
Electronic Journal of Qualitative Theory of Differential Equations
2026, No. 36, 1–44; https://doi.org/10.14232/ejqtde.2026.1.36 www.math.u-szeged.hu/ejqtde/

Concentrated solutions to fractional Kirchhoff
equations with inhomogeneous perturbation

Lei Zhang, Yilong ChenB and Haibo Chen

School of Mathematics and Statistics, Central South University, Changsha 410083, P.R. China

Received 9 March 2026, appeared 10 August 2026

Communicated by Maria Alessandra Ragusa

Abstract. This paper is concerned with normalized solutions for a class of fractional
Kirchhoff equations with an inhomogeneous perturbation in R2. We study the con-
strained minimization problem associated with the corresponding nonlocal energy
functional under a prescribed L2-mass. The interaction between the Kirchhoff term,
the fractional Laplacian and the spatially dependent coefficient f (x) leads to several
compactness and asymptotic difficulties. For the zero-potential case, we establish exis-
tence and nonexistence results for constrained minimizers. When a trapping potential
is present, we prove the existence of minimizers in the subcritical case and characterize
the threshold in the critical case p = 4s. In the mass-critical case p = 2s, we analyze the
concentration behavior of non-negative minimizers as the Kirchhoff parameter tends to
zero. We prove that the minimizers concentrate at global minimum points of the poten-
tial and, after rescaling, converge to the unique positive radial solution of the limiting
fractional scalar field equation. A sharper description of the concentration location and
the energy asymptotics is obtained when the potential is almost homogeneous near its
minimum points.

Keywords: limiting behavior, energy estimate, blow-up analysis, normalized solutions.

2020 Mathematics Subject Classification: 35B44, 35J20, 35J60.

1 Introduction

Fractional and nonlocal equations have attracted considerable attention in recent decades.
They appear in several models where the state of the system is influenced not only by local
variations but also by long-range interactions, such as anomalous diffusion, quantum me-
chanics, finance, phase transitions, obstacle problems and conformal geometry. From the vari-
ational point of view, these problems are naturally formulated in fractional Sobolev spaces.
In this setting, the lack of locality changes both the compactness mechanism and the scaling
properties of the associated energy functionals, and it often leads to concentration phenomena
which have no direct analogue in the classical local case. For general background and related
applications, we refer to [5, 7, 9, 19, 20, 26, 30].
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We also mention some recent works in fractional analysis which are related to the broader
development of the field. Commutator estimates for fractional integral operators on vanish-
ing Morrey spaces were studied in [29]. Fractional derivatives associated with the Riemann
zeta function and their relation with prime numbers were considered in [14], while hybrid
fractional differential equations involving proportional derivatives were investigated in [1].
Connections among fractional calculus, zeta functions and Shannon entropy were discussed
in [15]. Nonlinear fractional differential inclusions with a non-singular Mittag-Leffler kernel
were treated in [2]. These contributions illustrate different directions in current fractional
analysis and provide additional motivation for studying nonlocal variational problems such
as the one considered here.

In this paper we consider the following fractional Kirchhoff equation with an inhomoge-
neous perturbation:(

1 + b
∫

R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)
(−∆)su + V(x)u = β f (x)|u|pu + λu in R2, (1.1)

where s ∈
[ 1

2 , 1
)

, b, β > 0, λ ∈ R \ {0}, and p ∈ (0, 2∗s − 2) with 2∗s = 2
1−s . Throughout the

paper,the potential V(x) and the coefficient f (x) satisfy the following conditions:

(V1) 0 ≤ V(x) ∈ C1(R2), lim|x|→∞ V(x) = ∞, and infx∈R2 V(x) = 0 is attained.

(F1) 0 < f (x) ≤ 1, and there exists x̄ ∈ R2 such that f (x̄) = supx∈R2 f (x) = 1.

(F2) 0 < f (x) ≤ 1, x0 is a unique maximum point of f (x), and

1 − f (x) = O(|x − x0|q+2s) as x → x0,

where q ∈ (0, 4s2 + 4s + 2).

(F∞) 0 < f (x) ≤ 1, and lim|x|→∞ f (x) < 1.

For s ∈ (0, 1), the fractional Laplacian is defined by

(−∆)sv(x) = CsP.V.
∫

R2

v(x)− v(y)
|x − y|2+2s dy = Cs lim

ε→0

∫
R2\Bε(x)

v(x)− v(y)
|x − y|2+2s dy,

for v ∈ S(R2), where P.V. denotes a Cauchy principal value, S(R2) is the Schwartz space of
rapidly decaying C∞ function, Bε(x) is the ball centered at x with radius ε, and

Cs =

(∫
R2

1 − cos(ξ1)

|ξ|2+2s

)−1

.

For more details on the fractional Laplacian and related Sobolev spaces, see [8, 9, 34] and the
references therein.

We are interested in normalized solutions of (1.1), namely solutions obtained under the
prescribed mass constraint ∫

RN
|u|2dx = ∥u∥2

2 = 1.

Such a constraint arises in the mathematical description of nonlinear optics and Bose-Einstein
condensates, where the L2-norm of the wave function represents the optical power or the total
number of particles, respectively. Under this constraint, the parameter λ is not prescribed in
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advance but appears as the Lagrange multiplier associated with the mass constraint. Conse-
quently, the study of normalized solutions is closely connected with constrained variational
problems and provides useful information on the existence, orbital stability and concentration
behavior of ground states.

When s = 1, equation (1.1) is related to Kirchhoff’s model for the transversal vibration of
an elastic string,

utt −
(

a + b
∫

RN
|∇u|2dx

)
∆u = h(x, u), in RN ,

where u is the displacement, h is an external force, b is the initial tension, and a depends on
intrinsic properties of the string. Kirchhoff [18] introduced this model to describe the effect
of the change of the string length during oscillations. The presence of the nonlocal term∫

RN |∇u|2dx leads to the loss of locality in the equation. Since the pioneering work of Lions
[21], Kirchhoff-type problems have been extensively studied; see, for instance, [6, 11, 16, 17, 24,
28, 31, 32, 35] and the references therein.

Fractional Kirchhoff equations combine Kirchhoff-type nonlocality with the nonlocal dif-
fusion induced by the fractional Laplacian. Consequently, both the compactness properties
of the associated functional and the scaling behavior of solutions become more delicate, so
that their analysis requires variational techniques that differ from those employed for classical
local Schrödinger equations and standard fractional Schrödinger equations.

If the frequency λ in (1.1) is fixed, a classical approach is to search for critical points of the
functional J : H → R given by

J(u) =
1
2

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + (V(x)− λ

)
|u|2

)
dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

p + 2

∫
R2

f (x)|u|p+2dx,

where

H :=
{

u ∈ Hs(R2) :
∫

R2

(
V(x)− λ

)
u2dx < ∞

}
.

Here Hs(R2) denotes the fractional Sobolev space endowed with the norm

∥u∥2
Hs :=

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + u2

)
dx,

and
Ds,2(R2) :=

{
u ∈ L2∗s (R2) : (−∆)

s
2 u ∈ L2(R2)

}
denotes the homogeneous fractional Sobolev space with the norm

∥u∥2
Ds,2 :=

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx.

For s ∈ (0, 1), there exists a best constant Rs > 0 such that

Rs = inf
u∈Ds,2\{0}

∫
R2

∣∣(−∆)
s
2 u
∣∣2 dx(∫

R2 |u|2∗s dx
) 2

2∗s

.

Related fractional Kirchhoff problems have been studied in [3, 4, 13, 17, 23] and the references
therein.
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In the present paper we take a different point of view and study (1.1) through the following
constrained minimization problem:

d f
β(b, p) := inf

u∈M
E f

β,b,p(u), (1.2)

where

E f
β,b,p(u) =

1
2

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + V(x)|u|2

)
dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

p + 2

∫
R2

f (x)|u|p+2dx, u ∈ E.
(1.3)

Here

E :=
{

u ∈ Hs(R2) :
∫

R2
V(x)|u|2dx < ∞

}
, (1.4)

with norm

∥u∥2 =
∫

R2

[∣∣∣(−∆)
s
2 u
∣∣∣2 + (1 + V(x)

)
u2
]

dx

and

M :=
{

u ∈ E :
∫

R2
|u|2dx = 1

}
. (1.5)

The minimization problem is driven by the competition between the positive quadratic and
Kirchhoff terms and the negative inhomogeneous nonlinear term. By a scaling argument, one
can show that d f

β(b, p) = −∞ for p > 4s and b > 0, which motivates us to restrict our attention
to the range 0 < p ≤ 4s.

We first consider the case of zero potential. It follows from Theorem 1.1 and Remark 1.1
in [10] (see also Lemma 2.1 below) that the equation

(−∆)su +
p(s − 1) + 2s

p
u − 2s

p
up+1 = 0, p ∈ (0, 2∗s − 2) and u ∈ Hs(R2), (1.6)

admits, up to translations, a unique positive radial solution. We denote this solution by
Qp = Qp(|x|). Our first result gives the exact existence threshold when V ≡ 0.

Theorem 1.1. If V(x) = 0, p ∈ (0, 4s], s ∈
[ 1

2 , 1
)
, b > 0, f (x) satisfies (F1), (F2) and (F∞), define

β̂p =


0, p ∈ (0, 2s),

∥Qp∥2s
2 , p = 2s,

2∥Qp∥p
2

(
s

4s−p

) 4s−p
2s
(

sb
2p−4s

) p−2s
2s

, p ∈ (2s, 4s),

(1.7)

and

β̂4s =

{
b
2∥Q4s∥4s

2 , p = 4s and s ∈
( 1

2 , 1
)

,

bR2
s , p = 4s and s = 1

2 .
(1.8)

Then,

(i) Problem (1.2) admits a minimizer if and only if β > β̂p for p ∈ (0, 2s], or β ≥ β̂p for p ∈
(2s, 4s).

(ii) For p = 4s, problem (1.2) has no minimizers for any β > 0.
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For fractional Schrödinger equations with L2-constraints, Du, Wang, Tian and Zhang [10]
studied

e(a) := inf
u∈M

Ea(u), (1.9)

where the energy functional Ea(u) is defined by

Ea(u) =
∫

R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + V(x)|u|2

)
dx − a

1 + s

∫
RN

|u|2+2sdx, u ∈ E.

They proved existence for a ∈ [0, β∗) and nonexistence for a ∈ [β∗,+∞), where β∗ = ∥Q∥2s
2

and Q is the unique positive radial solution of

(−∆)su + su − |u|2su = 0, in R2. (1.10)

Moreover, under suitable assumptions on the local behavior of V near its zero set, they also
derived the concentration behavior of non-negative minimizers as a ↗ β∗. In the present
setting, the Kirchhoff term changes the scaling of the energy functional, while the spatially
dependent coefficient f (x) introduces an additional inhomogeneous effect. These features
make the variational analysis substantially more involved.

To state our remaining results, define

βp :=
b
2
∥Qp∥p

2 . (1.11)

We next consider the case where a trapping potential is present. The following two theorems
describe the existence and nonexistence of minimizers in this setting.

Theorem 1.2. Let p ∈ (0, 4s), s ∈
[ 1

2 , 1
)
, and b > 0. Suppose that V(x) satisfies (V1), f (x) satisfies

(F1) and (F2). Then, for any fixed β > 0, problem (1.2) has at least one minimizer.

Theorem 1.3. Let p = 4s with s ∈
( 1

2 , 1
)

and b > 0. Assume that V(x) satisfies (V1), f (x) satisfies
(F1) and (F2). Then the following statements hold:

(i) If 0 < β ≤ β4s :=
b
2
∥Q4s∥4s

2 , then d f
β(b, 4s) > 0 and problem (1.2) has at least one minimizer.

(ii) If β > β4s , then d f
β(b, 4s) = −∞ and problem (1.2) has no minimizers.

We next consider the mass-critical case p = 2s and investigate the limiting behavior as the
Kirchhoff parameter tends to zero. This regime is more delicate, since the associated fractional
Gagliardo–Nirenberg inequality is attained at the critical threshold.

Theorem 1.4. Let p = 2s , s ∈
( 1

2 , 1
)

and suppose that V(x) satisfies (V1) , f (x) satisfies (F1) and
(F2). For any given β ≥ β∗ , let uk be a non-negative minimizer of d f

β(bk, 2s) with bk → 0+ as k → ∞.
Then, there exists a subsequence of {uk} , still denoted by {uk}, such that uk concentrates at a global
minimum point x0 of V(x) in the following sense: for each large k , uk has a unique global maximum
point z̃k ∈ R2 and satisfies

ϵkuk(ϵkx + z̃k)
k−→ Q2s(x)

(β∗)
1
2s

in Hs(R2), (1.12)
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where Q2s(x) = Q(x) is the unique positive solution of (1.10), z̃k
k−→ x0 , and ϵk

k−→ 0+ is given by

ϵk =


(∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

)− 1
2s

, β = β∗,(
bk β∗

β−β∗

) 1
2s

, β > β∗.
(1.13)

Moreover, if β > β∗,then

d f
β(bk, 2s) = − 1

4bk

(
β − β∗

β∗

)2

(1 + o(1)) as k → ∞. (1.14)

To obtain a sharper description of the concentration point, we impose additional assump-
tions on the local structure of the potential V(x) near its zero set. In particular, we assume
that V(x) possesses exactly m global minimum points,

Y :=
{

x ∈ R2 : V(x) = 0
}
= {x1, x2, . . . , xm}, where m ≥ 1. (1.15)

Assume further that V is almost homogeneous of degree ηi > 0 near each xi, namely, there
exists Vi ∈ C2

loc(R
2) with lim|x|→∞ Vi(x) = ∞, homogeneous of degree ηi, such that

lim
x→0

V(x + xi)

Vi(x)
= 1, i = 1, 2, . . . , m. (1.16)

For i = 1, 2, . . . , m, define
Mi(y) :=

∫
R2

Vi(x + y)Q2
2s(x)dx. (1.17)

Set
η := max

1≤i≤m
ηi, Ȳ := {xi ∈ Y : ηi = η} ⊂ Y (1.18)

and

θ0 := min
i∈κ

θi, where θi = min
y∈R2

Mi(y) and κ :=
{

i : xi ∈ Ȳ
}

. (1.19)

Denote
Y0 :=

{
xi ∈ Ȳ : θi = θ0

}
. (1.20)

Under the above assumptions, the concentration location and the leading-order energy can be
identified more precisely.

