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Abstract. We study the normalized ground state solutions for the following mass criti-
cal Kirchhoff equations with inhomogeneous interactions−

(
a + b

∫
RN |∇u|2dx

)
∆u + V(x)u = λu + βm(x)up+1 in RN ,∫

RN |u|2dx = 1,

where a ≥ 0, b > 0, β > 0, p = 8
N , 0 < m(x) ≤ 1 and the function V(x) is a trapping

potential in RN (N = 1, 2, 3). We prove that there exists β∗ > 0 such that the constraint
minimizers exist if the interaction strength β satisfies β ≤ β∗ when a > 0 and if β < β∗

when a = 0. Further, we investigate the limit behavior of minimizers as a → 0 for
β = β∗. We also prove that all the mass of the minimizers concentrate at a global
minimum point x0 of V(x) as a → 0, where x0 is also a global maximum point of m(x).
Specially, we find that the limit behavior is related to the behavior of the functions V(x)
and m(x) at their critical points.
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1 Introduction

In this article, we devoted to the existence and limit behavior of normalized ground state
solutions for the following mass critical Kirchhoff equation with inhomogeneous interactions−

(
a + b

∫
RN |∇u|2dx

)
∆u + V(x)u = λu + βm(x)up+1 in RN ,∫

RN |u|2dx = 1,
(1.1)

where N = 1, 2, 3, a ≥ 0, b > 0, β > 0, p = 8
N represent the mass critical exponent,

0 < m(x) ≤ 1 represent the spatially inhomogeneous interaction and λ ∈ R appears as
an Lagrange multiplier.
BCorresponding author. Email: cjhnust@aliyun.com

https://doi.org/10.14232/ejqtde.2026.1.40
https://www.math.u-szeged.hu/ejqtde/
https://orcid.org/0000-0002-3987-0009


2 Y. Liu and J. Chen

The Kirchhoff problem arises from a natural and physically meaningful context, when
investigating the steady state behavior of the hyperbolic equation for the free vibration of
elastic strings,

utt − M
(∫

RN
|∇u|2dx

)
∆u = 0, in RN ,

which was first proposed by Kirchhoff constitutes an extension of the classical d’Alembert
wave equation, see [1,4–6,9] and the related works cited therein for more physical background
details. From a mathematical standpoint, (1.1) is generally characterized as nonlocal, since the
presence of the integral term

∫
RN |∇u|2dx shows the equation is no longer pointwise valid.

This phenomenon poses mathematical challenges, making the study of Kirchhoff equations
particularly valuable.

After Lions proposed an abstract functional analysis framework in [30] , extensive stud-
ies have focused on the existence and concentration phenomena of solutions to Kirchhoff
equations. The role of the frequency λ provides us with two distinctly different solution
strategies. In the first case, λ is regarded as a fixed and assigned parameter, where the re-
search on the existence, nonexistence, and multiplicity of solutions to (1.1) can be referred to
[2, 12, 15, 27, 31, 33, 34]. Notably, in this case, there is no information on the L2-norm of solu-
tions. In the second case, λ is treated as an unknown quantity in the problem when study the
normalized solutions to (1.1). Thus, it has become a popular research topic in recent years. To
the best of our knowledge, the pioneering research on normalized solutions was conducted
by Jeanjean in [25].

In fact, we are concerned with the normalized solutions to (1.1) that possess minimal
energy. In this paper, we focus on the following constrained minimization problem

eβ(a) = inf
u∈S

Eβ
a (u). (1.2)

It is well-know that a solution restricted to the mass constraint

S :=
{

u ∈ H : ∥u∥2
2 :=

∫
RN

|u|2dx = 1
}

(1.3)

can be treated as a critical point of the associated energy functional

Eβ
a (u) =

1
2

∫
RN

[a|∇u|2 + V(x)|u|2]dx +
b
4

(∫
RN

|∇u|2dx
)2

− β

p + 2

∫
RN

m(x)|u|p+2dx, (1.4)

where H is defined as

H =

{
u ∈ H1(RN) |

∫
RN

V(x)u2dx < +∞
}

. (1.5)

Note that H is a Hilbert space with the scalar product and norm given by

⟨u, v⟩H :=
∫

RN
(∇u · ∇v + V(x)uv)dx and ∥u∥H := ⟨u, u⟩1/2

H . (1.6)

As far as we know, studies on normalized solutions to (1.1) have been confined nearly solely
to V(x) ≡ 0 or m(x) ≡ 1, see [7, 8, 24, 36–39]. We now review a few known results in this
respect.
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When V(x) ≡ 0, if m(x) ≡ 1, Ye [37] showed that p = 8
N is the mass critical exponent

of Kirchhoff constraint minimization problem, and study the existence and nonexistence of
minimizers which restricted to the following mass constraint

Sc :=
{

u ∈ H : ∥u∥2
2 :=

∫
RN

|u|2dx = c2
}

.

For more related results regarding the existence and limit behavior of minimizers for (1.1),
we refer the reader to [23, 28, 38, 39] and their references. In recent work [8], Chen and Tang
studied the existence of normalized solutions for (1.1) with Sobolev critical exponent and
mixed nonlinearities. If m(x) ̸≡ 1, Chen, Rădulescu and Tang [7] verified the existence of
normalized solutions by replacing the term |u|p+1 in (1.1) with f (u) that satisfies the general
mass supercritical or mass subcritical conditions.

When V(x) ̸≡ 0 and m(x) ≡ 1, for b = 0 and with given ∥u∥2, the Bose–Einstein con-
densate (BEC) in a two-dimensional dilute trapped atomic gas is characterized by the Gross–
Pitaevskii (GP) energy functional, the parameter β has to be interpreted as particle number
times interaction strength, see [10,14,20] and citations therein for details. For b ̸= 0, it is worth
noting that Hu and Tang [24] investigated the mass critical constrained minimization problem
for (1.2). They analyzed the existence and nonexistence of minimizers and verified the limit
behavior of minimizers as a → 0. In this case, we also refer the reader to [18, 22, 28] and their
references for more related results of the existence and limit behavior of minimizers for (1.1).

Next, we naturally consider the case when V(x) ̸≡ 0 and m(x) ̸≡ 1, based on the result
of [11,22], Guo, Liu and Zhao [19] studied the constrained minimization problem of the mass
subcritical case for (1.2) when N = p = 2. They established the existence results and limit
behavior of minimizers as b → 0. In particular, they verified that all the mass of minimizers
must concentrated at a global minimum point x1 of V(x) as b → 0, where x1 is also a global
maximum point of m(x). In recent work [13], Du, Gao and Tian investigated the existence of
minimizers for (1.2) constrained to the set Sc, as well as the limit behavior of minimizers as
c → ∞ in the mass subcritical case.

Now, motivated by [13, 19, 24], a natural question arises: does (1.2) admit minimizers with
normalized L2-norm (i.e., L2-norm equals 1) in the mass critical case where V(x) ̸= 0 and
0 < m(x) ≤ 1? If such minimizers exist, what description can be given for limit behavior as
a → 0 ? The main purpose of this paper is to investigate the existence of minimizers for (1.2)
when a ≥ 0 and the existence of the threshold β∗ described as β∗ = b

2∥Q∥p
2 , where Q is the

unique positive radial solution of (1.8), as well as the limit behavior of minimizers as a → 0
with β = β∗.

