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Abstract. This paper is concerned with normalized solutions for a class of fractional
Kirchhoff equations with an inhomogeneous perturbation in R?2. We study the con-
strained minimization problem associated with the corresponding nonlocal energy
functional under a prescribed L?-mass. The interaction between the Kirchhoff term,
the fractional Laplacian and the spatially dependent coefficient f(x) leads to several
compactness and asymptotic difficulties. For the zero-potential case, we establish exis-
tence and nonexistence results for constrained minimizers. When a trapping potential
is present, we prove the existence of minimizers in the subcritical case and characterize
the threshold in the critical case p = 4s. In the mass-critical case p = 2s, we analyze the
concentration behavior of non-negative minimizers as the Kirchhoff parameter tends to
zero. We prove that the minimizers concentrate at global minimum points of the poten-
tial and, after rescaling, converge to the unique positive radial solution of the limiting
fractional scalar field equation. A sharper description of the concentration location and
the energy asymptotics is obtained when the potential is almost homogeneous near its
minimum points.
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1 Introduction

Fractional and nonlocal equations have attracted considerable attention in recent decades.
They appear in several models where the state of the system is influenced not only by local
variations but also by long-range interactions, such as anomalous diffusion, quantum me-
chanics, finance, phase transitions, obstacle problems and conformal geometry. From the vari-
ational point of view, these problems are naturally formulated in fractional Sobolev spaces.
In this setting, the lack of locality changes both the compactness mechanism and the scaling
properties of the associated energy functionals, and it often leads to concentration phenomena
which have no direct analogue in the classical local case. For general background and related
applications, we refer to [5,7,9,19,20,26,30].
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We also mention some recent works in fractional analysis which are related to the broader
development of the field. Commutator estimates for fractional integral operators on vanish-
ing Morrey spaces were studied in [29]. Fractional derivatives associated with the Riemann
zeta function and their relation with prime numbers were considered in [14], while hybrid
fractional differential equations involving proportional derivatives were investigated in [1].
Connections among fractional calculus, zeta functions and Shannon entropy were discussed
in [15]. Nonlinear fractional differential inclusions with a non-singular Mittag-Leffler kernel
were treated in [2]. These contributions illustrate different directions in current fractional
analysis and provide additional motivation for studying nonlocal variational problems such
as the one considered here.

In this paper we consider the following fractional Kirchhoff equation with an inhomoge-
neous perturbation:

Q+b
R2

where s € [3,1),b,8 > 0,A € R\ {0}, and p € (0,2 —2) with 2; = ;2.. Throughout the
paper,the potential V(x) and the coefficient f(x) satisfy the following conditions:

Nl»

2
(=A) u‘ dx) (=APu+V(x)u = Bf(x)|ulfu+Au in R? (1.1)

(V1) 0 < V(x) € CY(IR?), limy|_,s V(x) = 00, and inf,cge V(x) = 0 is attained.
(F1) 0 < f(x) <1, and there exists ¥ € R? such that () = sup, g2 f(x) = 1.
(F2) 0 < f(x) <1, xp is a unique maximum point of f(x), and
1— f(x) = O(|]x — x|7%) as x — xo,
where g € (0,4s? +4s + 2).
(Feo) 0 < f(x) <1, and lim}y|_,o f(x) < 1.
For s € (0,1), the fractional Laplacian is defined by

ox) —v) o(x) — o(y)

(FAVo(x) =GPV J e =0 Jr2\B(x) [x = yP

dy,
for v € S(IR?), where P.V. denotes a Cauchy principal value, S(IR?) is the Schwartz space of
rapidly decaying C* function, B,(x) is the ball centered at x with radius ¢, and

co_ 1—cos(é1)) !

s = /]RZ &2+ :

For more details on the fractional Laplacian and related Sobolev spaces, see [8,9,34] and the
references therein.

We are interested in normalized solutions of (1.1), namely solutions obtained under the
prescribed mass constraint

[ Il = ful = 1.

Such a constraint arises in the mathematical description of nonlinear optics and Bose-Einstein
condensates, where the L>-norm of the wave function represents the optical power or the total
number of particles, respectively. Under this constraint, the parameter A is not prescribed in
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advance but appears as the Lagrange multiplier associated with the mass constraint. Conse-
quently, the study of normalized solutions is closely connected with constrained variational
problems and provides useful information on the existence, orbital stability and concentration
behavior of ground states.

When s = 1, equation (1.1) is related to Kirchhoff’s model for the transversal vibration of
an elastic string,

U — <a + b/N |Vu\2dx) Au=h(x,u), inRV,
R

where u is the displacement, & is an external force, b is the initial tension, and a depends on
intrinsic properties of the string. Kirchhoff [18] introduced this model to describe the effect
of the change of the string length during oscillations. The presence of the nonlocal term
Jgn |Vu|?dx leads to the loss of locality in the equation. Since the pioneering work of Lions
[21], Kirchhoff-type problems have been extensively studied; see, for instance, [6,11,16,17,24,
28,31,32,35] and the references therein.

Fractional Kirchhoff equations combine Kirchhoff-type nonlocality with the nonlocal dif-
fusion induced by the fractional Laplacian. Consequently, both the compactness properties
of the associated functional and the scaling behavior of solutions become more delicate, so
that their analysis requires variational techniques that differ from those employed for classical
local Schrédinger equations and standard fractional Schrodinger equations.

If the frequency A in (1.1) is fixed, a classical approach is to search for critical points of the
functional | : H — R given by

T(u) = % ., (‘(—A)Zu‘ZJr (V(x) —/\)\up) dx+§ </1Rz ‘(—A)iu‘zdx)z

e o e

where

H = {u € H¥(R?) : /]RZ (V(x) = A)uldx < oo}.

Here H*(IR?) denotes the fractional Sobolev space endowed with the norm
2 s 12, 2
|| 24| % ::/ ‘(—A)Zu‘ +u” ) dx,
R2

D(R?) := {u € L¥ (R?) : (~A)iu € LX(R?)}

and

denotes the homogeneous fractional Sobolev space with the norm

e = |

For s € (0,1), there exists a best constant Ry > 0 such that

.2
(—A)?u‘ dx.

s 2
RS — inf f]Rz ‘(—A)21/l‘ zdx.
ueDs2\{0} (f]RZ ’l/l Zﬁdx)f

Related fractional Kirchhoff problems have been studied in [3,4,13,17,23] and the references
therein.
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In the present paper we take a different point of view and study (1.1) through the following
constrained minimization problem:

di(b,p) := inf Ef (1), (1.2)
where )
1 s |2 b s 12
Eg,b,p<u) = E/IRZ O( A)zu —i—V(x)]u‘Z) dx+1 </]R2 (—A)iu‘ dx) 03
— p‘iz/]sz(x)]u\p*de, uckE.
Here
E= {u € H¥(R?) : / V(x)|udx < oo}, (1.4)
R2
with norm )
|u||? = /11{2 U(—A)éu + (1 +V(x))u2] dx
and
M := {ueE:/ |u|2dx:1}. (1.5)
R2

The minimization problem is driven by the competition between the positive quadratic and
Kirchhoff terms and the negative inhomogeneous nonlinear term. By a scaling argument, one
can show that d]; (b,p) = —oo for p > 4s and b > 0, which motivates us to restrict our attention
to the range 0 < p < 4s.

We first consider the case of zero potential. It follows from Theorem 1.1 and Remark 1.1
in [10] (see also Lemma 2.1 below) that the equation

)42 2
P2, 2 01— pe(0,2-2) and ueH(RY,  (16)

—A)’u +
(—4) , )

admits, up to translations, a unique positive radial solution. We denote this solution by
Qp = Qp(|x|). Our first result gives the exact existence threshold when V = 0.

Theorem 1.1. If V(x) =0, p € (0,4s], s € [3,1), b > 0, f(x) satisfies (F;), (F.) and (Fx), define

0, p € (0,2s),
B, = 1Qpll3 p=2s, (1.7)

P 4s—p p—2s

200005 (55) © (525) = pe(2s49),

and

Bas = {Z\!Q4S\I§S, p=dsandse (51), 18)

bR3, p=4sands = ].
Then,

(i) Problem (1.2) admits a minimizer if and only if B > B, for p € (0,2s], or B > B, for p €
(2s,4s).

(ii) For p = 4s, problem (1.2) has no minimizers for any > 0.
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For fractional Schrodinger equations with L2?-constraints, Du, Wang, Tian and Zhang [10]
studied

e(a) == ulél]& E,(u), (1.9)

where the energy functional E,(u) is defined by

.2
E,(u) = /IRZ <‘(—A)zu‘ + V(x)|u]2> dx — /1RN lul***dx, ucE.

1+s

They proved existence for a € [0, 8*) and nonexistence for a € [8*, +o0), where p* = ||Q||%
and Q is the unique positive radial solution of

(—=A)*u +su— |u/®u=0, inR> (1.10)

Moreover, under suitable assumptions on the local behavior of V near its zero set, they also
derived the concentration behavior of non-negative minimizers as a , p*. In the present
setting, the Kirchhoff term changes the scaling of the energy functional, while the spatially
dependent coefficient f(x) introduces an additional inhomogeneous effect. These features
make the variational analysis substantially more involved.

To state our remaining results, define

b
By = 511Qpll3. (1.11)

We next consider the case where a trapping potential is present. The following two theorems
describe the existence and nonexistence of minimizers in this setting.

Theorem 1.2. Let p € (0,4s), s € [3,1), and b > 0. Suppose that V (x) satisfies (V1), f(x) satisfies
(Fy) and (Fy). Then, for any fixed p > 0, problem (1.2) has at least one minimizer.

Theorem 1.3. Let p = 4s with s € (3,1) and b > 0. Assume that V (x) satisfies (V1), f(x) satisfies
(Fy) and (F,). Then the following statements hold:

(i) If 0 < B < Bas := g | Qas|5 , then d’;(b, 4s) > 0 and problem (1.2) has at least one minimizer.

(ii) If B > Pas , then dg(b, 4s) = —oo and problem (1.2) has no minimizers.

We next consider the mass-critical case p = 2s and investigate the limiting behavior as the
Kirchhoff parameter tends to zero. This regime is more delicate, since the associated fractional
Gagliardo-Nirenberg inequality is attained at the critical threshold.

