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Abstract. This paper studies a nonlocal system of elliptic equations involving variable-
exponent pj(x)-Laplacian operators subject to Robin boundary conditions. Each of the
n equations contains a nonlocal source term of the form Af;(x, u;)( [p Fi(x, uj) dx) M,
where D C RY is a bounded smooth domain, A > 0 is a parameter, and each p; is
a continuous variable exponent satisfying 1 < p;” < pi(x) < p;“ < N. Working in
the framework of variable-exponent Sobolev spaces, we first establish the existence of
at least one nontrivial weak solution. We then apply a three-critical-points theorem
of Bonanno—-Marano type to prove that the energy functional has at least three critical
points, hence that the system has at least two nontrivial weak solutions, for a suitable
range of the parameter A. A key step is the verification of the Palais-Smale condition,
obtained under a structural growth condition linking the exponents §;, the nonlocal
exponents h; and the lower bounds pj this condition guarantees subcritical growth
and compactness of the associated energy functional. An illustrative example set in the
unit ball of R3 confirms the applicability of the abstract results.

Keywords: elliptic equations, Robin boundary conditions, variable exponent Sobolev
spaces, nonlocal term, multiplicity of solutions.
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1 Introduction

Problems involving the p(x)-Laplacian operator with Robin boundary conditions arise natu-
rally in the study of differential equations with spatially dependent nonlinearities. The p(x)-
Laplacian extends the classical p-Laplacian by allowing the exponent to vary with position,
which makes it particularly suitable for modeling materials and processes exhibiting nonho-
mogeneous behavior. Robin boundary conditions, combining Dirichlet and Neumann effects,
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provide a flexible framework for describing interactions between the domain and its bound-
ary, and they frequently appear in physical and engineering applications such as heat transfer
with convection, diffusion through semi-permeable membranes, and contact mechanics.

The mathematical foundation for variable-exponent Lebesgue and Sobolev spaces was
systematically developed in the early 2000s, notably by Fan and Zhao [10], who established
essential embedding and compactness properties crucial for variational methods. Around the
same time, RtiZicka [16] demonstrated the relevance of these spaces in modeling electrorhe-
ological fluids, sparking broad interest in nonstandard growth problems. For further details
on the theoretical background of Lebesgue and Sobolev spaces with variable exponents, the
reader is referred to the foundational works [6, 11, 12, 16].

Subsequently, scalar elliptic problems with p(x)-Laplacian and Robin boundary conditions
were investigated by several authors. Deng [5] studied the problem

—Apu = Af(x,u) inD,
]Vu|P(x)*2g—z+a( )|u|P®¥)=24 =0 on oD,

and established bifurcation-type results for positive solutions using sub-supersolution and
variational techniques. Later, Allaoui [1] employed the mountain pass theorem to prove exis-
tence under different growth assumptions.

A significant step was taken by Kefi [13], who considered a Robin problem with an indef-
inite weight V(x) and proved via Ekeland’s variational principle, the existence of nontrivial
weak solutions under the condition 1 < q(x) < p(x) < N. This work highlighted the role of
sign-changing potentials and laid groundwork for more complex systems.

More recently, attention has turned to systems of equations. In particular, Khaleghi and
Safari [15] addressed a Steklov-type system involving the p(x)-Laplacian:

{Ap(x)ui = a(x)|u;|P®~2y; in D,

\Vuilp(x)_zéyl; = F,(x,u) onadD,

and proved multiplicity of solutions using a three-critical-points theorem. However, their

boundary condition is of Neumann-Steklov type, lacking the reactive Robin term a;(x) |u;|Pi (%)=

