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Abstract. This paper investigates an elliptic boundary value problem involving the
Laplace equation on the unit disk in two-dimensional space, subject to a nonlinear
exponential Robin boundary condition on a portion of the boundary. This model is
physically motivated by the study of corrosion localized on metallic structures, where
the flux law exhibits an exponential dependence on the electrochemical potential.

We establish the existence and uniqueness of the solution in an appropriate Hilbert
space under suitable smallness assumptions on the boundary data. Our mathematical
approach is constructive: we define an iterative sequence of linearized problems and
prove its strong convergence toward the solution of the original nonlinear system. A
key technical contribution of this work is the derivation of explicit Sobolev embedding
constants for the periodic setting on the unit disk, providing refined estimates necessary
to control the exponential nonlinearity.
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1 Introduction

We study an elliptic problem posed on the open unit disk Q = D(0,1) C RR?, subject to
a nonlinear exponential boundary condition prescribed on a portion of the boundary. The
problem is formulated as

Au - 0, 1n Q/

u=020, onI'p,

u

E (x), on I'y, (S)
u

s au _ —(1—a)u _

o+ @(x) (e e ) ¢(x), onTkg.
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The boundary I' = 9Q2 = S(0,1) is decomposed into three open subsets I'p, I'y, and I'g, up to
a negligible set, satisfying

['=TpUTNUTk,
IpNTy=TpNTr=TnyNTR = O, (H1)
U(FD) >0, U'(FN) >0, U’(FR) >0,

where ¢ denotes the length on 0Q).
The data of the problem are assumed to satisfy

OBS LZ(FN)/ ¢ % 0, 8§ € LZ(FR)r S CO(H)/ LS (011)'

It is well known that elliptic problems with Robin boundary conditions arise in the modeling
of various physical and electrochemical phenomena. In particular, such models can describe
the damage caused by corrosion on a portion of the boundary of a metallic structure.

The mathematical model considered here, described by the system of equations (S), was
introduced by Vogelius et al. [10,12] in the context of corrosion. In this framework, the cor-
rosion effect on the boundary is represented through a nonlinear flux law exhibiting an expo-
nential dependence on the electrochemical potential. More precisely, the nonlinear boundary
condition is given by

ou

au _ ,—(1-a)u) _
o+ ¢(x) (e e ) g(x) onTg.

A first approximation of problem (S) is obtained by linearizing this nonlinear boundary con-
dition on I'g wich leads to the linear Robin condition

?)Z + ¢(x)u = g(x) onTkg.
The linear version of this problem has been extensively studied in the literature. In particular,
S. Chaabane et al. [5, 6] established existence and uniqueness results by applying the Lax-
Milgram theorem to the variational formulation associated with the problem. Furthermore,
numerical results were provided for both the direct problem and the inverse problem of iden-
tifying the Robin coefficient. In the case where the boundary condition on I'g is quadratic,
specifically:
Ju

i e(x)u+p(x)u* = g(x) onTkg,

J. Benameur et al. [3] established the existence of solutions in an appropriate Hilbert space V.
Uniqueness was proved within a closed ball of V. These results were obtained under suitable
assumptions on the functions ¢ and ¢. The proofs rely on an iterative method based on the
construction of a sequence of linear boundary value problems, which converges to the solution
of the original problem with the quadratic nonlinear boundary condition. A generalization of
this study was recently proposed by C. Elhechmi [8]. The author investigated an elliptic partial
differential equation subject to a polynomial Robin boundary condition, established existence
and uniqueness results for the associated solutions, and developed an iterative scheme for
their construction.

In this work, we investigate problem (S), which is characterized by an exponential-type
boundary condition on I'r. To establish existence and uniqueness results for solutions to
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problem (S), we employ an iterative scheme by constructing a sequence of linear problems
(Sk)ken designed to approximate (S).

