH )2 H —2y552,qq/1113(1“*|u|q)|u\”7dx
—22; /IRS(LX* ]u\2;'9)|u]2;»‘dx> =0. (44)

By Lemma 4.1, PCO,V = @, and thus v = 0. The proof is complete.
From (2.1) and (2.2), we deduce

a s 12 b s |14
w3t
7229 * (4.5)
_ ﬁ 2q(1—0s,4) ’ —A 2 qu(ss/q N Sa,s " _A s sza,s
274 e T L

forall u € S.. To analyze the geometric properties of E,, |5, we define the function 1 : R — R,

2*

_ 4, §4 M g(1— (ss,)zqzss,_s '22*
h(t) = 58+ 3t chsqc 1) (2% 1y t t>0.
It holds that #(0%) = 0~ and h(4o0) = —c0. O

Lemma 4.3. Let s € (33%,1),a,b,c > 0, H& < g < 3845 gpd 0 < uc?10=%4) < C. Then, the
function h attains a local strict minimum at a negative level and a global strict maximum at a positive
level. Furthermore, there exist constants 0 < Ro < Ry, which depend only on ¢ and u, such that
h(Ro) = 0 = h(Ry) and h(t) > 0 ifand only if t € (Ro, Ry). Here, C is given in (1.6).

—2s

Proof. Taked = 4, b=15, &= LC,,c2107%), d = Sas

and § = 2qds,4 in Lemma 2.6. Then, it

29 22* ’
suffices to show that
4—q 22; s—4
< 2(4 - §) ) Tt < 24— §) ) Biet
2;,5 (2;‘2,5 - 1) (22;,5 - [7) 222,5 (zjc,s - 1) (2232,5 - [7)
2—4 22;,5*‘7
i (b 25+ 1 p2s+

d22;5—4

Indeed, direct computation reveals that the above inequality is equivalent to

149954 *
2% 2% o za,s*qfss,q 2-qds
29A a [ 28.bS55\ b\ 22 o
2‘7(1_(55,17) q sS4 - ( u,S &5 > <> 4 ( * zxs 2,52 .
uc < — + 22, Si's =:
Cs,q 2 2 4

Hence, the conclusion holds, provided that 0 < yczq“_‘s&‘l) < C. ]

Q!
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Lemma 4.4. Let s € (33%,1), a,b,c > 0, 3% < g < 32 4pd 0 < 1c211-%4) < min{C, C}.
For every u € S., the functional ¥, admits exactly two critical points s, < t, € R and two zeros
cy < dy € R, satisfying the strict ordering s, < ¢, < t, < d,. Furthermore, we obtain the following.

1. s, ~u € 73:;, and t, xu € Pg,, and if t xu € P, then either t = s, or t = t,,.

o’

2. ||(=A)2(t*u)||, < Ro for every t < cy, and

Ey(sy*u) = min{Ey(t*u) it € Rand H(—A)i(t*u)H2 < Ro} <0.

3. E,(ty *u) :r{éaRxEy(t*u) >0,
and ¥, is strictly decreasing and concave on (t,, +o0).
4. The mappings u — s, and u v+ t, from S to R are both of class C'.
Proof. From (4.5), we deduce that

V() = Ey(txu) > h (H(—A)‘ (t*u)Hz) — I (esf

and consequently,

Nl»

(—A)%uH2> ’

Ry Rq
‘Fif(t) >0, Vt e <log . ,log - ) )
[(=a)2ull,” 7 [[(=8)2u],
Recalling that ¥} (—c0) = 0~ and ¥} (+00) = —oo, it follows that ¥}, possess at least two
critical points s, < t,, where s, is a local minimum point on (— oo, log ¢) at a

|(=8)2ull
negative level and t, is a global maximum point at a positive level. Next, we establish
that ¥}, (t) has at most two critical points in R. Indeed, (¥})(t) = 0 entails that ¢(s) =
105 s (I * |u|") |u|7 dx, where
2-2q64)st

p(5) = ael (~)iu

_ 6(22:,5*2’155#)”/3([0( s 1|20 ) [u) s dx
R

() u[] + pett20500 I]

2

We observe that ¢ admits a unique global maximum point, and as such, the equation ¢(s) =
16sq [gs (I * [u|") |u|" dx has at most two solutions. Therefore, we may conclude that ¥/ (t)
has exactly two critical points s, and t,. Since (¥},)'(t) = sP,(t xu), it follows that tx u € P,
implies t = s, or t,. Furthermore, noting that (¥},)"(s,) > 0, (¥},)"(t,) <0, and 77&, =0, we
infer that s, xu € PQ,LH and t, xu € chy.