Before stating the main results, since the existence of minimizers associated with the fol-
lowing Gagliardo–Nirenberg inequality [32]

∫
RN

|u|p+2dx ≤ p + 2
2∥Q∥p

2

(∫
RN

|∇u|2dx
)2 (∫

RN
|u|2dx

) p
2 −1

, (1.7)

for all u ∈ H1(RN), the equality is attained at u(x) = Q(x). Here, Q(x) denotes the unique
positive radial solution of the semilinear equation

−2∆Q +
( p

2
− 1
)

Q = Qp+1 in RN . (1.8)

In addition, for more details on Q(x), refer to references [16, 26].
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We now proceed to the main results of this study. If ua is a minimizer of eβ(a), then |ua|
is also a minimizer of eβ(a) since |∇|u|| = |∇u| holds a.e. in RN (see [28]). Without loss of
generality, we assume in the following sections that all minimizers of (1.2) are nonnegative
functions.

We consider the trapping potential V(x) : RN → R satisfies the following basic hypotheses

(V1) V(x) ∈ L∞
loc(R

N), infx∈RN V(x) = 0 and lim|x|→∞ V(x) = ∞.

Theorem 1.1. Suppose that V(x) satisfies (V1) and 0 < m(x) ≤ 1, the following statements holds

1. When a > 0

(i) If 0 < β ≤ β∗, then there exists at least one minimizer for (1.2).

(ii) If β > β∗, then there is no minimizer for (1.2).

2. When a = 0

(iii) If 0 < β < β∗, then there exists at least one minimizer for (1.2).

(iv) If β ≥ β∗, then there is no minimizer for (1.2).

Moreover, eβ∗(0) = 0 and eβ(0) = −∞ for β > β∗.

Remark 1.2. Based on Theorem 1.1, it is evident that the minimizer ua of eβ(a) must converge
to the minimizer u0 of eβ(0) as a → 0 for 0 < β < β∗. Since there are no minimizers for
eβ(0) when β ≥ β∗, we next study the concentration property of the minimizers as a → 0 for
β = β∗.

Before stating our second result, we introduce the following assumptions about the trapping
potential function V(x) and the spatially inhomogeneous interaction function m(x).

(V2) There are numbers qj > 0, j = 0, 1, 2, . . . , n, and a function h(x) ∈ C1(RN) such that

V(x) = h(x)
n

∏
j=0

|x − xj|qj , with
1
C

≤ h(x) ≤ C for all x ∈ RN . (1.9)

Define Z0 = {x0, x1, . . . , xn} as the zero set of V(x).

(M1) 0 < m(x) ≤ 1, x0 is a unique maximum point of m(x) and m(x) = 1 − O(|x − x0|s+2) as
x → x0, where s > 0.

Denote

h = s − 2, l = min{q0, h} (1.10)

µ0 = lim
x→0

V(x + x0)

|x|q0

∫
RN

|x|q0 Q2(x)dx (1.11)

κ0 = lim
x→0

1 − m(x + x0)

|x|s+2

∫
RN

|x|s+2Qp+2(x)dx (1.12)

Our results are as follows.
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Theorem 1.3. For any given a > 0, suppose V(x) satisfies (V1)–(V2) and m(x) satisfies (M1). Let
β = β∗ and ua be a minimizer of eβ∗(a), then each ua has a unique global maximum point za satisfying

lim
a→0

ϵ
N
2

a ua(ϵax + za) =
Q(x)
∥Q∥2

in H1(RN) (1.13)

and
za − x0 = o(ϵa) as a → 0, (1.14)

lim
a→0

eβ∗(a)

a
l

l+4
=

l + 2
2l

(
lθ

2∥Q∥2
2

) 2
l+2

, (1.15)

where

ϵa =

(
2a∥Q∥2

2
lθ

) 1
l+2

and θ =


µ0, q0 < h,
(p + 2)µ0 + bκ0

p + 2
, q0 = h,

bκ0

p + 2
, q0 > h.

(1.16)

The paper is organized as follows. In Section 2, we study the existence and nonexistence
of minimizers, and give the proof of Theorem 1.1. In Section 3, we study the limit behavior of
the minimizer ua of eβ∗(a) as a → 0, and finish the proof of Theorem 1.3.

2 Existence and nonexistence of minimizers

In this section, we will prove the existence and nonexistence of minimizers for (1.2).
First of all, let us recall that Q = Q(|x|) denotes the unique positive radially symmetric

solutions of (1.8), and it follows from [16] satisfies the exponential decay

Q(|x|), |∇Q(|x|)| = O
(
|x|− N−1

2 e−|x|
)

, as |x| → ∞. (2.1)

Moreover, see [32], using (1.7) which admits Q(|x|) be a optimizer and satisfies∫
RN

|∇Q|2dx =
∫

RN
|Q|2dx =

2
p + 2

∫
RN

|Q|p+2dx. (2.2)

Before proving Theorem 1.1, we need to introduce the well-known compactness lemma
proposed by Bartsch and Wang [3].

Lemma 2.1. Let V(x) ∈ L∞
loc(R

N) satisfy (V1). Then the embedding H into Lp(RN) is compact for
p ∈ [2, 2∗), 2∗ = 2N

N−2 if N ≥ 3, 2∗ = +∞ if N = 1, 2.

Proof. Here is the proof of the Theorem1.1, we divide our proof into two parts.

Case 1. When a > 0.
(i) We prove the existence of minimizers of (1.2) for 0 < β ≤ β∗. If u ∈ H and ∥u∥2 = 1,

by (1.7) and 0 < m(x) ≤ 1, we obtain

∫
RN

m(x)|u|p+2dx ≤
∫

RN
|u|p+2dx ≤ p + 2

2∥Q∥p
2

(∫
RN

|∇u|2dx
)2

. (2.3)
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From (2.3) and the definition of Eβ
a (u), we have

Eβ
a (u) ≥

1
2

∫
RN

a|∇u|2dx +
1
2

∫
RN

V(x)u2dx +
b
4

(∫
RN

|∇u|2dx
)2

− β

2∥Q∥p
2

(∫
RN

|∇u|2dx
)2

.

(2.4)
This gives Eβ

a (u) is bounded uniformly from below for a > 0. Take the minimizing sequence
{un} ⊂ H of eβ(a), that is,

∫
RN |un|2dx = 1 and limn→∞ Eβ

a (un) = eβ(a). Using (1.7) again that
for n > 0 large enough, we deduce from (2.4) that

eβ(a) + 1 ≥ 1
2

∫
RN

a|∇un|2dx +
1
2

∫
RN

V(x)u2
ndx +

(
b
4
− β

2∥Q∥p
2

)(∫
RN

|∇un|2dx
)2

, (2.5)

where we consider that b
4 − β

2∥Q∥p
2

is non-negative, i.e., when 0 < β ≤ b
2∥Q∥p

2 = β∗, it can

be deduced that {un} is uniformly bounded in H. Combining with the compact embedding
Lemma 2.1 and passing to a subsequence of {un} if necessary, there exists u0 ∈ H such that

un ⇀ u0 weakly in H, un → u0 strongly in Lp(RN), for p ∈ [2, 2∗). (2.6)

We conclude that

lim
n→∞

∫
RN

m(x)|un(x)|p+2dx =
∫

RN
m(x)|u0(x)|p+2dx,

lim
n→∞

∫
RN

|un|2dx = 1 and
∫

RN
|u0|2dx = 1.