Theorem 1.5. Under the assumptions of Theorem 1.4, suppose further that V(x) satisfies the additional
condition (1.16). Let uk and z̃k be obtained in Theorem 1.4, then we have

ϵ̃kuk(ϵ̃kx + z̃k)
k−→ Q2s(x)

(β∗)
1
2s

in Hs(R2), (1.21)

where ϵ̃k is given by

ϵ̃k =


[

2sbk(β∗)
1
s

ηθ0

] 1
η+4s

, β = β∗,(
bk β∗

β−β∗

) 1
2s

, β > β∗,

(1.22)

and x0 satisfies
z̃k − x0

ϵ̃k

k−→ y0, (1.23)
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with x0 = xi0 ∈ Y0 for some 1 ≤ i0 ≤ m, and y0 ∈ R2 satisfying Mi0(y0) = θ0. Moreover, if β = β∗,
we get

d f
β∗(bk, 2s)

b
η

η+4s
k

k−→
(

1
s

) 4s
η+4s η + 4s

4η

(
ηθ0

2

) 4s
η+4s

(
1
β∗

) 4
η+4s

. (1.24)

To provide a visual illustration of the concentration behavior established in Theorems 1.4
and 1.5, we present a schematic one-dimensional profile of the normalized minimizers in
Figure 1.1. As b → 0+, the profiles become increasingly localized near the concentration
point.

Figure 1.1: Schematic concentration profiles of normalized minimizers as
b → 0+

Throughout this paper, we use the following notation:

• For ρ > 0 and z ∈ R2 , Bρ(z) denotes the circle of radius ρ centered at z .

• The symbol ⇀ denotes weak convergence, and the symbol → denotes strong conver-
gence.

• Lq(R2) denotes the usual Lebesgue space with norm ∥u∥q :=
(∫

R2 |u|qdx
) 1

q , 1 ≤ q ≤ ∞.

• C, Ci (i = 1, 2, 3, . . . ) denotes various positive constants, which may vary from one line
to another and which is not important for the analysis of the problem.

The remainder of the paper is organized as follows. In Section 2, we collect some prelimi-
nary results. Section 3 is devoted to the zero-potential case and contains the proof of Theorem
1.1. In Section 4, we prove Theorems 1.2 and 1.3. Section 5 is devoted to energy estimates and
blow-up analysis, which are used in the proof of Theorem 1.4. Finally, Section 6 contains the
proof of Theorem 1.5.

2 Preliminaries

This section is devoted to several preliminary results that will be used throughout the sequel.
We first recall the fractional Gagliardo–Nirenberg–Sobolev inequality established in [10].
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Lemma 2.1. For u ∈ Hs(R2) and 0 < p < 2∗s − 2, the fractional Gagliardo–Nirenberg–Sobolev
inequality ∫

R2
|u|p+2dx ≤ Copt

(∫
R2

|(−∆)
s
2 u|2dx

) p
2s
(∫

R2
|u|2dx

) sp+2s−p
2s

, (2.1)

is attained at a function Qp(x) with the following properties:

(i) Copt =
p+2

2∥Qp∥p
2
.

(ii) Qp(x) is radial, positive, and strictly decreasing in |x|.

(iii) Qp(x) is the unique solution of the fractional Schrödinger equation (1.6).

(iv) Qp(x) belongs to H2s+1(R2) ∩ C∞(R2) and satisfies

C1

1 + |x|2+2s ≤ Qp(x) ≤ C2

1 + |x|2+2s , x ∈ R2,

where C1, C2 are positive constants.

We next recall the fractional Pohožaev identity established in Lemma 2.1 of [25].

Lemma 2.2. Let u ∈ Hs(RN), N ≥ 2, satisfy the equation

(−∆)su = g(u),

then it holds that
N − 2s

2

∫
RN

∣∣∣(−∆)
s
2 u
∣∣∣2 dx = N

∫
RN

G(u)dx,

where G(s) =
∫ s

0 g(t)dt.

Let Qp be the unique (up to translations) radially symmetric positive solution of (1.6). It
follows from Lemma 2.1 and Lemma 2.2 that a direct computation yields∫

R2

∣∣∣(−∆)
s
2 Qp

∣∣∣2 dx =
∫

R2
|Qp|2dx =

2
p + 2

∫
R2

|Qp|p+2dx. (2.2)

Lemma 2.3. Let s ∈ (0, 1). For any u ∈ Hs(R2), the following inequality holds:∫
R4

(u∗(x)− u∗(y))2

|x − y|2+2s dxdy ≤
∫

R4

(u(x)− u(y))2

|x − y|2+2s dxdy,

where u∗ denotes the symmetric radial decreasing rearrangement of u.

From [10, 22], we obtain the following two compactness results.

Lemma 2.4. Suppose that (V1) holds. Then, the embedding E ↪→ Lq(R2) is compact for all q ∈ [2, 2∗s ).

Lemma 2.5. Let N ≥ 2, then Hs
r (R

N) is compactly embedding into Lp(RN) for p ∈ (2, 2∗s ).

The following vanishing lemma for fractional Sobolev spaces is taken from [10].

Lemma 2.6. Assume that {un} is bounded in Hs(RN) and it satisfies

lim
n→∞

sup
y∈RN

∫
Bρ(y)

|un|2dx = 0,

where ρ > 0. Then, un → 0 in Lr(RN) for 2 < r < 2∗s .
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Let η : R2 → R be a smooth function such that η(x) = 1 for |x| ≤ 1, η(x) = 0 for |x| ≥ 2,
0 ≤ η ≤ 1 and |∇η| ≤ 2. Define

Qτ(x) = η(x/τ)Qp(x), x ∈ R2, (2.3)

for any τ > 0, where Qp(x) is given by Lemma 2.1. The following result follows from
Lemma 3.2 in [10].

Lemma 2.7. Let s ∈ (0, 1). Then, the following estimate holds true:

∫
R4

|Qτ(x)− Qτ(y)|2
|x − y|2+2s dxdy ≤

∫
R4

|Qp(x)− Qp(y)|2

|x − y|2+2s dxdy + O(τ−4s) as τ → ∞.

3 Existence and nonexistence for (1.2) with V(x) ≡ 0

For simplicity, we rewrite (1.2) as follows:

d̃ f
β(b, p) := inf

u∈M̃
Ẽ f

β,b,p(u), (3.1)

where

Ẽ f
β,b,p(u) :=

1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

p + 2

∫
R2

f (x)|u|p+2dx (3.2)

and

M̃ =

{
u ∈ Hs(R2) :

∫
R2

|u|2dx = 1
}

.

We first show that (3.1) is well defined for p ∈ (0, 4s) and

d̃ f
β(b, p) ≤ 0 for all β > 0 and d̃ f

β(b, p) = 0 for all β ≤ 0. (3.3)

Indeed, for any β > 0 and u ∈ M̃, by Lemma 2.1 and (F1) , we deduce that

Ẽ f
β,b,p(u) ≥

1
2

∫
R2

|(−∆)
s
2 u|2dx +

b
4

(∫
R2

|(−∆)
s
2 u|2dx

)2

− β

p + 2

∫
R2

|u|p+2dx

≥ 1
2

∫
R2

|(−∆)
s
2 u|2dx+

b
4

(∫
R2

|(−∆)
s
2 u|2dx

)2

− β

2∥Qp∥p
2

(∫
R2

|(−∆)
s
2 u|2dx

) p
2s

,

(3.4)

which implies that Ẽ f
β,b,p is well defined since p ∈ (0, 4s) and p

2s ∈ (0, 2). Moreover, it follows

from (3.2) that d̃ f
β(b, p) ≥ 0 for all β ≤ 0. For u ∈ M̃, we set ut(x) = tu(tx) for t > 0. Then

ut ∈ M̃ and

d̃ f
β(b, p) ≤ Ẽ f

β,b,p(ut) =
t2s

2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

bt4s

4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− βtp

p + 2

∫
R2

f
( x

t

)
|u|p+2dx → 0 as t → 0,

(3.5)

which implies that (3.3) holds.
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Lemma 3.1. Let p ∈ (0, 4s). Then, d̃ f
β(b, p) < 0 if and only if β > β̂p, where β̂p is defined by (1.7).

d̃ f
β(b, p) = 0 for all β ≤ β̂p.

Proof. Case 1: p ∈ (0, 2s), It follows from (1.7) that β̂p = 0. Hence, (3.5) yields that d̃ f
β(b, p) < 0

for all β > β̂p, while (3.3) implies that d̃ f
β(b, p) = 0 for all β ≤ β̂p.

Case 2: p = 2s, If β ≤ β̂p = ∥Qp∥2s
2 . Let u ∈ M̃, it follows from Lemma 2.1 and (3.13) and

(F1) that

Ẽ f
β,b,p(u) ≥

β̂p − β

2β̂p

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

> 0,

which implies that d̃ f
β(b, p) = 0 since (3.3). If β > β̂p = ∥Qp∥2s

2 . Define

ut =
tQp(t(x − x̄))

∥Qp∥2
for t > 0. (3.6)

We have that ut ∈ M̃ and Qp ∈ Lp+2(R2). It follows from (2.2), Lemma 2.1 and assumption
(F1) that ∫

R2

∣∣∣(−∆)
s
2 ut

∣∣∣2 dx = t2s (3.7)

and ∫
R2

f (x)|ut|p+2dx =
tp

∥Qp∥p+2
2

∫
R2

f (x̄ +
y
t
)|Qp(y)|p+2dy

=
tp

∥Qp∥p+2
2

∫
R2

|Qp(y)|p+2dy + o(tp)

=
(p + 2)tp

2∥Qp∥p
2

+ o(tp) =
(p + 2)tp

2β̂p
+ o(tp).

(3.8)

Then, we have

Ẽ f
β,b,p(ut) =

(
1
2
− β

2β̂p

)
t2s +

t4s

4
+ o(t2s),

which shows that

d̃ f
β(b, p) ≤ inf

t>0
Ẽ f

β,b,p(ut) = − 1
4b

(
β

β̂p
− 1

)2

< 0 as β > β̂p.

Case 3: p ∈ (2s, 4s), Let ut be given by (3.6). Using (3.7) and (3.8), we obtain

Ẽ f
β,b,p(ut) =

1
2

t2s +
b
4

t4s − β

2∥Q∥p
2

tp + o(tp). (3.9)

By the Young’s inequality, we have

1
2

t2s +
b
4

t4s ≥
(

mt2s

2

) 1
m
(

bnt4s

4

) 1
n

= t2s+ 2s
n

(m
2

) 1
m
(

bn
4

) 1
n

, (3.10)

where 1
m + 1

n = 1, and equality holds if and only if

mt2s

2
=

bnt4s

4
.
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Let 2
n = p

s − 2, so that 2
m = 4 − p

s . Then (3.10) yields that

1
2

t2s +
b
4

t4s ≥ tp
(

s
4s − p

) 4s−p
2s
(

sb
2p − 4s

) p−2s
2s

. (3.11)

Now, we define

β̂p = 2∥Qp∥p
2

(
s

4s − p

) 4s−p
2s
(

sb
2p − 4s

) p−2s
2s

. (3.12)

If β > β̂p, we take t0 such that mt2s
0

2 =
bnt4s

0
4 , then

d̃ f
β(b, p) ≤ Ẽ f

β,b,p(ut0) =
1
2

t2s
0 +

b
4

t4s
0 − β

2∥Qp∥p
2

tp
0 + o(tp

0)

=
β̂p − β

2∥Qp∥p
2

tp
0 + o(tp

0) < 0.

If β ≤ β̃p, it follows from Lemma 2.1, (F1), and (3.6)–(3.8) that, for any u ∈ M̃,

Ẽ f
β,b,p(u) ≥

β̂p

2∥Qp∥p
2

(∫
R2

|(−∆)
s
2 u|2dx

) p
2s

− β

2∥Qp∥p
2

(∫
R2

|(−∆)
s
2 u|2dx

) p
2s

≥ 0,

which means that d̃ f
β(b, p) ≥ 0. Hence, d̃ f

β(b, p) = 0 since (3.3).

Lemma 3.2. If p = p∗ = 4s with s ∈
[ 1

2 , 1
)
, and suppose that f (x) satisfies (F1) and (F2), then

d̃ f
β(b, 4s) = 0 for all β ≤ β̂4s and d̃ f

β(b, 4s) = −∞ for all β > β̂4s, where β̂4s is defined by (1.8).

Proof. Case 1: s ∈ ( 1
2 , 1), it follows from p = 4s, Lemma 2.1, and (F1) that, for u ∈ M̃, we have

Ẽ f
β,b,p(u) ≥

1
2

∫
R2

|(−∆)
s
2 u|2dx +

b
4

(∫
R2

|(−∆)
s
2 u|2dx

)2

− β

2∥Q4s∥4s
2

(∫
R2

|(−∆)
s
2 u|2dx

)2

=
1
2

∫
R2

|(−∆)
s
2 u|2dx +

1
4

(
b − 2β

∥Q4s∥4s
2

)(∫
R2

|(−∆)
s
2 u|2dx

)2

,

by (1.8) and β ≤ β̂4s, we can deduce that

b − 2β

∥Q4s∥4s
2

≥ b − 2β̂4s

∥Q4s∥4s
2

= 0,

which implies that d̃ f
β(b, 4s) = 0 for all β ≤ β̃4s.

