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Abstract. In this paper, we study the existence of multiple normalized solutions to the
following dipolar Gross–Pitaevskii equation with a mass subcritical perturbation{

− 1
2 ∆u + µu + V(εx)u + λ1|u|2u + λ2(K ∗ |u|2)u + λ3|u|p−2u = 0, in R3,∫

R3 |u|2dx = a2,

where a, ε > 0, 2 < p < 10
3 , µ ∈ R is the Lagrange multiplier, λ3 < 0, (λ1, λ2) ∈{

(λ1, λ2) ∈ R2 : λ1 < 4π
3 λ2 ≤ 0 or λ1 < − 8π

3 λ2 ≤ 0
}

, V(x) is an external potential,

∗ denotes convolution, K(x) = 1−3 cos2 θ(x)
|x|3 and θ(x) is the angle between the dipole

axis determined by (0, 0, 1) and the vector x. Under suitable assumptions of V, we use
variational methods to prove that the number of normalized solutions is not less than
the number of global minimum points of V if ε > 0 is sufficiently small.

Keywords: dipolar Gross–Pitaevskii equation, multiple normalized solutions, varia-
tional methods.
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1 Introduction

In 1995, Cornell et al. achieved the first Bose–Einstein condensate in their experiments on
dilute alkali gases. Since this groundbreaking experiment, condensates of other atoms have
also been produced. In recent years, dipolar Bose–Einstein condensates, i.e., condensates
composed of particles with permanent electric or magnetic dipole moments, have attracted
much attention, see [3, 4]. By using the Gross–Pitaevskii approximation to describe dipolar
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Bose–Einstein condensates, we obtain the following three-dimensional dimensionless dipolar
Gross–Pitaevskii equation

i∂tψ = −1
2

∆ψ + V(x)ψ + λ1|ψ|2ψ + λ2(K ∗ |ψ|2)ψ + λ3|ψ|p−2ψ, (t, x) ∈ R+ × R3, (1.1)

where ψ : [0,+∞)× R3 → C is the wave function, i is the imaginary unit, ∗ denotes convolu-
tion, 2 < p < 6, V(x) is an external potential, λi(i = 1, 2, 3) describe the strengths of the three
nonlinearities, K(x) = 1−3 cos2 θ(x)

|x|3 and θ(x) is the angle between the dipole axis determined by
(0, 0, 1) and the vector x. Moreover, equation (1.1) with λ3 ̸= 0 models quantum fluctuations
in the condensate (the so-called Lee–Huang–Yang correction), see [12]. For more physical
background, we refer to [6, 7, 13] and the references therein.

To our knowledge, rigorous mathematical research on problem (1.1) with initial condition
ψ0(x) = ψ(0, x) ∈ H1(R3) was first conducted by Carles et al. [9], where V(x) = |x|2

2 and
λ3 = 0. They proved that for λ1 ≥ 4π

3 λ2 ≥ 0, the problem admits a unique global solution.
This case is called the stable regime because the solution does not blow up in finite time. In
the unstable regime (λ1 < 4π

3 λ2), the solution may blow up in finite time. Later, Antonelli and
Sparber [2] studied the stationary equation of problem (1.1), that is,

−1
2

∆u + µu + V(x)u + λ1|u|2u + λ2(K ∗ |u|2)u + λ3|u|p−2u = 0, in R3, (1.2)

where µ ∈ R and u(x) is a time-independent function satisfying ψ(x, t) = eiµtu(x). They
proved the existence of solutions to (1.2) for µ > 0, λ3 = 0 and V ≡ 0 in R3, under the
conditions that either λ1 < 4π

3 λ2 and λ2 > 0, or λ1 < − 8π
3 λ2 and λ2 < 0. Based on the

terminology introduced in [2, 9] and the definition of the dipole kernel K(x), the coordinate
plane (λ1, λ2) is divided into the stable regime{