Theorem 1.4. Let p = 25, s € (3,1) and suppose that V (x) satisfies (V1) , f(x) satisfies (Fy) and
(F2). Forany given B > B* , let uy be a non-negative minimizer ofdé(bk, 2s) with by — 0" as k — oo,
Then, there exists a subsequence of {uy} , still denoted by {uy}, such that uy concentrates at a global
minimum point xo of V(x) in the following sense: for each large k , uy has a unique global maximum
point Z; € R? and satisfies

QZs(x)

~ in H*(IR?), (1.12)
(B*)=

Lk
extr(exx +Zx) —
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where Qas(x) = Q(x) is the unique positive solution of (1.10), Zx 5 xo, and e 55 0% is Qiven by

(e I-8)5efax) ¥, p=pr,

€k Nk (1.13)
(#)" B>
Moreover, if B > B*,then
_ R* 2
&} (b, 25) = _4119,( <5 ﬁf ) (1+0(1)) ask — oo, (1.14)

To obtain a sharper description of the concentration point, we impose additional assump-
tions on the local structure of the potential V(x) near its zero set. In particular, we assume
that V(x) possesses exactly m global minimum points,

Y:={xe R?: V(x) = 0} ={x1,x2,...,Xu}, wherem >1. (1.15)

Assume further that V is almost homogeneous of degree #; > 0 near each x;, namely, there
exists V; € C2 _(R?) with lim|,|_,o Vi(x) = oo, homogeneous of degree 7;, such that

loc
lim YEEX) 90w (1.16)
x—0 Vl(x)
Fori=1,2,...,m, define
Mi(y) = [ Vile+ ) Q3. (x)dx (1.17)
Set
n:=maxn, Y:={xeY:q=y}CY (1.18)
1<i<m
and
p := min#;, where 6; = min M;(y) and «:= {i 1x; € Y}. (1.19)
ick yeR?
Denote
Yo := {xi eY: 0; = 90} . (1.20)

Under the above assumptions, the concentration location and the leading-order energy can be
identified more precisely.

Theorem 1.5. Under the assumptions of Theorem 1.4, suppose further that V (x) satisfies the additional
condition (1.16). Let uy and Z; be obtained in Theorem 1.4, then we have

Qo) ) s (), (1.21)

(B*)=

Lk
Extii (Exx +Z) —

where & is given by

(1.22)

and x satisfies

—=— — Yo (1.23)
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with xo = x;, € Y for some 1 < iy < m, and yo € R? satisfying M, (yo) = 6o. Moreover, if B = B*,

we get
f 45 _4s 4
d‘B* (bk, 25) k (1) n+4s 1 +4s <;790> +4s ( 1 > +4s . (124)

It E s 4p \ 2 p*
k

To provide a visual illustration of the concentration behavior established in Theorems 1.4
and 1.5, we present a schematic one-dimensional profile of the normalized minimizers in
Figure 1.1. As b — 07, the profiles become increasingly localized near the concentration
point.

Schematic concentration of normalized minimizers
T

— b=0.10
b=0.02
—— b=0.005

Iy == e
o Nl N
o v o©o wu

o
~
w

normalized profile

=4 -3 -2 -1 0 1 2 3 4
spatial variable

Figure 1.1: Schematic concentration profiles of normalized minimizers as
b— 0"

Throughout this paper, we use the following notation:
 Forp >0and z € R?, B,(z) denotes the circle of radius p centered at z .

¢ The symbol — denotes weak convergence, and the symbol — denotes strong conver-
gence.

S

e L7(R?) denotes the usual Lebesgue space with norm [Jufl; := ([ |1|7dx) 7,1 < g < 0.

* C,Ci (i=1,23,...) denotes various positive constants, which may vary from one line
to another and which is not important for the analysis of the problem.

The remainder of the paper is organized as follows. In Section 2, we collect some prelimi-
nary results. Section 3 is devoted to the zero-potential case and contains the proof of Theorem
1.1. In Section 4, we prove Theorems 1.2 and 1.3. Section 5 is devoted to energy estimates and
blow-up analysis, which are used in the proof of Theorem 1.4. Finally, Section 6 contains the
proof of Theorem 1.5.

2 Preliminaries

This section is devoted to several preliminary results that will be used throughout the sequel.
We first recall the fractional Gagliardo—Nirenberg—-Sobolev inequality established in [10].
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Lemma 2.1. For u € H¥(R?) and 0 < p < 2} — 2, the fractional Gagliardo-Nirenberg—Sobolev

inequality
sp+2s—p

s % 2s
ol < Co ([ 1050 ([ uPax) T @)
RR? RR2 RR?

is attained at a function Qp(x) with the following properties:

. +2
(i) Cppp = P22
Pt 210,15

(ii) Qp(x) is radial, positive, and strictly decreasing in |x|.
(iii) Qp(x) is the unique solution of the fractional Schrodinger equation (1.6).
(iv) Qp(x) belongs to H**1(R?) N C®(IR?) and satisfies

G

2
1+’X|2+2S XEIR/

@)
< Qp(x) < m,

where Cq, Cy are positive constants.
We next recall the fractional PohoZaev identity established in Lemma 2.1 of [25].

Lemma 2.2. Let u € H*(RN), N > 2, satisfy the equation

then it holds that
(—A)2u

N —2s 2
5 /]RN dx = N/IRN G(u)dx,

where G(s) = [; g(t)dt.
Let Q, be the unique (up to translations) radially symmetric positive solution of (1.6). It
follows from Lemma 2.1 and Lemma 2.2 that a direct computation yields

Je

Lemma 2.3. Let s € (0,1). For any u € H*(R?), the following inequality holds:

/]R4 (u*(x) — u*(y))dedy < / dedy,

|x_y|2+25 R4 |x_y|2+25

INF: 2
(—8)3Qy) dx:/]Rz|Q,,]2dx:M/]RJQ,,W*de. (2.2)

where u* denotes the symmetric radial decreasing rearrangement of u.

From [10,22], we obtain the following two compactness results.
Lemma 2.4. Suppose that (V1) holds. Then, the embedding E — L1(IR?) is compact for all q € [2,2%).
Lemma 2.5. Let N > 2, then H(RYN) is compactly embedding into LF (RN) for p € (2,2%).

The following vanishing lemma for fractional Sobolev spaces is taken from [10].

Lemma 2.6. Assume that {u,} is bounded in H*(RN) and it satisfies

lim sup lun|?dx =0,
n_moye]RN B,(y)

where p > 0. Then, u, — 0in L'(RN) for 2 < r < 2.
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Let 7 : R> — R be a smooth function such that 7(x) = 1 for |x| < 1, (x) = 0 for |x| > 2,
0 <7y <1land |Vy| < 2. Define

Qe(x) =n(x/7)Qp(x), xE€ R?, (2.3)

for any T > 0, where Q,(x) is given by Lemma 2.1. The following result follows from
Lemma 3.2 in [10].

Lemma 2.7. Let s € (0,1). Then, the following estimate holds true:

B 2
/]R4 |QT(x)—QT(y)|2dxdy< 1Qp(x) — Qp(y)l dxdy + O(t™%) as T — .

|x_y|2+25 — JRre |x_y|2+25

3 Existence and nonexistence for (1.2) with V(x) =0

For simplicity, we rewrite (1.2) as follows:

di(b, p) = inf By, (), (3.1)
where
2
f LA, b/'_*‘z B p+2
Eﬁbp( u): 2/1R2 (=A)z2u dx+4<R2 (—A)zu| dx T o2 ]sz( x)|ulP™dx - (3.2)
and

M= {u € H'(R?) : /RZ uPdx = 1}.

We first show that (3.1) is well defined for p € (0,4s) and
dz(b,p) <0 forall >0 and d%(b,p) =0 forall B <0. (3.3)

Indeed, for any B > 0 and u € M, by Lemma 2.1 and (F;) , we deduce that

f 2 b 5 ? p
Ehy ) 2 3 o [t ([ 1) _m [ [l 2 6.4
1 _A)ayl2 k AV 12 2 2 5 '
zz/mzu wyiufa ([ 1-apiuar) - ot (e ayiupar)

which implies that Eg/b,p is well defined since p € (0,4s) and £ € (0,2). Moreover, it follows

from (3.2) that dé(b,p) > 0 for all B < 0. For u € M, we set u;(x) = tu(tx) for t > 0. Then

u; € M and
4s
d -l-bt (/
IRZ

p‘Bj—Z 2f<%> julP2dx — 0 ast— 0,
R

dh(bp) < Epy(u) = 5 [

which implies that (3.3) holds.
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Lemma 3.1. Let p € (0,4s). Then, df(b p) < 0if and only if B > B,, where B, is defined by (1.7).
Jé(b,p) = 0forall B < B,.
Proof. Case 1: p € (0,2s), It follows from (1.7) that 8, = 0. Hence, (3.5) yields that dé(b, p) <0

ﬁxmﬁ>ﬁwwmm@@mm@um“@hmzommnﬁg@.

Case2: p =2s,If B < B, = ||Qp||%. Let u € M, it follows from Lemma 2.1 and (3.13) and

(Fl) that
2 b 2 2
dx + — </ dx) >0,
4 R2
which implies that Jé(b, p) = 0 since (3.3). If > ,Bp = ||Qp |3 Define

tQp(t(x — X))
1Qyl2

We have that u; € M and Q, € LP"?(IR?). It follows from (2.2), Lemma 2.1 and assumption
(Fl) that

Efpp (1) > ﬁgﬁ é [ |t (—8)u
P

Uy = for t > 0. (3.6)

/ (—A %‘dx—ﬂs (3.7)
R2
and
Jo 2 = [ S DI
P
e Hr’+2/le’QP YNy +o(t) (38)
P

_ (p+2)t7 _ (p+2)t7
= 2||Q;7||§ +o(tP) ng +o(t").

Then, we have

£f _ 1 _ IB 2s f 2s
EL, (1) = (2 2ﬁp> £ o(#),

which shows that
1 ,B ?
~f < f — . A
dﬁ(b,p) }EgEﬁbzﬂ( up) = b <Ap 1> <0 asp> B,

Case 3: p € (2s,4s), Let u; be given by (3.6). Using (3.7) and (3.8), we obtain

_ 1 b 8
B () = 21 4 % — t 4 o(tP). (3.9)
P i 2[1Qll5

By the Young’s inequality, we have

1
1 2s b 4s mtzs n bl’lt4s n 25+2.«> bn
_ — > .
U 4 =1 (2) 1) (3.10)

+ % = 1, and equality holds if and only if

1
where o

mt>  bnt*
2 4
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Let 2 = £ —2, 50 that 2 = 4 — L. Then (3.10) yields that

4s—p p-2s
%tz_@ N Zt4s S (455_19)25 (zpsi’ 4S>25, (3.11)
Now, we define
4s—p p=2s
— 200, <4S p) ) <2ps_b 4S> o (3.12)
If g > ,Bp, we take fo such that mto = b"to , then

if 7 f _ 1 2s ? 4s p p 14
dy(b, p) < g, ,(u,) = 515 + 413 ZHqugtﬁo(to)
BB

2(Ql5

If p < Bp, it follows from Lemma 2.1, (F;), and (3.6)(3.8) that, for any u € M,

th +o(th) <O.

. ?

