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Abstract. In this paper, we study ordinary differential equations of the Kirchhoff type.
These equations exhibit a nonlinearity that is monotonically increasing and depends
on one positive parameter. Using a fixed-point theorem and the sub-supersolution
method, we prove the existence of positive solutions. In some cases, we also prove the
non-existence of positive solutions.
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1 Introduction

The hyperbolic equation

∂2u
∂t2 −

(
1 +

∫ L

0

∣∣∣∣∂u
∂x

∣∣∣∣2 dx

)
∂2u
∂x2 = g, u(0, t) = u(L, t) = 0,

was introduced by Kirchhoff in [17] to describe the small transversal oscillations of an elastic
clamped string which is not homogeneous. After this work, many researchers studied the
existence of stationary solutions for this type of problem (for domains in dimension N ≥ 1 as
well), see [1–3, 5–9, 11–16, 18, 19] and the references therein. In these references, the authors
used variational methods or topological methods to prove their results.

Motivated by the papers mentioned above, in this paper we deal with the existence and
nonexistence of positive solutions of the following Kirchhoff type problems:

−a
(∫ 1

0
(u′(s))2 ds

)
u′′(t) = λ f (u(t)) in (0, 1),

u(0) = u(1) = 0,

u > 0 in (0, 1),

(Pλ)
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where 0 < λ is a parameter, a : R → R and f : R → R+
0 (R+

0 = (0, ∞)) are continuous
functions. Specifically, we introduce the following assumptions:

(a1) a(t) ≥ a0 for all t ≥ 0 and some constant a0 > 0;

(a2) a(t) > 0 for all t ∈ [0, 1), a(1) = 0, a(t) < 0 for all t > 1 and a is decreasing for t ≥ 0;

( f1) f is monotone increasing, f (t) > 0 for all t ∈ R and f (t) > t for all t ≥ 0.

We will work in the Sobolev space X := H1
0(0, 1) with scalar product and norm given by

(u, v) =
∫ 1

0
u′(t)v′(t) dt, ∥u∥ =

(∫ 1

0
(u′(t))2 dt

)1/2

.

We say that a function u ∈ X is a solution of (Pλ) if u > 0 in (0, 1) and

−a(∥u∥2)
∫ 1

0
u′(t)φ′(t) dt = λ

∫ 1

0
f (u(t))φ(t) dt,

for all φ ∈ X.
Now, our main results in this paper can be stated as follows.

Theorem 1.1. Assume that (a1) and ( f1) hold. Then there exists Λ∗
a0
> 0 such that Problem (Pλ) has

at least one solution for all 0 < λ < Λ∗
a0

.

Theorem 1.2. Assume that (a1) and ( f1) hold. Moreover, assume that there exists a constant β > 0
such that a(t) ≤ β for all t ≥ 0. Then there exists Λ∗

β > 0 such that Problem (Pλ) has at least one
solution for 0 < λ < Λ∗

a0
and has no solution for λ > Λ∗

β. Here, Λ∗
a0

is given by Theorem 1.1.

Theorem 1.3. Assume that (a2) and ( f1) hold. Then there exists Λ > 0 such that Problem (Pλ) has
at least one solution for 0 < λ ≤ Λ and has no solution for λ > Λ.

To prove our results we will use the sub-supersolution method and a fixed-point theorem
that can be found in [10]. Theorem 1.1 presents a local result; that is, it shows the existence
of solutions for sufficiently small parameters. However, assumptions (a1) and ( f1) are not
sufficient to show the non-existence of solutions, which leads us to add the boundedness
assumption on the function a and obtain both existence and non-existence of solutions in
Theorem 1.2. In the presence of assumptions (a2) and ( f1), we obtain a global result; that
is, we find the parameter Λ > 0 such that Problem (Pλ) admits a solution if and only if
λ ∈ (0, Λ]. To prove Theorem 1.3, we develop a new theorem of supersolutions and work on a
new convex set C (see Theorem 2.7) to apply Theorem 7.2.11 of [10]. To prove the preliminary
results of Theorem 1.3, we must be careful to work within the unit ball B1 of X, since there
is no solution to Problem (Pλ) outside this ball (see Lemma 5.1). After a bibliographic review,
we did not find results equal to ours for problems of type (Pλ) under assumptions (a1), (a2)

and ( f1), and therefore our results are new in the literature.
Now, we will give examples of functions that satisfy the assumptions of our main results.

a) The function a(t) = 1 + t satisfies assumption (a1).

b) The function a(t) = 1 + t
1+|t| satisfies the assumption of Theorems 1.1 and 1.2.

c) The function a(t) = 1 − t satisfies assumption (a2).

d) The function f (t) = et satisfies assumption ( f1).