Our work builds directly on the Robin framework of Kefi [13], but introduces two major

innovations: a nonlocal source term of the form Af;(x, u;)( [ Fi(x, u; dx) which models
global feedback (as seen in population dynamics or thermoelast1c1ty) and a system with com-
ponentwise variable exponents p;(x), allowing each equation to obey its own heterogeneous
law. In particular, we focus on the analysis of a new family of p;(x)-Laplacian system de-
scribed as follows:

h,
_AP,'(X)”J' = Afj(x/”j)</DFj(X,uj)dx> " in D,

. i=1,...,n, (1.1)
|Vuj!pf(x)_za—v] +a;(x)|u;|P¥)2u; =0  onaD,
where u = (uy,uy,...,u,) is the unknown vector function with components u;: D — R,
and D C RN (N > 2) is a bounded domain with smooth boundary d9D. The pj(x)-Laplace
operator is defined as

Apj(x)uj = div (]Vuj\”f(")’ZVuj),

2.
Uj.
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with p; € C(D) satisfying

1< p; = inf p;(x) < suppj(x) = pj < N.
xeD x€D

Moreover, £ is a positive constant for each j, the function a; € L*(dID) is such that inf,cyp a;(x) >
0, and A > 0 is a positive parameter.
For eachj =1,...,n, the function f] D x R — R is a Carathéodory function and

Fi(x,t) = /Otfj(x,s) ds, (x,t) e DX R,

so that Fj(x,-) € C'(R) and Fj(x,0) = 0 for all x € ID. The flux density f; satisfies the growth
conditions:

(HO) there exist constants ¢ £,m1,00 >0 (independent of j) such that, for every j =1,...,n,

Q) |fi(x, 1) < éf|t/F 1 forall (x,t) € D x R;
(i) fi(x,t)t > my|t|%™) forall x € D and [t| < &o;
(iii) fj(x,t)t >0 forall (x,t) € D X RR,

where the exponent functions «;, §; € C, (D) := {{ € C(D) : {(x) > 1 Vx € D} satisfy:
(H) Bj(x) < aj(x) for all x € D, and max {(hj + 1)[3?} < ‘rrlﬁn {r: '},
j= i= n

,,,,, n eeer
where ;" = sup,. .5 B;(x).

Remark 1.1. (a) Conditions (HO)(i) and (HO)(ii) give m|t|%¥) < é|t[Fi¥) for |t| < dy; letting
t — 0 shows that they are compatible only if B;(x) < a;(x), which is the first requirement in
(H).

(b) By (HO)(ii), fj(x,s) > 0 for s > 0 and f;j(x,s) < 0 for s < 0, hence Fi(x,t) > 0 for
all (x,t). Consequently [ Fi(x,u;)dx > 0, the power ( [ Fi(x,1;) dx)hj is well defined for
every real i; > 0, and the second term of the energy functional introduced in Section 3 is
nonnegative.

(c) Integrating (HO)(i) and (HO)(ii), we obtain

A

Fnt) < =t forall (xv,8),  Fi(x,6) > 2

Bi(x) aj(x)

Moreover, (HO)(i) gives f;(x,0) = 0, so u = 0 is a (trivial) solution of (1.1).

£14) for |¢] < &.

To the best of our knowledge, no existing work combines Robin boundary conditions,
variable exponents, nonlocal terms, and multiplicity analysis in a system setting. By employ-
ing variational methods in product variable exponent Sobolev spaces and applying critical
point theorems of Bonanno—-Candito-D’Agui [4] and Bonanno-Marano [3], we establish both
existence and multiplicity of weak solutions under a natural subcritical condition:

max {(hj+1)p/} < min {p; }.
j=1,..n i=1,...n

Thus, our results extend the scalar Robin theory [1, 5, 13] to a new class of nonlocal, hetero-
geneous systems with rich solution structure.
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Remark 1.2. Note that the global condition max;—i,. . {(h; + 1)[%;’} < minj—y,_,{p; }, implies
the local condition for every component j, thus, we have (h; + 1)[%;r <p; foranyj=1,...,n.

The remainder of the paper is organized as follows. In Section 2, we review the functional
setting and recall the main compactness results. Section 3 is dedicated to the presentation of
the required analytical tools and to the proof of the Palais-Smale condition under assumptions
(HO)—(H). Finally, in Section 4, we establish the existence and multiplicity of solutions for
system (1.1).