We prove that each linearized problem (Sx) admits a unique solution uj, and that the
sequence (uy) converges to the unique solution of the original nonlinear problem (S). The
analysis relies on the application of suitable Sobolev embedding results in the periodic setting,
together with the development of specific technical estimates. It should be noted that the
uniqueness result is local, established within a specific closed ball of the Hilbert space V.

For a € (0,1), we introduce the function f, defined by

et — p—(1=a)r )
[ XC Y S ifr #0,
1 ifr=0,

then, problem (S) can be rewritten as

Au - 0, 1n Q/

u=20, onlIp,

Ju

% = (Ib(x)/ on FN/ (S)
Ju

() fulwu = g(x), onTr

Remark 1.1. The function f, satisfies the following properties that will play a key role in the
analysis of problem (S):

(P1) VreR: fu(r) > 0.

o sk
(P2) VreR: 0< fu(r)r?<2)° %|r|k“, where § = max(a,1—a).
k=1 %

(P3) Vr € R\ {0}: 0 < fu(r) <25(1+8r|e’lh).

The proofs of properties (P1) and (P2) are obtained by direct calculation, while the proof of
(P3) is given in Appendix A.

The paper is organized as follows. Section 2 presents several preliminary results. In Sec-
tion 3, we state the main result and introduce the sequence of linear problems (Si)xen, for
which we prove existence and uniqueness of solutions. In Subsection 3.2, we analyze the con-
vergence of the sequence of solutions (uy) to a limit u in the Hilbert space V. Subsections 3.3
and 3.4 are devoted to proving the existence and uniqueness of a solution to problem (S),
respectively. Finally, Section 4 provides explicit estimates of the Sobolev embedding constants
in the periodic setting.

2 Notations and preliminary results

In this section, we recall several functional spaces and operators that will be used throughout
the paper. The trace operator is defined by

T : Hl(Q) — Lz(aﬂ), u+— Ujpar-
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This operator is linear and continuous from (H'(Q), || - ||;n) into (L?(9Q), || - ||;2). The range
of Ty is the space H'/2(9Q)), which is endowed with the norm

1llsr2acry = inf {llull iy 5 1w € HA(Q), wan = 9.
Accordingly, we define the operator
T (HY(Q), |- lm) — (HY2QQ), ||+ ), u upao.

Clearly, %) is continuous and satisfies ||%|| < 1. Using this definition of the space H'/2(3Q)),
we obtain the following continuous embedding.

Lemma 2.1 ([7]). Let Q C R? be a Lipschitzian domain. Then, for p € [2,+00) we have
HY2(00) < LP(3Q).
Precisely, there is a constant Cq,, > 0, depending only on p and domain C), such that
lullraay < Capllullmrpa), — Yue H(Q). 2.1)

and
1fllr@oy < Caplfllm@y, — Vf € HY(Q). (2.2)

In the present study, we extend the right-hand side of equation (2.1) to the fractional
Sobolev space H*(T') for s € (0,1), where I' is a nonempty open subset of 5(0,1), and derive
a refined estimate for the constant C ,. To obtain precise inequalities with explicit constants,
we provide upper bounds for the embedding constant in the specific case where the domain
is the unit disk, Q) = D(0,1). Specifically, we establish the following result.

Proposition 2.2. Let 2 < p < oo. The embedding
HY2(5(0,1)) < LF(S(0,1))
is continuous. In particular, for every f € H'/2(5(0,1)), we have

I lrisn)) < Apllfllenegson)) (2.3)

where the embedding constant Ay is given by

1

b= (Gt ™T) . wee, 24)

and Cq, C, are universal constants.
Remark 2.3.

1. If p > 3, one may take

==

where C = 2max(Cy, Cp).