By virtue of monotonicity, ¥}, has exactly two zero-points ¢, and d,, satisfying s, < ¢, <
ty < dy. It remains only to show that the mappings u ~ t, and u + s, are of class C'. We
apply the implicit function theorem to ®(s, u) := (¥})(s). Utilizing the fact that

D(sy, u) = P(ty,u) =0,
9@ (su, 1) = (¥i)" (su) > 0,
As®@(ty, u) = (¥h)" (ts) <0,

and 733” = @, we can establish that u — t, and u > s, are of class C1. The proof is therefore
complete. O
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For k > 0, we set
Ay = {u €5S;: H(—A)%uHZ < k}
and
m(c,u) := inf E,(u).

MGARO

From Lemma 4.4, it follows immediately that we get the following corollary.

Corollary 4.5. Let s € (33%,1), a,b,c > 0, ?’JFT"‘ <g< H“T%, and 0 < uc?11-%4) < min{C,C}.
Then, the set Pcfy is contained in Ar, = {u € S : H(—A)%qu < RO} and Supp,, E, <0<
infpgy E,.

Lemma 4.6. Lets € (352,1),a,b,c > 0, 332 < g < 38 gnd 0 < uc?10-%4) < min{C,C}. It
follows that m(c, u) c0,0), and there exists a sufficiently small constant p such that

€ (-
m(c,u) =infE, =infE, and m(c,u) < inf E,.
P”ri‘ . chr,;l : ARO\ARO—p :

Proof. For u € Ag,, it holds that

Ey(u) = i ([ (-a)

Nlw

> min h(t) > —oo,
u,) = min 1e) > —eo
and consequently, m(c, ) > —oo. Furthermore, for any u € S, we derive ||(=A)2 (t*u)|, <
Rp and E,(txu) < 0 for t < —1, from which it follows that m(c, ) < 0.

By virtue of Corollary 4.5 and the inclusion 77; u C Agy, we deduce that m(c, u) < inf% E,.
On the other hand, if u € Ag,, we obtain t, xu € PCJ,“H C Ag, and

©«

NI

Ep(ty +u) = min{EP,(t*u) .t € Rand H(—A) (t*u)Hz < Ro} < Ey(u).

This implies that inf% E, < m(c, ). Recalling that E, > 0 on P, s We infer that infpjy E, =
infp, , E,. Finally, by the continuity of &, there exists a constant p > 0 (independent of ¢ and y)

such that h(t) > @ forall t € [Rg — p, Ro]. Hence,

E(u) > h (H(_A)%MHZ) > m<cz’”) > m(c,u),

for every u € Ag, \ Ar,—p- O

Proof of Theorem 1.1-(i), (ii). Let {v,} be a minimizing sequence for inf4, E,. By virtue of the
results in [19, Lemma 7.17] and [17], we have E,(|v,|*) < E;(v,) for all n, where |v,|* stands
for the Schwarz symmetric nonincreasing rearrangement of |v,|. This rearrangement cannot
raise the value of the energy functional. Consequently, each term of the minimizing sequence
can be replaced by its radially symmetric nonincreasing rearrangement without changing the
infimum of the energy. For this reason, we assume without loss of generality that 0 < v, € S,
is radially nonincreasing for all n. By virtue of Lemma 4.4 and Corollary 4.5, we deduce that
So, % Un € Pely [[(—=8)2(s0, *va)||, < Ro, and

E,i(50, % 0n) = min{EH(t*vn) .t € Rand H(—A)%(t*vn)

’2 < Ro} < Ey(on).

Thus, we are able to obtain a new minimizing sequence {w, = Sy, * vy} C S, N P:f e From

Lemma 4.6, we infer that H(—A)%wn < Ro — p. By virtue of the Ekeland’s variational

I
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principle, there exists a new minimizing sequence {u,} C Ag, corresponding to m(c, i) < 0,
such that [[uy — wn||gs(rs) — 0, as n — oo. This sequence is also a Palais-Smale sequence for
E, on S.. Given the boundedness of {w,} and the Brézis-Lieb lemma, we derive

Py(un) = Py(wn) +0,(1) — 0,

as n — oo. Hence, one of the alternatives stated in Proposition 3.1 is valid. Our goal is to
establish that alternative (ii) is the case. Adopting a proof by contradiction, suppose that
up — uy # 0 in H¥(R?), where u,, is a solution to (3.1) corresponding to some A < 0, and

Ly (uy) := <; Bb) H )? u‘ z _ZP; - (Lx * ‘uﬂ‘q> ‘”H‘qu

_ / (I*‘u ZZ'S)W 2
22;/5 R3 o H M

S

where B := lim,_ . H( )2u Hz > H %”Ple > 0. Since u, solves (3.1), we can obtain the

N

s dx < m(c,u) —c*,

Pohozaev identity

Quuy) = (a+ BO) | (=) = g [ (1o ] ) Jy|

- e ) o
which implies that

s 1 s 2
Liu) = (3 [SE Bb (-
i) ( 22; ) Punl,* g~z ) BE i
1 55,q
—“<q2%)4ﬂwwmwmw
By virtue of the weakly lower semi-continuity of the norm, we obtain H“y |2 < c. Therefore,
1 1 2 1 1 s 2
= 8+ (- o ) B (-8
mlep) 2 e (2 22;/S>”H( V]|, ¥ <4 22;;/s> (=A) uul,
_ (1— i )/ (L % |t0a] 1) |1t | 9l (4.6)
: 225, ) Jrai T I '
1 1 4 1 s, 20(1— 29054
> o* - bll(=A _ 54 q(1=ds4) .
=¢ +<4 22:;,5) |2y ( 29 22;,S>CS'”’C