Ordinary differential equations of the Kirchhoff type 3

Notation. Throughout this paper, we make use of the following notations:

• Lq(0, 1), for 1 ≤ q ≤ ∞, denotes the Lebesgue space with usual norm denoted by ∥u∥q.

• X = H1
0(0, 1) denotes the Sobolev space endowed with inner product

(u, v) =
∫ 1

0
u′(t)v′(t) dt, ∀u, v ∈ X.

The norm associated with this inner product will be denoted by ∥ ∥.

• Let us consider the space C([0, 1], R) = {u : [0, 1] → R : u is continuous in [0, 1]}
equipped with the norm ∥u∥∞ = maxt∈[0,1] |u(t)|.

• BR ⊂ X denotes the ball centered at 0 ∈ X with radius R > 0.

• k, c, c1, c2, . . . and C denote (possibly different from line to line) positive constants.

• The arrow ⇀ (respectively, →) denotes weak (respectively, strong) convergence.

2 Preliminaries

In this section we will give some results that we will need throughout the paper. Throughout
this section we will assume that (a1) and ( f1) hold. Let us start with the following theorems.

Theorem 2.1 ([10, Theorem 7.2.11]). If E is a normed space, K ⊂ E is a nonempty, convex (not
necessarily closed) set and T : K → K is a continuous map, such that

T (K) ⊂ E is compact,

then T has at least one fixed point.

Theorem 2.2 (Comparison principle). Assume that u, v ∈ C2([0, 1], R) satisfy{
−u′′(t) ≤ −v′′(t) in (0, 1),

u(0) = v(0) = u(1) = v(1) = 0,

then u(t) ≤ v(t) for all t ∈ [0, 1].

Proof. The function u − v assumes its maximum at a point tM ∈ (0, 1). If 0 ≤ t ≤ tM, then

0 ≤
∫ tM

t
−(v − u)′′(s) ds = (v − u)′(t),

that is, v − u is increasing for t ∈ [0, tM]. Since (v − u)(0) ≤ (v − u)(t) for t ∈ [0, tM], we have
u(t) ≤ v(t) for t ∈ [0, tM].

If tM ≤ t ≤ 1, then

0 ≤
∫ t

tM

−(v − u)′′(s) ds = −(v − u)′(t),

namely, v − u is decreasing for t ∈ [tM, 1]. Thus, (v − u)(1) ≤ (v − u)(t) which means that
u(t) ≤ v(t) for t ∈ [tM, 1]. In conclusion we find that u(t) ≤ v(t) for t ∈ [0, 1], and this
completes the proof.
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From [4, Theorem 8.8] we know that the embedding X ↪→ C([0, 1], R) is compact. Then,
given u ∈ X, we apply the Lax–Milgram theorem with the bilinear form b(w, v) =

∫ 1
0 w′v′ dt

and the linear functional φ : X → R given by φ(v) = λ
a(∥u∥2)

∫ 1
0 f (u)v dt, to obtain a unique

function Tλ(u) ∈ X satisfying

b(Tλ(u), v) =
λ

a(∥u∥2)

∫ 1

0
f (u)v dt, for all v ∈ X.

Since λ
a(∥u∥2)

f (u) ∈ C([0, 1], R), by regularity theory (see [4, Proposition 8.16]), one has

Tλ(u) ∈ C2([0, 1], R) ∩ C1([0, 1], R) and that Tλ(u) is a classical solution as well.
Therefore, the operator Tλ : X → X, where Tλ(u) is the unique weak solution of{

−(Tλ(u))′′(t) = λ
a(∥u∥2)

f (u(t)) in (0, 1),

Tλ(u)(0) = Tλ(u)u(1) = 0,
(Sλ)

is well defined. From this it follows that

Tλ(u)(t) =
λ

a(∥u∥2)

∫ 1

0
G(t, s) f (u(s)) ds, for all t ∈ (0, 1),

where

G(t, s) =

{
s(1 − t), 0 ≤ s < t ≤ 1,

t(1 − s), 0 ≤ t ≤ s ≤ 1

is the Green’s function in dimension 1. In particular, it holds that Tλ(u)(t) > 0 for all t ∈ (0, 1).
According to the previous arguments, (Pλ) can be translated into the operator equation

u = Tλ(u), with u ∈ X.
We will now highlight some more properties of the operator Tλ in the following lemmas.

Lemma 2.3. Assume that (a1) and ( f1) hold. Then Tλ is continuous.

Proof. Let un ∈ X be such that un → u in X. Then ∥un∥2 → ∥u∥2, and consequently

λ

a(∥un∥2)
→ λ

a(∥u∥2)
.