2. A detailed proof of Proposition 2.2 is provided in Appendix C.
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3. The proof of Proposition 2.2 proceeds in two steps:

(a) First, we prove the embedding

1 1
H*(S(0,1)) < LP(5(0,1)), with v ts=5.
(b) Next, we prove the inequality
I Neesoa) <N - lmesen)y, ¥ € (0,3):
Now we introduce the Sobolev space V adapted to our setting. Let
V={veH(Q): o, =0}
The space V is a Hilbert space when endowed with the inner product
(u,v)y = / Vu.Voudx,
Q
and the associated norm U
lully = </ |Vu|2dx> .
Q
Let T denote the trace operator defined by
T:V — HY2(TR)
u— M|FR'
The linear operator T is continuous when H'/2(T) is equipped with the norm || - ||1»(r) for

2 < p < 0. Moreover, we define the constant
By = inf{C > 0; ullppre < Cllully, Vue v} € (0,00).

Remark 2.4. Proposition 2.2 plays a crucial role in the analysis of the nonlinear exponential
boundary condition on I'z. Indeed, the embedding

HY2(5(0,1)) = L¥(S(0,1)), 2<p<oo,

together with the continuity of the trace operator T : V — H/2(Tg), implies that for every
u € V and every p > 2,

[ellrrey < Bp llullv,

where the constant 8, can be explicitly controlled in terms of A,( given in Proposition 2.2).
This estimate allows us to control polynomial growth terms on the boundary. More impor-
tantly, it provides a fundamental tool for handling the exponential nonlinearity appearing in
the Robin boundary condition: ¢(x)(e® — e~ (170,

Dependence of the constant §, on A,: Recall that, for p € [2,0), the constant 8, is defined
by
By = inf{c >0 |ullpry < Cllully, Vu € V}.
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The continuity of the operator
T:V — HY*(TR), u+—— tr,,

and
HY2(TR) — LP(TR),

imply that,
lullrrr) < Apllullnragy < ApllTllllullv. (2.5)

Therefore, the constant ,Bp satisfies the estimate
Bp < ApT. (2.6)
Here

e 7 = |7/ denotes the norm of the trace operator T : V — H'/?(Tg).
By the definition of the H'/? norm, we have ||7|| < 1, and therefore

Br = Ap-
* A, is the embedding constant given explicitly in Proposition 2.2.

We now introduce the basic notation and assumptions used throughout the paper:

Assumptions 2.5.
o Mo = Ba([|¢ll2ry) + 18ll2(rg))-
e We denote by ®,; the set of admissible coefficient:
Py = {h € C°(Tr); 0<h <A}, 2.7)

where the parameter ¢ € (0,1), and

-1
B3Mo + BiM3 + (CMy)*R(CMp) | . (2.8)

The constant C and the function R will be defined in the proof of Lemma 3.5.

e In all that follows, we assume that ¢ € ;.

3 Main result

Before stating the main result, we specify the notion of solution associated with problem (S).

Definition 3.1. A weak solution of problem (S) is a function u € V satisfying

/Vu Vvdx+/ x) fo(u uvda—/ (pvda—i—/ gudo,

for every test function v € V.

We are now ready to state the main result of this paper.
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Theorem 3.2. Let ¢ € O,y be defined as in (2.7), and My as above. Then, problem (S) admits a
solution u € V. Moreover, this solution is unique in the closed ball

BV(O,MQ) = {U ev . HUHV < Mo}.

The existence part of the proof is established by means of an iterative scheme (S;) adapted
to our nonlinear problem. At each step, we prove the existence and uniqueness of a solution
uy, together with a uniform estimate in the V-norm. We then show that the sequence (ux)kenN
is a Cauchy sequence in the Hilbert space V. Finally, we prove that its limit

u = lim uy
k—o0

is a solution of the original problem (S).

3.1 Existence of a solution

To approximate the solution of (S), we introduce the following iterative sequence of linear
problems. Let 1y = 0, and for each k > 1, consider

Au =0, in (),

u=yu, onIp,

Jdu

on = (P(x), on I'y, (k)
Jdu

F @(x) fa(ug_1)u = g(x), onTg.

From [5], we have the following result.

Lemma 3.3. The first linear problem (S1) admits a unique solution uy; € V. Moreover, this solution
satisfies the uniform bound
[ua|lv < My, (3.1)

where

Mo = B2 (19l 2r,) + gl 2r) )

The next step is to extend this result by induction to all k > 1 and then to prove that the
sequence (uy) converges in V to the solution of problem (S).