~f By s 0 * p 50
EL, (u)> ( |(—A)2u| dx) — ( |(—A)2u| dx) >0,
pbp 2([Qpll5 \J/re 2([Qpll5 \J/re

which means that d~£(b, p) > 0. Hence, dé(b, p) = 0 since (3.3). O

DY)

Lemma 3.2. If p = p* = 4s with s € [3,1), and suppose that f(x) satisfies (F;) and (E,), then
d(b,45) = 0 for all < Pas and d}(b,4s) = —oo for all B> Pa, where Py is defined by (1.8).

Proof. Case 1: s € (3,1), it follows from p = 4s, Lemma 2.1, and (F}) that, for u € M, we have

b . 2 B . 2
2 v o s 2 . . E)
ﬁbp > 2/ [(—=A)2ul dx—|—4 </]RZ‘( A)2ul dx) 72HQ4SH§S < ]RZ‘( A)2ul dx)

1 . 1 2 . 2
= E/Rz [(=A)2uf?dx + <b— HQ4’BH4S> < ]RZ\(—A)zu\zdx) ,
sll2

by (1.8) and B < B4s, we can deduce that

2 2R
- 1645217_ ’34545: 4
HQ45H2 ”Q45H2

which implies that Jg(b, 45) = 0 for all B < Bys.

Case 2: s = 3, then p = p* = 4s = 2. Equation (1.6) still admits a solution. However, it
does not belong to L?(IR?), and thus we redefine B4 = bR2. Then, for any B € (0, B4) and
p = 2, it follows from the definition of R; that

£f
E.Bbp( )> E R2

(3.13)
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which implies that Eé/b’p is well defined since p € (0,4s) and £ € (0,2). Moreover, (3.13)
shows that Jf(b,p) > 0 for all B < Bys. For u € M, letting u;(x) = tu(tx) (t > 0), then u; € M

p
and , . )
< f ot s bt ° / s
Eﬁ,b,p<ut) =7 e )2u ‘ dx + o )2u ‘ dx
_ 5t45 X 4542
1512 R2f<t)\u| dx —0 ast—0,
which implies that d~£(b, 4s) < 0. Then, we know that Jé(b, 4s) = 0 for all B < Pys.

Case 3: s € (1,1), by p = 4s Equation (1.6) has solution Qy;, Define

tQ4s(t<X — f))
HQ45H2 '

From (3.6)—(3.8), we know that u; € M and

Jo

o 0 = HM/’ F(7+Y) 100 2y,

when t — oo, f (¥ +%) — f(%) = 1 and ||Qus(x)||**% € Ll(lRZ). By dominated convergence
theorem and Lemma 2.1, we have

t>0.

u(x) =

S

(=A)2u ‘ dx = %

and

4s
R e s, AT RS
R

2/|Qusll5?
and
1, b B ds+2 1, b B
Ef 7t25 7t4S _ t4S t4S — 7t25 _ ! t4S ,
,Bb4s( ) 2 +4 4S+22HQ4S||4215 +0( ) 2 +4 ﬁ4s +0( )

Since 1 — ﬁﬁ < 0, we deduce that

d(b,4s) < B}, () > —co,

which implies dg(b, 4s) = —
For B > fas, by [8] and s = 3, we know that R; is attained in R? by

i 12
M(X) - ](215) <1+ ’.X'|2> ’
with J(2,s) chosen so that
/|@Aﬁm%x:/|m%mz/‘m%x:ﬁ. (3.14)
RR2 R? R?

Set

2, 1
’ %:m+TS)my Ve(x) = etu’(x), x €R%e>0.
3 X — X0
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Let 7 € C(R?) be such that 7 = 1 on Bg(0), 7 = 0 on R?\ Bx(0), 0 < < 1, and
|V11| < C. There exists Ry > R, Ry satisfies bR — B(1 — 6g,) < 0 and define dg, := C(2R0)7+%.
Define u.(x) = 17(x — x0) Ve(x) for any ¢ > 0 and x € R?. Now, we define

J(25)

(& + x = xoP)?

1

We(x) 1= Aee 21 (x — xg)s% = Ags_%ug(x),

where A, is chosen so that ||w:(x)[|3 = 1 and supp w:(x) C Bar(xo). Hence, we can get that

1
1= [ lwfdx = P5)a2 2 [ P (x o
€ €
1
> ]2 2,8 A2€_2/ - dx 315
( ) ¢ |xfx0|§R1+’%_%}2 ( )
R
2 2,2 [¢ P
J7(2,5) Age /0 1+ 02 0 — +oco ase—0
and 1
1_/1Rz|ws‘ dx = J(2,5) Ae /11{2;7 (x x0)1+’£_@|2dx
€ €
1
< J? 2,8 A2€72/ = dx
< J @94 |x—xo|§2R1+‘%_%‘2 (3.16)

2R 2 R
2 2 £ [ 2
< —_— .
] (2, S)Ag A 1 de CAS In c as € small enough

It follows from (3.15) and (3.16) that A2 — 0 and A}e 2 — +oo as e — 0. Moreover, (3.14)
yields that

4
/ |we|*dx = Ag‘sfz/ et (x — xo) CL) 5
R? R? (€2 + |x — x0]?)

4.2 eJ4(2,5) P W J*(2,5)
o </£2@2+-u-—xa2fdx'F o (1t =) ¢2+wx-xdzfdx>
274 4
_ pde2 e J*(2,s) q L) —1) &2 J*(2,s) q
£€<Awuw—m¥xf@m&”xxw )t o (317)
_ 42 14 4o J*(2,5)
= Ale (/Rz || *dx + /BCR(O) (17 (ex) 1) 7(1 n xz)de)

4
~ Ale? / |L‘t|4dx+/ I (2'45)dx
R2 B (0) |x|

= Aje ? (R24+0() .

dx

Now, we show that the following assertions hold true:

(1) for any x € R? and y € B%(xo) with [x —y| < &,

e (x) — ue(y)| < Ce2|x —yl; (3.18)
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(2) for any x,y € B%(x0),
lue(x) — ue(y)| < Ce? min {1, |x —y|}, (3.19)

for any € > 0. In fact, for x € B% (xg), we have
2

V (17(x — x0)) n n(x —xo)|x — xg|
(4 ]x —x02)2 (2 + |x —x0[?)?

1 _ 2
4 |x — xo] 3] < Ce?.
(e2+R?)2  R(2+ |x — x0]?)?

|Viue(x)] < Ce?

M=

(3.20)

< Ce%

Let x € R? and y € B%(x) with |[x —y| < &. Let ¢ lie on the segment joining x and y, so
that & = tx + (1 — t)y for some t € [0, 1]. Hence, we obtain

tR _ R
[0 —x0| 2 [y —xo| —tlx—y| 2R~ = = 7. (3.21)

By (3.20) and (3.21) and a first-order Taylor expansion, we deduce that

e (x) — ue(y)| < Ce2|x -y,

which shows that (3.18) holds. Let x,y € B%(x), if [x —y| < 1, then (3.19) follows from (3.18).
If [x —y| > 1, then
Ce? Ce? 1
1)) < V)| < < <cd, (622)
(e2+|x—x0/?)2 (e2+ R?)2

which implies that
1
ue(x) — ue(y)| < |ue(x)| + |ue(y)| < Ce2.

This completes the proof of (3.19). Define
Z, = {(x,y) € R*: x € Br(x0), y € Bi(x0) and |x — y| > R/Z},

and
Zy = {(x,y) € R*: x € Br(xp), vy € B&(x) and |x —y| < R/Z}-

According to the definition of u,, we have

|ue(x) — ue(y) |[Ve(x) — Ve(y)[?
dxdy = dxd
/R4 =y YT i) [ yE Y
_ 2 _ 2
+2 ’MS(X) Mg(]/)‘ dXdy+2 |u5<x> l/lg(]/)‘ dXdy (323)

P n x— P

o 2
N / |ue(x) thi(z}i)! dxdy.
BS(xo)xB(xo)  |* — Yl

From (3.19), it follows that

_ 2 : 1 2
/ e () L;i(zys” dxdy < Cs/ min {1, ]x2+235/] }dxdy =0(e). (3.24)
By (x0)xBy(xo) X — Yl Bsp(xo) xR [x — |
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From (3.18), we also have

_ 2 _ 2
e (x) thi(zy)\ dxdy < Cs/ 7’)( y2‘+2 dxdy
z  |x—yP® EBr(x0) YEBR (x0) e—yI<R/2 |x —y[>+* (3.25)
< Cs/ dx/ dp = O(e).
BR XO
For (x,y) € Z1, we know that
e () — ue(y) * = [Ve(x) — ue(y)> = [Ve(x) = Ve(y) + Ve(y) — ue(y)I?
< Ve(x) = Ve() | + [Ve(y) — ue(y)
+2|Ve(x) = Ve()|[Ve(y) — ue(y)l-
Then, we have
e (x) — ue(y) [Ve(x) = Ve(y)? [Ve(y) — ue(y)
dxdy < dxdy + dxd
7 |x—y[r Y=/, x — y[2T2s Y7 x — y[272s y 626
1o [ WD) = VeWIVely) = uel)l ;.
Z ‘x_y‘Z-ﬁ—Zs
From (3.22), we can obtain that
2
Vey) ~ ue )" dxdy<4/ VWIE ey
—+00 ’
<C/7dd<c/ dx [ o %dp = O(e).
< Ce 2 =y xdy < Ce B (s0) X 5 p “ap (e)
Setting v = x — y, we obtain that
[ | L iy
A |x—yl A (24 |x — x0[2)2 |x — y|2+25
= Cs/ 11 dxdy  (3.28)
Y€Br/e(0), y€BR/ (0)[x—yI>R/2 (1 4 |x|2)2 |x — y|2+2s
1 1
< Cs/ — —=dv = O(e).
= Jonsio T Juporae Top ™ = O
By the definition of u, and (3.28), we get that
Ve ()| Ve(y) — ue(y)] Ve ()| Ve(y)]
Z |x — y[2+2s dxdy < 2/ — s dxdy < O(e) (3.29)
and
_ 2
VDIV i)y, 5 [ P,

+o00
< Cs/ dx/ p~2dp = O(e).
BR(X()) R/Z



16 L. Zhang, Y. L. Chen and H. B. Chen

From (3.14), (3.23)—(3.27), (3.29) and (3.30), it follows that

/]R4 |14 (x) _ue(y”zdxdyﬁ/ \Vs(x)_— Vs(y)|2dxdy+0(€)

|x_y|2+25 R4 |x y|2+25
J(2,8) _ J(2,5) i
(E+lx—x0)2  (+|y—x0*)2
=¢ dxdy + O(e
/. e yrol
4|2 5) __J@2s) i
(1+]x2) 1 2
/ J‘FJL |_ |2+§s+3‘y‘ ) dxdy + O(e)
( A3l dx+O() R2 +O(e).