2 Functional setting and variational structure

In what follows, for any r € C; (D) (i.e.,, r: D — (1,00) is continuous), we define for every
s>0

[s]" := max {srf,sﬁ}, [s]; := min {srf,sﬁ},
where 7~ := min . 7(x) and r" := max, 5 7(x). Then the following properties hold for all
s, a0 > 0:

(i) [s]7 = max {s%*,sr%},
(i) [s], = min {s7,s7 },

(i) [s]

(iv) [s];[a], < [sa], < [sa]” < [s]"[a]".

b s=[b), [ =b < s=1b],

1=

We denote the variable exponent Lebesgue space [9] by
L) (D) = {u: D — R : u is measurable and / () [P dx < oo}.
D

We define its Luxemburg norm as

pj(X)dx < 1}.

. o[ ux)
’u‘pj(x) = lnf{]/l >O. /]D‘y

For every u € LPi®)(D) and v € L¥/*") (D), where L”)¥) (ID) is the conjugate space of Li¥) (D),
one has the following Holder type inequality

’/}Duvdx‘ < (%+%)|u]pj(x)\vyp}(x).

Here we display some facts which will be used later.

Proposition 2.1 ([9]). For every u € LVi%¥)(D), one has

[l < /]D () [P dx < [fu],]7

Proposition 2.2 ([10]). Let p and q be two functions in C(ID) satisfying q(x) < p(x) a.e. on D.
Then LPY) (D) — L1%) (D) and [ulg(x) < cqlulp(y), where cq is a positive constant.

For any function f in the space L’*¥) (D) and g in the conjugate space L¥'(*) (D), the Holder-
type inequality is satisfied as follow:
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Proposition 2.3 (Holder type inequality [2, 8]). Let p,q,s > 1 be measurable functions defined on

D and . . .
= + forae. x € D.

s(x)  plx)  q(x)’
If f € LPY)(D) and g € L1¥) (D), then fg € L*™)(ID) and
Hngs(x) < 2||f||p (x) Hqu(x) (2.1)

Similarly, 1f% % L =1forae x €D, then

q(x)
/ ()| dxe < 3| fllsx) 181 pay Pl g x)- (2.2)

For p € {p;, j = .,n}, the Sobolev space with variable exponent is denoted by
W) (D), and deflned as

WD) := {u € LP®(D) : |Vu| € LP¥)(D)}.

The norm on the space W'?()(ID) is given by lull,px) = [ulpx) + V| px). Throughout this

pj(x)

paper, for any function u; € W Pi*)(ID), we denote
pj(x) Uuj
x4 aj(x) |-
oD

gl = in {05 [ |28 ;

In view of assumptions on the function a;(x), it is easy to see that [|u;[|,, represents a norm

do < 1}.

on the space X; := WLPi(*)(ID). Furthermore, [[1jla; and ||”j||1,pj(x) are equivalent [5]. In this

paper, we will use the norm |[u;||,; and its associated modular F;é ()" Xj = R given by

I o) = [ 197+ [

Furthermore, one has:

Proposition 2.4 ([5, Proposition 2.4]). For u; € X;, we have
i

[H”]'”aj]pj < rpj( (1) < [H”]Ha,}

In what follows, we set

n n
X := HWLP/’(X) (]D) = 1—]1:X.’ where X] — Wl,pj(x)(D)’
j=

endowed with the norm .
Jull = (e, - un) | =Y (g,

j=1

for u = (uy,...,uy) € X. The space X thus defined is a reflexive and separable Banach
space. As a consequence of Proposition 2.2, if g(x) < p(x) a.e. on ID, we have W'"?(*) (D)
W) (D). Thanks to the strict inequality ,Bf <p; (j =1,...,n), Proposition 2.2 yields,

for each j, W"7i¥) (D) — whB! (D). Therefore the product space X satisfies the continuous
embedding

X = [[W"® (D) — [[W" (D).
j=1

j=1
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For the sake of clarity, we introduce throughout the paper the following notation for the
critical Sobolev exponent associated with the j-th direction:

Npo)
pi(x) = { N—pj(x) fpj(x) <N,
too if pj(x) > N.