In what follows, we state the main result of this section. More precisely, the following
proposition establishes the well-posedness of the iterative scheme and the uniform bounded-
ness of its solutions.

Proposition 3.4. For each k € IN, the linear problem (Sy) admits a unique solution u, € V. Moreover,
the sequence (uy)xeN is uniformly bounded in V, namely

HukHV < Moy, Vk € IN, (3.2)
where My is the constant defined in Lemma 3.3.

Proof. The proof relies on the variational formulation of problem (S;) and the application of
the Lax-Milgram theorem.
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(i) Existence of uy. The problem (Sy) is equivalent to the following variational problem:

Find u € V such that &0
By x(u,v) = L(v), YoeV, ¢
where
By (u,0) / Vu- Vvdx+/ x) fa(ug_1) uvdo,
and

- d / do.
/qubv o+ ngv (o

To apply the Lax-Milgram theorem, it suffices to show that the bilinear form B, is coercive
and continuous on V x V, and that L is continuous on V.

(ii) Coercivity of B, . For u € V we have

By (1, u) / |Vu|2dx+/ x) fu (ux_1)u? do.
Since ¢ and f, are non—-negative functions, it follows that
Ba,k(”l”) > HuH%/

Hence B, is coercive on V.

(iii) Continuity of B, . Let (u,v) € V2. Using the Cauchy-Schwarz inequality and the L®
bound on ¢, we obtain

|Bux (1, 0)| < [Vull 2oy [IVOll2(0) + @l (rp) /era(“kl)|”Hv|d‘7-
Using property (P3), we obtain
|Ba(u,0)| < [lullv[|o]lv +26] @[l =(ry) /FR(1+5\uk—1|e‘5“k1)!qu|dU~
Applying Holder’s inequality yields
|Bai(u,0)| < lullv]ollv +25]| @[l o(ry) [H”HLZ(FR)HUHLZ(FR)
sl [ @lacalyeinalaz) ™)

R

Let
Ik:/ |uk_1|3e3‘5‘“’<*1|d0.
I'r

Using the power series expansion of the exponential function, we obtain
[o°]

Using the inequalities (2.5)-(2.6) together with the uniform bound |ux_1||lv < My, we
obtain

||uk 1”L3+n (Tr)"

3+4+n 34+na3+n 13+n
o |32 gy < ATERTEI MG,
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Since T < 1, it follows that

(39)"
AT

I < i
n=0

Using the explicit expression of A3, we obtain

Iy < (CMp)® ¥ (36CMy)"ay,

n=

o

where
(n+3)"%
n! '

ay =
Using Stirling’s formula we deduce that the series converges, hence
I, <rg < o0
Therefore,
[Bek(,0)] < (1+26EA(83 + Bry/®) ) lullvlollv,
which proves the continuity of B, .

(iv) Continuity of L. For v € V, using the Cauchy-Schwarz inequality and the trace estimate
we obtain

IL(0)| = ‘/ ¢vd¢7+/ gudo
T Tx
<Pl 1ol 2(ry) + 18z 10l 2
< B2 (92 + gl ) oy

Thus L is continuous on V.

Conclusion. By the Lax-Milgram theorem, the variational problem (S;) admits a unique
solution u; € V. Consequently, the problem (Si) has a unique solution u € V.

Proof of estimate (3.2). Taking v = uy, in the variational formulation gives
B (ttx, ) = L(uag).
Using the positivity of f, and ¢, we obtain
1Vitl22(0) < B2 (I9ll2ey) + gl 2cr) ) el

Hence
| ugllv < Mo.