Case 2: s = 1
2 , then p = p∗ = 4s = 2. Equation (1.6) still admits a solution. However, it

does not belong to L2(R2), and thus we redefine β̂4s = bR2
s . Then, for any β ∈ (0, β̂4s) and

p = 2, it follows from the definition of Rs that

Ẽ f
β,b,p(u) ≥

1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

2∥Qp∥p
2

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

) p
2s

,

(3.13)
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which implies that Ẽ f
β,b,p is well defined since p ∈ (0, 4s) and p

2s ∈ (0, 2). Moreover, (3.13)

shows that d̃ f
β(b, p) ≥ 0 for all β ≤ β̂4s. For u ∈ M̃, letting ut(x) = tu(tx) (t > 0), then ut ∈ M̃

and

Ẽ f
β,b,p(ut) =

t2s

2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

bt4s

4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− βt4s

4s + 2

∫
R2

f
( x

t

)
|u|4s+2dx → 0 as t → 0,

which implies that d̃ f
β(b, 4s) ≤ 0. Then, we know that d̃ f

β(b, 4s) = 0 for all β ≤ β̂4s.

Case 3: s ∈ ( 1
2 , 1), by p = 4s Equation (1.6) has solution Q4s, Define

ut(x) =
tQ4s(t(x − x̄))

∥Q4s∥2
, t > 0.

From (3.6)–(3.8), we know that ut ∈ M̃ and∫
R2

∣∣∣(−∆)
s
2 ut

∣∣∣2 dx = t2s

and ∫
R2

f (x)|ut|4s+2dx =
t4s

∥Q4s∥4s+2
2

∫
R2

f
(

x̄ +
y
t

)
|Q4s(y)|4s+2dy,

when t → ∞, f
(

x̄ + x
t

)
→ f (x̄) = 1 and ∥Q4s(x)∥4s+2 ∈ L1(R2). By dominated convergence

theorem and Lemma 2.1, we have∫
R2

f (x)|ut|4s+2dx =
(4s + 2)t4s

2∥Q4s∥4s
2

+ o(t4s), t → ∞

and

Ẽ f
β,b,4s(ut) =

1
2

t2s +
b
4

t4s − β

4s + 2
4s + 2

2∥Q4s∥4s
2

t4s + o(t4s) =
1
2

t2s +
b
4

(
1 − β

β̂4s

)
+ o(t4s),

Since 1 − β

β̂4s
< 0, we deduce that

d̃ f
β(b, 4s) ≤ Ẽ f

β,b,4s(ut) → −∞,

which implies d̃ f
β(b, 4s) = −∞.

For β > β̃4s, by [8] and s = 1
2 , we know that Rs is attained in R2 by

ū(x) = J(2, s)
(

1
1 + |x|2

) 1
2

,

with J(2, s) chosen so that∫
R2

|(−∆)
s
2 ū|2dx =

∫
R2

|ū|2∗s dx =
∫

R2
|ū|4dx = R2

s . (3.14)

Set

u∗(x) =
J(2, s)

(ε2 + |x − x0|2)
1
2

, Vε(x) = ε
1
2 u∗(x), x ∈ R2, ε > 0.
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Let η ∈ C∞
0 (R2) be such that η = 1 on BR(0), η = 0 on R2 \ B2R(0), 0 ≤ η ≤ 1, and

|∇η| ≤ C. There exists R0 ≥ R , R0 satisfies bR2
s − β(1− δR0) < 0 and define δR0 := C(2R0)q+2s.

Define uε(x) = η(x − x0)Vε(x) for any ε > 0 and x ∈ R2. Now, we define

wε(x) := Aεε
− 1

2 η(x − x0)ε
1
2

J(2, s)

(ε2 + |x − x0|2)
1
2
= Aεε

− 1
2 uε(x),

where Aε is chosen so that ∥wε(x)∥2
2 = 1 and supp wε(x) ⊂ B2R(x0). Hence, we can get that

1 =
∫

R2
|wε|2dx = J2(2, s)A2

ε ε−2
∫

R2
η2 (x − x0)

1

1 +
∣∣ x

ε −
x0
ε

∣∣2 dx

≥ J2(2, s)A2
ε ε−2

∫
|x−x0|≤R

1

1 +
∣∣ x

ε −
x0
ε

∣∣2 dx

= J2(2, s)A2
ε ε−2

∫ R
ε

0

ρ

1 + ρ2 dρ → +∞ as ε → 0

(3.15)

and

1 =
∫

R2
|wε|2dx = J2(2, s)A2

ε ε−2
∫

R2
η2 (x − x0)

1

1 +
∣∣ x

ε −
x0
ε

∣∣2 dx

≤ J2(2, s)A2
ε ε−2

∫
|x−x0|≤2R

1

1 +
∣∣ x

ε −
x0
ε

∣∣2 dx

= J2(2, s)A2
ε

∫ 2R
ε

0

ρ

1 + ρ2 dρ ≤ CA2
ε ln

2R
ε

as ε small enough.

(3.16)

It follows from (3.15) and (3.16) that A2
ε → 0 and A4

ε ε−2 → +∞ as ε → 0. Moreover, (3.14)
yields that

∫
R2
|wε|4dx = A4

ε ε−2
∫

R2
ε2η4 (x − x0)

J4(2, s)

(ε2 + |x − x0|2)2 dx

= A4
ε ε−2

(∫
R2

ε2 J4(2, s)

(ε2 + |x − x0|2)2 dx +
∫

R2

(
η4 (x − x0)− 1

)
ε2 J4(2, s)

(ε2 + |x − x0|2)2 dx

)

= A4
ε ε−2

(∫
R2

ε2 J4(2, s)

(ε2+ |x−x0|2)2dx+
∫

Bc
R(x0)

(
η4 (x−x0)−1

)
ε2 J4(2, s)

(ε2+ |x−x0|2)2dx

)

= A4
ε ε−2

∫
R2

|ū|4dx +
∫

Bc
R
ε
(0)

(
η4(εx)− 1

) J4(2, s)

(1 + |x|2)2 dx


≈ A4

ε ε−2

∫
R2

|ū|4dx +
∫

Bc
R
ε
(0)

J4(2, s)
|x|4 dx


= A4

ε ε−2 (R2
s + O(ε2)

)
.

(3.17)

Now, we show that the following assertions hold true:

(1) for any x ∈ R2 and y ∈ Bc
R(x0) with |x − y| ≤ R

2 ,

|uε(x)− uε(y)| ≤ Cε
1
2 |x − y|; (3.18)
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(2) for any x, y ∈ Bc
R(x0),

|uε(x)− uε(y)| ≤ Cε
1
2 min {1, |x − y|} , (3.19)

for any ε > 0. In fact, for x ∈ Bc
R
2
(x0), we have

|∇uε(x)| ≤ Cε
1
2

∣∣∣∣∣ ∇ (η(x − x0))

(ε2 + |x − x0|2)
1
2
+

η(x − x0)|x − x0|
(ε2 + |x − x0|2)

3
2

∣∣∣∣∣
≤ Cε

1
2

[
1

(ε2 + R2)
1
2
+

|x − x0|2

R (ε2 + |x − x0|2)
3
2

]
≤ Cε

1
2 .

(3.20)

Let x ∈ R2 and y ∈ Bc
R(x0) with |x − y| ≤ R

2 . Let ϑ lie on the segment joining x and y, so
that ϑ = tx + (1 − t)y for some t ∈ [0, 1]. Hence, we obtain

|ϑ − x0| ≥ |y − x0| − t|x − y| ≥ R − tR
2

≥ R
2

. (3.21)

By (3.20) and (3.21) and a first-order Taylor expansion, we deduce that

|uε(x)− uε(y)| ≤ Cε
1
2 |x − y|,

which shows that (3.18) holds. Let x, y ∈ Bc
R(x0), if |x − y| ≤ 1, then (3.19) follows from (3.18).

If |x − y| > 1, then

|uε(x)| ≤ |Vε(x)| ≤ Cε
1
2

(ε2 + |x − x0|2)
1
2
≤ Cε

1
2

(ε2 + R2)
1
2
≤ Cε

1
2 , (3.22)

which implies that
|uε(x)− uε(y)| ≤ |uε(x)|+ |uε(y)| ≤ Cε

1
2 .

This completes the proof of (3.19). Define

Z1 :=
{
(x, y) ∈ R4 : x ∈ BR(x0), y ∈ Bc

R(x0) and |x − y| > R/2
}

,

and
Z2 :=

{
(x, y) ∈ R4 : x ∈ BR(x0), y ∈ Bc

R(x0) and |x − y| ≤ R/2
}

.

According to the definition of uε, we have∫
R4

|uε(x)− uε(y)|2
|x − y|2+2s dxdy =

∫
BR(x0)×BR(x0)

|Vε(x)− Vε(y)|2
|x − y|2+2s dxdy

+ 2
∫

Z1

|uε(x)− uε(y)|2
|x − y|2+2s dxdy + 2

∫
Z2

|uε(x)− uε(y)|2
|x − y|2+2s dxdy

+
∫

Bc
R(x0)×Bc

R(x0)

|uε(x)− uε(y)|2
|x − y|2+2s dxdy.

(3.23)

From (3.19), it follows that∫
Bc

R(x0)×Bc
R(x0)

|uε(x)− uε(y)|2
|x − y|2+2s dxdy ≤ Cε

∫
Bc

2R(x0)×R2

min
{

1, |x − y|2
}

|x − y|2+2s dxdy = O(ε). (3.24)
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From (3.18), we also have

∫
Z2

|uε(x)− uε(y)|2
|x − y|2+2s dxdy ≤ Cε

∫
x∈BR(x0), y∈Bc

R(x0),|x−y|≤R/2

|x − y|2
|x − y|2+2s dxdy

≤ Cε
∫

BR(x0)
dx
∫ R

2

0
dρ = O(ε).

(3.25)

For (x, y) ∈ Z1, we know that

|uε(x)− uε(y)|2 = |Vε(x)− uε(y)|2 = |Vε(x)− Vε(y) + Vε(y)− uε(y)|2

≤ |Vε(x)− Vε(y)|2 + |Vε(y)− uε(y)|2

+ 2|Vε(x)− Vε(y)||Vε(y)− uε(y)|.

Then, we have

∫
Z1

|uε(x)− uε(y)|2
|x − y|2+2s dxdy ≤

∫
Z1

|Vε(x)− Vε(y)|2
|x − y|2+2s dxdy +

∫
Z1

|Vε(y)− uε(y)|2
|x − y|2+2s dxdy

+ 2
∫

Z1

|Vε(x)− Vε(y)||Vε(y)− uε(y)|
|x − y|2+2s dxdy.

(3.26)

From (3.22), we can obtain that

∫
Z1

|Vε(y)− uε(y)|2
|x − y|2+2s dxdy ≤ 4

∫
Z1

|Vε(y)|2
|x − y|2+2s dxdy

≤ Cε
∫

Z1

1
|x − y|2+2s dxdy ≤ Cε

∫
BR(x0)

dx
∫ +∞

R
2

ρ−2dρ = O(ε).
(3.27)

Setting υ = x − y, we obtain that

∫
A

|Vε(x)||Vε(y)|
|x − y|2+2s dxdy ≤ Cε

∫
A

1

(ε2 + |x − x0|2)
1
2 |x − y|2+2s

dxdy

= Cε
∫

x∈BR/ε(0), y∈Bc
R/ε(0),|x−y|>R/2ε

1

(1 + |x|2)
1
2 |x − y|2+2s

dxdy

≤ Cε
∫

BR/ε(0)

1
|x|

∫
|υ|>R/2ε

1
|υ|3 dυ = O(ε).

(3.28)

By the definition of uε and (3.28), we get that

∫
Z1

|Vε(x)||Vε(y)− uε(y)|
|x − y|2+2s dxdy ≤ 2

∫
Z1

|Vε(x)||Vε(y)|
|x − y|2+2s dxdy ≤ O(ε) (3.29)

and ∫
Z1

|Vε(y)||Vε(y)− uε(y)|
|x − y|2+2s dxdy ≤ 2

∫
Z1

|Vε(y)|2
|x − y|2+2s dxdy

≤ Cε
∫

BR(x0)
dx
∫ +∞

R/2
ρ−2dρ = O(ε).

(3.30)
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From (3.14), (3.23)–(3.27), (3.29) and (3.30), it follows that∫
R4

|uε(x)− uε(y)|2
|x − y|2+2s dxdy ≤

∫
R4

|Vε(x)− Vε(y)|2
|x − y|2+2s dxdy + O(ε)

= ε
∫

R4

∣∣∣∣ J(2,s)

(ε2+|x−x0|2)
1
2
− J(2,s)

(ε2+|y−x0|2)
1
2

∣∣∣∣2
|x − y|2+2s dxdy + O(ε)

= ε−1
∫

R4

ε4
∣∣∣∣ J(2,s)

(1+|x|2)
1
2
− J(2,s)

(1+|y|2)
1
2

∣∣∣∣
|x − y|2+2sε3 dxdy + O(ε)

=
∫

R2

∣∣∣(−∆)
s
2 ū
∣∣∣2 dx + O(ε) = R2

s + O(ε).