Remark 2.5. Under assumption (H), we have g;(x) < ﬁ;“ <p; <pj(x) <pj(x)forall x D
and all j = 1,...,n. Consequently, by the compact embedding theorem for variable exponent
Sobolev spaces [11], for each j = 1,...,n the embedding

WP (D) — LAY (D)
is continuous and compact.

Lemma 2.6 ([7]). Let D C RYN be a measurable set with 0 < |ID| < +o0. Suppose that g: D x R —
R is a Carathéodory function satisfying the growth condition

1g(x, )| < 0(x) +c|t|PD/1%) for almost every (x,t) € D x R,

where

* p(-),q(-) € C+(D) (i.e., continuous positive functions on the closure D),

e ¢ > 0isa constant,

e 0 c L1)(ID) and 6(x) > 0 a.e. in D.
Then the Nemytskii operator Ny defined by Ng(u)(x) = g(x,u(x)), x € D, maps LP)(D) into
L10)(ID) and is continuous and bounded.
3 Analytical tools and study of problem (1.1)

The energy functional associated with the system is the functional J: X — R (where X =
[T/, W'*il) (D)) defined by:

Z/ ‘W]’ dx+z/ - ‘”J‘p/ do /\Zhil(/F(x “])dx)hjﬂ.

]DP]X

Then J(u), can be written as J(u) := A(u) — AB(u), where

|V dx+2/ ’; uj[Pi %) do,

nooq hi+1
B(u) := /F' u)d .
() ;hj—kl( p i) )

It is easy to see that A and B are well defined (recall that B > 0 by Remark 1.1(b)), moreover |
is of class C!, and u € X \ {Og~ } is said weak solution of the problem (1.1), if J'(u)[v] = 0, for
all v € X.
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Definition 3.1. Let A and B be two continuously Gateaux differentiable functionals defined
on a real Banach space X, and let r € R. The functional | := A — B is said to satisfy the
Palais—Smale condition cut-off upper at level r, denoted by (PS)!"), if every sequence {uy}ren C X
such that

* J(ug) is bounded,
o limy,poo ||/ (i) [ x- = 0,
e A(uy) <rforallk € N,

admits a convergent subsequence. If r = +oo, the functional | := A — B is said to satisfy the
standard Palais—Smale condition.

Our principal existence result is established through the following theorem:

Theorem 3.2 ([4, Theorem 3.1]). Let X be a real Banach space, and let A,B: X — IR be two
continuously Gateaux differentiable functionals satisfying inf,ex A(u) = A(0) = B(0) = 0. Assume
there exist a constant v > 0 and a point i1 € X such that 0 < A(it) < r and

SUP e 4-1(]—oo,r) B(#) _

Then, for every
’

SUP e A1 (] o)) B(1) ['

if the functional J) := A — AB satisfies the (PS)!"\-condition, then there exists uy € A=1(]0,r[) such
that Jy(up) < Ja(u) forall u € A71(]0,r[), and moreover [} (u,) = 0.

Essentially, this theorem establishes the existence of critical points for the functional ]y =
A — AB, provided that the above prescribed hypotheses are satisfied.

The primary tool employed to establish the multiplicity result is a three critical points
theorem of Bonanno-Marano type, which builds upon the results presented in [3].

Theorem 3.3 ([3, Theorem 3.6]). Consider a reflexive real Banach space X, and let A: X — R be
a coercive, continuously Gateaux differentiable, and sequentially weakly lower semi-continuous func-
tional. Assume that the Gateaux derivative of A has a continuous inverse on X*. Furthermore, let
B: X — R be a continuously Giteaux differentiable functional whose Giteaux derivative is compact,
assume that

(ag) infx A = A(0) = B(0) = 0.