(2.7)

Moreover, note that∫
RN

|∇un|2dx −
∫

RN
|∇u0|2dx =

∫
RN

|∇un −∇u0|2dx + 2
∫

RN
∇u0 · ∇(un − u0)dx

≥ 2
∫

RN
∇u0 · ∇(un − u0)dx.

(2.8)

Set the functional T(un − u0) =
∫

RN ∇u0 · ∇(un − u0)dx. Taking n → ∞ both sides of (2.8) we
have

lim
n→∞

∫
RN

|∇un|2dx −
∫

RN
|∇u0|2dx ≥ lim

n→∞
T (un − u0) = 0, (2.9)

together with the weak lower semicontinuity of the norm in H, we have

2Eβ
a (u0) =

∫
RN

[
a|∇u0|2 + V(x)u2

0
]

dx +
b
2

(∫
RN

|∇u0|2dx
)2

− 2β

p + 2

∫
RN

m(x)|u0|p+2dx

=
∫

RN
a|∇u0|2dx +

(
b
2

∫
RN

|∇u0|2dx − 1
) ∫

RN
|∇u0|2dx + ∥u0∥2

H

− 2β

p + 2

∫
RN

m(x)|u0|p+2dx

≤ a lim
n→∞

∫
RN

|∇un|2dx +

(
b
2

lim
n→∞

∫
RN

|∇un|2dx − 1
)

lim
n→∞

∫
RN

|∇un|2dx

+ lim
n→∞

∥un∥2
H − lim

n→∞

2β

p + 2

∫
RN

m(x)|un|p+2dx

= lim
n→∞

2Eβ
a (un) = 2eβ(a).

(2.10)
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Since eβ(a) ≤ Eβ
a (u0), we have eβ(a) = Eβ

a (u0). This implies that there exists at least a mini-
mizer of (1.2) for 0 < β ≤ β∗.

(ii) We show that there’s no minimizers for (1.2) as soon as β > β∗. Choose a nonnegative
cut-off function ψ ∈ C∞

0 (RN) with

|∇ψ(x)| ≤ 2, ψ(x) ≡ 1 if |x| ≤ 1, ψ(x) ≡ 0 if |x| ≥ 2, and

0 ≤ ψ(x) ≤ 1, if 1 ≤ |x| ≤ 2.
(2.11)

For all τ > 0, R > 0 and x0 ∈ RN , we consider a trial function

KR,τ(x) =
AR,ττ

N
2

∥Q∥2
ψ

(
|x − x0|

R

)
Q (τ|x − x0|) , (2.12)

where AR,τ is determined such that
∫

RN |KR,τ|2dx = 1. Due to the exponential decay of Q(x),
for Rτ > 0 large enough, we have

∥KR,τ∥2
2

A2
R,τ

=
1

A2
R,τ

=
1

∥Q∥2
2

∫
RN

ψ2
( x

τR

)
Q2(x)dx

= 1 + O
(
(Rτ)−∞) , as τ → +∞.

(2.13)

Here, f (t) = O (t−∞) refers to a function f such that limt→∞ | f (t)|ts = 0 for all s > 0. It
follows that

lim
Rτ→∞

AR,τ = 1. (2.14)

Choose R = τ− 1
2 , then we can obtain that Rτ = τ

1
2 → +∞ as τ → +∞, using (2.1) and (2.2),

we can obtain that∫
RN

|∇KR,τ|2dx =
A2

R,τ

∥Q∥2
2

∫
RN

[
R−1∇ψ

( x
τR

)
Q(x) + τψ

( x
τR

)
∇Q(x)

]2
dx

=
A2

R,ττ2

∥Q∥2
2

[∫
RN

|∇Q(x)|2dx −
∫

RN\B(0,τ
1
2 )
|∇Q(x)|2dx

+
∫

RN\B(0,τ
1
2 )

∣∣∣(Rτ)−1∇ψ(x/Rτ)Q(x) + ψ(x/Rτ)∇Q(x)
∣∣∣2 dx

]
= τ2 + O

(
(Rτ)−∞) , as τ → +∞

(2.15)

and ∫
RN

V(x)|KR,τ|2dx =
A2

R,τ

∥Q∥2
2

∫
B(0,2τ

1
2 )

V
( x

τ
+ x0

)
ψ2(x/Rτ)|Q(x)|2dx

→ V(x0), as τ → +∞.

(2.16)

Similarly, we can derive

β

p + 2

∫
RN

m(x)|KR,τ|p+2dx

=
Ap+2

R,τ βτ4

(p + 2)∥Q∥p+2
2

∫
RN

[
1 −

(
1 − m

( x
τ
+ x0

))]
ψp+2

( x
Rτ

)
Qp+2(x)dx

=
Ap+2

R,τ βτ4

2∥Q∥p
2

−
Ap+2

R,τ βτ2−s

(p + 2)∥Q∥p+2
2

∫
B(0,τ

1
2 )

1 − m
( x

τ + x0
)∣∣ x

τ

∣∣s+2 |x|s+2Qp+2(x)dx

+ O
(
(Rτ)−∞)

=
βτ4

2∥Q∥p
2
+ O

(
(Rτ)−∞) , as τ → +∞.

(2.17)
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Hence, from (2.15)–(2.17), we have

eβ(a) ≤ lim
τ→+∞

Eβ
a (KR,τ)

= lim
τ→+∞

1
2

∫
RN

[
a|∇KR,τ|2 + V(x)|KR,τ|2

]
dx +

b
4

(∫
RN

|∇KR,τ|2dx
)2

− β

p + 2

∫
RN

m(x)|KR,τ|p+2dx

= lim
τ→+∞

a
2

τ2 +
1
2

V(x0) +

(
b
4
− β

2∥Q∥p
2

)
τ4,

(2.18)

where we consider that b
4 −

β

2∥Q∥p
2

is negative, i.e., when β > b
2∥Q∥p

2 = β∗, it can be deduced

that

eβ(a) = lim
τ→+∞

Eβ
a (KR,τ) = −∞. (2.19)

Consequently, this implies there is no minimizer for (1.2) as soon as β > β∗.

Case 2. When a = 0.