(3.31)

Since f (x) satisfies (F2), there exists R0 > 0 and C > 0, for all x satisfies |x − x0| ≤ 2R0,
we can get that

1 − f (x) ≤ C|x − x0|q+2s ≤ C(2R0)
q+2s,

supp wε ⊂ B2R(x0) ⊂ B2R0(x0)

and
δR0 := C(2R0)

q+2s, δR0 → 0 as R0 → 0. (3.32)

For all x ∈ supp wε and ε > 0, we have

f (x) ≥ 1 − C(2R0)
q+2s = 1 − δR0 ,

then, ∫
R2

f (x)|wε|4dx ≥ (1 − δR0)
∫

R2
|wε|4dx = (1 − δR0)A4

ε ε−2(R2
s + O(ε2)). (3.33)

By (3.17) , (3.31) and (3.33), we deduce that

d̃ f
β(b, 4s) ≤ Ẽ f

β,b,4s(wε) =
1
2

A2
ε ε−1

∫
R4

|uε(x)− uε(y)|2
|x − y|2+2s dxdy

+
b
4

A4
ε ε−2

(∫
R4

|uε(x)− uε(y)|2
|x − y|2+2s dxdy

)2

− β

4

∫
R2

f (x)|wε|4dx

≤ 1
2

A2
ε ε−1(R2

s +O(ε)
)
+

b
4

A4
ε ε−2(R2

s +O(ε)
)2− β

4
((1−δR0)A4

ε ε−2(R2
s +O(ε2)

)
= A4

ε ε−2
(

1
2

A−2
ε ε
(
R2

s +O(ε)
))

+
b
4
(

R2
s +O(ε)

)2− β

4
(
(1−δR0)

(
R2

s +O(ε2)
))

(3.34)

and
b
4

R4
s −

β

4
(1 − δR0)R2

s =
R2

s
4
(
bR2

s − β(1 − δR0)
)

,

for ε small enough, we know that there exist C0 > 0,independent of ε,we have

Ẽ f
β,b,4s(wε) ≤ −C0A4

ε ε−2 + o(1),

letting ε → 0, we can get that d̃ f
β(b, 4s) = −∞.

Lemma 3.3. If p ∈ (0, 4s), s ∈
[ 1

2 , 1
)
, f (x) satisfies (F1), (F∞) and d̃ f

β(b, p) < 0, then (3.1) has at
least a non-negative minimizer.
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Proof. Let {un} ⊂ M̃ be a minimizing sequence of d̃ f
β(b, p). By (3.13), d̃ f

β(b, p) < 0 and p ∈
(0, 4s), we know that {un} is bounded in Hs(R2). Then, Lemma 2.3 shows that there exists
{u∗

n} ⊂ Hs
r (R

2), which is also a minimizing sequence for d̃ f
β(b, p). Thus, Lemma 2.3 and

Lemma 2.5 show that there exists a subsequence, still denoted by {u∗
n}, and some u0 ∈ Hs

r (R
2)

such that {
u∗

n ⇀ u0, in Hs
r (R

2),

u∗
n → u0, in Lq(R2) for q ∈ (2, 2∗s ).

(3.35)

Since Ẽ f
β,b,p(un) → d̃ f

β(b, p) < 0, for n large enough, we can get that Ẽ f
β,b,p(un) ≤ −C0 < 0

and

β

p + 2

∫
f (x)|un|p+2 =

1
2

∫
R2

|(−∆)
1
2 un|2dx +

b
4

(∫
R2

|(−∆)
1
2 un|2dx

)2

− Ẽ f
β,b,p(un)

≥ −Ẽ f
β,b,p(un) ≥ C0,

there exist C1 > 0, such that ∫
R2

f (x)|un|p+2 dx ≥ C1, (3.36)

by assumption (F∞), there exists δ ∈ (0, 1) and R > 0 such that

f (x) ≤ 1 − δ for |x| ≥ R,

then ∫
R2

f (x)|un|p+2 dx ≤
∫

BR

|un|p+2 dx + (1 − δ)
∫

Bc
R

|un|p+2 dx,

Combining (3.35) and (3.36), there exists η0 > 0 such that∫
BR

|un|p+2 dx ≥ η0 for n large,

by Hölder’s inequality, we know that∫
BR

|un|2 dx ≥ C2 > 0. (3.37)

From (3.35) and (3.37), we can get that∫
BR

|u0|2 = lim
n→∞

∫
BR

|un|2 ≥ C2 > 0,

which means that u0 ̸≡ 0.
By the compactness of {un} and Lemma 2.6, we deduce that

un → u0 in L2(R2),

which implies that ∥u0∥2
2 = 1 and u0 ∈ M̃.

By (3.35) and (F1), there exists R1 > 0, we have∫
f |un|p+2 =

∫
BR1

f |un|p+2 +
∫

Bc
R1

f |un|p+2,

∫
BR1

f |un|p+2 →
∫

BR1

f |u0|p+2,
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sup
n

∫
Bc

R1

f |un|p+2 ≤ sup
n

∫
Bc

R1

|un|p+2 → 0 as R1 → ∞.

Then, we can deduce that ∫
R2

f |un|p+2 →
∫

R2
f |u0|p+2.

By weak lower semicontinuity,

Ẽ f
β,b,p(u0) ≤ lim inf

n→∞
Ẽ f

β,b,p(un) = d̃ f
β(b, p),

Since u0 ∈ M̃ and Ẽ f
β,b,p(u0) ≥ d̃ f

β(b, p), we conclude that u0 is a minimizer of d̃ f
β(b, p). More-

over, by the definition of d̃ f
β(b, p), it follows that |u0| is also a minimizer.

Proof of Theorem 1.1. We first show that d̃ f
β(b, p) has no minimizer for β < β̂p and p ∈ (0, 4s).

Indeed, suppose by contradiction that there exists β < β̂p such that d̃ f
β(b, p) admits a mini-

mizer u ∈ M̃. Then, by Lemma 3.1, we have that

0 = d̃ f
β̂p
(b, p) ≤ Ẽ f

β̂p,b,p
(u) < Ẽ f

β,b,p(u) = 0,

which gives a contradiction.
Then, we prove that d̃ f

β(b, p) has no minimizer for β = β̂p and p ∈ (0, 2s].

For p ∈ (0, 2s), then β = β̂p = 0. Assume that there exists a minimizer u0 for d̃ f
β(b, p). By

using (3.13) and Lemma 3.1, we have u0 ≡ 0, which leads to a contradiction since u0 ∈ M̃.
For p = 2s, then β̂p > 0. Lemma 3.1 means that d̃ f

β(b, p) = 0. If there exists u0 ∈ M̃ such

that Ẽ f
β,b,p(u0) = d̃ f

β(b, p) = 0, by applying Lemma 2.1 and (F1), we can deduce that

1
2

∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx +
b
4

(∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx
)2

≤ β

2 + 2s

∫
R2

|u0|2+2sdx ≤ 1
2

∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx,

which implies that u0 ≡ 0. This is impossible since u0 ∈ M̃.
Next, we show the existence of minimizer.
By Lemma 3.1 and Lemma 3.3, we deduce that d̃ f

β(b, p) admits a non-negative minimizer

for β > β̂p and p ∈ (0, 4s). We now prove that it also admits a minimizer for β = β̂p and
p ∈ (2s, 4s).

Let βn = β̂p +
1
n , n ∈ N. Then, for each βn, Lemma 3.1 and Lemma 3.3 ensure the existence

of un ∈ M̃ such that

d̃ f
βn
(b, p) = Ẽ f

βn,b,p(un) < 0, (3.38)

and {un} is bounded in Hs(R2). Then, Lemma 2.3 and Lemma 2.5 show that there exists
u∗

n ∈ Hs
r (R

2) ∩ M̃, which is also a minimizer of d̃ f
βn
(b, p) and u∗

n ∈ Hs
r (R

2) is bounded. Thus,
there exists u0 ∈ Hs

r (R
2) such that{

u∗
n ⇀ u0, in Hs

r (R
2),

u∗
n → u0, in Lq(R2) for q ∈ (2, 2∗s ).
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From the definition of Ẽ f
βn,b,p(u

∗
n) and (3.38), it follows that

d̃ f
β̂p
(b, p)− 1

n(p + 2)

∫
R2

f (x)|u∗
n|p+2dx ≤ Ẽ f

βn,b,p(u
∗
n) = d̃ f

βn
(b, p) < 0,

which implies that d̃ f
βn
(b, p) → 0 as n → ∞ due to Lemma 3.1. Similar to the argument of

Lemma 3.3, we can obtain that u0 ̸≡ 0 and u0 is a minimizer of d̃ f
β̂p
(b, p).

We finally show that d̃ f
β(b, 4s) admits no minimizer for any β > 0.

Indeed, Lemma 3.2 shows that d̃ f
β(b, 4s) has no minimizer for any β > β̂4s. Suppose that

there exists some β ≤ β̂4s such that d̃ f
β(b, 4s) has a minimizer u0 ∈ M̃. By Lemma 2.1 and

Lemma 3.2 and (F1), we have

1
2

∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx +
b
4

(∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx
)2

=
β

2 + 4s

∫
R2

f (x)|u0|2+4sdx ≤ β

2 + 4s

∫
R2

|u0|2+4sdx

≤ b
4

(∫
R2

∣∣∣(−∆)
s
2 u0

∣∣∣2 dx
)2

,

which implies that u0 ≡ 0. This is impossible due to u0 ∈ M̃. Hence, d̃ f
β(b, 4s) has no

minimizer for any β > 0.

4 Existence and nonexistence for (1.2) with V(x) ̸≡ 0

In this section, we prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. For any fixed β > 0, p ∈ (0, 4s), and u ∈ M, by using (1.11) and Lemma
2.1 and (F1), we obtain that

E f
β,b,p(u) ≥

1
2

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + V(x)|u|2

)
dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

p + 2

∫
R2

|u|p+2dx

=
1
2

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + V(x)|u|2

)
dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

2∥Qp∥2

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

) p
2s

,

which implies that d f
β(b, p) > −∞, since p

2s ∈ (0, 2). Let {un} be a minimizing sequence of

d f
β(b, p). It follows that {un} is bounded in E. Up to a subsequence, by Lemma 2.4, we may

assume that there exists u ∈ M such that{
un ⇀ u in E,

un → u in Lq(R2) for q ∈ [2, 2∗s ).

Then, we can deduce that∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx ≤ lim inf

n→∞

∫
R2

∣∣∣(−∆)
s
2 un

∣∣∣2 dx,
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(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

≤ lim inf
n→∞

(∫
R2

∣∣∣(−∆)
s
2 un

∣∣∣2 dx
)2

and ∫
R2

V(x)|u|2dx ≤ lim inf
n→∞

∫
R2

V(x)|un|2dx.

Since f (x) ∈ L∞, we have∣∣∣∣∫
R2

f (x)(|un|p+2 − |u|p+2)dx
∣∣∣∣ ≤ ∥ f ∥∞∥|un|p+2 − |u|p+2∥L1 ,

by un → u in Lp+2, we deduce that

∥|un|p+2 − |u|p+2∥L1 → 0 as n → ∞,

thus, we obtain that ∫
R2

f (x)|un|p+2dx →
∫

R2
f (x)|u|p+2dx as n → ∞.

Hence, we get

d f
β(b, p) = lim inf

n→∞
E f

β,b,p(un) ≥ E f
β,b,p(u) ≥ d f

β(b, p),

which means that u is a minimizer of d f
β(b, p) for β > 0.

Proof of Theorem 1.3. (i) For u ∈ M, p = 4s, and s ∈
( 1

2 , 1
)
, by Lemma 2.1 and Lemma 2.4, we

obtain that there exists a constant ς > 0 such that

E f
β,b,4s(u) ≥

1
2

∫
R2

(∣∣∣(−∆)
s
2 u
∣∣∣2 + V(x)|u|2

)
dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

4s + 2

∫
R2

|u|4s+2dx

≥ 1
2

∫
R2

(
|(−∆)

s
2 u|2 + V(x)|u|2

)
dx +

β4s − β

2∥Q4s∥4s
2

(∫
R2

|(−∆)
s
2 u|2dx

)2

≥ ς∥u∥2
2 = ς > 0,

(4.1)

which means that d f
β(b, 4s) > 0. Let {un} be a minimizing sequence of d f

β(b, 4s), then (4.1)
shows that {un} is bounded in E. Similar to the proof of Theorem 1.2, we can conclude that
d f

β(b, 4s) has at least one minimizer if 0 < β ≤ β4s := b
2∥Q4s∥4s

2 .
(ii) Choose a non-negative cut-off function η ∈ C∞

0 (R2) be such that η = 1 on B1(0), η = 0
on R2 \ B2(0), 0 ≤ η ≤ 1, and |∇η| ≤ 2. For x0 ∈ R2, τ > 0, let

uτ(x) :=
Aττ

∥Q4s∥2
η

(
x − x0

τ

)
Q4s (τ(x − x0)) ,

where Aτ > 0 is chosen so that ∥uτ∥2
2 = 1, since the polynomial decay of Q4s, such that

A2
τ =

∥Q4s∥2
2∫

R2 η2
( x

τ2

)
Q2

4s(x)dx
= 1 + O(τ−4−8s) as τ → ∞, (4.2)
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which implies that
lim
τ→∞

A2
τ = 1. (4.3)

From (2.2), (4.3), and Lemma 2.1 and Lemma 2.7, suppose that f (x) satisfies (F1)–(F2) and
V(x) satisfies (V1), it follows that∫

R2
|(−∆)

s
2 uτ|2dx =

A2
ττ2s

∥Q4s∥2
2

∫
R4

|η(x/τ2)Q4s(x)− η(y/τ2)Q4s(y)|2
|x − y|2+2s dxdy

≤ A2
ττ2s

∥Q4s∥2
2

(∫
R2

|(−∆)
s
2 Q4s|2dx + O(τ−8s)

)
= A2

ττ2s + O(τ−6s) as τ → ∞,

(4.4)

∫
R2

f (x)|uτ|2+4s =
A2+4s

τ τ4s

∥Q4s∥2+4s
2

∫
R2

η2+4s
( x

τ2

)
Q2+4s

4s (x) f
( x

τ
+ x0

)
dx

=
A2+4s

τ τ4s

∥Q4s∥2+4s
2

( ∫
R2

η2+4s
( x

τ2

)
Q2+4s

4s (x)dx

−
∫

R2
η2+4s

( x
τ2

)
Q2+4s

4s (x)
(

1 − f
( x

τ
+ x0

))
dx
)

≥ bA2+4s
τ τ4s(2 + 4s)

4β4s
− A2+4s

τ τ4s

∥Q4s∥2+4s
2

∫
R2

Q2+4s
4s (x)

(
1 − f

( x
τ
+ x0

))
dx

+ O(τ−4−20s−16s2
) as τ → ∞,

(4.5)

and ∫
R2

V(x)u2
τdx =

A2
τ

∥Q4s∥2
2

∫
R2

V
( x

τ
+ x0

)
η2
( x

τ2

)
Q2

4s(x)dx = o(1) as τ → ∞. (4.6)

By β > β4s and (4.3)–(4.6), suppose that f (x) satisfies (F1)–(F2), we obtain that

d f
β(b, 4s) ≤ E f

β,b,4s(uτ) ≤
1
2

A2
ττ2s +

b
4

τ4s
(

A4
τ −

β

β4s
A2+4s

τ

)
+

A2+4s
τ τ4s

∥Q4s∥2+4s
2

∫
R2

Q2+4s
4s (x)

(
1 − f

( x
τ
+ x0

))
dx + O(τ−4s) + o(1)

→ −∞ as τ → ∞,

which implies that d f
β(b, 4s) has no minimizer if β > β4s.