Suppose that there exist r > 0 and i1 € X, with r < A(it), such that

(ﬂl) SupA(u)r<rB(u) < ﬁ((il_l)),
A(in) r

(ap) forany A € A, := } [ JA := A — AB is coercive.

Then, for any A € A,, A — AB has at least three distinct critical points in X.

In the sequel, and in order to ensure the conditions required by our theorems, we present
some necessary intermediate results.
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Proposition 3.4. For each jo € {1,...,n}, we have

1 1 &
t[l\ujo\lajo]pj <A fZ [P
Jo 0 J=1

Proof. By using, Proposition 2.4, we can deduce that, for each jy € {1,...,n}, one has

. 1 aj,(x)
a < / Vu Pio dx+ -
o7 (lillag],, < oy Vel D iy (%)
1

/
X i(x
A (x)|Vu]|"’J dx+2/ ol o
) -) [””J‘Hﬂj]pjf

Fp,
j( =

|ujy| P do < A(u)
]0

IN

Il
|- I

-
Il
_

'M:

m‘H

where p(x) :=minj_;__, p;(x). .

Lemma 3.5. (i) A € CY(X,R), coercive, convex and sequentially weakly lower semicontinuous.
Moreover, A’ is a homeomorphism from X to its dual X*.

(ii) B € C'(X,R) and B’ is compact.

Proof. (i) We observe that for any u = (uy,...,us) € X =[]/, WPit) (D) with |[u]| — oo,
there exists some index jo € {1,...,n} such that [|u;[[s, — co. Without loss of generality, we
may assume that ||u,[[s, > 1 whenever |[u[| > 1. As a result, by Proposition 3.4 we obtain the
following estimate:

An) >/ |V, [P dx+/ PRETUC ) |uj, [P0 dor
D p]o( )
1 o 1 P (3.1)
> T > . 0
= e o () = pth“mH%

Since p; > 1, it follows that the functional A is coercive. Moreover, since it is the sum of
sequentially weakly lower semicontinuous functionals, A itself is sequentially weakly lower
semicontinuous.

In addition, A is of class C! on X, and for all v = (v1,v,...,v,) € X, we have

n n
= 2/ |Vuj|pf(x)_2Vu]' - Vojdx + 2/ aj(x)|u]-|”/(x)_2u]-v]- do.

To demonstrate that A" is a homeomorphism, we proceed in two steps:

Step 1. We prove that A’: X — X* is coercive, strictly monotone. To establish the coercivity,
it is easy to see by employing similar argument as in inequality (3.1), that, for any u € X with
||lu|| > 1, we have:

(A (), 1) > [l 0", (32)
which verifies the coercivity of A’. Furthermore, by utilizing the assumption on a; for j €
{1,...,n}, we can ascertain that A’ is strictly monotone. In fact:

(A'(u) — A'(v),u —v) Z; /D (|Vuj|P0 =2V u; — |Vo,|Pi¥)2V0;) - (Vuj — Vo,) dx
]:

n
#1172 = oy P20 (1~ vy) der > 0.
j=1
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This asserts that, A’ is strictly monotone. Note that this result is a direct consequence of the
elementary inequality [17] namely, for arbitrary p > 1, one has:

. . cpla —bJ? ifp>2,
{|alP~%a — |b|P~2b,a — b) > la — b2 .
LR

where ¢, > 0 depends only on p.
Step 2. The operator A’ is of (54 )-type, in fact, let uy — u in X, and limsup,_, (A’ (ux) —
A'(u), ux — u) < 0. The strict monotonicity of A’ implies that