Consider the function
1 1 1 s )
H=(>- bt — (= — =) Gy P10 0a) 20%0 for ¢ > 0.
0= (3 ) oo (5~ ) O or1 >

From 0 < ‘uczq(l_‘sw) < C, we deduce

2 101 \,.. .
mps) == (i, 1) (-2 ) > =

(2% — C2a(l=bsq) 1
for tg = (& O3 (P (;’fs’q_)%’;c ! ) #%%a . From (4.6), we deduce that

\
“dx =0,

N|»

N\m

-]

2

0> mle,u) 2 " +g ([ (=8) 1, ) = ¢+ ming(t) > 0,
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and this is a contradiction. Thus, u, — u, in H*(R?), E,(u,) = m(c, ), and uy solves (1.1)
for some A, < 0, and it is non-negative and radially nonincreasing.

Next, we aim to demonstrate that uy, > 0. By means of reasoning similar to that in
[31, Lemma 2.8], we obtain that u, € C*"(R®) for some 7 € (0,1). It then follows from
[8, Lemma 3.2] that

—y) -2
(=A)uy(x) = _%Cs /1R3 AR T;‘gizs v) uy(x)dy’ Vx € R3.

In view of the regularity property of u,, we can assume that there exists xo € R? such that
uy(xo) = 0. Then, from u, > 0 and u, # 0, we obtain

1 (X0 +y) + uu(x0 — y)
2 s IR3 ‘y’3+25

(=) uu(x0) = dy < 0.

However, as u;, solves (1.1) with some A, < 0, we also get

Aty (x0) 4 p( L 1| 7)1, |7 20y, (x0) + (I |uy|22,s)|u;4]2§,s—2uy(x0)
(4B fio [(=8) 31y (x0) [ )

This leads to a contradiction, which means our assumption that u, vanishes at some point
is false. Since u, > 0 from rearrangement, we finally obtain the strict positivity u, > 0
everywhere on IR3.

In fact, u, is a ground state for E,|s,. Since any critical point of E,|s, is contained in
Py and Ey(uy) = infp,, Ey, it only remains to prove that any other ground state is a local
minimizer of E, on Ag,. Let u be a critical point of E,|s, at the energy level m(c, ). Since
Ey(u) < 0, then u € Pg,. From Corollary 4.5 we deduce that P, C Ag,. Thus, from
Lemma 4.4, we can conclude that u is a local minimizer for E, la Ry" O

(_A)suV(XO) = -0

Remark 4.7. We explain the dichotomy principle and Brézis-Lieb splitting for different
Choquard nonlinearities concisely.

1. Let {u,} € Sc be a radial Palais-Smale sequence with weak limit u# and remainder
v, = U, — u. In Step 4 of Proposition 3.1, we first employ the Brézis-Lieb decomposition
to split the subcritical and critical Choquard convolution integrals. Combined with the
PohoZaev identity Q, satisfied by the weak limit u and equation (3.8), we obtain the
crucial lower bound for £ = lim, e ||(—A)20,]]2. Together with the critical Hardy—
Littlewood-Sobolev inequality (2.2), we finally deduce that only two mutually exclusive
convergence behaviours are available for the sequence:

e ¢ > T: mass loss occurs, and the weak limit satisfies the modified Kirchhoff equa-
tion;
¢ { = 0: the fractional gradient norm of the remainder vanishes, and the sequence

converges strongly to a solution of the original normalized equation.

2. The Brézis-Lieb decomposition applied to the two classes of Choquard nonlinearities is
presented as follows:

* Subcritical exponent g: The compact embedding H®* — LY forces the convolution
remainder integral [p;(Ix * |[04|7)[v4|7dx — O;
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* Critical exponent 2} ;: Compactness fails at the Hardy-Littlewood-Sobolev critical
exponent, and the remainder integral satisfies

[ o x a2 o Pisdx = 2.
R

Proof of Theorem 1.1-(iii). We recall that u, acts as an interior local minimizer of E, in Ag,,
where Ro(c, u) is given by Lemma 4.3. It is clear that Ro(c,#) — 0 as p — 07, and then,
| (=A)2u,||, < Ro(c, ) — 0 as well. Furthermore, from the (2.1) and (2.2), we obtain

0> m(c,u) = Eu(uy)

(ST

4 VCS s Zqﬁs,q
- Aq - 5 24(1—85,4)
= g |

2 3o+ g ol - 5 :

_2:(5
Stx,s

22,

20%
S n,S
H — 0,

(—A)2uy

2

as u — 07, and this implies that m(c, u) — 0. O
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