This completes the proof of Proposition 3.4. O
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3.2 Convergence result

Benameur and G. Benhenda

The purpose of this section is to prove that the sequence of solutions (u)x>1 of the problems
(Sk)k>1 converges to a solution of the original problem (S).
For each k € N, let u; be the unique solution of (Sy) given by Proposition 3.4, with the

initial iteration ug = 0. Let wy := w1 —

uy, where uy 1 and uy are respectively the solutions

of the problems (Si;1) and (Si). Then wy satisfies

(Awy =0, in O,
Wk = 0 on FD,
il =0, on I'y,
on
ow
ank +o(x )[fuc(uk)”kH _ftx(ukflﬁflk] =0, onTIg.
Using Green’s formula, we obtain
awk
/Vkav—/ —u0v=0 YoeV.
o) rx on

Choosing v = wy, it follows that

el + | o

Replacing 11 by wy + uy, we obtain

sl + | o
il + [ plx

fa uk

Hence

f,x Uy wk—l-/

) [ fa (i) i1 — fuo(utge—1 )| wye = 0.

Wi + (fa(ur) — fa(ur—1))ux]wy = 0.

foc(uk—l)] upwy = 0.

ftx le)

Since ¢(x) > 0 for all x € Tr, we deduce

i} < [ o)
I'r

The Taylor expansion of f,(x) yields

-HEY-E

|
m. m=0

><\»—\

where

| fo(uag)

— fu(ttg—1) || || do. (3.3)

)

m (L — o)™

o =1+ ) byyr(a)x™,

m>1

Consequently,

fu(ug)

Using the elementary inequality

" = y"| < mlx =yl (Jx" 7 + Jy" )

— falug1) = ba(a)wye_1 + b3 () (g + tg—1) w1 + Y, byr (@) (! — uf ).

m>3

Vx,y € R, Vm € N, (3.4)
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we obtain

| fa(ux) — fa(ur—1)| < |b2(a) ||wr—1| + b3 () [ (x| + [ux—1])[wx—1]
+ 1, 1w (@) m (™~ + faga ") o | (3.5)

m>3

Lemma 3.5 (Contraction estimate). There exists a constant K € (0,1) such that the sequence (wy)
satisfies the contraction estimate

lwillv < Kllwg-1]|v, Vk € IN.

Proof. From inequalities (3.3) and (3.5), we deduce

[Jwg]l3 < ||§0||L°°(1“R)/r | fo (k) — fa(utre—1)|[wr||ux| do
R
< |l@llrorp) U1 + Jrz + Ji3), (3.6)

where

Jia = | Vb2l ] o,
R

o = [ 1bs(@)] ] (el + ] oo e,
R

]k,3 = Z |bm+1(‘x)|m/r (|7’lk|m_1 + |uk71|m_l)|wk71||wk||uk|dU’.

m>3 R
Since « € (0,1), we have

bua)| = | A=

e Estimation of Jj ;.
Applying Holder’s inequality on 'z with exponents (3,3,3), we obtain

Jia < 1b2(e) k-1l 3 ) 1wkl 3 o) 1l 3 g (3.7)
< [ba () |B3Mollwi—1 [l v [|wi|lv (3.8)
< B3Mol|wi—1 v ||lwllv, (3.9)

where we used the uniform bound |[Juy||v < My and the estimate |by(a)| < 1.

e Estimation of J ,.
Applying Holder’s inequality on I'r with exponents (4,4, 4, 4) together with the trace em-
bedding, we obtain

Jra < (b3 ()| [lwx—1| Lo (o) [l o) (il Lo rg)y + k=1l ey 1l oo (3.10)
< 2|b3(a) | BAME|wi 1 || v [|wi v (3.11)
< BaMp||wi—1|v[|wklv. (3.12)

e Estimation of J ;.
Applying Holder’s inequality on I'g with exponents (m + 2, m + 2, m + 2), we obtain
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i < X o)l pusl ool + ol o)
R R

m>3

< X bl e g sl el
m>3

+ [Jur—1 [|7; Lm+z (T'r) H’f‘k||Lm+2 (Tr) ||wk lHL”l+2 (Tr) HwkHLm+2 rR)>

Using the trace embedding and the uniform bound ||u||v < My, we obtain

Jia < Y b (@) |[m (B3 ME + B 3 MG [|wie—a | v || wl v

m>3

< Y 20y (@) [mBi MG lwe—r [lv [|[wel|v.