0< li}](m inf(A"(ug) — A'(u), ux — u) <limsup(A’(uy) — A’ (u), ux —u) <0,
—00

k—oc0

therefore, limy_, oo (A" (u) — A'(u), ux —u) = 0. Since inf,cyp a;(x) > 0, thus lim sup,_, (I’ (ux) —
I'(u), uy —u) <0, where I': X — X* is defined as

n
E/}D ]Vu]| i) dx, I'(u)(v) = Z/D \Vu]-|pf(x)_2Vuj - Vo;dx.
j=1
In the sequel, for jo € {1,...,n} and u;, € Wi ¥ (D), put:
K'(uj)(vj,) = /D |Vu]-0]pfo(x)72VujO -Voj, dx, forany vj, € WP ) (D).
It is well known that, K'(u;, ), for jo = 1,...,n, is of (54 )-type [9], consequently u;  — u;, in
WhPio (%) (D). Thus, (u1k, ..., tpg) — (U1,...,Uy) In X = ]’I]’-‘:1 WLPi(*) (D), hence, the operator
A’ is a mapping of (S )-type. The rest of the proof is a consequence of the Minty-Browder

theorem, thus, by Theorem 26.A of [18], the operator A admits a continuous inverse on X*.
For further details, we refer the reader to Lemma 3.5 in [14].

(ii) Recall that
h]'+1
( / (x, u])dx> ,

then

n

Z(/ (x, uf) dx /f] x,uj)vjdx forany v = (vy,...,v,) € X.

]=

(Since F; depends only on (x, u]-), the derivative of the j-th term of B acts only on v;; hence the
critical points of | are exactly the weak solutions of (1.1).) Define

pi(u)(v) = (/DFj(x,uj)dx)hj/]Df]-(x,u]-)vjdx.

Then B’ = i1 1/;}. It suffices to show that each 1p]’. is compact. For this purpose, consider
(ur)r C X a sequence that converges weakly to u in X, i.e., uy — u. By Remark 2.5, the
embedding W"#i®¥) (D) < LPi*)(ID) is compact. Thus, passing to a subsequence (still denoted
(ug)k), we have

n
U, — u strongly in LA (D) and u(x) — u(x) for almost every x € D.
&ly y
j=1
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The continuity of F;(x,-) (recall Fi(x,t) = fot fi(x,s)ds and f; is a Carathéodory function)
ensures Fi(x,ujx) — Fj(x,u;) for almost every x € ID. Moreover, the growth condition on

fj yields [Fi(x,t)| < ﬁifx) |t|fi%). Hence, by Lemma 2.6 (applied with g = 1), the Nemytskii
]

operator u; — Fj(-,u;) is continuous from LA™ (D) into L}(ID), and therefore
/D Fi(x,ujx) dx — /]D Fi(x,uj)dx ask — +co. (3.3)

The Nemytskii operator Ny, (u;)(x) = fj(x, uj(x)), where f; is a Carathéodory function satisfy-
Bi(x)
ing the given growth, maps continuously LFi(*)(ID) — L/~ (D). Thus, Ny (ujr) = N (u;))
B;j(x)
in L*"7" (ID). Using the Holder inequality in variable-exponent spaces and the compact em-
bedding, for any v € X we estimate

‘/ij(x,ujlk)vjdx—/]ij(x,uj)vjdx‘ S/]D|f]'(x,ujk)—fj(x,uj)]|v]'|dx
< 2|Np(ujp) = N, ()] 0 [0jlg;0)
() 1

(3.4)
< 20| Ny (ujx) — Ny, ()|

g0 [1jllay,

rs]<x>

where c; is the constant of the compact embedding WP (D) — LA™ (D), with 1 < Bi(x) <
p}‘(x). Combining the results from equations (3.3) and (3.4), we conclude that 1,[J]’.(uk) — ¢;(u)
in X*, establishing that B’ is completely continuous and thus compact. O

Lemma 3.6. For every A > 0, | satisfies the Palais—Smale condition in X.
Proof. Let {uy = (u1x, ..., unk) tkenw C X be a Palais—-Smale sequence for J, that is,
J(ug) isbounded in R and  ||J'(ug)||x+ — 0 as k — co. (3.5)