(iii) We prove the existence of minimizers of (1.2) for 0 < β < β∗. From the definition of
Eβ

0 (u), we have

Eβ
0 (u) =

1
2

∫
RN

V(x)u2dx +
b
4

(∫
RN

|∇u|2dx
)2

− β

p + 2

∫
RN

m(x)|u|p+2dx. (2.20)

Then let {un} ⊂ H be a minimizing sequence of eβ(0) with ∥un∥2 = 1 and limn→∞ Eβ
0 (un) =

eβ(0). Now prove the boundedness of {un} in H. From (2.4), (2.20) and (1.7), for n > 0 large
enough,

eβ(0) + 1 +
β

2∥Q∥p
2

(∫
RN

|∇un|2dx
)2

≥ Eβ
0 (un) +

β

p + 2

∫
RN

m(x)|un|p+2dx

=
b
4

(∫
RN

|∇un|2dx
)2

+
1
2

∫
RN

V(x)|un|2dx,

(2.21)

which implies

eβ(0) + 1 ≥ 1
2

∫
RN

V(x)|un|2dx +

(
b
4
− β

2∥Q∥p
2

)(∫
RN

|∇un|2dx
)2

, (2.22)

where we consider that if and only if b
4 − β

2∥Q∥p
2

is positive, i.e, when 0 < β < b
2∥Q∥p

2 = β∗,

it can be deduced that {un} is uniformly bounded in H. From Lemma 2.1, passing to a
subsequence if necessary, there exists u0 ∈ H such that (2.6) and (2.7) holds.
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Furthermore, applying the weak lower semicontinuity of the norm in H that

2Eβ
0 (u0) =

∫
RN

V(x)u2
0dx +

b
2

(∫
RN

|∇u0|2dx
)2

− 2β

p + 2

∫
RN

m(x)|u0|p+2dx

=

(
b
2

∫
RN

|∇u0|2dx − 1
) ∫

RN
|∇u0|2dx + ∥u0∥2

H − 2β

p + 2

∫
RN

m(x)|u0|p+2dx

≤
(

b
2

lim
n→∞

∫
RN

|∇un|2dx − 1
)

lim
n→∞

∫
RN

|∇un|2dx

+ lim
n→∞

∥un∥2
H − lim

n→∞

2β

p + 2

∫
RN

m(x)|un|p+2dx

= lim
n→∞

2Eβ
0 (un) = 2eβ(0).

(2.23)

Since Eβ
0 (un) ≥ eβ(0), we have Eβ

0 (un) = eβ(0). This implies there exists at least a minimizer
of (1.2) for 0 < β < β∗.

(iv) Next, we show the nonexistence of minimizers for (1.2) for β > β∗. From (2.14)–(2.17)

eβ(0) ≤ lim
τ→+∞

Eβ
0 (KR,τ)

= lim
τ→+∞

[
1
2

∫
RN

V(x)|KR,τ|2dx +
b
4

(∫
RN

|∇KR,τ|2dx
)2

− β

p + 2

∫
RN

m(x)|KR,τ|p+2dx
]

= lim
τ→+∞

[
1
2

V(x0) +

(
b
4
− β

2∥Q∥p
2

)
τ4

]
,

(2.24)

where we consider that if and only if b
4 − β

2∥Q∥p
2

is negative, i.e, when β > b
2∥Q∥p

2 = β∗. It

implies
eβ(0) ≤ lim

τ→+∞
Eβ

0 (KR,τ) = −∞. (2.25)

So we prove the nonexistence of minimizers of (1.2) for β > β∗.
Finally, for β = β∗, we show that there’s no minimizer for (1.2). Suppose that eβ∗(0) is

attained by a nonnegative minimizer u ̸= 0 , then u satisfies the Euler–Lagrange equation

−
(

b
∫

RN
|∇u|2dx

)
∆u + V(x)u = λu + β∗m(x)|u|p+1, (2.26)

where λ ∈ R is a Lagrange multiplier associate with minimizer u. From trail function (2.12),
furthermore assume that x0 ∈ Z0, i.e. V(x0) = 0, we have

eβ∗(0) ≤ lim
τ→+∞

Eβ∗

0 (KR,τ) = lim
τ→+∞

(
b
4
− β∗

2∥Q∥p
2

)
τ4 +

1
2

V(x0) = 0. (2.27)

In addition, for any u ∈ H with ∥u∥2 = 1, using (1.7) to obtain that

Eβ∗

0 (u) ≥ 1
2

∫
RN

V(x)|u|2dx +
b
4

(∫
RN

|∇u|2dx
)2

−
(

β∗

2∥Q∥p
2

)(∫
RN

|∇u|2dx
)2

+
β∗

p + 2

∫
RN

[1 − m(x)]|u|p+2dx

=
1
2

∫
RN

V(x)|u|2dx +
β∗

p + 2

∫
RN

[1 − m(x)]|u|p+2dx ≥ 0,

(2.28)
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which implies eβ∗(0) ≥ 0. From (2.27), we have eβ∗(0) = 0 and u would have to have compact
support for

∫
RN V(x)|u|2dx = 0. Then

0 = eβ∗(0) = Eβ∗

0 (u) =
1
2

∫
RN

V(x)|u|2dx +
b
4

(∫
RN

|∇u|2dx
)2

− β∗

p + 2

∫
RN

m(x)|u|p+2dx.

(2.29)
Multiplying both sides of (2.26) by u and integrating, then

λ =
∫

RN
V(x)|u|2dx + b

(∫
RN

|∇u|2dx
)2

− β∗
∫

RN
m(x)|u|p+2dx. (2.30)

Combining (2.29) and (2.30) with p = 8
N > 2, we obtain

λ = − p
2

∫
V(x)u2dx − (p − 2)

4
b
(∫

RN
|∇u|2dx

)2

< 0. (2.31)

Since u has compact support, denote it by Ω such that Z0 ⊂ Ω. Hence, λ < 0 and u satisfies
the equation

−
(

b
∫

RN
|∇u|2dx

)
∆u − λu = β∗m(x)|u|p+1 in Ω ⊂⊂ RN , u = 0 on ∂Ω. (2.32)

Next, applying the standard elliptic regularity theory and the strong maximum principle [3],
we conclude that u = 0 in RN , which is a contradiction.

Consequently, the proof of Theorem 1.1 is complete.

3 Limiting behavior of minimizer

Fixed β = β∗. In this section, we will prove the limit behavior of the minimizer ua for (1.1) as
a → 0, and give the proof of Theorem 1.3. To better understand the proof of our results, we
first show the following several lemmas.

Lemma 3.1. For any a > 0, suppose that V(x) satisfies (V1)–(V2) and m(x) satisfies (M1), let ua be
a nonnegative minimizer of eβ∗(a), then the following statements hold.

(i) eβ∗(a) > 0 satisfies
eβ∗(a) → eβ∗(0) = 0 as a → 0, (3.1)∫

RN
a|∇ua|2dx → 0 and

∫
RN

V(x)|ua|2dx → 0 as a → 0. (3.2)

(ii) Define

ϵa :=
(∫

RN
|∇ua|2dx

)− 1
2

, where ϵa > 0 (3.3)

satisfies ϵa → 0 as a → 0.