On the other hand, by using the compact embedding of X into C([0, 1], R), we deduce that,
up to a subsequence, un converges strongly to u in C([0, 1], R). This implies that un(t) → u(t)
for all t ∈ [0, 1] and that there exists a constant c > 0 such that ∥un∥∞ < c for all n. Hence,[

λ f (un(t)))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]2

→ 0 in [0, 1]

and [
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]2

≤
[

λ f (un(t))
a(∥un∥2)

+
λ f (u(t))
a(∥u∥2)

]2

≤
[

λ f (c)
a0

+
λ f (c)

a0

]2

=
4λ2 f 2(c)

a2
0

.
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Thus, by the Lebesgue dominated convergence theorem we obtain

λ f (un)

a(∥un∥2)
→ λ f (u)

a(∥u∥2)
in L2(0, 1). (2.1)

Now, taking Tλ(un)− Tλ(u) as a test function in (Sλ) and using Hölder’s inequality and the
Sobolev embedding theorem we also get

∥Tλ(un)− Tλ(u)∥2 =
∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]
[Tλ(un)(t)− Tλ(u)(t)] dt

≤ C

(∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]2

dt

)1/2

∥Tλ(un)− Tλ(u)∥,

which, by (2.1), implies that Tλ(un) → Tλ(u) in X. Therefore, Tλ is continuous. This completes
the proof.

Lemma 2.4. Assume that (a1) and ( f1) hold. Then Tλ is a compact operator.

Proof. Let {un} ⊂ X be a bounded sequence. We are going to show that {Tλ(un)} has a
convergent subsequence. By the Sobolev embedding theorem, up to a subsequence, un ⇀ u
for some u ∈ X and, so un → u in C([0, 1], R). Moreover, we can assume that ∥un∥2 → σ ∈
[0, ∞). Let ũ ∈ X be the unique solution of the problem:

−ũ′′(t) =
λ f (u(t))

a(σ)
in (0, 1),

ũ(0) = ũ(1) = 0,

ũ > 0 in (0, 1).

(2.2)

Let us show that Tλ(un) → ũ in X. In order to do this, observe that[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(σ)

]2

→ 0 in [0, 1]

and [
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(σ)

]2

≤
[

λ f (un(t))
a(∥un∥2)

+
λ f (u(t))

a(σ)

]2

≤
[

λ f (c)
a0

+
λ f (c)
a(σ)

]2

,

where max {∥un∥, ∥u∥} < c for all n ∈ N. Thus, by the Lebesgue dominated convergence
theorem we yield

λ f (un)

a(∥un∥2)
→ λ f (u)

a(σ)
in L2(0, 1). (2.3)

On the other hand, using Hölder’s inequality and the Sobolev embedding theorem

∥Tλ(un)− ũ∥2 ≤
∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(σ)

]
[Tλ(un)(t)− ũ(t)] dt

≤ C

(∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(σ)

]2

dt

)1/2

∥Tλ(un)− ũ∥,

and this together with (2.3) implies that Tλ(un) → ũ in X. This completes the proof.
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We will now establish our definition of subsolution and supersolution for Problem (Pλ).

Definition 2.5. We say that u is a subsolution of Problem (Pλ) if u ∈ C2([0, 1], R), u(t) > 0 for
t ∈ (0, 1), and {

−a(∥u∥2)u′′(t) ≤ λ f (u(t)) in (0, 1),

u(0) = u(1) = 0.

Similarly, u ∈ C2([0, 1], R), u(t) > 0 for t ∈ (0, 1), is a supersolution of (Pλ) if{
−a(∥u∥2)u′′(t) ≥ λ f (u(t)) in (0, 1),

u(0) = u(1) = 0.

Now, we can prove the following result.

Lemma 2.6. Assume that (a1) and ( f1) hold. Let u and u be, respectively, a subsolution and a superso-
lution of Problem (Pλ) such that u(t) ≤ u(t) for all t ∈ [0, 1]. Let K = {u ∈ X : u ⩽ u ⩽ u in (0, 1)}.
Then the set Tλ(K) is compact in X.

Proof. We will first show that for all w ∈ Tλ(K), we have:

|w′(t)| ≤ λ

a0
∥e1∥∞ f (∥u∥∞) (2.4)

and
|w′(t)− w′(s)| ≤ λ

a0
f (∥u∥∞)|t − s| for all t, s ∈ [0, 1], (2.5)

where e1(t) =
∫ 1

0 G(t, s) ds.
Indeed, if w ∈ Tλ(K), then there exists {un} ⊂ K such that Tλ(un) → w in X. Since∫ 1

0 (T
′
λ(un)(t)− w′(t))2 dt → 0, one gets T′

λ(un) → w′ in [0, 1]. Also Tλ(un) → w in C([0, 1], R),
and thus

|w(t)| = lim
n→∞

|Tλ(un)(t)| = lim
n→∞

∣∣∣∣ λ

a(∥un∥)