Since f(x) satisfies (F,), there exists Rp > 0 and C > 0, for all x satisfies |x — x9| < 2R,
we can get that
1— f(x) < Clx — x| < C(2R)*%,

supp w, C BzR(X()) C BZRO (X())

and
g, = C(2R)7™, g, — 0 as Ry — 0. (3.32)

For all x € supp w, and € > 0, we have
f(x) >1—C(2R)1"* =1 —dp,,

then,
/R ) weltdx > (1 6g,) /]R Jwtdx = (1-6p )AL 2R +0().  (333)

By (3.17) , (3.31) and (3.33), we deduce that

~ : L lel) — ()P
d(b,45) < B}, 1 (we) = 5 A% /R gy

b o [ |ue(x) = ue(y)? * B 4
+ 1 4ee (/11{4 x — y[Pees dxdy 4/]sz(x)|w€] dx

(3.34)

< %Ags_l (R3+0(e)) + ZAgg—Z (R2+0(e))* - %(1 —0g,)Afe 2 (RE+0(e?))

= Ake™? GA;% (R2 +O(s))> + Z (R2+0(e))* — g ((1—0g,) (R3+0(e?)))
and ) <2

JRE- B )R = T (0R2 - p1 - 51)),
for e small enough, we know that there exist Cyp > 0,independent of ¢,we have
Ef ) 4s(we) < —CoAle 2 +0(1),

letting ¢ — 0, we can get that d~£(b, 4s) = —oo. d

Lemma 3.3. If p € (0,4s), s € [3,1), f(x) satisfies (F1), (Feo) and Jé(b, p) < 0, then (3.1) has at
least a non-negative minimizer.
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Proof. Let {u,} C M be a minimizing sequence of dvﬁc(b,p). By (3.13), dNJl;(b,p) <0Oand p €
(0,4s), we know that {u,} is bounded in H*(R?). Then, Lemma 2.3 shows that there exists
{u}} C H:(R?), which is also a minimizing sequence for d%(b,p). Thus, Lemma 2.3 and

Lemma 2.5 show that there exists a subsequence, still denoted by {u}}, and some uy € H; (R?)
such that

{u;; — ug, in H3(R?), 535

u — up, in L1(R?) for q € (2,2%).

dSince Eg,b,p(”n) — dg(b, p) < 0, for n large enough, we can get that Eé/b,p(un) < —-Cp <0
an

2
P,‘j_Z/f<x)‘un‘p+2 _ ;/}Rz \(—A)%unlzdx-i-z (/RZ ‘(—A);unlzdx) — Eg,b,p(””>

> ~E}, (1) > G,

there exist C; > 0, such that
f()|unlP TP dx > G, (3.36)
R
by assumption (Fs), there exists § € (0,1) and R > 0 such that
f(x) <1—-46 for|x| >R,
then
FE) a2 dx < [ g P dx 4+ (1=0) [ a2,
R? Bk B;

R

Combining (3.35) and (3.36), there exists 779 > 0 such that
/ lun|P*2dx > 1o for n large,
Br
by Holder’s inequality, we know that

lun|?dx > Cy > 0. (3.37)
JBr

From (3.35) and (3.37), we can get that

n—oo

/ luo|? = lim / a2 > G > 0,
BR BR

which means that uy # 0.
By the compactness of {u, } and Lemma 2.6, we deduce that

u, — up in L*(IR?),

which implies that |uo]|5 = 1 and 1y € M.
By (3.35) and (F;), there exists Ry > 0, we have

/f|un\”+2:/ f|Mn|p+2+/ Flin|P*2,
Br, B,

| flualrt2 = [ fluol*?
Bg, B,
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Sup/ flun|PT2 < suP/ up|P*> = 0 as Ry — oo.
n B%I n B%l

Then, we can deduce that

[ Alualr 2= [ fluol 2.
R2 R2

By weak lower semicontinuity,

Ef, (o) <liminfEL, (u,) = d}(b,p),

pb, H—00

Since 1o € M and Eé,b, p(ug) > dg(b, p), we conclude that 1 is a minimizer of d ﬁ(b, p). More-

over, by the definition of dNJ;(b, p), it follows that |ug| is also a minimizer. O

Proof of Theorem 1.1. We first show that dg(b, p) has no minimizer for 8 < B, and p € (0,4s).
Indeed, suppose by contradiction that there exists f < Bp such that Jé(b, p) admits a mini-

mizer u € M. Then, by Lemma 3.1, we have that

0=d (bp) <Ef

By 5p,b,p(u) < Eg/b,p(u) =0,

which gives a contradiction.
Then, we prove that Jé(b, p) has no minimizer for g = 3, and p € (0,2s].
For p € (0,2s), then B = B, = 0. Assume that there exists a minimizer u for cp;(b, p). By
using (3.13) and Lemma 3.1, we have 1y = 0, which leads to a contradiction since 1y € M.
For p = 2s, then Bp > 0. Lemma 3.1 means that dé(b, p) = 0. If there exists ug € M such

that Eé/h/ ,(10) = Jé(b, p) = 0, by applying Lemma 2.1 and (F; ), we can deduce that

2 b PN B riae, 1
u0’ dx+4(/]Rz‘(—A)zu0‘ dx) §2+25/1Rz|u0\ dxgi/]gz

which implies that 1o = 0. This is impossible since 1y € M.
Next, we show the existence of minimizer.
By Lemma 3.1 and Lemma 3.3, we deduce that Jé(b, p) admits a non-negative minimizer

1
2 JRr2

Nlo

(=4)

(—=4)

Nlw
=
=2
[

8

for g > Bp and p € (0,4s). We now prove that it also admits a minimizer for f = Bp and
p € (2s,4s).

Let B, = Bp + %, n € IN. Then, for each B, Lemma 3.1 and Lemma 3.3 ensure the existence
of u, € M such that

d~£n(b' p) - Egn,b,f’
and {u,} is bounded in H*(IR?). Then, Lemma 2.3 and Lemma 2.5 show that there exists
u’ € Hi(R?) N M, which is also a minimizer of 517;” (b,p) and u}, € H:(R?) is bounded. Thus,
there exists ug € H;(IR?) such that

(un) <0, (3.38)

ul — ug, in H3(IR?),
u — up, in L1(R?) for g € (2,2%).
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From the definition of Eén,b, p(u,’;) and (3.38), it follows that

. 1 . 3 L
dgp(bzp) EICES) sz(x)|“n|’]+2dx < Egn,b,p(”n) = d£’1<b/p) <0,

which implies that tfjgn(b, p) — 0 as n — co due to Lemma 3.1. Similar to the argument of

Lemma 3.3, we can obtain that 1y # 0 and ug is a minimizer of d% (b, p).
4

We finally show that dz(b, 4s) admits no minimizer for any p > 0.
Indeed, Lemma 3.2 shows that d%(b, 4s) has no minimizer for any B > B4s. Suppose that

there exists some B < ﬁ4s such that J};(b, 4s) has a minimizer uy € M. By Lemma 2.1 and
Lemma 3.2 and (F;), we have

L Aiug| dx+ 0 INETN i
— - 2 —_ — 2
2 Jpa |8 ”0’ x+4_</]RZ’( ) ”0’ x)
— :B f(x)|u0|2+4sdx< ﬂ / |u0|2+4sdx
2+ 4s Jr2 — 2+4s Jre
< b A)iuo|* :
— — 2
<2 (/IRZ (—=4) Mo‘ X> ,
which implies that uyp = 0. This is impossible due to ug € M. Hence, dg(b,éls) has no
minimizer for any 8 > 0. O

4 Existence and nonexistence for (1.2) with V(x) £ 0

In this section, we prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. For any fixed p > 0, p € (0,4s), and u € M, by using (1.11) and Lemma

2.1 and (F;), we obtain that
b s
i Ui
b
4 2

2+V(x)|u|2>dx+ </1R‘(—A)3u
-Gy e [0 05
/

which implies that dﬁ(b, p) > —oo, since L € (0,2). Let {u,} be a minimizing sequence of

2 2
dx) — pf—Z ) lu|PT2dx
R

2 2
dx)

1 s
Eé,b,p(”) > 7 e (’(—A)zu

L (o

2
+ V(x)|u|2> dx +

Nlw

u

(=4)

dé(b, p). It follows that {u,} is bounded in E. Up to a subsequence, by Lemma 2.4, we may
assume that there exists u € M such that

U, -~ u inkE,
u, — u in L1(R?) for q € [2,2%).

Then, we can deduce that
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(—A)2u

2 2 2 2
dx> < liminf </ dx)
n—oo R2

/ V(x)|ul?dx < liminf/ V(x)|un|*dx.
R2 n—oo R2

Since f(x) € L®, we have

(e

and

< I flleo ot P*2 = u P72l 1,

[ Il =

by u, — u in LP*2, we deduce that
10272 — [u|PT2||;1 = 0 asn — oo,

thus, we obtain that

p+2 p+2
/]sz(x)|un\ dx—>/Isz(x)|u| dx asn — oo.

Hence, we get

df(b,p) = liminf B}, (uy) > E}, (1) > d}(b,p),

P 100
which means that u is a minimizer of d{;(b, p) for B > 0. O

Proof of Theorem 1.3. (i) For u € M,p = 4s, and s € (%,1), by Lemma 2.1 and Lemma 2.4, we
obtain that there exists a constant ¢ > 0 such that

f 1 s |2 ) b c 2 \?
E,B,b,‘ls(u) Z E R? ’(—A)ZM’ + V(X)|M’ dx+ i /IRz ‘(—A)Zu dx
_ ﬁ |u|4s+2dx
4s +2 R2 (41)

1 s 545 — 5 5,12 ’
>~ —A)2u* 4+ V(x)|ul?) dx + 22 / —A)2u|"dx
> 5 fro (R P+ VEIP) dx i ([ 1(-8)F
> cllulz=¢ >0,

which means that d/fg(b, 4s) > 0. Let {u,} be a minimizing sequence of df;(b, 4s), then (4.1)
shows that {u,} is bounded in E. Similar to the proof of Theorem 1.2, we can conclude that
dg(b, 4s) has at least one minimizer if 0 < B < Bys := 4[| Qus |-

(ii) Choose a non-negative cut-off function 7 € C°(R?) be such that 7 = 1 on B1(0),77 =0
on R?\ B»(0),0 <7 <1,and |Vy| < 2. For xg € R, 7 > 0, let

AT (x—xo
Qul2" \ " ©

where A, > 0 is chosen so that HuTH% = 1, since the polynomial decay of Qys, such that

u(x) :

) Qu (= 30)),

HQ4SH%

Al =
Jra 1 (72) Qis(x)dx

=14+0(t*%) ast — oo, (4.2)
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which implies that
lim A2 =1. (4.3)