Proof. (i) Since ua ∈ H with ∥ua∥2 = 1, we get from the definition of Eβ∗

a (u) and using (2.3),
the following equation holds

eβ∗(a) = Eβ∗

a (ua) =
1
2

∫
RN

[
a|∇ua|2 + V(x)u2

a
]

dx +
b
4

(∫
RN

|∇ua|2dx
)2

− β∗

p + 2

∫
RN

m(x)|ua|p+2dx

≥ 1
2

∫
RN

[
a|∇ua|2 + V(x)u2

a
]

dx > 0,

(3.4)
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hence eβ∗(a) > 0, define the same cut-off function ψ(x) and trail function KR,τ with ∥KR,τ∥2 =

1 as (2.11) and (2.12). Taking x0 ∈ RN such that V(x0) = 0, using (2.14)–(2.17) to get that

0 < eβ∗(a) ≤ Eβ∗

a (KR,τ) =
a
2

τ2 +
1
2

V(x0) +
b
4

τ4 − β∗τ4

2∥Q∥2
2
+ o(e−Rτ) + o(1)

=
a
2

τ2 + o(e−Rτ) + o(1),
(3.5)

where o(1) denotes an infinitely small value as τ → +∞. Letting a → 0 first, then τ → +∞,
we have

0 < eβ∗(a) → 0 as a → 0. (3.6)

So (3.1) holds, combining with (3.5) and (3.6) we deduce that∫
RN

a|∇ua|2dx → 0 and
∫

RN
V(x)|ua|2dx → 0 as a → 0 (3.7)

and (3.2) holds, the proof of (i) has been completed.
(ii) Next, we claim that ∫

RN
|∇ua|2dx → +∞ as a → 0. (3.8)

Otherwise, if (3.8) is false, then there exists a sequence of {ak} that satisfies ak → 0 as k → +∞
such that {uak} is a bounded sequence in H. According to Lemma 2.1, up to a subsequence if
necessary, there exists u0 ∈ H such that

uak ⇀ u0 weakly in H and uak → u0 strongly in Lp(RN), as k → ∞, for p ∈ [2, 2∗). (3.9)

Furthermore, due to eβ∗(0) = 0 and (3.1), we conclude that

0 = eβ∗(0) ≤ Eβ∗

0 (u0) ≤ lim inf
k→∞

Eβ∗

ak (uak) = lim
k→∞

eβ∗(ak) = 0 = eβ∗(0), (3.10)

which shows that u0 is a minimizer of eβ∗(0), this contradicts the non-existence of minimizers
for eβ∗(0) (i.e. Theorem 1.1-iv). Therefore, we have

∫
RN |∇ua|2dx → +∞, as a → 0, so (3.8)

holds. Hence, ϵa → 0 as a → 0 holds by (3.3) and (3.8), and we completes the proof of (ii).

Lemma 3.2. For any a > 0, suppose that V(x) satisfies (V1)–(V2) and m(x) satisfies (M1), let ua

be a nonnegative minimizer of eβ∗(a) and za be a global maximum point of ua. Set the normalized
function

Wa(x) = ϵ
N
2

a ua(ϵax + za), where ϵa is defined by (3.3), (3.11)

then the following statements hold.

(i) ∫
RN

|∇Wa|2dx = 1,
∫

RN
|Wa|2dx = 1, (3.12)

ηa :=
b
4
− β∗

p + 2

∫
RN

m(ϵax + za)|Wa|p+2dx → 0, as a → 0. (3.13)

(ii) There exists positive constants M > 0 such that

lim inf
a→0

∫
B2(0)

|Wa|2dx ≥ M > 0. (3.14)



12 Y. Liu and J. Chen

(iii) Moreover, for any sequence {ak} satisfies ak → 0 as k → +∞, there exists a subsequence still
denoted by {ak}, and exists z0 ∈ RN such that

lim
a→0

za = z0, satisfies V(z0) = 0. (3.15)

Proof. (i) Since ua is the minimizer of eβ∗(a) with ∥ua∥2 = 1, according to (1.7), we have

0 ≤ b
4

(∫
RN

|∇ua|2dx
)2

− β∗

p + 2

∫
RN

m(x)|ua|p+2dx

=
b
4

ϵ−4
a − β∗

p + 2

∫
RN

m(x)|ua|p+2dx

≤ Eβ∗

a (ua) = eβ∗(a) → 0 as a → 0,

(3.16)

which leads to

ϵ4
a

∫
RN

m(x)|ua|p+2dx → b(p + 2)
4β∗ as a → 0. (3.17)

We can also know from the definition of Wa(x) that

ϵ4
a

∫
RN

m(x)|ua|p+2dx =
∫

RN
m(ϵax + za)|Wa|p+2dx → b(p + 2)

4β∗ as a → 0, (3.18)

which implies
b
4
− β∗

p + 2

∫
RN

m(ϵax + za)|Wa|p+2dx → 0, as a → 0, (3.19)

so (3.13) holds. Using the definitions of ϵa and Wa(x) (i.e., from (3.3) and (3.11)), we have
∫

RN |Wa|2dx =
∫

RN |ua|2dx = 1∫
RN |∇Wa|2dx = ϵ2

a
∫

RN |∇, ua|2dx = 1 as a → 0.
(3.20)

Thus (3.12) holds and the prove of (i) is complete.
(ii) Let ua be a minimizer of eβ∗(a), then it satisfies the following Euler–Lagrange equa-

tion

−
(

a + b
∫

RN
|∇ua|2dx

)
∆ua + V(x)ua = λaua + β∗m(x)up+1

a in RN , (3.21)

where λa is the associated Lagrange multiplier and

λa =
∫

RN

[
a|∇ua|2 + V(x)u2

a
]

dx + b
(∫

RN
|∇ua|2dx

)2

− β∗
∫

RN
m(x)|ua|p+2dx, (3.22)

hence, we can obtain that

ϵ4
aλa = ϵ4

a

(∫
RN

[
a|∇ua|2 + V(x)u2

a
]

dx
)
+ ϵ4

ab
(∫

RN
|∇ua|2dx

)2

− ϵ4
a β∗

∫
RN

m(x)|ua|p+2dx

= ϵ4
a

(∫
RN

[
a|∇ua|2 + V(x)u2

a
]

dx
)
+ b − ϵ4

a β∗
∫

RN
m(x)|ua|p+2dx

→ b(2 − p)
4

< 0 where p > 2, as a → 0.
(3.23)
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Following (3.21), Wa satisfies the following equation

−(ϵ2
aa + b)∆Wa + ϵ4

aV(ϵax + za)Wa = λaϵ4
aWa + β∗m(ϵax + za)W

p+1
a x ∈ RN . (3.24)

Since za is a global maximum point of ua, then a global maximum of Wa is attained at x = 0,
we have −∆Wa(0) ≥ 0. Then, according to V(x) ≥ 0 that leads the left side of (3.24) is positive,
using (3.23) we have

Wp
a (0) ≥

−λaϵ4
a

β∗ ≥ b(p − 2)
4β∗ > 0, as a → 0, (3.25)

we claim that there exists some δ =
[ b(p−2)

4β∗
] 1

p > 0 such that

Wa(0) ≥ δ. (3.26)

As a small enough, it follows from (3.24) that

−(ϵ2
aa + b)∆Wa ≤ β∗Wp+1

a in RN . (3.27)

Applying De Giorgi–Nash–Moser theory [17], we deduce that for any ξ ∈ RN ,

A
(∫

B2(ξ)
|Wa|2dx

) 1
2

≥ max
B1(ξ)