∫ 1

0
G(t, s) f (un(s)) ds

∣∣∣∣
≤ λe1(t)

a0
f (∥u∥∞)

≤ λ

a0
∥e1∥∞ f (∥u∥∞),

which shows (2.4).
We now take tn ∈ [0, 1] such that (Tλ(un))′(tn) = 0. Then, for all t ∈ [0, 1],

(Tλ(un))
′(t) =

∫ tn

t
−(Tλ(un))

′′(τ) dτ

=
λ

a(∥un∥2)

∫ tn

t
f (un(τ)) dτ,

and consequently,

|(Tλ(un))
′(t)− (Tλ(un))

′(s)| = λ

a(∥un∥2)

∣∣∣∣∫ s

t
f (un(τ)) dτ

∣∣∣∣
≤ λ

a0
f (∥u∥∞)|t − s|
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for all s, t ∈ [0, 1]. Therefore,

|w′(t)| = lim
n→∞

|(Tλ(un))
′(t)| = lim

n→∞

λ

a(∥un∥2)

∣∣∣∣∫ s

t
f (un(τ)) dτ

∣∣∣∣ ≤ λ

a0
f (∥u∥∞)

and
|w′(t)− w′(s)| = lim

n→∞
|(Tλ(un))

′(t)− (Tλ(un))
′(s)| ≤ λ

a0
f (∥u∥∞)|t − s|,

for all s, t ∈ [0, 1], which shows (2.4)–(2.5).
Let {wn} ⊂ Tλ(K). From (2.4)–(2.5) it follows that the sequence {w′

n} is bounded and
equicontinuous in C([0, 1], R), and by the Ascoli–Arzelà theorem, there exists w ∈ C([0, 1], R)

such that w′
n → w in C([0, 1], R). In particular, one has also that w′

n → w in L2(0, 1). Moreover,
up to a subsequence, there exists z ∈ X such that wn ⇀ z in X and wn → z in C([0, 1], R). Since
the embedding of L2(0, 1) into L1(0, 1) is continuous and w′

n → w in L2(0, 1), one deduces that

z(t) = lim
n→∞

wn(t) = lim
n→∞

∫ t

0
w′

n(τ) dτ =
∫ t

0
w(τ) dτ,

namely w(t) = z′(t) for all t ∈ [0, 1]. Therefore, we conclude that wn → z in X. This shows
that Tλ(K) is compact in X, completing the proof.

Now, we will consider the problem
−αu′′(t) = λ f (u(t)) in (0, 1),

u(0) = u(1) = 0,

u > 0 in (0, 1),

(Pα
λ)

where α > 0 is a constant. In this case, the operator Tλ takes the form

Tλ(u)(t) =
λ

α

∫ 1

0
G(t, s) f (u(s)) ds, for all t ∈ (0, 1),

and satisfies 
−α(Tλ(u))′′(t) = λ f (u(t)) in (0, 1),

Tλ(u)(0) = Tλ(u)(1) = 0,

Tλ(u) > 0 in (0, 1).

We start with the following result.

Theorem 2.7 (Sub-supersolution). Assume that ( f1) holds. Let u and u be, respectively, a subsolu-
tion and a supersolution of Problem (Pα

λ) such that u(t) ≤ u(t) for all t ∈ [0, 1] . Then there exists a
solution u ∈ X of (Pα

λ) such that u(t) ≤ u(t) ≤ u(t) for all t ∈ [0, 1].

Proof. We set K = {u ∈ X : u ⩽ u ⩽ u in (0, 1)}. We have that K is a closed convex set of X.
From Lemma 2.4 the set Tλ(K) is compact in X. Now, we are going to show that Tλ(K) ⊂ K.
Indeed, for all u ∈ K, we obtain

−α(Tλ(u))′′(t) = λ f (u(t)) ≤ λ f (u(t)) ≤ −αu′′(t)

and
−αu′′(t) ≤ λ f (u(t)) ≤ λ f (u(t)) = −α(Tλ(u))′′(t),

and by Theorem 2.2 we arrive at u(t) ≤ u(t) ≤ u(t) for all t ∈ (0, 1). This shows that
Tλ(K) ⊂ K.

Finally, applying Theorem 2.1, we deduce the existence of u ∈ K such that u = Tλ(u); that
is, u is a solution of (Pα

λ). The proof of the theorem is complete.
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For R > 0 let
BR = {u ∈ X : ∥u∥ ≤ R}

be the closed ball in X with center at the origin and radius R. Recall that BR is a closed and
convex subset of the Banach space X. Now we have the following lemma.

Lemma 2.8. Assume that ( f1) holds. For any R > 0 there exists λ̃ > 0 such that Tλ(BR) ⊂ BR for
all 0 < λ ≤ λ̃. In particular, Problem (Pα

λ) has a solution for all 0 < λ ≤ λ̃. Here, λ̃ depends on R.