Our goal is to prove that {u} has a strongly convergent subsequence in X. Using hypothesis
(HO), the continuous embedding W'i*) (D) < Li(¥)(ID), and Proposition 2.1, we have:

NS

— g (/ (x, u)) dx / fi(x, uj)u;dx ]:1 (f;j‘)’” (/D|uj|l5j(x)dx>hj+1
h+1 ' AR PRT AR .
<% g (o))" < £ o ()"
= j

Thus, for sufficiently large k, by inequality (3.2), we have

o ()T g
(J' (), i) > Mjprlla =AY TRE [u ]kHa] /
L6
for each fixed jo = 1,...,n. On the other hand, since ||]J'(u)||x+ — 0, we have |[(J' (uy), ux)| <

ﬁhj+1([c_}ﬁj)lzj+1
] (g || x+ = ||[]'(ux)||x+ — 0 and Cj := L——5——. Then, for every j, =
1,...,n, we have:

(6,

‘B+

Hu]okHll]]g S/\ZC [ ]klla, " el x- (3.6)
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Suppose, for contradiction, that {u4} is not bounded in X. Since [[uxllx = Y [[ujklla;
passing to a subsequence we may fix an index j* € {1,...,n} and set My := [[ujklla. =
maxi<j<n ||Ujklla;, S0 that My — oo and ||lux||x < nMi. Applying (3.6) with jo = j* and using
[ujklle; < Mg for every j, one has:

M <Ay M B 4 neuM,. (3.7)
j=1
Dividing by M}/ > 0:
n hi+1)B —p= -
1< Ay e R e T (3.8)
=1

By assumption (H), (h; + 1)ﬁ;r < min; p; < p;. forevery j =1,...,n, so each exponent (h; +
1),8]+ —pj.is strictly negative; also pj >1,501—p. <0. Since My — oo and ¢ — 0, the right-
hand side tends to 0 as k — oo, contradicting the left-hand side being identically > 1. Hence
the sequence {u;} is bounded in X. Since X is reflexive, up to a subsequence, still denoted by
{ur}, we have uy — u weakly in X for some u € X. The nonlinear operator B': X — X* is
compact, so B’ (1) — B'(u) strongly in X*. From the decomposition J' (uy) = A’ (uy) — AB’ (uy)
in X*, we obtain (A’(uy) — A’(u), ux —u) — 0. As A’: X — X* is of (S;) type, one has uy — u
strongly in X. Thus the functional | satisfies the Palais-Smale condition. O

4 Proofs of main theorems

Our main existence result is as follows.

Theorem 4.1. Assume that (HO) and (H) are fulfilled, furthermore, suppose that there exist two con-
stants r > 0 and 6 € (0, éo| such that

i@”[(s]mam <r 4.1)
j=1 Fj
and ¢s5 < 17y, where
y- = g0 ap|
T j:l pjml 71 and 17, 1= w2 (1016 h,~+: :
jz; o (D¢|1D| [5]%) ]Z; Z ([C]] ))th (UP;rr]pij]ﬁj)hjﬂ

Then, for any A € |Es,1;(, system (1.1) has at least one non-trivial weak solution.

Proof. Our goal is to prove the existence of a solution by invoking Theorem 3.2. To do so,
we need to confirm that every hypothesis of this theorem holds. First, note that the re-
quired regularity conditions on the functions A and B are satisfied. Additionally, we have
inf,ex A(u) = A(0) = B(0) = 0. Furthermore, by Lemma 3.6, the functional | fulfills the
(PS)I"! condition for every r > 0. We define the vector V5 = (vs,...,v5) € X whose compo-
nents are the constant function vs(x) = 6, x € ID. It can be established that:

", inf, a]Dﬂ'(x)
Z%[ Jp;|0D[ < A(V5) = Z/}D

=1 j pi(x

sl ao < 32 = pynm),
=1 Fj
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therefore, A(V;) < r. Moreover, since 0 < 6 < dp, Remark 1.1(c) gives Fj(x,5) > JZ;) 5% (%),
]

Consequently,

no1q _ Rl ] hi+1
B(V(S) > Z h] +1 (/]D ﬂj&“}(x)dX) / > Z h] 1 (%UI)‘ [5]‘";‘) 1 .