Wa(x) ≥ Wa(ξ) (3.28)

holds, where A is a constant depending only on the bound of ∥Wa∥Lp/2(B2(ξ))
and ξ is an

arbitrary point in RN . If (3.26) is false, then for any r > 0, passing to a subsequence if
necessary, we have

sup
y∈RN

∫
B(y,r)

|Wa|2dx → 0 as a → 0. (3.29)

Then, since 0 < m(x) ≤ 1, the vanishing lemma in [35] shows that
∫

RN |Wa|p+2dx → 0, and

0 ≤
∫

RN
m(ϵax + za)|Wa|p+2dx ≤

∫
RN

|Wa|p+2dx → 0 as a → 0. (3.30)

This contradicts with (3.20), hence, (3.26) holds, and choosing ξ = 0 in (3.28), we have

lim inf
a→0

∫
B2(0)

|Wa|2dx ≥ M > 0 for some M > 0, (3.31)

which implies (3.14) holds.
(iii) We claim {za} ⊂ RN is bounded uniformly as a → 0. For any {zak} satisfies ak → 0,

there is a subsequence, still denoted by {zak}, so that zak → z0 as ak → 0. Otherwise, from
V(x) → ∞ as |x| → ∞, we assume that V(z0) ≥ ω > 0, then we can infer from Fatou’s lemma
and (3.14) that

0 < ω̂ ≤
∫

B2(0)
lim inf

ak→0
V(ϵak x + zak)|Wak |2dx ≤

∫
RN

lim inf
ak→0

V(ϵak x + zak)|Wak |2dx

≤ lim inf
ak→0

∫
RN

V(ϵak x + zak)|Wak |2dx,
(3.32)

which contradicts with Lemma 3.1 (i) since it shows∫
RN

V(x)u2
ak

dx =
∫

RN
V(ϵak x + zak)|Wak |2dx → 0 as ak → 0, (3.33)

hence there exists z0 ∈ Z0 such that (3.15) holds.
This completes the proof.
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Lemma 3.3. Suppose that V(x) satisfies (V1)–(V2) and m(x) satisfies (M1), let ua be a nonnegative
minimizer of eβ∗(a) and za be a global maximum point of ua. Then

lim
a→0

ϵ
N
2

a ua(ϵax + za) →
Q(x)
∥Q∥2

in H1(RN). (3.34)

Moreover, za ∈ RN is the unique maximum point of ua, and

lim
a→0

za = x0, (3.35)

where x0 satisfies V(x0) = 0 and m(x0) = 1.

Proof. Let ua be a minimizer of eβ∗(a). It follows from (3.11) and (3.12) that {Wa} is a bounded
sequence in H1(RN), and passing to subsequence, there exists a nonnegative function W0 ∈
H1(RN) such that

Wa ⇀ W0 in H1(RN) as a → 0. (3.36)

Since Wa satisfies (3.24), by passing to the weak limit, we can check from (3.23) that W0 satisfies
the following equation

−b∆W0 +
b(p − 2)

4
W0 = β∗m(z0)W

p+1
0 , x ∈ RN . (3.37)

It follows from (3.14) that W0 ̸= 0, and W0 > 0 by the strong maximum principle. Note that
(3.37) is equivalent to

−2∆W0 +
4 − N

N
W0 = ∥Q∥p

2 m(z0)W
p+1
0 . (3.38)

Due to Q(x) is the unique positive solution of (1.8), comparing (1.8) and (3.38), then using a
simple rescaling, we know that

W0(x) =
Q(x − x0)

∥Q∥2 m(z0)
1
p

for some x0 ∈ RN , (3.39)

which implies that
1

m(z0)
2
p
= ∥∇W0∥2

2 = ∥W0∥2
2. (3.40)

Moreover, by (2.2), (3.36) and (3.39), we conclude that

1

m(z0)
2
p
= ∥W0∥2

2 ≤ lim
a→0

∥Wa∥2
2 = 1. (3.41)

Since 0 < 2
p < 1 and 0 < m(x) ≤ 1, which implies m(z0) = 1. Together with (3.15), we have

V(z0) = 0 and m(z0) = 1, and z0 = x0 through the conditions (V2) and (M1). Then, (3.40)
implies

∥∇W0∥2
2 = ∥W0∥2

2 = 1. (3.42)

Combining with (3.36) and (3.42), we have

Wa → W0 =
Q(x − x0)

∥Q∥2
in H1(RN) as a → 0. (3.43)
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Since V(x) ∈ Cα
loc(R

N , R+) for some α ∈ (0, 1). From (3.24) and (3.43), we have

Wa → W0 in C2,α
loc(R

N) as a → 0 for some α ∈ (0, 1). (3.44)

By the definition of Wa, we have x = 0 is a critical point of Wa(x) for all a > 0, then it is also
a critical point of W0 by (3.44). Since Q(x) is radially symmetric about the origin and strictly
monotonous about |x| [26], W0 has a unique global maximum point at x = 0 and x0 = 0.
Hence,

Wa → W0 =
Q(x)
∥Q∥2

in H1(RN) as a → 0, (3.45)

and (3.34) holds by (3.45). Moreover, by (3.44), the argument analogous to the proof of [21],
we conclude that za is the unique maximum point of ua and za satisfies (3.35).

Proof of Theorem 1.3. Lemma 3.3 ensures that for each ua, there exists a unique global maxi-
mum point za such that za → x0 as a → 0, and V(x0) = 0, m(x0) = 1. Given the function KR,τ

defined by (2.12) and R = τ− 1
2 , then from (2.16) and (2.17) we have∫

RN
V(x)|KR,τ|2dx =

A2
R,τ

∥Q∥2
2

∫
RN

V
( x

τ
+ x0

)
ψ2(x/Rτ)|Q(x)|2dx

=
A2

R,τ

∥Q∥2
2τq0

∫
RN

V
( x

τ + x0
)∣∣ x

τ

∣∣q0
ψ2(x/Rτ)|Q(x)|2|x|q0dx

=
µ0

∥Q∥2
2τq0

(1 + o(1)) as τ → +∞,

(3.46)

β∗

p + 2

∫
RN

m(x)|KR,τ|p+2dx

=
Ap+2

R,τ β∗τ4

(p + 2)∥Q∥p+2
2

∫
RN

[
1 −

(
1 − m

( x
τ
+ x0

))]
ψp+2

( x
Rτ

)
Q(x)p+2dx

=
Ap+2

R,τ β∗τ4

2∥Q∥p
2

−
Ap+2

R,τ β∗τ2−s

(p + 2)∥Q∥p+2
2

∫
B(0,τ

1
2 )

1 − m
( x

τ + x0
)∣∣ x

τ

∣∣s+2 |x|s+2Q(x)p+2dx + O
(
(Rτ)−∞)

=
b
4

τ4 −
τ2−sβ∗Ap+2

R,τ κ0

(p + 2)∥Q∥p+2
2

(1 + o(1))

=
b
4

τ4 − τ2−sbκ0

2(p + 2)∥Q∥2
2
(1 + o(1)) as τ → +∞.