T—00

From (2.2), (4.3), and Lemma 2.1 and Lemma 2.7, suppose that f(x) satisfies (F;)-(F,) and
V(x) satisfies (V1), it follows that

/ (=) 3 Pdx = A%Tzs/ |77(X/T2)Q4s(x)—U(y/TZ)Q4s(y)|2dxdy
R? R4

Qa2 x — y|+es
- ||/g4j|55 </Rz [(=8)2QusfPdx + o<r88>) (44
= A%TZS +0O(t 65) as T — oo,
/]sz(X)luT|2+4s _ HAQiT\s;;/W s (%) 2445 1 f (% +x0> i
= fougre o (o) Qi o
[ (5) et (1- £ (2 ) dx> (4.5)

bA2+4s 4s 241 A2+4s 4s
> T T ( + 5) s 2T4 Qﬁ;%S(x) (1—f<£+xo>)dx
4P s 1Qus I3 Jr2 T

+ O(T’4’2OS’1652) as T — oo,

and

AZ
1Qus113
By B > B4s and (4.3)—(4.6), suppose that f(x) satisfies (F;)—(F.), we obtain that

/]R2 V(x)uldx = /]R2 % (% + xo) n? (%) Qi (x)dx =0(1) as T — co. (4.6)

dl(b,4s) < E/

1 b
p phas(tir) < SATTE 4 T8 < ai_ P A%+4s>

ﬁ4s

e oo Q00 (15 (F20) 0 o1

1Qus 2+ Jre

— —00 as T — o,

_|_

which implies that dé(b, 4s) has no minimizer if § > Bus. O

5 Concentration behavior under general trapping potential

In this section, we investigate whether new phenomena arise when p = 2s and b — 07.

Theorem 1.1 shows that cpg(b, 25) admits a minimizer if and only if B > B* := ||Qas||3*. Setting
p = 2s in (2.2), it follows that

(6 = [,

We establish several energy estimates, which play a key role in the proof of the concentration
behavior.

(~8)iQu[ dx = [ 10afdx = — [ Qa2 6.1
2s R 2s s+1 Jre 2s . .
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Lemma 5.1. For any 5 > B* and p = 2s, suppose that we have f(x) satisfies (F;), we have

dj/;(b 2s) > ——(ﬁ—f) if f(x) satisfies (F,), there exists a set of trial functions, u; € H*(R?),
such that

_p*\2
(b, 25) < —% (5 ﬁf > + o).

In particular, we have

2
d(b,25) = —4179 (5 ;f ) .t oo (5.2)
Define
Xp = 'Bl;%f .

Proof. For any u € H*(IR?) with ||u||3 = 1, by using Lemma 2.1 and (F;), we have that

E] ! syl dx+ 2 syl dx) - F 224
b0 =5 [ o)t ax g ([ |8yt dx) = 5B [ polui 2
1 ;)2 b .2\ B )
> - —_A)2 bl _A\3 _ s+2
> 2/1122 (=A)2u dx+4 (/ (—=A)zZu dx) %12 ]R2|u\ dx
b s 2o\ BB P
> — .
Z </}R2 (—=A)zu dx) % /IRZ (—A)2u| dx
Let . §
I(x) := fxz—ﬁ_f X, x € [0,400). (5.3)

It is easy to see that I(x) attains its global minimum at x, = £ b;f This implies that

of B—F"

fios -5 (5E) -
Now, we set

u(x) = Qgs(tx) t>0,

‘B*

then we have ||u;||3 = 1. By (5.1), it follows that

s 2s
felorlan =5 e

s 2
(—A)szs] dx = t* (5.5)

£2s X
24-2s _ i 2428
/]sz(x)\utl dx = i /]sz(onr t>|Q2s| dx
s 2s

= (ﬁ:;—ki /]R2 ’Q25|2+25dx — (‘B:)H‘l /]R2 (1 —f (xo + %)) |st|2+25dx,

By Lemma 2.1 and g € (0,4s* + 4s + 2), suppose that f(x) satisfies (F,) , we deduce that

o) =o () ot
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and
/}Rz |Qaa T 0(|x|7%)dx < oo,

which means that

(1+ )t

[ F ol = (ﬁ*t;;l (71 = SO (59
Then,
d(b,25) < Bl () = Zt‘“ - ﬁzﬁf 2L 0(H) = I(#) + O(t™).
Lett = (xb)%, it follows that
d‘g(b,zs) <I(xp) +O(t71) = —4179 <5 ;f*)z +O(t™). (5.7)
Combining (5.4) and (5.7), we obtain that (5.2) holds. O

Lemma 5.2. For any given p > B*, suppose that f(x) satisfies (F1)—(F,) and V (x) satisfies (V1), let
uyp is a non-negative minimizer of d{a(b, 2s). Then, we have

0 < d}(b,25) —dg(b,25) =0, asb— 0",

V(x)|up|?dx — 0, asb — 07,

=

R2
/2(1 — f(x))|up|**?dx — 0, asb— 0.
R

Denote
dg(b,2s) := inf {Eﬁ,h,ZS(u) TuE HS(]RZ),/ lu? = 1}
R2

2dx+§ </1Rz’(—A)

Proof. Since (F;) and (V1) holds, for all u satisfies ||u||5 = 1, we have

1
2 Jr2

Nl

; 2 \?
(—=A)zu u dx) __B lu|*+2dx.

E.B,b,ZS(u) = 25 +2 Jr2

o ;B 2542 _ .B 25+2 2542
35 12 Jgof DNHIT = =575 J 1 2s+2 ) [ul =" dx
and
By 0) = Bpuas) + 5 [ VO luldx+ 5B [ (1= f) 2y 2 By ()
B,b,2s B/b,2s 2 Jre 25+ 2 Z Lppos\U),
which means that
d}(b,25) > dp(b,25). (5.8)

Let ¢ € CP(R?) be the cut-off function given in Lemma 5.1 of [10], satisfying ¢ = 1 on
B1(0), p =0 0on R?\ By(0),0 < ¢ <1, and |V¢| < C. For a fixed xg € R?, we set

() = Aup (5, (5= 30) ) mu(x = x0) = Ab(g”)l¢(xb?<x—xo>)gzs (3 =),
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where 7, (x) is the unique non-negative minimizer of dg(b,2s) and A, > 0 is chosen so that
[|41p]|3 = 1. Then, we deduce that

_5_
0<A2Z—1<Cx," ° asb—0" (5.9)

A direct computation shows that

.B 25+2 .B ~ 12542
t12 Rz‘”b‘ dx %12 ]R2f(x)|”b| dx
1 A 12
+§ - V(x)|h,|"dx

.2 .2 1
/ (—A)z2iy| dx —/ (—A)fﬂh‘ dx < Cx,* asb— 07, (5.10)
R2 R2
s 12 \? s 12 \? _1
</ (—A)3a, dx> - </ (—a)im| dx) <Cx,* asb— 0%, (5.11)
RR2 R2
/ |22 dx = / @22 dx - Cxy 0T ash - 0%, (5.12)
R? RR?
/2 V(x) |22 dx = V(xo) +0(1) = 0(1) asb — 0*. (5.13)
R

We now estimate
- 12542 7. A 12542
o w2 = [ o) a2,
By (5.12), it suffices to estimate

[ 2= [P +2dx,

Since f(x) satisfies (F,), there exist constants C > 0 and p > 0 such that, for |x — x| < p, we
have

0<1—f(x) <Clx—xo|17%,

as b small enough, we can deduce that

supp iy C By (x0),

0< /2 (1—f(x)) |ﬁb|25+2dx < C/2 x — x0|‘7+25 mh‘25+2dx
R R
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and

C [ lx = ol |, ax
R2
2542

X 2 _2 1
— C/z |x _ X()|q+25A§S+2 (Igi> q)ZS-‘rZ <xb 5 (x _ x())) %2—1-2 (xgs (x _ x())) dx
1
<C [ = ol Qg ( (x— x0>> .

— C/ —% xq+25Q25+2( )dx.

By the proof of Lemma 5.1, we have

/IRZ X125 Q252 (x)dx < oo

and

_ 2542 -k
0< [ (1= fE)[i[*Pdx <O (x,*),
for B > B* and b — 07, such that x;, — oo and
/zf(x) Iy |+ dx = /2 |2 dx +o(1) asb — 0O*. (5.14)
R R
From (5.9)—(5.14), we can deduce that

0 < d}(b,25) —dg(b,25) 0 asb — 0" (5.15)

Letting u; is a non-negative minimizer of djl;(b, 2s), such that

450,25) = By () = Bppas ) + 5 [ Vluix+ — F(x)) 2,

25+2

with Eg 0. (u) > dg(b,2s), we have

dé(b,2s) d‘g(b 25) % (x)|ub|2dx+ _f(x)) ‘ub‘Zs-i-de

25 +2 JRr2 (
by (5.15), it follows that
/2 V(x)|up|?dx -0 asb— 0"
R

and
/2 (1— f(x)) lup/*?dx -0 asb—0".
R

which means Lemma 5.2 holds. O

Lemma 5.3. For any given B > B*, suppose that f(x) satisfies (Fy)—(F,) and V(x) satisfies (V1),
and let uy, is a non-negative minimizer of dg(b, 2s). Then, we have

Jrz | (= ”‘b‘ dx 1 and Jre f( |”b|2+zsdx 1+s

asb — 07,
Xp Xp ;B*

where xy, is defined in Lemma 5.1.
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Proof. For any u be such that [|u||3 = 1, it follows from (F;) and Lemma 2.1 that

2

25+2 2542 5+1/ s
x)|u dx</ u dx < —A)2u| dx,
Jo FCMuPr2de < [P < o= [ ]-a)
then
2
/ E NEE b / Al 1/ 2
Egpas(u) 2 5 | |(=4)zu dx+4<]R2 (=8)uf dx ) +5 | V(x)lul*dx
.2
- Stl (—A)2u| dx
235+2 B Jre

()

=1 (s 2dx>2—5;f I8
:I</1Rz ) / (x)|u|2dx,

where I(x) is defined in (5.3) and I,,;;, = I(x}). Then, let u = u;, we obtain that

dx—|—2/ (x)|u|?dx

#(b,25) = Ef 5 (1) > 1 (/}RZ (=)0 dx) 5 / x)|up|2dx
(5.16)
> ] </ (—A % ‘ dx>
R2
From Lemma 5.1 and Lemma 5.2 in [10], it follows that
d}(b,25) = dg(b,25) + (1) < I(x;) +0(1) asb— 0. (5.17)

Suppose, by contradiction, that there exists v > 0, v # 1, such that

S [ (=) 310, dx
Xp

— 9 asb—0".