λ1 − 4π
3 λ2 ≥ 0, λ2 ≥ 0, or

λ1 +
8π
3 λ2 ≥ 0, λ2 ≤ 0

and the unstable regime {
λ1 − 4π

3 λ2 < 0, λ2 > 0, or

λ1 +
8π
3 λ2 < 0, λ2 < 0,

which affect the sign (see [10]) of the nonlinear potential energy

N(u) :=
∫

R3
λ1|u|4 + λ2(K ∗ |u|2)|u|2dx. (1.3)

In recent years, problem (1.2) with prescribed mass
∫

R3 |u|2dx = a2 and a > 0 has been
considered in the stable or unstable regimes, see [5, 8, 14–16, 19]. For V ≡ 0 in R3, λ3 > 0
and p ∈ (4, 6], Luo and Stylianou [15] proved the nonexistence of the ground state solution
in the stable regime. For V(x) = |x|2

2 and λ3 = 0, Carles and Hajaiej [8] proved the existence
of a unique non-negative global minimizer with Steiner symmetry in the stable regime. For
V(x) = γ|x|2

2 , λ3 = 0 and γ ≥ 0, Bellazzini and Jeanjean [5] proved the existence of a ground
state solution in the unstable regime, and showed that any ground state solution is orbitally
unstable. For V ≡ 0 in R3, Luo and Stylianou proved the existence of ground state solutions
and local minimizers in the unstable regime under the following two cases: λ3 < 0 and p = 5,
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see [14]; λ3 > 0 and p ∈ (4, 6], see [15]. For V ≡ 0 in R3, λ3 < 0 and 2 < p < 10
3 , Luo and

Yang [16] studied the existence of ground state solutions in the unstable regime. Moreover,
they proved that any ground state is a local minimizer and is stable under the Cauchy flow.
Very recently, for the unstable regime with V ≡ 0 in R3 and 2 < p < 10

3 , Wu and Tang [19]
considered the existence of multiple normalized solutions by replacing λ3 with −h(ϵx) < 0,
where ϵ > 0 and h satisfies some technical assumptions. To present a clear overview of the
above research progress, we summarize these results in the following table:

regime V λ3 p classifications of solutions reference
stable V ≡ 0 λ3 > 0 p ∈ (4, 6] no ground state [15]
stable V ̸≡ 0 λ3 = 0 — ground state [8]
unstable V ̸≡ 0 λ3 = 0 — ground state [5]
unstable V ≡ 0 λ3 < 0 p = 5 ground state [14]
unstable V ≡ 0 λ3 < 0 p ∈ (2, 10

3 ) local minimizer/ground state [16]
unstable V ≡ 0 λ3 > 0 p ∈ (4, 6] local minimizer [15]
unstable V ≡ 0 λ3 < 0 p ∈ (2, 10

3 ) multiple normalized solutions [19]

In light of the above discussion, we focus on the existence of multiple normalized solutions
of problem (1.2) with prescribed mass when V ̸≡ 0 in R3 and λ3 ̸= 0, which has not been
studied in the existing literature. For this purpose, in present paper, we consider the following
dipolar Gross–Pitaevskii equation{

− 1
2 ∆u + µu + V(εx)u + λ1|u|2u + λ2(K ∗ |u|2)u + λ3|u|p−2u = 0, in R3,∫

R3 |u|2dx = a2,
(1.4)

where a, ε > 0, 2 < p < 10
3 , (λ1, λ2, λ3) ∈ R2 ×R− and µ ∈ R denotes the Lagrange multiplier.

Moreover, the potential V satisfies the following assumptions:

(V1) V ∈ L∞(R3), V(x) ≥ 0 for all x ∈ R3.

(V2) V∞ = lim|x|→+∞ V(x) > V0 := minx∈R3 V(x) = 0.

(V3) V−1({0}) = {c1, c2, . . . , cl} with c1 = 0 and cj ̸= cs if j ̸= s.