5 Concentration behavior under general trapping potential

In this section, we investigate whether new phenomena arise when p = 2s and b → 0+.
Theorem 1.1 shows that d̃ f

β(b, 2s) admits a minimizer if and only if β > β∗ := ∥Q2s∥2s
2 . Setting

p = 2s in (2.2), it follows that

(β∗)
1
s =

∫
R2

∣∣∣(−∆)
s
2 Q2s

∣∣∣2 dx =
∫

R2
|Q2s|2dx =

1
s + 1

∫
R2

|Q2s|2s+2dx. (5.1)

We establish several energy estimates, which play a key role in the proof of the concentration
behavior.
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Lemma 5.1. For any β > β∗ and p = 2s, suppose that we have f (x) satisfies (F1), we have
d̃ f

β(b, 2s) ≥ − 1
4b

( β−β∗

β∗
)2, if f (x) satisfies (F2), there exists a set of trial functions, ut ∈ Hs(R2),

such that

d̃ f
β(b, 2s) ≤ − 1

4b

(
β − β∗

β∗

)2

+ O(t−q).

In particular, we have

d̃ f
β(b, 2s) = − 1

4b

(
β − β∗

β∗

)2

, t → ∞. (5.2)

Define

xb :=
β − β∗

bβ∗ .

Proof. For any u ∈ Hs(R2) with ∥u∥2
2 = 1, by using Lemma 2.1 and (F1), we have that

Ẽ f
β,b,2s(u) =

1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

2s + 2

∫
R2

f (x)|u|2s+2dx

≥ 1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

2s + 2

∫
R2

|u|2s+2dx

≥ b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β − β∗

2β∗

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx.

Let
I(x) :=

b
4

x2 − β − β∗

2β∗ x, x ∈ [0,+∞). (5.3)

It is easy to see that I(x) attains its global minimum at xb =
β−β∗

bβ∗ . This implies that

d̃ f
β(b, 2s) ≥ − 1

4b

(
β − β∗

β∗

)2

. (5.4)

Now, we set

ut(x) =
t

β∗ Q2s(tx), t > 0,

then we have ∥ut∥2
2 = 1. By (5.1), it follows that∫

R2

∣∣∣(−∆)
s
2 ut

∣∣∣2 dx =
t2s

(β∗)
1
s

∫
R2

∣∣∣(−∆)
s
2 Q2s

∣∣∣2 dx = t2s (5.5)

and∫
R2

f (x)|ut|2+2sdx =
t2s

(β∗)1+ 1
s

∫
R2

f
(

x0 +
x
t

)
|Q2s|2+2sdx

=
t2s

(β∗)1+ 1
s

∫
R2

|Q2s|2+2sdx − t2s

(β∗)1+ 1
s

∫
R2

(
1 − f

(
x0 +

x
t

))
|Q2s|2+2sdx.

By Lemma 2.1 and q ∈ (0, 4s2 + 4s + 2), suppose that f (x) satisfies (F2) , we deduce that

1 − f
(

x0 +
x
t

)
= O

(∣∣∣ x
t

∣∣∣q+2s
)
= O

(
|x|q+2s) t−(q+2s)
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and ∫
R2

|Q2s|q+2sO(|x|q+2s)dx < ∞,

which means that∫
R2

f (x)|ut|2+2sdx =
t2s

(β∗)1+ 1
s

∫
R2

|Q2s|2+2sdx + O(t−q) =
(1 + s)t2s

β∗ + O(t−q). (5.6)

Then,

d̃ f
β(b, 2s) ≤ Ẽ f

β,b,2s(ut) =
b
4

t4s − β − β∗

2β∗ t2s + O(t−q) = I(t2s) + O(t−q).

Let t = (xb)
1
2s , it follows that

d̃ f
β(b, 2s) ≤ I(xb) + O(t−q) = − 1

4b

(
β − β∗

β∗

)2

+ O(t−q). (5.7)

Combining (5.4) and (5.7), we obtain that (5.2) holds.

Lemma 5.2. For any given β > β∗, suppose that f (x) satisfies (F1)–(F2) and V(x) satisfies (V1), let
ub is a non-negative minimizer of d f

β(b, 2s). Then, we have
0 ≤ d f

β(b, 2s)− d̃β(b, 2s) → 0, as b → 0+,∫
R2

V(x)|ub|2 dx → 0, as b → 0+,∫
R2

(
1 − f (x)

)
|ub|2s+2 dx → 0, as b → 0+.

Denote

d̃β(b, 2s) := inf
{

Ẽβ,b,2s(u) : u ∈ Hs(R2),
∫

R2
|u|2 = 1

}

Ẽβ,b,2s(u) =
1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β

2s + 2

∫
R2

|u|2s+2dx.

Proof. Since (F1) and (V1) holds, for all u satisfies ∥u∥2
2 = 1, we have

− β

2s + 2

∫
R2

f (x)|u|2s+2dx = − β

2s + 2

∫
R2

|u|2s+2dx +
β

2s + 2

∫
R2

(1 − f (x)) |u|2s+2dx

and

E f
β,b,2s(u) = Ẽβ,b,2s(u) +

1
2

∫
R2

V(x)|u|2dx +
β

2s + 2

∫
R2
(1 − f (x))|u|2s+2dx ≥ Ẽβ,b,2s(u),

which means that
d f

β(b, 2s) ≥ d̃β(b, 2s). (5.8)

Let φ ∈ C∞
0 (R2) be the cut-off function given in Lemma 5.1 of [10], satisfying φ = 1 on

B1(0), φ = 0 on R2 \ B2(0), 0 ≤ φ ≤ 1, and |∇φ| ≤ C. For a fixed x0 ∈ R2, we set

ûb(x) = Ab φ

(
x−

2
s

b (x − x0)

)
ūb(x − x0) = Ab

(
xb

β∗

) 1
2s

φ

(
x−

2
s

b (x − x0)

)
Q2s

(
x

1
2s
b (x − x0)

)
,
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where ūb(x) is the unique non-negative minimizer of d̃β(b, 2s) and Ab > 0 is chosen so that
∥ûb∥2

2 = 1. Then, we deduce that

0 ≤ A2
b − 1 ≤ Cx−

5
s −10

b as b → 0+ (5.9)

A direct computation shows that

0 ≤ d f
β(b, 2s)− d̃β(b, 2s) ≤ E f

β,b,2s(ûb)− Ẽβ,b,2s(ūb)

=
1
2

∫
R2

∣∣(−∆)
s
2 ûb
∣∣2dx − 1

2

∫
R2

∣∣(−∆)
s
2 ūb
∣∣2dx

+
b
4

(∫
R2

∣∣(−∆)
s
2 ûb
∣∣2dx

)2

− b
4

(∫
R2

∣∣(−∆)
s
2 ūb
∣∣2dx

)2

+
β

2s + 2

∫
R2

|ūb|2s+2dx − β

2s + 2

∫
R2

f (x)|ûb|2s+2dx

+
1
2

∫
R2

V(x)|ûb|2dx.

From Lemma 5.2 in [10], we know that∫
R2

∣∣∣(−∆)
s
2 ûb

∣∣∣2 dx −
∫

R2

∣∣∣(−∆)
s
2 ūb

∣∣∣2 dx ≤ Cx−
1
4

b as b → 0+, (5.10)

(∫
R2

∣∣∣(−∆)
s
2 ûb

∣∣∣2 dx
)2

−
(∫

R2

∣∣∣(−∆)
s
2 ūb

∣∣∣2 dx
)2

≤ Cx−
1
4

b as b → 0+, (5.11)

∫
R2

|ûb|2s+2 dx =
∫

R2
|ūb|2s+2 dx − Cx−

5
s −19−10s

b as b → 0+, (5.12)

∫
R2

V(x) |ûb|2 dx = V(x0) + o(1) = o(1) as b → 0+. (5.13)

We now estimate ∫
R2

|ūb|2s+2 dx −
∫

R2
f (x)|ûb|2s+2 dx.

By (5.12), it suffices to estimate∫
R2

f (x)|ûb|2s+2 dx −
∫

R2
|ûb|2s+2 dx.

Since f (x) satisfies (F2), there exist constants C > 0 and ρ > 0 such that, for |x − x0| < ρ, we
have

0 ≤ 1 − f (x) ≤ C|x − x0|q+2s,

as b small enough, we can deduce that

supp ûb ⊂ Bρ(x0),

0 ≤
∫

R2
(1 − f (x)) |ûb|2s+2 dx ≤ C

∫
R2

|x − x0|q+2s |ûb|2s+2 dx
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and

C
∫

R2
|x − x0|q+2s |ûb|2s+2 dx

= C
∫

R2
|x − x0|q+2s A2s+2

b

(
xb

β∗

) 2s+2
2s

φ2s+2
(

x−
2
s

b (x − x0)

)
Q2s+2

2s

(
x

1
2s
b (x − x0)

)
dx

≤ C
∫

R2
|x − x0|q+2sx

2s+2
2s

b Q2s+2
2s

(
x

1
2s
b (x − x0)

)
dx

= C
∫

R2
x−

q
2s

b xq+2sQ2s+2
2s (x)dx.

By the proof of Lemma 5.1, we have∫
R2

xq+2sQ2s+2
2s (x)dx < ∞

and
0 ≤

∫
R2

(1 − f (x)) |ûb|2s+2 dx ≤ O
(

x−
q
2s

b

)
,

for β > β∗ and b → 0+, such that xb → ∞ and∫
R2

f (x) |ûb|2s+2 dx =
∫

R2
|ûb|2s+2 dx + o(1) as b → 0+. (5.14)

From (5.9)–(5.14), we can deduce that

0 ≤ d f
β(b, 2s)− d̃β(b, 2s) → 0 as b → 0+. (5.15)

Letting ub is a non-negative minimizer of d f
β(b, 2s), such that

d f
β(b, 2s) = E f

β,b,2s(ub) = Ẽβ,b,2s(ub) +
1
2

∫
R2

V(x)|ub|2dx +
β

2s + 2

∫
R2

(1 − f (x)) |ub|2s+2dx,

with Ẽβ,b,2s(ub) ≥ d̃β(b, 2s), we have

d f
β(b, 2s)− d̃β(b, 2s) ≥ 1

2
V(x)|ub|2dx +

β

2s + 2

∫
R2

(1 − f (x)) |ub|2s+2dx

by (5.15), it follows that ∫
R2

V(x)|ub|2dx → 0 as b → 0+

and ∫
R2

(1 − f (x)) |ub|2s+2dx → 0 as b → 0+.

which means Lemma 5.2 holds.

Lemma 5.3. For any given β > β∗, suppose that f (x) satisfies (F1)–(F2) and V(x) satisfies (V1),
and let ub is a non-negative minimizer of d f

β(b, 2s). Then, we have∫
R2

∣∣(−∆)
s
2 ub
∣∣2 dx

xb
→ 1 and

∫
R2 f (x)|ub|2+2sdx

xb
→ 1 + s

β∗ as b → 0+,

where xb is defined in Lemma 5.1.
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Proof. For any u be such that ∥u∥2
2 = 1, it follows from (F1) and Lemma 2.1 that∫

R2
f (x)|u|2s+2dx ≤

∫
R2

|u|2s+2dx ≤ s + 1
β∗

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx,

then

E f
β,b,2s(u) ≥

1
2

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

+
1
2

∫
R2

V(x)|u|2dx

− β

2s + 2
s + 1

β∗

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

=
b
4

(∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)2

− β − β∗

2β

∫
R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx +

1
2

∫
R2

V(x)|u|2dx

= I
(∫

R2

∣∣∣(−∆)
s
2 u
∣∣∣2 dx

)
+

1
2

∫
R2

V(x)|u|2dx,

where I(x) is defined in (5.3) and Imin = I(xb). Then, let u = ub, we obtain that

d f
β(b, 2s) = E f

β,b,2s(ub) ≥ I
(∫

R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)
+

1
2

∫
R2

V(x)|ub|2dx

≥ I
(∫

R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)

.
(5.16)

From Lemma 5.1 and Lemma 5.2 in [10], it follows that

d f
β(b, 2s) = d̃β(b, 2s) + o(1) ≤ I(xb) + o(1) as b → 0+. (5.17)

Suppose, by contradiction, that there exists γ ≥ 0, γ ̸= 1, such that∫
R2

∣∣(−∆)
s
2 ub
∣∣2 dx

xb
→ γ as b → 0+.