If v € [0,1), then there exists a subsequence {b;}, by — 0 ask — oo. Let € (v,1), for k
large enough, we have
8

(~8)iu,

and

I(/IRZ

with (5.16) and (5.17), we can get that

I(6xp,) <1 (/11.{2

which gives a contradiction by (5.18). Similarly, we can also get a contradiction when > 1.
Hence,

2dx> > h(6xy,) > I(x,), (5.18)

(—8)2u,

de> < al(b, 25) < I(x,,) +0(1)

k

Jre | (=8) 3w dx
Xp

d;;(b,zs):;/wj( A)du ‘dx+Z</le‘( A)u \dx> 2/ %) up|2dx

o :B / 25+2
25+2 ]sz(X)‘MH d'x’

—1 asb—0". (5.19)

Since
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then, we can deduce that

df;(ms)—z(/w‘( A)iw| dx>:2§*/Rz

o :B / 2542
25+2 ]sz(x)’ub’ dx’

A)iu ‘ dx—|—2/ x) |y |2 dx

by Lemma 5.2, we have

dé(b,Zs)—I(/ ’(— A)iu ‘dx>—>0 asb—07.
R2

Then,
p / 2542, P / s / 2
%12 sz(x)]ub] dx = 26 Jye )2u ’ dx—|—2 x) |up|“dx
(4 _ 5
(dﬁ(b,ZS) I (/Rz ’( Viu ‘ dx))
_ B / 5 +
= g7 o [0V ]dx+o() asb— 0"
Since (5.19) holds, we obtain that
2+25d
Jra SOOI " dx Lts b0t (5.20)
Xp ,B
which means Lemma 5.3 holds. O

Lemma 5.4. For B = B*, suppose that f(x) satisfies (F1)—(F,) and V(x) satisfies (V1 ), and let uy, is
a non-negative minimizer of dé* (b,2s). Then, we have

dl,.(b,2s) —>d£*(0 25)=0  asb— 0%,

/ (=A)2u ’dx—>+oo asb — 07,
2

</ ‘ Zub’ dx) —0 asb— 0T,

V(x)|up|*dx — 0 asb — 0.

Proof. From Theorem 1.1 in [12], we know that 4’ .

5 (0,2s) = 0. By Lemma 2.1, we have

@ (b,25) = E}. (1)

) RV . (5.21)
> — 7 — =
_4</Rz (—A ‘ x> —|—2/IR2V(X)|uh| x> dl.(0,25) = 0.
For fixed xp € R? and 7 > 0, define
T
ur(x) = Aqu)(x — x0) Qs (T(x — x0)), (5.22)

where ¢ is given in Lemma 5.2 and A; > 0 is chosen so that [uz]|3 = 1. By Lemma 2.1, we
deduce that )
oo 03

T e e? (7) Qx)dx

=140(t7 %) asT — oo. (5.23)
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From (5.1), (5.23), and Lemma 2.7, it follows that

Je

2
A)%uT dxdy

(_

2 A%TZS/ |9 (£) Qas(x) — ¢ () Qas(v)]
R4

= x — y[2+2s

N
Tzs s
< onle (/Rz (=A)*Qa

<C(TE4+71%) asT— oo,

2dx+O(T_4S)>

from Lemma 2.1 and Lemma 2.2 and (F,), we can deduce that

1

Py 2 — B 2+2s
2 Jre (—A)2u.| dx %12 ]sz(x)\uﬂ dx
Tzs . 5 1 .
ST —A)2 — e 2+2s _4s
= 2[[Qu 2 </1RZ (—=A)2Qas| dx 1+S/1sz<xo+r> 10|72 dx + O(t ))

2] Qa3 \1+s

2s X s —4s
s oioats U (17F (0 2)) 10P a0

<Ct %) L Ct% as T — 0.

Moreover, by a direct computation, we deduce that

IR (;‘) [ov(Eem) g (Y) Qb

=V(xo)+0(1) =0(1) asT — oo,

where 0(1) — 0 as T — co. From (5.24)—(5.26), it follows that

0<df

B* B*,b,2s

Letting T = b=% and b — 07, then (5.27) shows that

0<df

5(0,25) >0 asb— 0t.

Hence, (5.21) implies that

b</}Rz

We next show that

N|»

2 2
(—A) ub‘ dx) — 0 and /]RZV(x)|ub|2dx—>O asb — 07

Jo

. 2
(—A)fub’ dx — +o0 asb— 0.

(b,25) < EL. ., (1z) < Ch(T™% +7%) 4+ Cb+ Ct 2 + CT%2) 4 o(1).

(5.24)

™ 1 2425 1 * 2425 —4s\\ (5.25)
(1 a2 i [ f (50 2) IQaf ¥ax + 0 )

(5.26)

(5.27)

(5.28)

(5.29)

If (5.29) is false, then (5.28) shows that there exists a sequence of {b;} with by 5 ot
such that the sequence {u} is bounded in E, where uy := u;,. By Lemma 2.4, passing to a

subsequence, there exists 1y € E such that

U — ug inkE,
up — up in L1(R?) for g € [2,2}).
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Thus, it follows that

#4.(0,25) < Ef. g, (uo) < iminfEf. , () = lim df,

; (b, 25) = 0 = d}.(0,25),

which indicates that u( is a minimizer of & .(0,2s). This is impossible since Theorem 1.1 in
[12], which shows that (5.29) holds. O
Lemma 5.5. Let s € (3,1), and suppose that f(x) satisfies (F;)—(E) and V(x) satisfies (V7). For

any given B > B*, let uy be a non-negative minimizer of d{z(bk,Zs) with by X 0%. Then, there exists a
sequence {ye, }, Ro > 0, and a > 0 such that the function

wi(x) == exuy(exx + €xYe,), where € is defined by (1.13), (5.30)
satisfies
lim inf lw|?dx > a > 0. (5.31)
k—o0 Bg, (0)

Moreover, for any sequence {by} with by X 0%, there exists a subsequence, still denoted by {by},
such that zj 1= €yye, 5 xoand xo € R%is a global minimum point of V(x), i.e.,, V(xo) = 0. In
addition, for any p > 0 small enough, we have
X — Zg

€k

ug(x) = —wy (

Proof. We divide the proof into six steps.

> 50 for any x € B (xo). (5.32)

Step 1. Define @(x) = exuy(exx), where €, is given by (1.13). For g = B*, it follows from
Lemma 5.4 and assumption (F;) that

Sz f(x) |ug \2+25dx 2542 1 Jre V( x\uk|2dx

Jeo | (=) iufax P 2 2 o |(=8)u [ dx
g(fIRZ‘ (—8) 3| dx) d£ (br, 25)
4 Jre [(= %”k‘ dx f]RZ} Z”k‘ dx
s+1 ask — o
IB*
and
/ |w|2+25dx fIRZ |uk\2+25dx f]RZ \uk|2+25dx
R f]RZ} %”k‘ dx flRZ‘ - Z”k‘ dx’
then,
liminf | |@|* 5 dx > 5;1 > 0. (5.33)
— 00 R

For > B*, then Lemma 5.3 and (F;) shows that

Jie () Juge [P dx . 1+s

Xp :B*

as k — o

and
f]RZ ’uk‘2+25dx f]RZ ’uk‘2+25dx

/ |Zb|2+25dx — ,
R2 Xp Xp
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then, we obtain that
s+1

‘B*

Next, we show that there exists a sequence {ye,} C R? and Ry, a > 0 such that

> 0. (5.34)

liminf | |@]* %dx >
k—oco JR2

lim inf || 2dx > a > 0. (5.35)

ex—0% JBr) (ve,)

Suppose by contradiction that for any R > 0, there exists a subsequence of {@;} such that

lim sup | @y |*dx = 0.
_>°°y€IR2 Br(y)

From Lemma 2.6, we get that @y 5 0in L"(R?) for 2 < r < 2f. Hence, Wy 5 0in
L**25(IR?), which contradicts (5.33) and (5.34). Therefore, (5.35) shows that (5.31) holds.

Step 2. By Lemma 5.2 and Lemma 5.4, it follows that
/2 V (x)|ug|*dx = /2 V(exx + exye,)|wil?dx — 0 ask — oo,
R R
which implies that

0 =liminf | V(exx + exye,)|wy|*dx > liminf V(exx + exye, )| wi|*dx.
k—oo JR2 k—eo  JBg,(0)

Since V(x) — oo as |x| — oo, (5.31) implies that {€xye, } is bounded in R?, and passing to

a subsequence if necessary, there exists a xg € R? such that z; := €;ye, X xo. By (5.31) and
Fatou’s lemma, it follows that

lim inf . V(exx + exye, ) |wi|*dx > V(xo)/ ( klim lw|?dx > V(x)a,
R B

k—o0 —0
Ro

which implies that V(xp) = 0.

Step 3. Since uy, is a non-negative minimizer for dg(bk, 2s), we have

2
<1 + bk/2 ’(—A)Euk‘ dx> (=A)ug + V(x)ug = BF()|ug® ™ + Ay in R?, (5.36)
R
where A, € R is a Lagrange multiplier. Moreover, we also have

J;(bklzs) _1 <‘(—A)3uk’2+V(x)‘”k|2> dx+% (/]Rz

=3 Jre

:B / 2542
s [ f )l

c2 0 \?
d (—A)‘zuk] dx)

(5.37)

and

Ak:/]Rz (‘(—A)Suklz—kV(x)]ukP) dx + by </}Rz’(—A);Mk‘zdX)Z—ﬁ/Wf(x”uk’ZHde- (5.38)



Concentrated solutions of fractional Kirchhoff equations 31

From (1.13), (5.37) and Lemma 5.4, we deduce that for g = 7,

Jo

e [ £ e+

. 2
(—A)fwk‘ dx:/ lwy|?dx =1,
R2

o+1 (5.39)

‘B*
From (1.13), (5.30), and Lemma 5.3, we obtain that for g > %,

/2 lwy2dx = 1,
R

=)

as k — oo.

‘(—A)iuklzdx

Nlw

2 . 2
wk’ dx:efs/2 ’(—A)?uk’ dx = Jr:
R

—1 ask—o0o, (5.40)

xbk
25+2d
eI%S/ f(x)|uk!25+2dx: f]RZf(x)‘uk’ * — s+1 as k — oo.
R? Xy B
Hence, by (5.38)—(5.40), it follows that for any B > ¥,
Aed — —;/i as k — oo. (5.41)

Combining (5.35) with (5.41), we have

2
B s 2s
<1 + by /]R2 ‘(—A)Zuk‘ dx> (—A)wy + €°V(exx + €xYe, ) Wi (5.42)

= MePwy + Bf (exx + ekyek)wi”l in R?.