m>3

Since )
|bm([x)‘ < %/ 7 <1 and ﬁerZ < Amy2

then by using the inequalities (2.5)—-(2.6), we obtain

4
Jikz < (Z (CES] A%iﬁM{?T’”) |wi—1|lv|wkllv

m>3

4 m+2
< S — 2 CM _ .
< (n;a (m+1)!(m+ ) 2 (CMp)" )Hwk 1lv llwellv
Hence
Jrs < (CMy)? (Z qm(CMo)™~ )HwkanHwkHV/ (3.13)
m>3
where A
m+2
I =t + 1)1 (m+2)"

Let R the entire function defined by (see Appendix B)

[00]
e E qmzm_3, zZ € C.
m=3

Thus
Jks < (CMo)*R(CMo) [|wi_1||v[|wk | v- (3.14)

Combining (3.6), (3.7), (3.10), and (3.14), we obtain
el < 1]l o) (B3Mo + BzMG + (CMo)*R(CMo)) w1 lv [|welv-
Therefore

leokllv < [lll(re) (B3Mo + BiM§ + (CMo)*R(CMo)) [|wg—1 v
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By the definition of the admissible set ®,; in (2.7), we have

@l () < €A, ¢ge(0,1),

where A is defined in (2.8) by

-1
A = (BIMo + B{M3 + (CMo)’R(CMy) ) .
Consequently,
lwillv < ¢llwk-1llv-

Setting I = ¢ € (0,1), we obtain
willv < Kljwg_1llv,  k€N.
Thus the sequence (wy)ren is a contraction in V, which completes the proof of Lemma 3.5. [

We now complete the proof of the convergence result. Since the sequence (wy)>1 satisfies
a contraction estimate in the Banach space V, the series } -, wy converges absolutely in V.
We By writing
k-1
U = U1 + Z wj,
j=1

we deduce that the sequence (uy)>1 is Cauchy in V. Consequently, (uy)x>1 converges strongly
in V to some limit u € V.

3.3 Existence of a solution of problem (S5)

In this section, we prove that the limit
u=limu, eV,
k—r 00

obtained in the previous subsection, is a solution of problem (S).
Since uy — u strongly in V, and each uy solves the linear problem (Si), we can pass to the
limit inside the domain () and on the boundary parts I'p and I'y. More precisely, we have

<Vk21: Auk:()inﬂ> — Au=0inQ,

(VkZl: ukzoonFD> = u=0onIp,

(Vk21: %ZOOnrN> % _gonry.
on on

It remains to identify the limit in the nonlinear Robin boundary condition. To this end, it
suffices to prove that

i | o) = fu () 1) = 0
For k > 1 set @y = uy — u. Then
[ foo (vt 1)1y — fa(“>uHL1(rR) < || fu (1)@ + (faltx—1) — fa(“)>“HL1(rR)

< o Cu)Dill gy + 1o (1) = ful))ull oy -
Xk Yy
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e Estimate of Xj.

Using the series expansion of f, and Holder’s inequality, we obtain
X < [l + 3 b (@) [ e aod
FR m=2 FR

< (@@ 1@kl ) + X 1om1 (@) [T ) @kl o
m=2

[ee)
< (c(Tr)2Ball@ellv + Y 1ot (@) B2 |t |3 | x|l v

m=2

< ((U(TR))1/2ﬁ2+ Y by () [AZEIM, ) |k |lv-
m=2

Since the series
m—+1 A rm
Z ’bm"‘l Am—&-lMO ‘

m>2

is convergent and ||@||v — 0, we conclude that

lim X; = 0.

k—oc0

e Estimate of Y;.