If γ ∈ [0, 1), then there exists a subsequence {bk}, bk → 0 as k → ∞. Let δ ∈ (γ, 1), for k
large enough, we have ∫

R2

∣∣∣(−∆)
s
2 ubk

∣∣∣2 dx ≤ δxbk

and

I
(∫

R2

∣∣∣(−∆)
s
2 ubk

∣∣∣2 dx
)
≥ h(δxbk) > I(xbk), (5.18)

with (5.16) and (5.17), we can get that

I(δxbk) ≤ I
(∫

R2

∣∣∣(−∆)
s
2 ubk

∣∣∣2 dx
)
≤ d f

β(bk, 2s) ≤ I(xbk) + o(1)

which gives a contradiction by (5.18). Similarly, we can also get a contradiction when γ > 1.
Hence, ∫

R2

∣∣(−∆)
s
2 ub
∣∣2 dx

xb
→ 1 as b → 0+. (5.19)

Since

d f
β(b, 2s) =

1
2

∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx +
b
4

(∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)2

+
1
2

∫
R2

V(x)|ub|2dx

− β

2s + 2

∫
R2

f (x)|ub|2s+2dx,
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then, we can deduce that

d f
β(b, 2s)− I

(∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)
=

β

2β∗

∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx +
1
2

∫
R2

V(x)|ub|2dx

− β

2s + 2

∫
R2

f (x)|ub|2s+2dx,

by Lemma 5.2, we have

d f
β(b, 2s)− I

(∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)
→ 0 as b → 0+.

Then,

β

2s + 2

∫
R2

f (x)|ub|2s+2dx =
β

2β∗

∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx +
1
2

∫
R2

V(x)|ub|2dx

−
(

d f
β(b, 2s)− I

(∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
))

=
β

2β∗

∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx + o(1) as b → 0+.

Since (5.19) holds, we obtain that∫
R2 f (x)|ub|2+2sdx

xb
→ 1 + s

β∗ as b → 0+, (5.20)

which means Lemma 5.3 holds.

Lemma 5.4. For β = β∗, suppose that f (x) satisfies (F1)–(F2) and V(x) satisfies (V1), and let ub is
a non-negative minimizer of d f

β∗(b, 2s). Then, we have

d f
β∗(b, 2s) → d f

β∗(0, 2s) = 0 as b → 0+,∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx → +∞ as b → 0+,

b
(∫

R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)2

→ 0 as b → 0+,∫
R2

V(x)|ub|2dx → 0 as b → 0+.

Proof. From Theorem 1.1 in [12], we know that d f
β∗(0, 2s) = 0. By Lemma 2.1, we have

d f
β∗(b, 2s) = E f

β∗,b,2s(ub)

≥ b
4

(∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)2

+
1
2

∫
R2

V(x)|ub|2dx > d f
β∗(0, 2s) = 0.

(5.21)

For fixed x0 ∈ R2 and τ > 0, define

uτ(x) = Aτ
τ

∥Q2s∥2
φ(x − x0)Q2s

(
τ(x − x0)

)
, (5.22)

where φ is given in Lemma 5.2 and Aτ > 0 is chosen so that ∥u2∥2
2 = 1. By Lemma 2.1, we

deduce that

A2
τ =

∥Q2s∥2
2∫

R2 φ2
( x

τ

)
Q2

2s(x)dx
= 1 + O(τ−2−4s) as τ → ∞. (5.23)
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From (5.1), (5.23), and Lemma 2.7, it follows that

∫
R2

∣∣∣(−∆)
s
2 uτ

∣∣∣2 dx =
A2

ττ2s

∥Q2s∥2
2

∫
R4

∣∣φ ( x
τ

)
Q2s(x)− φ

( y
τ

)
Q2s(y)

∣∣2
|x − y|2+2s dxdy

≤ τ2s

∥Q2s∥2
2

(∫
R2

∣∣∣(−∆)
s
2 Q2s

∣∣∣2 dx + O(τ−4s)

)
≤ C(τ−2s + τ2s) as τ → ∞,

(5.24)

from Lemma 2.1 and Lemma 2.2 and (F2), we can deduce that

1
2

∫
R2

∣∣∣(−∆)
s
2 uτ

∣∣∣2 dx − β∗

2s + 2

∫
R2

f (x)|uτ|2+2sdx

≤ τ2s

2∥Q2s∥2
2

(∫
R2

∣∣∣(−∆)
s
2 Q2s

∣∣∣2 dx − 1
1 + s

∫
R2

f
(

x0 +
x
τ

)
|Q2s|2+2sdx + O(τ−4s)

)
=

τ2s

2∥Q2s∥2
2

(
1

1 + s

∫
R2

|Q2s|2+2sdx − 1
1 + s

∫
R2

f
(

x0 +
x
τ

)
|Q2s|2+2sdx + O(τ−4s)

)
=

τ2s

2(1 + s)∥Q2s∥2
2

(∫
R2

(
1 − f

(
x0 +

x
τ

))
|Q2s|2+2sdx + O(τ−4s)

)
≤ Cτ−(q+2s) + Cτ−2s as τ → ∞.

(5.25)

Moreover, by a direct computation, we deduce that∫
R2

V(x)|uτ|2dx =
A2

τ

(β∗)
1
s

∫
R2

V
( x

τ
+ x0

)
φ2
( x

τ

)
Q2

2s(x)dx

= V(x0) + o(1) = o(1) as τ → ∞,

(5.26)

where o(1) → 0 as τ → ∞. From (5.24)–(5.26), it follows that

0 < d f
β∗(b, 2s) ≤ E f

β∗,b,2s(uτ) ≤ Cb(τ−4s + τ4s) + Cb + Cτ−2s + Cτ−(q+2s) + o(1). (5.27)

Letting τ = b−
1
8s and b → 0+, then (5.27) shows that

0 < d f
β∗(b, 2s) → 0 as b → 0+.

Hence, (5.21) implies that

b
(∫

R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx
)2

→ 0 and
∫

R2
V(x)|ub|2dx → 0 as b → 0+. (5.28)

We next show that ∫
R2

∣∣∣(−∆)
s
2 ub

∣∣∣2 dx → +∞ as b → 0+. (5.29)

If (5.29) is false, then (5.28) shows that there exists a sequence of {bk} with bk
k→ 0+

such that the sequence {uk} is bounded in E, where uk := ubk . By Lemma 2.4, passing to a
subsequence, there exists u0 ∈ E such that{

uk ⇀ u0 in E,

uk → u0 in Lq(R2) for q ∈ [2, 2∗s ).
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Thus, it follows that

d f
β∗(0, 2s) ≤ E f

β∗,0,2s(u0) ≤ lim inf
k→∞

E f
β∗,bk ,2s(uk) = lim

k→∞
d f

β∗(bk, 2s) = 0 = d f
β∗(0, 2s),

which indicates that u0 is a minimizer of d f
β∗(0, 2s). This is impossible since Theorem 1.1 in

[12], which shows that (5.29) holds.

Lemma 5.5. Let s ∈
( 1

2 , 1
)
, and suppose that f (x) satisfies (F1)–(F2) and V(x) satisfies (V1). For

any given β ≥ β∗, let uk be a non-negative minimizer of d f
β(bk, 2s) with bk

k→ 0+. Then, there exists a
sequence {yϵk}, R0 > 0, and α > 0 such that the function

wk(x) := ϵkuk(ϵkx + ϵkyϵk), where ϵk is defined by (1.13), (5.30)

satisfies

lim inf
k→∞

∫
BR0 (0)

|wk|2dx ≥ α > 0. (5.31)

Moreover, for any sequence {bk} with bk
k→ 0+, there exists a subsequence, still denoted by {bk},

such that zk := ϵkyϵk

k→ x0 and x0 ∈ R2 is a global minimum point of V(x), i.e., V(x0) = 0. In
addition, for any ρ > 0 small enough, we have

uk(x) =
1
ϵk

wk

(
x − zk

ϵk

)
k→ 0 for any x ∈ Bc

ρ(x0). (5.32)

Proof. We divide the proof into six steps.

Step 1. Define w̃(x) = ϵkuk(ϵkx), where ϵk is given by (1.13). For β = β∗, it follows from
Lemma 5.4 and assumption (F1) that∫

R2 f (x)|uk|2+2sdx∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx

=
2s + 2

β∗

[
1
2
+

1
2

∫
R2 V(x)|uk|2dx∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

+
b
4

(∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx

)2

∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx

−
d f

β∗(bk, 2s)∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx


→ s + 1

β∗ as k → ∞

and ∫
R2

|w̃|2+2sdx =

∫
R2 |uk|2+2sdx∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

≥
∫

R2 f (x)|uk|2+2sdx∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx

,

then,

lim inf
k→∞

∫
R2

|w̃|2+2sdx ≥ s + 1
β∗ > 0. (5.33)

For β > β∗, then Lemma 5.3 and (F1) shows that∫
R2 f (x)|uk|2+2sdx

xb
→ 1 + s

β∗ as k → ∞

and ∫
R2

|w̃|2+2sdx =

∫
R2 |uk|2+2sdx

xb
≥
∫

R2 f (x)|uk|2+2sdx
xb

,
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then, we obtain that

lim inf
k→∞

∫
R2

|w̃|2+2sdx ≥ s + 1
β∗ > 0. (5.34)

Next, we show that there exists a sequence {yϵk} ⊂ R2 and R0, α > 0 such that

lim inf
ϵk→0+

∫
BR0 (yϵk )

|w̃k|2dx ≥ α > 0. (5.35)

Suppose by contradiction that for any R > 0, there exists a subsequence of {w̃k} such that

lim
k→∞

sup
y∈R2

∫
BR(y)

|w̃k|2dx = 0.

From Lemma 2.6, we get that w̃k
k→ 0 in Lr(R2) for 2 < r < 2∗s . Hence, w̃k

k→ 0 in
L2+2s(R2), which contradicts (5.33) and (5.34). Therefore, (5.35) shows that (5.31) holds.

Step 2. By Lemma 5.2 and Lemma 5.4, it follows that∫
R2

V(x)|uk|2dx =
∫

R2
V(ϵkx + ϵkyϵk)|wk|2dx → 0 as k → ∞,

which implies that

0 = lim inf
k→∞

∫
R2

V(ϵkx + ϵkyϵk)|wk|2dx ≥ lim inf
k→∞

∫
BR0 (0)

V(ϵkx + ϵkyϵk)|wk|2dx.

Since V(x) → ∞ as |x| → ∞, (5.31) implies that {ϵkyϵk} is bounded in R2, and passing to

a subsequence if necessary, there exists a x0 ∈ R2 such that zk := ϵkyϵk

k→ x0. By (5.31) and
Fatou’s lemma, it follows that

lim inf
k→∞

∫
R2

V(ϵkx + ϵkyϵk)|wk|2dx ≥ V(x0)
∫

BR0 (0)
lim
k→∞

|wk|2dx ≥ V(x0)α,

which implies that V(x0) = 0.

Step 3. Since uk is a non-negative minimizer for d f
β(bk, 2s), we have(

1 + bk

∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx
)
(−∆)suk + V(x)uk = β f (x)|uk|2s+1 + λkuk in R2, (5.36)

where λk ∈ R is a Lagrange multiplier. Moreover, we also have

d f
β(bk, 2s) =

1
2

∫
R2

(∣∣∣(−∆)
s
2 uk

∣∣∣2 + V(x)|uk|2
)

dx +
bk

4

(∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx
)2

− β

2s + 2

∫
R2

f (x)|uk|2s+2dx
(5.37)

and

λk =
∫

R2

(∣∣∣(−∆)
s
2 uk

∣∣∣2+V(x)|uk|2
)

dx+bk

(∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx
)2

−β
∫

R2
f (x)|uk|2s+2dx. (5.38)
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From (1.13), (5.37) and Lemma 5.4, we deduce that for β = β∗,
∫

R2

∣∣∣(−∆)
s
2 wk

∣∣∣2 dx =
∫

R2
|wk|2dx = 1,

ϵ2s
k

∫
R2

f (x)|uk|2s+2dx → s + 1
β∗ as k → ∞.

(5.39)

From (1.13), (5.30), and Lemma 5.3, we obtain that for β > β∗,

∫
R2

|wk|2dx = 1,∫
R2

∣∣∣(−∆)
s
2 wk

∣∣∣2 dx = ϵ2s
k

∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx =

∫
R2

∣∣(−∆)
s
2 uk
∣∣2 dx

xbk

→ 1 as k → ∞,

ϵ2s
k

∫
R2

f (x)|uk|2s+2dx =

∫
R2 f (x)|uk|2s+2dx

xbk

→ s + 1
β∗ as k → ∞.

(5.40)

Hence, by (5.38)–(5.40), it follows that for any β ≥ β∗,

λkϵ2s
k → − sβ

β∗ as k → ∞. (5.41)

Combining (5.35) with (5.41), we have(
1 + bk

∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx
)
(−∆)swk + ϵ2s

k V(ϵkx + ϵkyϵk)wk

= λkϵ2s
k wk + β f (ϵkx + ϵkyϵk)w

2s+1
k in R2.

(5.42)

Since zk → x0, ϵk → 0, and f is continuous, we obtain that for any fixed R > 0, it holds that

sup
|x|≤R

| f (ϵkx + ϵkyϵk)− f (x0)| → 0,

which implies that

f (ϵkx + ϵkyϵk)
k−→ f (x0) = 1.

From (5.39) and (5.40), we deduce that {wk} is bounded in Hs(R2). Hence, up to a subse-
quence, there exists w0 ∈ Hs(R2) such that

wk ⇀ w0 ≥ 0 in Hs(R2) as k → ∞. (5.43)

By using (5.41)–(5.43) and passing to the weak limit, we can obtain that w0(x) satisfies, in the
weak sense,

(−∆)sw0 + sw0 = β∗w2s+1
0 in R2. (5.44)

It follows from (5.31) that w0 ̸≡ 0. Arguing as in the proof of Proposition 4.4 in [33], we
deduce that w0 ∈ C1,α(R2) for some α ∈ (0, 1). Then, by Lemma 3.2 in [9], we have

(−∆)sw0(x) = −1
2

Cs

∫
R2

w0(x + y) + w0(x − y)− 2w0(x)
|x − y|2+2s dy ∀x ∈ R2.