Since z; — xo, € — 0, and f is continuous, we obtain that for any fixed R > 0, it holds that

sup | f(exx + €xye,) — f(x0)| = 0,

|x|[<R
which implies that
f(exx + €exye,) LN f(xo) =1.
From (5.39) and (5.40), we deduce that {w;} is bounded in H*(R?). Hence, up to a subse-
quence, there exists wy € H*(IR?) such that

wy — wp >0 in H*(R?) as k — oo. (5.43)

By using (5.41)—-(5.43) and passing to the weak limit, we can obtain that wy(x) satisfies, in the
weak sense,

(=A)wp +swp = prwFEt! inR% (5.44)

It follows from (5.31) that wy # 0. Arguing as in the proof of Proposition 4.4 in [33], we
deduce that wy € C*(IR?) for some a € (0,1). Then, by Lemma 3.2 in [9], we have

5 _ 1 wo(x +y) +wo(x — y) — 2wo(x) 2
(=A)wo(x) = =3C | oy dy Vxe R

We next show that wy > 0. Suppose, by contradiction, that there exists xp € R? such that
wo(xp) = 0. Then it follows that

(—A)*wo(xo) = —swo(xo) + B*wg ™ (x0) =0,
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Since wy > 0 and wy # 0, we can deduce that

s o1 wo(xo +y) + wo(xo — y)
(—A)°wo(x0) = —5Gs e %o — g dy <0

which gives a contradiction. Hence, wy > 0 for all x € R2. Now, by (5.44) and the fact that
Q2s(x) is the unique positive radial solution of (1.10), it follows that

wo(x) = (;) ¥ Qau(lx—10|) for some yo € R2. (5.45)

A direct computation shows that

Je

Combining (5.39), (5.40) and (5.43), we obtain

.2
(—A)?wo‘ dx = /]RZ |wo |*dx = 1.

Wy — wy = QZSE‘;)_yOD in H*(IR?) as k — oo. (5.46)

Step 4. For k large enough, and f(x) satisfies (F;), it follows from (5.41) that
(—A)Ywe < Bf(x)w™ < pup™h. (5.47)
Next, we prove that ||wi |l < C uniformly for large k. Indeed, for « > 1and T > 0, let

0, t<0,
v(t) =< tP, 0<t<T,
pTP Y (t—T)+TP, t>T.

Since v is convex and Lipschitz continuous, we get
(=AY v(we) < v/ (we) (—A)wy, (5.48)

in the weak sense. Using the Sobolev inequality, (5.47)—(5.48), and the estimates v/ (wy )v(wy) <
pwi’g*l and wv' (wy) < pv(wy), together with integration by parts, it follows that

S

vl <€ [ || dx = C [ viw)(-a)yviwdr
< C/zv wi )V (wy) (—A) widx
R
< C/ v(wi)v' (wy) Bwisdx
R2

<c [ vw)v'(w) (1+wf ) dx

=C (/ v(we)v' (wy) dx+/ (we)v' (we)w; 1dx>
<Cp </ wit” 1dx+/ is*de> .

(5.49)
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Since p > 1 and that v(wy) is linear when wy > T, we deduce that

2 2 -2 2 2*
dx = [ 2
Joo W@ = )P R [

< T2p’2/ wi:dx + C/ wi:dx < +o00,
RR2 IR2

*2dx is well defined for every T.

(v(wk))2 wi* 2dx

which implies that [p, (v(wy))*w
Now, we choose p in (5.49) such that 2p — 1 = 2 and define p; = % +1 . Let R > 0 be fixed

later, then by Holder’s inequality, it follows that
2 2 -2 2 2* 2 2 -2
w dx = / v(w dx—l— / w dx
/ (v(wg)) w {wk<R}( (wg))" w wk>R} (v(wi))"w

2
< R%1 / de
{w <R} W

*_

252 2
+ ax) ([ ot i)’
— w,* dx o v(wyg x| .

From (5.46), it follows that {wy} converges strongly in H*(R?), and hence in L% (IR?). Conse-

quently, there exists R > 0 sufficiently large such that
252 1
(5.51)

2% 2?;
°d < .
</{wk>R} “k x) ~ 2Cp

By (5.49)-(5.51), we obtain that
2
(V(w"))dx> . (5.52)

2
2 & 2: 261
</}Rz(v(wk)) dx) <2Cp (/wwkdxﬂz /R o

(5.50)

According to the fact v(wy) < w,’fl and letting T — oo, we know that

2
( wié‘mdx>2s < 2Cp (/ wdx + R% - /wsdx> oo,
R2

which shows that
wy € L= (R?). (5.53)

Suppose that p > p;. Letting T — oo in (5.49), we can see that

2
( 2wi:pdx>zs<Cp</ w2p 1dx—|—/ wZPJr2 24 >
R

(5.54)

Set
wi’ = wiw},
where 1 = % Efj 1)) and b = 2p — 1 — a. Moreover, p > p; implies that 0 < a,b < 2}, and by
using Young's inequality, we have
2b

2p 1dx< —/ wksdx—i— a/zw,?*”dx
R
/ wk*dx—i—/ w2p+2 de

<C <1+/ wierzS_ dx> )
]RZ

R2
(5.55)
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It then follows from (5.54) and (5.55) that

2
2% p 2% 2p+425—2
( - wy dx> <Cp <1 + /]R2 w dx) , (5.56)

which implies that

1 1
2 p 25 (p-1) 1 2p+2F -2 2(p-1)
<1 +/]RZ w), dx) < (Cp)2r-1 1+ o Wi dx :

Iterating this argument, we deduce that

1 1
2%y, 25 (pi1-1) 1 2%y, 2(p;—1)
(1 Jr/]R2 wksp’“dx> i < (Cpip1) @D (1 +/]R2 wksp’dx ,

where ,
* * 2* l
2piv1 +2i—2=2fp; and p;1= (25> (pi—1)+1.

Let Ci11 = Cpiyq and
1
g * o 2% (pi—1)
ui = (1 +/ wispzdx> P .
R2

Hence, there exists a constant C > 0 independent of i such that

i+1 1
Ui <TTC" " < cuy,
i=2

which shows that
|lwklle < C  uniformly for large k.

Step 5. We prove that wy(x) — 0 as |x| — co uniformly for large enough k.
We rewrite problem (5.42) as follows:

(—A)*wy +wy = I (x) in R?,

where

—€XV (€xx + €xYe, )Wk + A€Wy + B (exX + €xye, )i !

s 2
14 b [go [(—A)2ug|” dx

By Step 4, it follows that iy € L*(R?), and {h} is uniformly bounded for sufficiently
large k. Using the interpolation inequality and the strong convergence of {wy} in H*(IR?),

we deduce that iy — h in L1(IR?) for any q € [2, +0), where h € L1(IR?). Hence, by [12], it
follows that

he(x) = wi +

w(x) = [ K(x—p)(v)dy,
where K is a Bessel potential and it satisfies the following:

(K1) K is positive, radially symmetric, and smooth in R? \ {0}.

(KC2) There exists C > 0 such that K(x) < IJC\Z% for x € R?\ {0}.

(K3) K € L"(R?) forr € [1, ).
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For any ¢ > 0, we have

0 <wi(x) < [ K(x=)lhe(y)ldy

/|x y|>§} =)y )‘d]/—f—/{|x_y|<é}/C(x—y)|hk(y)‘dy_

By (K2), we have

1
[ K- plnlay < Clde [y
xX— x—y|>11 |[x — y|#Fs
{lx—yl=3} { y>§i\ vl (5.57)
< C¢g ———dy = C&.
(emviz}y T =y
On the other hand, by using Holder’s inequality and (K3), we deduce that
K(x = y)liny)ldy < [ K(x — y) | — hldy + K(x — y)|hld
/{|x—y|<;} (x = y) | (y)ldy tevi<h) (x—y)l |dy (eyi<h) (x —y)|hldy

L\ L\
S(/RZIICI dy> (/Rz|hk_h| dy>
1 3
+ / /c2d> / n2dy |
<1R2’ Iy ({x—y<g}|‘ Y

which implies that there exists Ry > 0 independent of { > 0 such that

A - K(x —y)|h(y)|dy < & uniformly for large k and |x| > Ry, (5.58)
X y<g

where we have used the fact s > 1 so that 2 < ;- and (f{‘x yi<t) |k dy) — 0 as |x| — oo.
It then follows from (5.57) and (5.58) that

0 < wi(x) < C(E* +¢) as |x| > Ry uniformly for large k,

which implies
wi(x) = 0 as |x| — oo uniformly for large k.

Step 6. We prove that (5.32) holds.
In fact, by Lemma 5.3 and Lemma 5.4, we obtain that there exists C; > 0 such that

s 12
1+ by / . ’(—A)fuk‘ dx < C; uniformly for large k. (5.59)
R
From Lemma 4.3 in [12], there exists a function ) such that
0 -
<SXS {7 X[

and

(—=A)x + P x =0 inR?\ Bg,(0),
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for some suitable constant R; > 0. Moreover, by Step 5, (5.41) and (5.59), we know that there
exists Ry > 0 large enough such that for large enough k,

sB sp
(—A)ka + = Wk < (—A)ka + - W
2C1B 2p* (1 + b [ [(—A) iuk‘zdx>

—€XV (exx + €xYe, )Wk + A€Wy + Bf (€xX + €xye, )T + ;ﬁﬁ wy

14 b [ |(— zuk\ dx

for |x| > Ry. Then, similar to the Proof of Lemma 5.6 in [33], it follows that

wi(x) < uniformly for large k. (5.60)

— 14+ ’x|2+25

For any x € B;(xo), we have

lx—z| _lx—x| _ o &
> > . 5.61
€k - 2 T 2¢ e ( )
From (5.60) and (5.61), it follows that
1 X — z 1 C
uk(x) = Wk ( ) < T 2%2s
€ €x € —
1 + xeka
1 C k
Zk 0 2425 — 0 Vx € B;(xo),
1+ %
which means Lemma 5.5 holds. O

Proof of Theorem 1.4. Set Z; a global maximum point of uy. Then, (5.36) and (5.41) show that

1
— 2s
uk(Zk) > <’8Ak) > Cé‘k_l.