Proof. We are going to use Theorem 2.1 with K = BR. For this purpose, let u ∈ BR and
t ∈ (0, 1) such that (Tλ(u))′(t) = 0. Integrating (Pα

λ) it follows that

(Tλ(u))′(t) =
∫ t

t
−(Tλ(u))′′(τ) dτ =

∫ t

t

λ

α
f (u(τ)) dτ.

Using the embedding X ↪→ C([0, 1]) there exists a constant c > 0 such that ∥u∥∞ ≤ c∥u∥ for
all u ∈ X. Thus,

|(Tλ(u))′(t)| ≤
λ

α
f (∥u∥∞)|t − t| ≤ λ

α
f (cR)

for all u ∈ BR, which implies that

∥Tλ(u)∥ ≤ λ

α
f (cR),

for all u ∈ BR. As a consequence, we deduce that ∥Tλ(u)∥ ≤ R for all u ∈ BR and for every
0 < λ ≤ λ̃, where λ̃ = Rα( f (cR))−1. Namely, Tλ(BR) ⊂ BR and, since Tλ is compact the set
Tλ(BR) is compact. So, we can apply Theorem 2.1 to deduce the existence of u ∈ BR such that
Tλ(u) = u, that is, u is a solution of (Pα

λ). This completes the proof.

Let λ1 > 0 be the first eigenvalue of{
−u′′(t) = λu(t) in (0, 1),

u(0) = u(1) = 0
(2.6)

and φ1(t) > 0, for all t ∈ (0, 1), the first eigenfunction normalized in C([0, 1], R). Now we
have the following result.

Lemma 2.9. Assume that ( f1) holds. Then Problem (Pα
λ) has no solution for λ > αλ1.

Proof. Assume that Problem (Pα
λ) has a solution u. Thus, taking as a test function in the weak

formulation of (Pα
λ) φ1 and using ( f1), we get

αλ1

∫ 1

0
uφ1 dt = α

∫ 1

0
u′φ′

1 dt = λ
∫ 1

0
f (u)φ1dt > λ

∫ 1

0
uφ1 dt,

which implies that αλ1 > λ, and the proof is complete.

We set
Λ∗

α = supLα,

where
Lα = {λ > 0 : such that Problem (Pα

λ) admits a solution} .

We conclude this section with the following theorem.
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Theorem 2.10. Assume that ( f1) holds. Then Problem (Pα
λ) has at least one solution for 0 < λ < Λ∗

α

and has no solution for λ > Λ∗
α.

Proof. Let 0 < λ < Λα. Then there exists µ, with λ < µ < Λα, such that (Pα
µ ) has a solution uµ,

which is a supersolution for (Pα
λ) for all λ < µ. Since u = 0 is a subsolution of (Pα

λ) with u ≤ uµ,
from Theorem 2.7, we find a solution of (Pα

λ). The proof of the theorem is complete.

3 Proof of Theorem 1.1

Proof of Theorem 1.1. According to Theorem 2.10, if 0 < λ < Λ∗
a0

, then (Pa0
λ ) has a solution u

such that
λ f (u(t)) = −a0u′′(t) ≤ −a(∥u∥2)u′′(t);

that is, u is a supersolution of (Pλ). Let us remark that u = 0 is a subsolution of (Pλ) with
u ≤ u in [0, 1]. We set K = {u ∈ X : u ⩽ u ⩽ u in (0, 1)}. For u ∈ K one has

−a0(Tλ(u)(t))′′(t) ≤ −a(∥u∥2)(Tλ(u)(t))′′(t) = λ f (u(t)) ≤ λ f (u(t)) = −a0u′′(t).

Repeating the arguments carried out in Theorem 2.7 it follows that Tλ(K) ⊂ K and by
Lemma 2.6 Tλ(K) is compact. Thus, from Theorem 2.1 there exists u ∈ K such that Tλ(u) = u,
and u is a solution of (Pλ). This completes the proof.

4 Proof of Theorem 1.2

We will need the following lemma.

Lemma 4.1. Assume that (a1) and ( f1) hold. Moreover, assume that there exists a constant β > 0
such that a(s) ≤ β for all s ≥ 0. Then Problem (Pλ) has no solution for λ > Λ∗

β.

Proof. Let Λ∗
β be given by Theorem 2.10. For contradiction, let us suppose that there exists

λ > Λ∗
β such that (Pλ) has a solution u. Then,

λ f (u(t)) = −a(∥u∥2)u′′(t) ≤ −βu′′(t);

that is, u is a supersolution of (Pβ
λ ). On the other hand, u = 0 is a subsolution of (Pβ

λ ) with
u ≤ u, and so, by Theorem 2.7, (Pβ

λ ) has a solution. We deduce then that 0 < λ < Λ∗
β, a

contradiction. This completes the proof.