]
[

i+
y )
=1 Pj

Furthermore, by Proposition 3.4, for each j = 1,...,nand u = (uy,...,u,) € A~Y(] — oo, 7[),

we have p% [”“j”a;]p, < A(u) < r. Therefore,
f j

lujlle; < [p"A()] " < [pfr]".
Hence, by (HO0), we deduce

(O N
sup B(u)gz 7hv+1<[[p] ] } ) -
A(u)<r j=1 (h] + 1)(51 ) / Nr
su B(u
Hence pMu):rU < 171 < (,;,1 < f‘i“ié and we have confirmed that the conditions of
5 5
Theorem 3.2 are satisfied with @i = V;. Therefore, for each
A(Vg) r
e 4 g 7 7
]é(é le[ j| B(V§> SupueAfl(]iooer B(u) [

J admits at least one non-zero critical point (since u, € A~1(]0,7[)), which corresponds to a
weak solution of the system. ]

Our multiplicity result is as follows:

Theorem 4.2. Assume that (HO) and (H) are fulfilled, furthermore, suppose that there exist two con-
stants r > 0 and § € (0, &o] such that

" infyeop ai(x)
r< . %[5]pj|an)y (4.3)
j=1 j

and C5 < n,. Then, for any A €|Cs, 1|, the functional | has at least three distinct critical points;
consequently, system (1.1) admits at least two nontrivial weak solutions.
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Proof. By proceeding in a similar manner to the proof of Theorem 4.1, one can easily verify
that A(V;s) > r, and that M < % < é < ﬁ((“z)), thus the condition (a1) of Theorem 3.3
is satisfied, and it remains to establish condition (a2). In fact, for |u| great enough, by

Proposition 3.4, together with inequality (4.2), one has

Ahi+1 A\ hi+1
e o & (g))”

1 f
J(u) > Uy |la —A —
)2 il =2 g

()"

..........

tions of Theorem 3.3 hold and | has at least three distinct critical points. Since fj(x, 0)=0 by
(HO)(i), u = 0 is one of them; hence at least two of these critical points are nontrivial weak

solutions of system (1.1). O
Example 4.3. Assume n = 1, f(x,u) := |u|*2u, with « = ¢, and consider the following
nonlinear problem in the unit ball D = B(0,1) C R*:

6
CAsu=A u*%u/ I ) in B0, 1),
s = Al (Bmg ) inB(O1)

d
|Vu|%£+‘u|%u20 on 9B(0,1),

where A > 0. Here F(x,u) = %|u\% > 0, and (HO) holds with ¢y =m; =1, a = B = g and any
do > 0, since |f(x,u)| = |u|5 and flx,u)u = lu|$ > 0. The exponents satisfy the condition

H) (h+1)p<p<3

with the values p = %, and i = 1. A direct computation gives

6 12 5
h+1)p=2-—=—=24<25=—
(h+1)B E=E <25=3<3,
thus, condition (H) is fulfilled. Let § > 0 and r > 0 satisfy
r> 5753 (4.4)
5
(this is condition (4.1)). Define
1
324 1 7212
6(5 = @ (510, and Ny = o’

N
25(3) et

where ¢ > 0 is the best constant of the embedding Wz (D) — L3 (D). If, in addition, {5 < #,
(which always holds for r large enough, since #, — +o0 as ¥ — +o0), then, by Theorem 4.1, for
every A € (s, 17,) the problem admits at least one nontrivial weak solution in Wiz (B(0,1)).
Moreover, since s — 0 as § — 0" and 7, — +co as ¥ — 0o, the problem has a nontrivial
weak solution for every A > 0.
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