Thus, Lemma 5.5 implies that Zy — x as k — 0. Let
Wy 1= ekuk(ekx + Zk). (5.62)

From (5.36), we have

<1+bk/

= A€Wy + Bf (exx + Zp) ot in R%

(-8 dv) (~8) @ + eV e+ ) (563)

Similar to the proof of Step 3 in Lemma 5.5, there exists a subsequence of {@}, still denoted
by {@y}, such that @ LR wp > 0, where W satisfies (5.44) for some f > 0. Now, we claim that

Wy — Wy in CIZC;‘E(RZ) as k — oo for some ¢ € (0,1). (5.64)
In fact, we rewrite problem (5.63) as follows:

—€2V (exx + 2 )Wy + AP Wy + Bf (€xx + Zp)wF

(—A)w =
1+bkf]R2‘ - ZMk’ dx

=: P(Zbk)
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For large k, similar to the proof of Step 4 in Lemma 5.5, we know that ||@|lc < C. Then,
P(@wy) € L*(R?) for large k. Applying Proposition 2.9 in [30], we have that for large k,

@kl cre(r2y < C ([ @klloo + |P(@)[|o) < C  for some & € (0,1). (5.65)
Moreover, by (V1), ||@k|l < C and (5.65), we deduce that

|V (exx + Z) W (x) — V(exy + Z) Wi () |

|V (exx + Zk)wkHCO,a(IR2) < C+sup

X#Y ’x - y‘(x
Vierx +zi) — V(ery + Zi) | | Dr (x
SC—l—sup‘ (ex x) (kya k)H k( )| (5.66)
XF#Y ’x - y‘
v .
+ sup } (exy + 2 ‘ {wk m — O (y)| for large k.
xyéy |x - y|
For any fixed R > 0, then we have
‘Wk(x)_w,f(y)‘ < CRI-*<C 1f]x—y]<R
’x - y’ 5.67
[0 (x) — D) 567
- <CR™*<C ifjlx—y|>R
[x =yl
From (5.66) and (5.67),
|V (exx + z'k)zkaCo/a(]Rz) < C for large k. (5.68)
Similarly, by (F;), we also have
@k llcoamey < C and || f(exx +Zk)zbis+l\|co,a(]Rz) < C for large k. (5.69)

Then, (5.68) and (5.69) show that ||P(@y)||cox(r2y < C for large k. Thus, by Proposition 2.8
in [19], we have that

k| cree 2y < C (Hwkum + HP(?I)k)HCo,m(]Rz)) < C forlargek, (5.70)
where @ = « +2s — 1. We now differentiate the equation to obtain
(=A) (@i)x; = P(@) (Wk ),

for i = 1,2 with P/ (@) = _eisv(ekﬁz")w‘keistﬁ f (f"x”")w%s. Clearly, (5.70) implies that
1+by f]RZ )(—A) fuk’ dx

(@) x| cvo(rey < C  and || P/(@)||cow(re) < C  for large k. (5.71)
From (5.70), (5.71), and (V;), we deduce that

[V (exx + Z) (i), | cow oy = SUP |V (€rx + Zi) (@), (5.72)

|V (exx 4 i) Dy (x) — V(exy + z) DWi () |

+ sup o
s |x =yl
< C o |V (exx +2x) — V(exy + )| | Dy (%) |
R [x =yl
1 %) || D@ (x) — D@
+sup |V (exy + i) || Dx(x) 2k (y)| < C for large k.

x#£Yy |x_y|a
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Similarly, by (F;), we also can obtain that
Hf(ekx + Zk)zbis(zbk)xi ch(Rz) < C for large k. (5.73)
Thus, by (5.72)—(5.73) and Proposition 2.8 in [30], it follows that for some J € (0,1),
(@) || c1smey < C ([[(@0)x |, + 1P (@) (@), || ,) < C for large k,

which implies that ||@ | 2¢(r2) < C for large k. Therefore, (5.64) holds.

Since x = 0 is a critical point of @ for all k, it follows from (5.64) that x = 0 is also a
critical point of @y. By Lemma 2.1, Qx(x) is radially symmetric about the origin and strictly
monotone with respect to |x|. Hence, @y attains its unique global maximum at x = 0 and

an(x) — 222005
(8)

W=

S

1
Combining @y > (2;3* )* at each global maximum point and @y decays to zero uniformly in k

as |x| — oo, we get that each global maximum point of @ stays in a finite ball in R?. From
(5.64) and that the origin is the only critical point of @, then all global maximum points of
{@} must approach to the origin and, hence, stay in a small ball B,(0) as k — co. Let p > 0
small enough such that @( (1) < 0 for 0 < T < p. By Lemma 4.2 in [27], we know that {@}
has no critical points other than the origin. Hence, we can deduce that {u;} has a unique
global maximum point z; € R? and z; concentrates at a unique global minimum point of
potential V(x) as k — oo. O

6 Concentration behavior under homogeneous potential

We first derive a detailed estimate of the energy d’;* (b,2s) asb — 0.

Lemma 6.1. Suppose that f(x) satisfies (Fy)—(F,) and V (x) satisfies (V1) and (1.15) and (1.16) hold,
then we have

L. (b,2s 7
5 ( )<17+4s (1790>7+4 1 1 6.1)

lim sup <
b0t biE 47\ 2 ()7 s7+8

where 1 and 0y are given by (1.18) and (1.19), respectively.

Proof. Take xo € Yy and yy satisfying M;,(yo) = 6o. Let i be given by (5.22) with xg = x;, + 2.
By direct computation, we deduce that

2, B o
/]R2 V(x)|ucl"dx = e (1+0(1)) asT— oo. (6.2)

By (6.2) and (5.24)—(5.25), we conclude that

— B (1401)). 63)

2(p) o

d}.(b,25) < Ef. o (1) < Zr‘“ +ChT ¥4+ Ch+ Ct ¥ +Cr @) 4
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Take 7 = [+ L - ] T ,and then, T — o0 as b — 07. Thus, it follows from (6.3) that

2sb(B*)
4. (b,25) < i(fwﬁl<;>mgﬁ%mk
+ 717 (;7290)1711 <‘Bl*> & STIELTE + ChT'F  as b — 0t
which implies that (6.1) holds. O

Proof of Theorem 1.5. For B = B*, let u; be a non-negative minimizer for dé* (bk,2s) and @y be
defined by (5.62), where by — 0. From Theorem 1.4, we know that u; has a unique global
maximum point Z; € R? such that Z; — xq as k — oo with V(xg) = 0. Assume that xo = x;,
for some 1 < ip < m. Next, we prove that

i, =7 and {Zk;kxlo} is bounded, (6.4)

Zk— xlo

where € is given by (1.13). In fact, if (6.4) is false, then we have 7;, < 77 or limy_, ]
+o00. By using (1.12) and (1.16), we can deduce that for any T > 0 large enough,

1mmi/v@mmx
IR2

k—oo €

= liminf ! / Viewx +2) Vi, [ x+ 2~ Xip || 2dx > T.
ko0 €’7 To Jr2 Vi, (€xx + 2 — xj) €k -

By Lemma 2.1 and Young’s inequality, we have

7 i
bk + Te k > CT,7+4<b]¢(7+74:,

f _rf
d/g*(bk/25> = Eﬁ*b ZS(uk) = 4 4s 5

which gives a contradiction by Lemma 6.1. Hence, (6.4) holds. Passing to a subsequence, we
may assume that there exists vy € R? such that

Zk — Xj,

— 1Yo ask — oo. (6.5)
Y
€k

From (1.12), (1.16), and (6.5), it follows that

lim infl / V(x)|ug|?dx = liminf Vierx j_ %) Vig [ x + 2 T xiO) || *dx
k—s00 (—;Z R2 k—oo  JR2 Vi (€xx + Zx — Xio) €x 6.6)
1 / 2 0; 6o ‘
= Vi (x + 10) Qaedx > —5 > :
1 1 S 1 1
(p)s Jre (B): — (B):

By using (6.6) and Young’s inequality, we deduce that

Ui
f _f bk 90€k
dy. (b, 25) = Eg. o (k) > 4k + PRy, (1+0(1))

4
1]+4s S 17+4s

(8
4s % 1
L W2>H ——(1+0(1),
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which implies that

. (by, 2s oE
p (B 25) o+ 4s <1790>11+4 1 1 67

lim sup —_—
l - 4 4s
k—o0 b}v{7+4s 477 2 (ﬁ*) 7t gt

where the equality holds if and only if 0;, = 6y, M;,(yo) = 6o, and

lim ? =1, where & is defined in (1.22). (6.8)
k—o0 €]
By Lemma 6.1, we have that
, d]/;* (bi25)  p+4s (g \TF 1 1
lim 7 = — — (6.9)
k—o0 b};ﬁ»ﬁ 417 2 (‘B*)m gntas

which implies that all inequalities in (6.6) and (6.7) become equalities and M;,(yo) = 6y = 6;,.
Therefore, (1.12) and (6.8) yield (1.21), while (6.5) implies (1.23). For g > p*, we take x;, € Yo
and yo satisfying M;,(yo) = 6. Set

_2
ar(x) = Arp <xbks (X — Xjy — 5ky0)> iy (x — Xjy — ékyo),

where i} := i, and ¢ are given in Lemma 5.2, respectively, and Ay > 0 is chosen so that
|4k|3 = 1. By (1.22) and definition of x;, we get that x;, = ék’zs. Similar to (5.10)—(5.11) and
(5.13), it then follows from (5.16) and the dominated convergence theorem that

- . ~ _ 1 .
A5 (5, 25) = dp(b1,25) < Bl 0.(0) — Egpas() < 5 [ V(x)I8p P + (1)

~1 ~ ~
_ & V(&kx + xi, + &Yo) , 2025\ 2
=3 e Vi g Vo T @D () -+o()
~i79
— ¢ (1+0(1)) ask— oo,
2(B*)+
which shows that p }
d;(bg,2s) — dg(by,2s
lim sup ﬁ( ¢ )~17 b 29) < Ll T (6.10)
k—o0 € 2(B*)s

Denote 1y be a non-negative minimizer for df;(bk, 2s). From Theorem 1.4, we know that 1

has a unique global maximum point %, € R? such that Z; — xo as k — oo with V(xp) = 0.
Assume that xg = x;, for some 1 < ip < m. From (1.12) and (1.16), it follows that

4L (b, 25) — dg(by, 25
liming 2 )~n B0 25) | iming 1,7/ V() | P
k— 00 & k—co 2€k R2

1 V(e Ze — Xip + X 2k — X
= liminf —— / (ekij 2k ~x10 +XZO)Vi <X+ M’) |y |2 dx.
k—o0 28] o JrR2 V (Exx + 2 — xio) €k

Zk—x;,
g

k
By passing to a subsequence, we may assume that there exists y9 € R? such that

Thus, similar to (6.4), we can also obtain that 7;,, = # and { } is bounded sequence.

Z";ixo S yo ask — co. (6.11)
k
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By (1.12), (1.16) and (6.11), we deduce that

Al (b, 25) — dg(by, 25
hminfﬁ(k ) — dg(br )> 1

0; 0o
k ) - x)1 . 2
e €y 2(p*)s

T = T/
2(B*)s  2(B*)s
where (6.12) becomes equalities if and only if 6;, = 6y and M;, (yo) = bo. Clearly, (6.10) and
(6.12) show that

[ Vil +v0) Qx> (612)

dp(by,25) — dp(bi25) gy
lim =7 = 17/
k—o0 € 2('8*)3

which implies that (6.12) becomes equalities. Therefore, (6.11) shows that (1.23) holds. O
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