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let Λ := Λ∗
β be defined as in Lemma 4.1. For any fixed 0 < λ < Λ∗

a0
,

there exists a solution u of (Pa0
λ ). We define the set K = {u ∈ X : 0 ⩽ u ⩽ u in (0, 1)}. For

u ∈ K one deduces that

0 ≤ Tλ(u)(t) =
λ

a(∥u∥2)

∫ 1

0
G(t, s) f (u(s)) ds

≤ λ

a(∥u∥2)

∫ 1

0
G(t, s) f (u(s)) ds

≤ λ

a0

∫ 1

0
G(t, s) f (u(s)) ds

= u(t),
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for all t ∈ (0, 1). In other words, Tλ(K) ⊂ K.
Since

f (u(t)) = −a0u′′(t) ≤ a(∥u∥2)u′′(t),

from Lemma 2.6 it follows that Tλ(K) is compact. Thus, from Theorem 2.1 there exists u ∈ K
such that Tλ(u) = u; that is, u is a solution of (Pλ).

Finally, by Lemma 4.1 we deduce that Problem (Pλ) has no solution for λ > Λ∗
β, and this

completes the proof.

5 Proof of Theorem 1.3

Throughout this section, we will assume (a2) and ( f1). First, we will prove the following
estimates.

Lemma 5.1. Assume that (a2) and ( f1) hold. Moreover, assume that u is a solution of (Pλ). Then∫ 1
0 (u

′(s))2 ds < 1 and 0 < λ < Mλ1. Here, λ1 is the first eigenvalue of (2.6) and M =

maxs∈R a(s) > 0.

Proof. Indeed,

a(∥u∥2)
∫ 1

0
(u′(t))2 dt = λ

∫ 1

0
f (u(t))u(t) dt > 0,

and using (a2) one deduces that
∫ 1

0
(u′(t))2 dt < 1.

Now, using φ1 as test function in (Pλ) we obtain

a(∥u∥2)λ1

∫ 1

0
u(t)φ1(t) dt = a(∥u∥2)

∫ 1

0
u′(t)φ′

1(t) dt

= λ
∫ 1

0
f (u(t))φ1(t) dt

> λ
∫ 1

0
u(t)φ1(t) dt,

which implies

Mλ1

∫ 1

0
u(t)φ1(t) dt > λ

∫ 1

0
u(t)φ1(t) dt,

and we conclude that 0 < λ < Mλ1. The proof is complete.

Now, take BR = {u ∈ X : ∥u∥ < R} for R > 0 and consider the operator Sλ : B1 → X given
by 

−(Sλ(u))′′(t) =
λ f (u(t))
a(∥u∥2)

in (0, 1),

u(0) = u(1) = 0,

u > 0 in (0, 1).

(5.1)

Note that the operator Sλ is not well-defined on ∂B1 = {u ∈ X : ∥u∥ = 1} and that a
changes sign. Therefore, the arguments used in the previous sections do not work here and
new arguments must be introduced.

First, we have the following lemma.
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Lemma 5.2. Assume that (a2) and ( f1) hold. The following properties are satisfied:

a) Sλ|BR
is continuous for 0 < R < 1.

b) Sλ|BR
is compact for 0 < R < 1.

c) there exists λ∗∗ > 0 such that Sλ(B1/2) ⊂ B1/2 for all 0 < λ < λ∗∗. Here, λ∗∗ depends on
m, λ1 and f .

Proof. a) Let {un} ⊂ BR be such that un → u ∈ BR in X. Then ∥un∥2 → ∥u∥2, and consequently

λ

a(∥un∥2)
→ λ

a(∥u∥2)
.

On the other hand, by using the embedding of X into C([0, 1], R), we deduce that un converges
strongly to u in C([0, 1], R). This implies that un(t) → u(t) for all t ∈ [0, 1] and there exists a
constant c > 0 such that ∥un∥∞ < c for all n. Hence,[

λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]2

→ 0 in [0, 1]

and [
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]2

≤
[

λ f (un(t))
a(∥un∥2)

+
λ f (u(t))
a(∥u∥2)

]2

≤
[

λ f (c)
m

+
λ f (c)

m

]2

=
4λ2 f 2(c)

m2 ,

where m = inf0≤s≤R a(s) > 0.
Thus, by the Lebesgue dominated convergence theorem one finds

λ f (un(t))
a(∥un∥2)

→ λ f (u(t))
a(∥u∥2)

in L2(0, 1). (5.2)

Now, taking Sλ(un)− Sλ(u) as a test function in (Pλ) and using Hölder’s inequality and the
Sobolev embedding theorem we also get