(3.47)

Let ua be a minimizer of eβ∗(a), with ∥KR,τ∥2
2 = 1, we conclude that

eβ∗(a) ≤ Eβ∗

a (KR,τ)

=
a
2

τ2 +
µ0

2∥Q∥2
2τq0

+
b
4

τ4 −
(

b
4

τ4 − τ2−sbκ0

2(p + 2)∥Q∥2
2

)
(1 + o(1))

=
a
2

τ2 +
µ0

2∥Q∥2
2τq0

(1 + o(1)) +
bκ0

2(p + 2)∥Q∥2
2τs−2 (1 + o(1)) as τ → +∞.

(3.48)

Let h = s − 2, we next continue the analysis by discussing separately three different cases.

Case 1. When 0 < q0 < h, take

τ =

(
q0µ0

2a∥Q∥2
2

) 1
q0+2

, then τ → ∞ as a → 0. (3.49)
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Following from (3.48) we can obtain that

eβ∗(a) ≤ Eβ∗

a (KR,τ) =
a
2

(
q0µ0

2a∥Q∥2
2

) 2
q0+2

+
µ0

2∥Q∥2
2

(
q0µ0

2a∥Q∥2
2

) −q0
q0+2

(1 + o(1))

=
a

q0
q0+2

2

(
q0µ0

2∥Q∥2
2

) 2
q0+2

+
a

q0
q0+2

q0

(
q0µ0

2∥Q∥2
2

) 2
q0+2

(1 + o(1)) as a → 0,

(3.50)

which implies

lim sup
a→0

eβ∗(a)

a
q0

q0+2
≤ 1

2

(
q0µ0

2∥Q∥2
2

) 2
q0+2

+
1
q0

(
q0µ0

2∥Q∥2
2

) 2
q0+2

=
q0 + 2

2q0

(
q0µ0

2∥Q∥2
2

) 2
q0+2

.

(3.51)

By (3.51), we know lim supa→0
eβ∗ (a)

a
q0

q0+2
has an upper estimates. Therefore, we need only to show

that the limit has the same lower bound. We first claim that

{
za − x0

ϵa

}
is bounded. (3.52)

Assume to the contrary that there is a subsequence denoted by {ak} with ak → 0, such that{ za−x0
ϵa

}
→ +∞, where zak ≜ za. Hence, for M large enough,

lim inf
a→0

1
ϵ

q0
a

∫
RN

V(x)|ua|2dx = lim inf
a→0

1
ϵ

q0
a

∫
RN

V(ϵax + za)|Wa|2dx

= lim inf
a→0

∫
RN

V(ϵax + za)

|ϵax + za − x0|q0

∣∣∣∣x +
za − x0

ϵa

∣∣∣∣q0

|Wa|2dx ≥ M.
(3.53)

Following from (1.7) and Young’s inequality, we see that

eβ∗(a) = Eβ∗

a (ua) ≥
a
2

∫
RN

|∇ua|2dx +
1
2

∫
RN

V(x)u2
adx

≥ a
2

ϵ−2
a +

M
2

ϵa
q0

≥ Ca
q0

q0+2 M
2

q0+2 ,

(3.54)

which contradicts with (3.51) due to M is arbitrarily large and (3.52) holds. Therefore, passing
to a subsequence, we may assume that there exists y0 ∈ RN such that

za − x0

ϵa
→ y0 as a → 0. (3.55)

Since V(ϵax+za)
|ϵax+za−x0|q0 converges uniformly to a constant as a → 0 and the integrand satisfies the
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dominated convergence condition, then it follows from (3.34) that

lim inf
a→0

1
ϵ

q0
a

∫
RN

V(x)|ua|2dx = lim inf
a→0

1
ϵ

q0
a

∫
RN

V(ϵax + za)|Wa|2dx

= lim inf
a→0

∫
RN

V(ϵax + za)

|ϵax + za − x0|q0

∣∣∣∣x +
za − x0

ϵa

∣∣∣∣q0

|Wa|2dx

= lim inf
a→0

V(ϵax + za)

|ϵax + za − x0|q0

1
∥Q∥2

2

∫
RN

|x + y0|q0 Q2(x)dx

≥ lim inf
a→0

V(ϵax + za)

|ϵax + za − x0|q0

1
∥Q∥2

2

∫
RN

|x|q0 Q2(x)dx

=
µ0

∥Q∥2
2

.

(3.56)

Therefore, using Young’s inequality again we can obtain that

eβ∗(a) = Eβ∗

a (ua) ≥
a
2

∫
RN

|∇ua|2dx +
1
2

∫
RN

V(x)u2
adx

≥ a
2

ϵ−2
a +

µ0

2∥Q∥2
2

ϵa
q0(1 + o(1))

≥ a
q0

q0+2 (q0 + 2) (1 + o(1))
2q0

(
µ0q0

2∥Q∥2
2

) 2
q0+2

as a → 0.

(3.57)

Hence,

lim inf
a→0

eβ∗(a)

a
q0

q0+2
≥ q0 + 2

2q0

(
q0µ0

2∥Q∥2
2

) 2
q0+2

, (3.58)

where the equality holds if and only if y0 = 0 and

lim
a→0

ϵa(
2a∥Q∥2

2
q0µ0

) 1
q0+2

= 1. (3.59)

Moreover, it follows from (3.51) and (3.58) that

lim
a→0

eβ∗(a)

a
q0

q0+2
=

q0 + 2
2q0

(
µ0q0

2∥Q∥2
2

) 2
q0+2

. (3.60)

Case 2. When 0 < h < q0, choosing

τ =

(
hbκ0

2a(p + 2)∥Q∥2
2

) 1
h+2

, then τ → ∞ as a → 0. (3.61)

From (3.48), which implies

eβ∗(a) ≤ Eβ∗

a (KR,τ)

=
a
2

(
hbκ0

2a(p + 2)∥Q∥2
2

) 2
h+2

+
bκ0

2(p + 2)∥Q∥2
2

(
hbκ0

2a(p + 2)∥Q∥2
2

)− h
h+2

(1 + o(1))

=
a

h
h+2

2

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

+
a

h
h+2

h

(
hbκ

2(p + 2)∥Q∥2
2

) 2
h+2

(1 + o(1)) as a → 0,

(3.62)
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which implies

lim sup
a→0

eβ∗(a)

a
h

h+2
≤ 1

2

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

+
1
h

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

=
h + 2

2h

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

.

(3.63)

We claim that {
za − x0

ϵa

}
is bounded. (3.64)

By contradiction, there exists a subsequence, denoted by {ak}, of {ak} such that
{ za−x0

ϵa

}
→

+∞, where zak ≜ za. Hence, for any large constant M,

lim inf
a→0

1
ϵh

a

∫
RN

[1 − m(x)]|ua|p+2dx

= lim
a→0

1
ϵh+4

a

∫
RN

[1 − m(ϵax + za)]|Wa|p+2dx

= lim
a→0

∫
RN

1 − m(ϵax + za)

|ϵax + za − x0|h+4

∣∣∣∣x +
za − x0

ϵa

∣∣∣∣h+4

|Wa|p+2dx ≥ M.