Combining the elementary inequality (3.4) with Holder’s inequality, we obtain

[e0]
< 3 (@ [l =
"

< 3 b @) [ (ual ™™ "Dl
m=2
oo

< X b @ (1158 o 851 s g 0l s oy
m=2

10l g N oty )

Using the Sobolev embedding and the boundedness of ||u_1||v and ||u||v, we obtain

[e0]
< 3 b @A (sl el + ) ey

[ee]
(Z 20m[by g1 () [A 1M )Hwk 1llv.

Since the series
Y 2oy ()| A1

m>2

is convergent and ||@y_1|ly — 0, we deduce that

lim Y; = 0.

k—o0
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Combining the estimates for X and Y}, we obtain
Lo {1 fa (e )1t = fo ()l ) = 0.

Hence, passing to the limit in the nonlinear Robin boundary condition yields

au
L p()fa(uu = g(x) onTg,

Finaly, since the iterative sequence (uy)x>1 is defined as the sequence of weak solutions
of the linearized problems (S5y):

/Vuk Vvdx+/ x) fa (k-1 ukvda—/ qbvdcr+/ gvdo, YVoeV.
I'n I'r

Passing to the limit in the variational formulation of (Sx), we obtain that the limit u € V
satisfies

/Vu Vvdx+/ x) fo(u uvdcf—/ qbvch—/ gudo, YoeV.

Hence, by Definition 3.1, u is a weak solution of problem (S), which shows that u is a
solution of problem (S).

3.4 Uniqueness of the solution in By (0, M)

Let vy, v, € V such that
[o1llv, [[v2llv < Mo

be two solutions of problem (S).
Set w = v1 — vy. Using Green’s formula, we obtain

[l < [ ()lfaor)or = faloz)oal ol < A [ fa(or)on = fa(oa)onl o]
R R
Using the decomposition

fu(v1)v1 = fa(v2)v2 = fa(v1)w + (fa(v1) — fal(v2))02,

we obtain
|wlly < A(I+]),

where

I:/FR | fa(01)| |w]?, ]:/FR fu(01) = fu(w2)] 02| [w].

Applying the same estimates used for the convergence of (i), we obtain the existence of a
constant K < 1 such that

lwll¥ < Kjwl|3-

Hence w = 0, which implies v; = v,.
This completes the proof of Theorem 3.2.
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4 Appendix

4.1 Appendix A. Proof of property (P3)

For any r € R\ {0}, we can write f,(r) as the series

This completes the proof.

4.2 Appendix B
To prove that the function

R = 3 mm73/ m = 2mT+2/
()= ), anz = i+ 2)

is entire, it suffices to show that its radius of convergence is infinite.
Using the ratio test, we compute

m+3 m+2
Gm+1 (m+3)72 _ Vm+3 <m+3> 2
Gm (m+2)(m+2)" m+2 \m+2 '
Since
3\ 2
(’“JF> 2
m—+ 2
We have

dm41 ~ \/Evm+3 —

0.
Gm m+2

By the ratio test, the series converges for every z € C. Therefore, its radius of convergence is
infinite, and R is entire.

4.3 Appendix C. Sobolev constants in Fourier series

In this appendix, we recall some necessary definitions and results to establish an improvement
of Lemma 2.1.

We begin by proving a technical lemma which we use to demonstrate Sobolev’s inequality
in the periodic case.
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Lemma 4.1. For 6 € (0,1), we have ¥} k=% <14+ N7 < 2N yN € N.
Proof. It suffices to compare YN, (i +1)~? to the integral le t=04dt. O

We now introduce the periodic Lebesgue spaces and the periodic Sobolev spaces, which
will be used to estimate the Sobolev constants in the context of Fourier series.

Definition 4.2 ([11]).

(i) For p € [1, 0], the periodic Lebesgue spaces are defined by

2
Lh = {f : R — C measurable and 27t-periodic : / |f(£)|Pdt < 00}/ ~
0
for p < o0, and
Ly, = {f : R — C measurable and 27t-periodic : 3C > 0 such that |f(¢)| < C a.e.}/ ~,

where
f~g < f=gae

The associated norm is defined by

1 27 1/p
e = G vorm) e
" |inf{C>0: [f(1) <Cael, p=co.