We next show that w0 > 0. Suppose, by contradiction, that there exists x0 ∈ R2 such that
w0(x0) = 0. Then it follows that

(−∆)sw0(x0) = −sw0(x0) + β∗w2s+1
0 (x0) = 0,
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Since w0 ≥ 0 and w0 ̸≡ 0, we can deduce that

(−∆)sw0(x0) = −1
2

Cs

∫
R2

w0(x0 + y) + w0(x0 − y)
|x0 − y|2+2s dy < 0

which gives a contradiction. Hence, w0 > 0 for all x ∈ R2. Now, by (5.44) and the fact that
Q2s(x) is the unique positive radial solution of (1.10), it follows that

w0(x) =
(

1
β∗

) 1
2s

Q2s(|x − y0|) for some y0 ∈ R2. (5.45)

A direct computation shows that∫
R2

∣∣∣(−∆)
s
2 w0

∣∣∣2 dx =
∫

R2
|w0|2dx = 1.

Combining (5.39), (5.40) and (5.43), we obtain

wk → w0 =
Q2s(|x − y0|)

(β∗)
1
2s

in Hs(R2) as k → ∞. (5.46)

Step 4. For k large enough, and f (x) satisfies (F1), it follows from (5.41) that

(−∆)swk ≤ β f (x)w2s+1
k ≤ βw2s+1

k . (5.47)

Next, we prove that ∥wk∥∞ ≤ C uniformly for large k. Indeed, for α ≥ 1 and T > 0, let

ν(t) =


0, t ≤ 0,

tp, 0 < t < T,

pTp−1(t − T) + Tp, t ≥ T.

Since ν is convex and Lipschitz continuous, we get

(−∆)sν(wk) ≤ ν′(wk)(−∆)swk, (5.48)

in the weak sense. Using the Sobolev inequality, (5.47)–(5.48), and the estimates ν′(wk)ν(wk) ≤
pw2p−1

k and wkν′(wk) ≤ pν(wk), together with integration by parts, it follows that

∥ν(wk)∥2
2∗s ≤ C

∫
R2

∣∣∣(−∆)
s
2 ν(wk)

∣∣∣2 dx = C
∫

R2
ν(wk)(−∆)sν(wk)dx

≤ C
∫

R2
ν(wk)ν

′(wk)(−∆)swkdx

≤ C
∫

R2
ν(wk)ν

′(wk)βw2s+1
k dx

≤ C
∫

R2
ν(wk)ν

′(wk)
(

1 + w2∗s −1
k

)
dx

= C
(∫

R2
ν(wk)ν

′(wk)dx +
∫

R2
ν(wk)ν

′(wk)w
2∗s −1
k dx

)
≤ Cp

(∫
R2

w2α−1
k dx +

∫
R2

(ν(wk))
2 w2∗s −2

k dx
)

.

(5.49)
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Since p ≥ 1 and that ν(wk) is linear when wk ≥ T, we deduce that∫
R2

(ν(wk))
2 w2∗s −2

k dx =
∫
{wk≤T}

(ν(wk))
2 w2∗s −2

k dx +
∫
{wk>T}

(ν(wk))
2 w2∗s −2

k dx

≤ T2p−2
∫

R2
w2∗s

k dx + C
∫

R2
w2∗s

k dx < +∞,

which implies that
∫

R2 (ν(wk))
2 w2∗s −2

k dx is well defined for every T.
Now, we choose p in (5.49) such that 2p − 1 = 2∗s and define p1 = 2∗s +1

2 . Let R > 0 be fixed
later, then by Hölder’s inequality, it follows that∫

R2
(ν(wk))

2 w2∗s −2
k dx =

∫
{wk≤R}

(ν(wk))
2 w2∗s −2

k dx +
∫
{wk>R}

(ν(wk))
2 w2∗s −2

k dx

≤ R2∗s −1
∫
{wk≤R}

(ν(wk))
2

wk
dx

+

(∫
{wk>R}

w2∗s
k dx

) 2∗s −2
2∗s
(∫

R2
(ν(wk))

2∗s dx
) 2

2∗s
.

(5.50)

From (5.46), it follows that {wk} converges strongly in Hs(R2), and hence in L2∗s (R2). Conse-
quently, there exists R > 0 sufficiently large such that(∫

{wk>R}
w2∗s

k dx
) 2∗s −2

2∗s ≤ 1
2Cp1

. (5.51)

By (5.49)–(5.51), we obtain that(∫
R2

(ν(wk))
2∗s dx

) 2
2∗s ≤ 2Cp1

(∫
R2

w2∗s
k dx + R2∗s −1

∫
R2

(ν(wk))
2

wk
dx

)
. (5.52)

According to the fact ν(wk) ≤ wp1
k and letting T → ∞, we know that(∫

R2
w2∗s p1

k dx
) 2

2∗s ≤ 2Cp1

(∫
R2

w2∗s
k dx + R2∗s −1

∫
R2

w2∗s
k dx

)
< ∞,

which shows that
wk ∈ L2∗s p1(R2). (5.53)

Suppose that p > p1. Letting T → ∞ in (5.49), we can see that(∫
R2

w2∗s p
k dx

) 2
2∗s ≤ Cp

(∫
R2

w2p−1
k dx +

∫
R2

w2p+2∗s −2
k dx

)
. (5.54)

Set
w2p−1

k = wa
kwb

k,

where a = 2∗s (2∗s −1)
2(p−1) and b = 2p − 1 − a. Moreover, p > p1 implies that 0 < a, b < 2∗s , and by

using Young’s inequality, we have∫
R2

w2p−1
k dx ≤ a

2∗s

∫
R2

w2∗s
k dx +

2∗s − a
2∗s

∫
R2

w
2∗s b

2∗s −a

k dx

≤
∫

R2
w2∗s

k dx +
∫

R2
w2p+2∗s −2

k dx

≤ C
(

1 +
∫

R2
w2p+2∗s −2

k dx
)

.

(5.55)
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It then follows from (5.54) and (5.55) that(∫
R2

w2∗s p
k dx

) 2
2∗s ≤ Cp

(
1 +

∫
R2

w2p+2∗s −2
k dx

)
, (5.56)

which implies that(
1 +

∫
R2

w2∗s p
k dx

) 1
2∗s (p−1)

≤ (Cp)
1

2(p−1)

(
1 +

∫
R2

w2p+2∗s −2
k dx

) 1
2(p−1)

.

Iterating this argument, we deduce that(
1 +

∫
R2

w2∗s pi+1
k dx

) 1
2∗s (pi+1−1)

≤ (Cpi+1)
1

2(pi+1−1)

(
1 +

∫
R2

w2∗s pi
k dx

) 1
2(pi−1)

,

where

2pi+1 + 2∗s − 2 = 2∗s pi and pi+1 =

(
2∗s
2

)i

(pi − 1) + 1.

Let Ci+1 = Cpi+1 and

Ui =

(
1 +

∫
R2

w2∗s pi
k dx

) 1
2∗s (pi−1)

.

Hence, there exists a constant C > 0 independent of i such that

Ui+1 ≤
i+1

∏
i=2

C
1

2(pi−1)

i U1 ≤ CU1,

which shows that
∥wk∥∞ ≤ C uniformly for large k.

Step 5. We prove that wk(x) → 0 as |x| → ∞ uniformly for large enough k.
We rewrite problem (5.42) as follows:

(−∆)swk + wk = hk(x) in R2,

where

hk(x) = wk +
−ϵ2s

k V(ϵkx + ϵkyϵk)wk + λkϵ2s
k wk + β f (ϵkx + ϵkyϵk)w

2s+1
k

1 + bk
∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

.

By Step 4, it follows that hk ∈ L∞(R2), and {hk} is uniformly bounded for sufficiently
large k. Using the interpolation inequality and the strong convergence of {wk} in Hs(R2),
we deduce that hk → h in Lq(R2) for any q ∈ [2,+∞), where h ∈ Lq(R2). Hence, by [12], it
follows that

wk(x) =
∫

R2
K(x − y)hk(y)dy,

where K is a Bessel potential and it satisfies the following:

(K1) K is positive, radially symmetric, and smooth in R2 \ {0}.

(K2) There exists C > 0 such that K(x) ≤ C
|x|2+2s for x ∈ R2 \ {0}.

(K3) K ∈ Lr(R2) for r ∈
[
1, 1

1−s

)
.
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For any ξ > 0, we have

0 ≤ wk(x) ≤
∫

R2
K(x − y)|hk(y)|dy

=
∫
{|x−y|≥ 1

ξ }
K(x − y)|hk(y)|dy +

∫
{|x−y|< 1

ξ }
K(x − y)|hk(y)|dy.

By (K2), we have∫
{|x−y|≥ 1

ξ }
K(x − y)|hk(y)|dy ≤ Cξs∥hk∥∞

∫
{|x−y|≥ 1

ξ }

1
|x − y|2+s dy

≤ Cξs
∫
{|x−y|≥ 1

ξ }

1
|x − y|2+s dy = Cξ2s.

(5.57)

On the other hand, by using Hölder’s inequality and (K3), we deduce that∫
{|x−y|< 1

ξ }
K(x − y)|hk(y)|dy ≤

∫
{|x−y|< 1

ξ }
K(x − y)|hk − h|dy +

∫
{|x−y|< 1

ξ }
K(x − y)|h|dy

≤
(∫

R2
|K|2dy

) 1
2
(∫

R2
|hk − h|2dy

) 1
2

+

(∫
R2

|K|2dy
) 1

2
(∫

{|x−y|< 1
ξ }
|h|2dy

) 1
2

,

which implies that there exists R0 > 0 independent of ξ > 0 such that∫
{|x−y|< 1

ξ }
K(x − y)|hk(y)|dy ≤ ξ uniformly for large k and |x| ≥ R0, (5.58)

where we have used the fact s > 1
2 so that 2 < 1

1−s and
( ∫

{|x−y|< 1
ξ }
|h|2dy

) 1
2 → 0 as |x| → ∞.

It then follows from (5.57) and (5.58) that

0 ≤ wk(x) ≤ C(ξ2s + ξ) as |x| ≥ R0 uniformly for large k,

which implies
wk(x) → 0 as |x| → ∞ uniformly for large k.

Step 6. We prove that (5.32) holds.
In fact, by Lemma 5.3 and Lemma 5.4, we obtain that there exists C1 > 0 such that

1 + bk

∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx ≤ C1 uniformly for large k. (5.59)

From Lemma 4.3 in [12], there exists a function χ such that

0 < χ ≤ C
1 + |x|2+2s

and

(−∆)sχ +
sβ

2C1β∗ χ = 0 in R2 \ BR1(0),
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for some suitable constant R1 > 0. Moreover, by Step 5, (5.41) and (5.59), we know that there
exists R2 > 0 large enough such that for large enough k,

(−∆)swk +
sβ

2C1β∗ wk ≤ (−∆)swk +
sβ

2β∗
(

1 + bk
∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

)wk

=
−ϵ2s

k V(ϵkx + ϵkyϵk)wk + λkϵ2s
k wk + β f (ϵkx + ϵkyϵk)w

2s+1
k + sβ

2β∗ wk

1 + bk
∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

≤ 0,

for |x| ≥ R2. Then, similar to the Proof of Lemma 5.6 in [33], it follows that

wk(x) ≤ C
1 + |x|2+2s uniformly for large k. (5.60)

For any x ∈ Bc
ρ(x0), we have

|x − zk|
ϵk

≥ |x − x0|
2ϵk

≥ ρ

2ϵk

k−→ +∞. (5.61)

From (5.60) and (5.61), it follows that

uk(x) =
1
ϵk

wk

(
x − zk

ϵk

)
≤ 1

ϵk

C

1 +
∣∣∣ x−zk

ϵk

∣∣∣2+2s

≤ 1
ϵk

C

1 +
∣∣∣ ρ

2ϵk

∣∣∣2+2s
k−→ 0 ∀x ∈ Bc

ρ(x0),

which means Lemma 5.5 holds.

Proof of Theorem 1.4. Set z̄k a global maximum point of uk. Then, (5.36) and (5.41) show that

uk(z̄k) ≥
(
−λk

β

) 1
2s

≥ Cϵ−1
k .

Thus, Lemma 5.5 implies that z̄k → x0 as k → ∞. Let

w̃k := ϵkuk(ϵkx + z̄k). (5.62)

From (5.36), we have(
1 + bk

∫
R2

∣∣∣(−∆)
s
2 uk

∣∣∣2 dx
)
(−∆)sw̃k + ϵ2s

k V(ϵkx + z̄k)w̃k

= λkϵ2s
k w̃k + β f (ϵkx + z̄k)w̃2s+1

k in R2.
(5.63)

Similar to the proof of Step 3 in Lemma 5.5, there exists a subsequence of {w̃k}, still denoted

by {w̃k}, such that w̃k
k−→ w̃0 > 0, where w̃0 satisfies (5.44) for some β > 0. Now, we claim that

w̃k → w̃0 in C2,δ
loc(R

2) as k → ∞ for some δ ∈ (0, 1). (5.64)

In fact, we rewrite problem (5.63) as follows:

(−∆)sw̃k =
−ϵ2s

k V(ϵkx + z̄k)w̃k + λkϵ2s
k w̃k + β f (ϵkx + z̄k)w̃2s+1

k

1 + bk
∫

R2

∣∣(−∆)
s
2 uk
∣∣2 dx

=: P(w̃k).
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For large k, similar to the proof of Step 4 in Lemma 5.5, we know that ∥w̃k∥∞ ≤ C. Then,
P(w̃k) ∈ L∞(R2) for large k. Applying Proposition 2.9 in [30], we have that for large k,

∥w̃k∥C1,α(R2) ≤ C (∥w̃k∥∞ + ∥P(w̃k)∥∞) ≤ C for some α ∈ (0, 1). (5.65)

Moreover, by (V1), ∥w̃k∥∞ ≤ C and (5.65), we deduce that

∥∥V(ϵkx + z̄k)w̃k
∥∥

C0,α(R2)
≤ C + sup

x ̸=y

∣∣V(ϵkx + z̄k)w̃k(x)− V(ϵky + z̄k)w̃k(y)
∣∣

|x − y|α

≤ C + sup
x ̸=y

∣∣V(ϵkx + z̄k)− V(ϵky + z̄k)
∣∣∣∣w̃k(x)

∣∣
|x − y|α

+ sup
x ̸=y

∣∣V(ϵky + z̄k)
∣∣∣∣w̃k(x)− w̃k(y)

∣∣
|x − y|α for large k.