(3.65)

Similar to (3.54), we have

eβ∗(a) = Eβ∗

a (ua) =
1
2

∫
RN

[a|∇ua|2 + V(x)|ua|2]dx +
b
4

(∫
RN

|∇ua|2dx
)2

− β∗

p + 2

∫
RN

|ua|p+2dx +
β∗

p + 2

∫
RN

[1 − m(x)]|ua|p+2dx

≥ a
2

∫
RN

|∇ua|2dx +
β∗

p + 2

∫
RN

[1 − m(x)]|ua|p+2dx

≥ a
2

ϵa
−2 +

β∗

p + 2
Mϵa

h

≥ Ca
h

h+2 M
2

h+2 ,

(3.66)

which leads to a contradiction with (3.63) since M is arbitrary large and (3.64) holds. There-
fore, passing to a subsequence, we may assume that there exists y0 ∈ RN such that

za − z0

ϵa
→ y0 as a → 0. (3.67)

Since 1−m(ϵax+za)
|ϵax+za−x0|h+4 converges uniformly to a constant as a → 0 and the integrand satisfies the



Limiting behavior of solutions for mass critical Kirchhoff equations 19

dominated convergence condition, then it follows from (3.34) that

lim inf
a→0

1
ϵh

a

∫
RN

[1 − m(x)]|ua|p+2dx

= lim inf
a→0

1
ϵh+4

a

∫
RN

[1 − m(ϵax + za)]|Wa|p+2dx

= lim inf
a→0

∫
RN

1 − m(ϵax + za)

|ϵax + za − x0|h+4

∣∣∣∣x +
za − x0

ϵa

∣∣∣∣h+4

|Wa|p+2dx

= lim inf
a→0

1 − m(ϵax + za)

|ϵax + za − x0|h+4
1

∥Q∥p+2
2

∫
RN

|x + y0|h+4Qp+2(x)dx

≥ lim inf
a→0

1 − m(ϵax + za)

|ϵax + za − x0|h+4
1

∥Q∥p+2
2

∫
RN

|x|h+4Qp+2(x)dx

=
κ0

∥Q∥p+2
2

.

(3.68)

Therefore, using Young’s inequality again we can obtain that

eβ∗(a) = Eβ∗

a (ua) ≥
a
2

∫
RN

|∇ua|2dx +
β∗

p + 2

∫
RN

[1 − m(x)]|ua|p+2dx

≥ a
2

ϵa
−2 +

β∗κ0

(p + 2)∥Q∥p+2
2

ϵa
h(1 + o(1))

≥ a
h

h+2 (h + 2) (1 + o(1))
2h

(
hβ∗κ0

(p + 2)∥Q∥p+2
2

) 2
h+2

as a → 0.

(3.69)

Hence,

lim inf
a→0

eβ∗(a)

a
h

h+2
≥ h + 2

2h

(
hβ∗κ0

(p + 2)∥Q∥p+2
2

) 2
h+2

=
h + 2

2h

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

,

(3.70)

where the equality holds if and only if y0 = 0 and

lim
a→0

ϵa(
2a(p+2)∥Q∥2

2
hbκ0

) 1
h+2

= 1. (3.71)

Moreover, it follows from (3.63) and (3.70) that

lim
a→0

eβ∗(a)

a
h

h+2
=

h + 2
2h

(
hbκ0

2(p + 2)∥Q∥2
2

) 2
h+2

. (3.72)

Case 3. When q0 = h, choosing

τ =

(
(p + 2)hµ0 + hbκ0

2a(p + 2)∥Q∥2
2

) 1
h+2

=

{
h

2a(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 1
h+2

. (3.73)
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Following from (3.48), we have

eβ∗(a) ≤ Eβ∗

a (KR, τ) ≤ a
2

τ2 +
(p + 2)µ0 + bκ0

2(p + 2)∥Q∥2
2

τ−h

=
(h + 2)a

h
h+2

2h

{
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 2
h+2

(1 + o(1)) as a → 0,

(3.74)

which implies

lim sup
a→0

e∗β(a)

a
h

h+2
≤ h + 2

2h

{
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 2
h+2

. (3.75)

Similar to (3.52)–(3.54) and (3.64)–(3.66), we claim that there exists y0 ∈ RN such that

za − x0

ϵa
→ y0 as a → 0. (3.76)

From (3.56) and (3.68), we conclude that

lim inf
a→0

1
ϵh

a

∫
RN

V(x)|ua|2dx = lim inf
a→0

1
ϵh

a

∫
RN

V(ϵax + za)|Wa|2dx

≥ lim inf
a→0

V(ϵax + za)

|ϵax + za − x0|h
1

∥Q∥2
2

∫
RN

|x|hQ2(x)dx

=
µ0

∥Q∥2
2

(3.77)

and
lim inf

a→0

1
ϵh

a

∫
RN

[1 − m(x)]|ua|p+2dx

= lim inf
a→0

1
ϵh+4

a

∫
RN

[1 − m(ϵax + za)]|Wa|p+2dx

≥ lim inf
a→0

1 − m(ϵax + za)

|ϵax + za − x0|h+4
1

∥Q∥p+2
2

∫
RN

|x|h+4Qp+2(x)dx

=
κ0

∥Q∥p+2
2

.

(3.78)

Using (1.7) and Young’s inequality again, which implies

eβ∗(a) = Eβ∗

a (ua) ≥
1
2

∫
RN

[a|∇ua|2 + V(x)|ua|2]dx +
β∗

p + 2

∫
RN

[1 − m(x)]|ua|p+2dx

≥ a
2

ϵa
−2 + [

µ0

2∥Q∥2
2

ϵa
h +

β∗κ0

(p + 2)∥Q∥p+2
2

ϵa
h](1 + o(1))

=
a
2

ϵa
−2 +

ϵa
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0] (1 + o(1))

≥ a
h

h+2 (h + 2) (1 + o(1))
2h

{
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 2
h+2

as a → 0.

(3.79)

Hence,

lim inf
a→0

eβ∗(a)

a
h

h+2
≥ h + 2

2h

{
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 2
h+2

, (3.80)
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where the equality holds if and only if y0 = 0 and

lim
a→0

ϵa{
2a(p+2)∥Q∥2

2
h[(p+2)µ0+bκ0]

} 1
h+2

= 1. (3.81)

Moreover, it follows from (3.75) and (3.80) that

lim
a→0

eβ∗(a)

a
h

h+2
=

h + 2
2h

{
h

2(p + 2)∥Q∥2
2
[(p + 2)µ0 + bκ0]

} 2
h+2

. (3.82)

It is worth noting that equations (3.60), (3.72) and (3.82) illustrate that inequalities (3.58), (3.70)
and (3.80) all become equalities, and y0 = 0. Then, using (1.16) and l = min{q0, h}, from (3.59),
(3.71) and (3.81) we conclude that

lim
a→0

ϵa

ϵa
= 1. (3.83)

Therefore, (1.13) holds by (3.34) and (3.83). Also, (1.14) holds by (3.55), (3.67) and (3.76).
Moreover, (1.15) follows from (3.60), (3.72) and (3.82).
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