(ii) C={f:R—C : feC®R), fis2nr-periodic}.

(iii) Let f € L} . The Fourier coefficients of f are defined by
flk) = 1 / i f(He ®dt, keZ
-2 Jo ’ .

(iv) Co(Z) = {(zk)kez € C% : limyy 0 2 = 0}.
Remark 4.3 ([11]).
1. C5 is dense in L} forall p € [1,00).

2. The operator
Filyy = Co(Z),  fr (fk)kez,

is well defined and injective.

3. The operator

~

Fili, = 2),  fr (Fk)kezs
is well defined and unitary.

In the following, we define the periodic Sobolev spaces and state some of their properties. For
more details and proofs, see [1,4,9].
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Definition 4.4. For s > 0, the periodic Sobolev space of index s is defined by

Hir = {f € Lar: ) (1+ kP If(R) < 00}-

keZ

The space Hj__ is equipped with the inner product

~

(fr&)m, = Y (1+ k) f(R)Z(K),

keZ

and the associated norm
1/2
1Al s, = (Z(l + IkIZ)SIf(k)|2> :
kez
Proposition 4.5. The following properties hold:
1. Fors >0, (H3,, (-, '>H§n) is a Hilbert space.
2. Fors > 0, C3, is dense in Hj .

3. If s > 51 >0, then
H}? — H;!.

More precisely,
Il < Wfllyg,  VF € HR

Now we state the main result of this section.

Proposition 4.6. Let 2 < p < oo and s € (0,1/2) such that

p 2
Then
HS, — L} .
More precisely,
1flus, < 2Ryl flss,, @)
where
P _ P ~p—2 b2
R,l,—Clp_zC2 pz, 4.2)

and Cq, Cy are universal constants.

Remark 4.7. Combining this result with Remark 2.3, we obtain that for p € (2, c0),

||fHL§7T < /\prHH;?/TZI Vf e H%ZI

where )\p = ZRP.
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Proof of Proposition 4.6. The proof is inspired by the classical argument in [2]. We consider
three cases.

First case: Let f € C32, with f ( ) =
We have

27|I£11, = p /0 o1 {x € [0,27) ¢ £ ()] > 1],
For N € N U {0}, we split f into low and high frequencies:

f=An+fn, fin=F 'ApenfK),  fon=F QpemfK).
For N > 1, by the Cauchy-Schwarz inequality we have

N-1 1/2
Ifnlg, < ( Y (1+k2)s> [l es, -
k_

=—(N-1)
Setting
N-1 2 5 N1-2s
= 5 <
SN k Y. (14K zz (14K <8—,
=—(N-1) k=0
we get
IAinlley, <2v2(1=25)"V2NY275 | f s . (4.3)

For any t > 0, choose N; such that

1/(1/2—s)

t(1—2s)1/2

Ny < | —mi— < N+ 1.
< 4\ fll g,

Then || f1,n,[|rp < t/4 by (4.3), and thus
{Ifl >t} < A{lfam| > £/2}.

By Chebyshev’s inequality and Parseval’s identity,

4
{Uond > 172} < Sllanll =5 T 1F®)

k|>N;
Hence,
2rlflf, <4p ¥ IF0OP [ tar <4 P ¥ a7
keZ* p kez*
where

_ (1 ||f||H)21-[/221/p’k|1/p.

Finally, using 1 — 2s = 2/p, we obtain
NG, < Rpllf Ik o

with y
R, = (stasmptpr-22) 7

Second case: Let f € C5_be arbitrary.
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~

Set ¢ = f — f(0). By the first case,

HSHLQ’H < RzﬂHg‘ Hs_ -

Then,
Il < lglhe + IFO) < Ryllglsg, + IFO)] < 2R, | fllss..

Third case: Let f € Hj_.
Since C5;, is dense in Hj_ and the estimate above is continuous, we conclude

Ifly <2Rylfllss,  Vf € Hs.

This completes the proof. O
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