(5.66)

For any fixed R > 0, then we have
|w̃k(x)− w̃k(y)|

|x − y|α ≤ CR1−α ≤ C if |x − y| ≤ R,

|w̃k(x)− w̃k(y)|
|x − y|α ≤ CR−α ≤ C if |x − y| > R.

(5.67)

From (5.66) and (5.67), ∥∥V(ϵkx + z̄k)w̃k
∥∥

C0,α(R2)
≤ C for large k. (5.68)

Similarly, by (F1), we also have

∥w̃k∥C0,α(R2) ≤ C and ∥ f (ϵkx + z̄k)w̃2s+1
k ∥C0,α(R2) ≤ C for large k. (5.69)

Then, (5.68) and (5.69) show that ∥P(w̃k)∥C0,α(R2) ≤ C for large k. Thus, by Proposition 2.8
in [19], we have that

∥w̃k∥C1,ϖ(R2) ≤ C
(
∥w̃k∥∞ + ∥P(w̃k)∥C0,α(R2)

)
≤ C for large k, (5.70)

where ϖ = α + 2s − 1. We now differentiate the equation to obtain

(−∆)s(w̃k)xi = P′(w̃k)(w̃k)xi

for i = 1, 2 with P′(w̃k) =
−ϵ2s

k V(ϵkx+z̄k)+λkϵ2s
k +β f (ϵkx+z̄k)w̃2s

k

1+bk
∫

R2

∣∣∣(−∆)
s
2 uk

∣∣∣2dx
. Clearly, (5.70) implies that

∥(w̃k)xi∥C0,ϖ(R2) ≤ C and ∥P′(w̃k)∥C0,ϖ(R2) ≤ C for large k. (5.71)

From (5.70), (5.71), and (V1), we deduce that∥∥V(ϵkx + z̄k)(w̃k)xi

∥∥
C0,α(R2)

= sup
∣∣V(ϵkx + z̄k)(w̃k)xi

∣∣ (5.72)

+ sup
x ̸=y

∣∣V(ϵkx + z̄k)Dw̃k(x)− V(ϵky + z̄k)Dw̃k(y)
∣∣

|x − y|α

≤ C + sup
x ̸=y

∣∣V(ϵkx + z̄k)− V(ϵky + z̄k)
∣∣∣∣Dw̃k(x)

∣∣
|x − y|α

+ sup
x ̸=y

∣∣V(ϵky + z̄k)
∣∣∣∣Dw̃k(x)− Dw̃k(y)

∣∣
|x − y|α ≤ C for large k.
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Similarly, by (F1), we also can obtain that∥∥ f (ϵkx + z̄k)w̃2s
k (w̃k)xi

∥∥
C0,α(R2)

≤ C for large k. (5.73)

Thus, by (5.72)–(5.73) and Proposition 2.8 in [30], it follows that for some δ ∈ (0, 1),∥∥(w̃k)xi

∥∥
C1,δ(R2)

≤ C
(∥∥(w̃k)xi

∥∥
∞ +

∥∥P′(w̃k)(w̃k)xi

∥∥
∞

)
≤ C for large k,

which implies that ∥w̃k∥C2,δ(R2) ≤ C for large k. Therefore, (5.64) holds.
Since x = 0 is a critical point of w̃k for all k, it follows from (5.64) that x = 0 is also a

critical point of w̃0. By Lemma 2.1, Q2s(x) is radially symmetric about the origin and strictly
monotone with respect to |x|. Hence, w̃0 attains its unique global maximum at x = 0 and

w̃0(x) =
Q2s(|x|)
(β∗)

1
2s

.

Combining w̃k ≥
( s

2β∗
) 1

2s at each global maximum point and w̃k decays to zero uniformly in k
as |x| → ∞, we get that each global maximum point of w̃k stays in a finite ball in R2. From
(5.64) and that the origin is the only critical point of w̃0, then all global maximum points of
{w̃k} must approach to the origin and, hence, stay in a small ball Bρ(0) as k → ∞. Let ρ > 0
small enough such that w̃′′

0 (τ) < 0 for 0 < τ < ρ. By Lemma 4.2 in [27], we know that {w̃k}
has no critical points other than the origin. Hence, we can deduce that {uk} has a unique
global maximum point z̄k ∈ R2 and z̄k concentrates at a unique global minimum point of
potential V(x) as k → ∞.

6 Concentration behavior under homogeneous potential

We first derive a detailed estimate of the energy d f
β∗(b, 2s) as b → 0+.

Lemma 6.1. Suppose that f (x) satisfies (F1)–(F2) and V(x) satisfies (V1) and (1.15) and (1.16) hold,
then we have

lim sup
b→0+

d f
β∗(b, 2s)

b
η

η+4s
≤ η + 4s

4η

(
ηθ0

2

) 4s
η+4s 1

(β∗)
4

η+4s

1

s
4s

η+4s
, (6.1)

where η and θ0 are given by (1.18) and (1.19), respectively.

Proof. Take x0 ∈ Y0 and y0 satisfying Mi0(y0) = θ0. Let uτ be given by (5.22) with x0 = xi0 +
y0
τ .

By direct computation, we deduce that

∫
R2

V(x)|uτ|2dx =
θ0

(β∗)
1
s τη

(1 + o(1)) as τ → ∞. (6.2)

By (6.2) and (5.24)–(5.25), we conclude that

d f
β∗(b, 2s) ≤ E f

β∗,b,2s(uτ)≤
b
4

τ4s+Cbτ−4s+Cb + Cτ−2s+Cτ−(q+2s)+
θ0

2(β∗)
1
s τη

(1+o(1)). (6.3)
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Take τ =
[ ηθ0

2sb(β∗)
1
s

] 1
η+4s , and then, τ → ∞ as b → 0+. Thus, it follows from (6.3) that

d f
β∗(b, 2s) ≤ 1

4

(
ηθ0

2

) 4s
η+4s

(
1
β∗

) 4
η+4s

s
−4s

η+4s b
η

η+4s

+
1
η

(
ηθ0

2

) 4s
η+4s

(
1
β∗

) 4
η+4s

s
η

η+4s b
η

η+4s + Cb
2s

η+4s as b → 0+,

which implies that (6.1) holds.

Proof of Theorem 1.5. For β = β∗, let uk be a non-negative minimizer for d f
β∗(bk, 2s) and w̃k be

defined by (5.62), where bk → 0+. From Theorem 1.4, we know that uk has a unique global
maximum point z̃k ∈ R2 such that z̃k → x0 as k → ∞ with V(x0) = 0. Assume that x0 = xi0
for some 1 ≤ i0 ≤ m. Next, we prove that

ηi0 = η and
{

z̃k − xi0
ϵk

}
is bounded, (6.4)

where ϵk is given by (1.13). In fact, if (6.4) is false, then we have ηi0 < η or limk→∞
∣∣ z̃k−xi0

ϵk

∣∣ =
+∞. By using (1.12) and (1.16), we can deduce that for any T > 0 large enough,

lim inf
k→∞

1
ϵ

η
k

∫
R2

V(x)|uk|2dx

= lim inf
k→∞

1

ϵ
η−ηi0
k

∫
R2

V(ϵkx + z̃k)

Vi0(ϵkx + z̃k − xi0)
Vi0

(
x +

z̃k − xi0
ϵk

)
|w̃k|2dx ≥ T.

By Lemma 2.1 and Young’s inequality, we have

d f
β∗(bk, 2s) = E f

β∗,bk ,2s(uk) ≥
bk

4ϵ4s
k
+

Tϵ
η
k

2
≥ CT

4s
η+4s b

η
η+4s
k ,

which gives a contradiction by Lemma 6.1. Hence, (6.4) holds. Passing to a subsequence, we
may assume that there exists y0 ∈ R2 such that

z̃k − xi0
ϵk

→ y0 as k → ∞. (6.5)

From (1.12), (1.16), and (6.5), it follows that

lim inf
k→∞

1
ϵ

η
k

∫
R2

V(x)|uk|2dx = lim inf
k→∞

∫
R2

V(ϵkx + z̃k)

Vi0(ϵkx + z̃k − xi0)
Vi0

(
x +

z̃k − xi0
ϵk

)
|w̃k|2dx

=
1

(β∗)
1
s

∫
R2

Vi0(x + y0)Q2
2sdx ≥ θi0

(β∗)
1
s
≥ θ0

(β∗)
1
s

.
(6.6)

By using (6.6) and Young’s inequality, we deduce that

d f
β∗(bk, 2s) = E f

β∗,bk ,2s(uk) ≥
bk

4ϵ4s
k
+

θ0ϵ
η
k

2(β∗)
1
s

(
1 + o(1)

)
≥ b

η
η+4s
k

η + 4s
4η

(
ηθ0

2

) 4s
η+4s 1

(β∗)
4

η+4s

1

s
4s

η+4s

(
1 + o(1)

)
,
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which implies that

lim sup
k→∞

d f
β∗(bk, 2s)

b
η

η+4s
k

≥ η + 4s
4η

(
ηθ0

2

) 4s
η+4s 1

(β∗)
4

η+4s

1

s
4s

η+4s
. (6.7)

where the equality holds if and only if θi0 = θ0, Mi0(y0) = θ0, and

lim
k→∞

ϵk

ϵ̃k
= 1, where ϵ̃k is defined in (1.22). (6.8)

By Lemma 6.1, we have that

lim
k→∞

d f
β∗(bk, 2s)

b
η

η+4s
k

=
η + 4s

4η

(
ηθ0

2

) 4s
η+4s 1

(β∗)
4

η+4s

1

s
4s

η+4s
, (6.9)

which implies that all inequalities in (6.6) and (6.7) become equalities and Mi0(y0) = θ0 = θi0 .
Therefore, (1.12) and (6.8) yield (1.21), while (6.5) implies (1.23). For β > β∗, we take xi0 ∈ Y0

and y0 satisfying Mi0(y0) = θ0. Set

ûk(x) = Ak φ

(
x−

2
s

bk

(
x − xi0 − ϵ̃ky0

))
ūk
(
x − xi0 − ϵ̃ky0

)
,

where ūk := ūbk and φ are given in Lemma 5.2, respectively, and Ak > 0 is chosen so that
∥ûk∥2

2 = 1. By (1.22) and definition of xb, we get that xbk = ϵ̃−2s
k . Similar to (5.10)–(5.11) and

(5.13), it then follows from (5.16) and the dominated convergence theorem that

d f
β(bk, 2s)− d̃β(bk, 2s) ≤ E f

β,bk ,2s(ûk)− Ẽβ,bk ,2s(ūk) ≤
1
2

∫
R2

V(x)|ûb|2dx + o(1)

=
ϵ̃

η
k

2(β∗)
1
s

∫
R2

V(ϵ̃kx + xi0 + ϵ̃ky0)

Vi0(ϵ̃kx + ϵ̃ky0)
Vi0(x + y0)φ2(ϵ̃5

k x)Q2
2s(x)dx + o(1)

=
ϵ̃

η
k θ0

2(β∗)
1
s

(
1 + o(1)

)
as k → ∞,

which shows that

lim sup
k→∞

d f
β(bk, 2s)− d̃β(bk, 2s)

ϵ̃
η
k

≤ θ0

2(β∗)
1
s

. (6.10)

Denote uk be a non-negative minimizer for d f
β(bk, 2s). From Theorem 1.4, we know that uk

has a unique global maximum point z̃k ∈ R2 such that z̃k → x0 as k → ∞ with V(x0) = 0.
Assume that x0 = xi0 for some 1 ≤ i0 ≤ m. From (1.12) and (1.16), it follows that

lim inf
k→∞

d f
β(bk, 2s)− d̃β(bk, 2s)

ϵ̃
η
k

≥ lim inf
k→∞

1
2ϵ̃

η
k

∫
R2

V(x)|uk|2dx

= lim inf
k→∞

1

2ϵ̃
η−ηi0
k

∫
R2

V(ϵ̃kx + z̃k − xi0 + xi0)

Vi0(ϵ̃kx + z̃k − xi0)
Vi0

(
x +

z̃k − xi0
ϵ̃k

)
|w̃k|2dx.

Thus, similar to (6.4), we can also obtain that ηi0 = η and
{ z̃k−xi0

ϵ̃k

}
is bounded sequence.

By passing to a subsequence, we may assume that there exists y0 ∈ R2 such that

z̃k − xi0
ϵ̃k

→ y0 as k → ∞. (6.11)
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By (1.12), (1.16) and (6.11), we deduce that

lim inf
k→∞

d f
β(bk, 2s)− d̃β(bk, 2s)

ϵ̄
η
k

≥ 1

2(β∗)
1
s

∫
R2

Vi0(x + y0)Q2
2sdx ≥ θi0

2(β∗)
1
s
≥ θ0

2(β∗)
1
s

, (6.12)

where (6.12) becomes equalities if and only if θi0 = θ0 and Mi0(y0) = θ0. Clearly, (6.10) and
(6.12) show that

lim
k→∞

d f
β(bk, 2s)− d̃β(bk, 2s)

ϵ̃
η
k

=
θ0

2(β∗)
1
s

,

which implies that (6.12) becomes equalities. Therefore, (6.11) shows that (1.23) holds.
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