∥Sλ(un)− Sλ(u)∥2 ≤
∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

]
[Sλ(un)(t)− Sλ(u)(t)] dt

≤ C

(∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(∥u∥2)

dt
]2
)1/2

∥Sλ(un)− Sλ(u)∥,

which, by (5.2), implies that Sλ(un) → Sλ(u) in X. Therefore, Sλ|BR
is continuous for 0 < R < 1.

b) Let {un} ⊂ B1/2 be a bounded sequence. We are going to show that {Sλ(un)} has a
convergent subsequence. By the Sobolev embedding theorem, up to a subsequence, un ⇀ u
for some u ∈ X and, so un → u in C([0, 1], R). Moreover, we can assume that ∥un∥2 → θ ∈
[0, 1

4 ]. Let ũ ∈ X be the unique solution of the problem:
−ũ′′(t) =

λ f (u(t))
a(θ)

in (0, 1),

u(0) = u(1) = 0,

u > 0 in (0, 1).

(5.3)
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Let us show that Sλ(un) → ũ in X. In order to do this, observe that[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(θ)

]2

→ 0 in [0, 1]

and [
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(θ)

]2

≤
[

λ f (un(t))
a(∥un∥2)

+
λ f (u(t))

a(θ)

]2

≤
[

λ f (c)
m

+
λ f (c)
a(θ)

]2

,

where m = inf0≤s≤1/4 a(s) > 0 and max {∥un∥, ∥u∥} < c for all n ∈ N. Thus, by the Lebesgue
dominated convergence theorem we yield

λ f (un(t))
a(∥un∥2)

→ λ f (u(t))
a(θ)

in L2(0, 1). (5.4)

On the other hand, using Hölder’s inequality and the Sobolev embedding theorem

∥Sλ(un)− ũ∥2 ≤
∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(θ)

]
[Sλ(un)(t)− ũ(t)] dt

≤ C

(∫ 1

0

[
λ f (un(t))
a(∥un∥2)

− λ f (u(t))
a(θ)

]2

dt

)1/2

∥Sλ(un)− ũ∥,

and this together with (5.4) implies that Sλ(un) → ũ in X.
c) If u ∈ B1/2, then, by the embedding X ↪→ C([0, 1], R), there exists a constant c > 0 such

that
∥u∥∞ ≤ 2c∥u∥ ≤ 2c

2
= c.

Let m = inf
0≤s≤1/4

a(s) > 0. Since

∥Sλ(u)∥2 =
λ

a(∥u∥2)

∫ 1

0
f (u(t))Sλ(u)(t) dt

≤ λ

m

∫ 1

0
f (u(t))Sλ(u)(t) dt

≤ λ

m

(∫ 1

0
f 2(u(t)) dt

)1/2 (∫ 1

0
S2

λ(u(t)) dt
)1/2

≤ λ f (c)
m
√

λ1
∥Sλ(u)∥,

it follows that ∥Sλ(u)∥ ≤ 1
2 provided λ f (c)

m
√

λ1
≤ 1

2 . So choosing λ∗∗ = m
√

λ1
2 f (c) , we deduce that

Sλ(B1/2) ⊂ B1/2 for all 0 < λ < λ∗∗. This completes the proof.

We set
Λ = supL,

where
L = {λ > 0 : such that Problem (Pλ) admits a solution} .

With the help of Lemma 5.2, we will prove in the next result that L ̸= ∅.
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Lemma 5.3. Assume that (a2) and ( f1) hold. It holds that (0, λ∗∗) ⊂ L. In particular, one has
L ̸= ∅.

Proof. Let K = B1/2. Then K is nonempty, closed, bounded and convex. From Lemma 5.2 we
have that Sλ(K) ⊂ K, for 0 < λ < λ∗∗, and that Sλ(K) is compact. Thus, we can apply Theorem
2.1 to obtain a u ∈ X such that u = Sλ(u); that is, u is a solution of (Pλ) for λ ∈ (0, λ∗∗). The
proof is complete.

We will now present a supersolution theorem in the presence of assumption (a2).

Theorem 5.4 (Supersolution). Assume that (a2) and ( f1) hold. If (Pλ) has a supersolution u, then
it has a solution u with 0 ≤ u ≤ u in [0, 1].

Proof. Let

K =

{
u ∈ X : 0 ≤ u(t) ≤ u(t) for all t ∈ [0, 1] and

∫ 1

0
(u′(t))2 dt ≤

∫ 1

0
(u′(t))2 dt

}
.

It is worthwhile to observe that, in view of

0 < λ f (u(t)) ≤ −a(∥u∥2)u′′(t) in (0, 1),

one finds that ∥u∥ < 1.
The proof of the theorem will be divided into two steps.

Step 1. The set K is nonempty, closed, bounded and convex.
First, observe that u ∈ K and, so K ̸= ∅. Now we are going to show that K is closed.

Indeed, if {un} ⊂ K and un → u in X, one finds un → u in [0, 1],

0 ≤ u(t) = lim
n→∞

un(t) ≤ u(t) and
∫ 1

0
(u′(t))2 dt = lim

n→∞
lim

∫ 1

0
(u′

n(t))
2 dt ≤

∫ 1

0
(u′(t))2 dt.

That is, K is closed. Moreover, it is also clear that ∥u∥ ≤ ∥u∥ for all u ∈ K, which means that
K is bounded.

It remains to show that K is convex. Let α ∈ [0, 1] and u, w ∈ K. Obviously one has that
(1 − α)u + αw ≤ u in [0, 1]. On the other hand, since the function g(x) = x2 is convex, one
gets ∫ 1

0
((1 − α)u′(t) + αw′(t))2 dt ≤ (1 − α)

∫ 1

0
(u′(t))2 dt + α

∫ 1

0
(w′(t))2 dt

≤
∫ 1

0
(u′(t))2 dt.

In other words, (1 − α)u + αw ∈ K and K is convex.

Step 2. Sλ(K) ⊂ K.
Let u ∈ K. Since, from (a2),

a(∥u∥2) ≤ a(∥u∥2),

then, by ( f1) one has

−(Sλ(u))′′(t) =
λ f (u(t))
a(∥u∥2)

≤ λ f (u(t))
a(∥u∥2)

≤ −u′′(t) in (0, 1).
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Hence, by the comparison principle one finds Sλ(u) ≤ u in [0, 1]. Moreover, this inequality
implies that

∥Sλ(u)∥2 ≤
∫ 1

0
u′(t)S′

λ(u)(t) dt

≤
(∫ 1

0
(u′(t))2 dt

)1/2 (∫ 1

0
(S′

λ(u)(t))
2 dt

)1/2

,

and thus
∫ 1

0 (S
′
λ(u)(t))

2 dt ≤
∫ 1

0 (u
′(t))2 dt holds. This completes the proof of step 2.

Finally, since Sλ(K) is compact, by Theorem 2.1 there exists u ∈ K such that u = Sλ(u);
that is, u is a solution of (Pλ). The proof of the theorem is complete.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let 0 < λ < Λ. Then there exists µ, with λ < µ, such that (Pµ) has
a solution uµ, which is a supersolution for (Pλ) for all λ < µ. According to Theorem 5.4,
Problem (Pλ) has a solution uλ with 0 < uλ < uµ in [0, 1]. Thus, Problem (Pλ) has a solution
for all 0 < λ < Λ.

It remains to show that Problem (Pλ) has a solution for λ = Λ. Let {λn} ⊂ L be an
increasing sequence such that λn ↑ Λ and let un be a solution of (Pλ) for λ = λn. Then, from
Lemma 5.1 ∥un∥ < 1, and, up to a subsequence, un ⇀ u in X, for some u ∈ X, un → u in
C([0, 1], R) and ∥un∥2 → θ. Moreover, setting sup {∥un∥} = c, it follows that

f (un(t))φ(t) → f (u(t))φ(t) in [0, 1] and | f (un(t))φ(t)| ≤ f (c)|φ(t)| in [0, 1],

for all φ ∈ X.
Therefore, by the Lebesgue dominated convergence theorem we yield

a(θ)
∫ 1

0
u′(t)φ′(t) dt = lim

n→∞
a(∥un∥2)

∫ 1

0
u′

n(t)φ′(t) dt

= lim
n→∞

λn

∫ 1

0
f (un(t))φ(t) dt

= Λ
∫ 1

0
f (u(t))φ(t) dt,

for all φ ∈ X. In particular, since f (t) > 0 for t ∈ R, one deduces that 0 ≤ θ < 1 and u(t) > 0
for all t ∈ (0, 1).

Because un is a weak solution of (Pλn), we have

lim sup
n→∞

∫ 1

0
u′

n(u
′
n(t)− u′(t)) dt = lim sup

n→∞

λn

a(∥un∥2)

∫ 1

0
f (un(t))(un(t)− u(t)) dt

= 0,

and this implies un → u in X. As a consequence we get

a(∥u∥2)
∫ 1

0
u′(t)φ′(t)dt = lim

n→∞
a(∥un∥2)

∫ 1

0
u′

n(t)φ′(t) dt

= lim
n→∞

λn

∫ 1

0
f (un(t))φ(t) dt

= Λ
∫ 1

0
f (u(t))φ(t) dt,



Ordinary differential equations of the Kirchhoff type 15

for all φ ∈ X. In other words, u is a solution for (PΛ).
Finally, by the definition of Λ, Problem (Pλ) has no solution for λ > Λ. This completes the

proof of Theorem 1.3.
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