Solutions of (1.4) are the critical points of the energy function Jε : H1(R3) → R constrained
to

S(a) :=
{

u ∈ H1(R3) :
∫

R3
|u|2dx = a2

}
, (1.5)

where

Jε(u) :=
1
2

∫
R3

|∇u|2dx +
∫

R3
V(εx)|u|2dx +

1
2

N(u) +
2λ3

p

∫
R3

|u|pdx.

Here N(u) is defined in (1.3) and H1(R3) is the usual Sobolev space endowed with norm

∥u∥H1(R3) :=
(∫

R3
(|∇u|2 + |u|2)dx

) 1
2

, ∀u ∈ H1(R3).

Clearly, Jε ∈ C1(H1(R3), R). If u is a critical point of Jε|S(a), then it follows from the Lagrange
multiplier rule that (u, µ) is a solution of problem (1.4) for some µ ∈ R.
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We point out that conditions (V1)–(V3) were introduced by [1, 20] to study the following
local nonlinear Schrödinger equation{

−∆u + V(εx)u = λu + g(u), in RN ,∫
RN |u|2dx = a2,

(1.6)

where a, ε > 0, V denotes the potential, λ ∈ R is the Lagrange multiplier and g is a func-
tion. Alves [1] proved that the numbers of normalized solutions is at least the number of
global minimum points of V when ε is small enough and g is a continuous function with L2-
subcritical growth. Later, Xu et al. [20] extended the result of [1] to problem (1.6) with mixed
nonlinearities, where g(u) = β|u|q−2u + |u|p−2u and 2 < q < 2 + 4

N < p < 2N
N−2 . Inspired by

[19, 20], our main result is as follows.

Theorem 1.1. Let (λ1, λ2) ∈ B :=
{
(λ1, λ2) ∈ R2 : λ1 < 4π

3 λ2 ≤ 0 or λ1 < − 8π
3 λ2 ≤ 0

}
, λ3 < 0

and 2 < p < 10
3 . Suppose that (V1)–(V3) hold. Then there exist ε̄, V∗ > 0 and ā > 0, such that for

∥V∥∞ < V∗, ε ∈ (0, ε̄) and a ∈ (0, ā], problem (1.4) has at least l couples (uj, µj) ∈ H1(R3)× R+ of
weak solutions satisfying

∫
R3 |uj|2dx = a2 and negative energies for j = 1, 2, . . . , l.

Remark 1.2. The key difficulty in studying the multiplicity of normalized solutions to equa-
tion (1.4) arises from the nonlocal dipolar interaction term (K ∗ |u|2)u, which complicates both
energy estimates and compactness analysis. In this paper, we overcome these difficulties by
carrying out a careful analysis of this nonlocal term. Moreover, in contrast to local nonlinear
problems, where cutoff functions are employed, our approach simplifies the construction of
the energy functional by utilizing only the properties of the set defined in (3.2).

Remark 1.3. An example satisfying conditions (V1)–(V3) is the following function V : R3 → R,

V(x) = 1 − 1
1 + |x − k1||x − k2| · · · |x − kl |

,

where 0 = |k1| < |k2| < · · · < |kl |.

The paper is organized as follows. In Section 2, we give some preliminary results. Section 3
is devoted to proving the existence of normalized solutions of the autonomous case of problem
(1.4). Finally, we prove Theorem 1.1 in Section 4.

2 Preliminaries

In this section, we give some preliminary results. For convenience, let ∥ · ∥q := ∥ · ∥Lq(R3) for
q ∈ [1,+∞]. We start with the following Gagliardo–Nirenberg inequality, see [17].

Lemma 2.1. For any u ∈ H1(R3) and q ∈ (2, 6), there exists a constant Cq > 0 such that

∥u∥q ≤ Cq∥∇u∥γq
2 ∥u∥1−γq

2 ,

where γq := 3(q−2)
2q .

Next, we give some estimates for the nonlocal term N(u).

Lemma 2.2 ([19, Lemma 2.1]). Let u ∈ H1(R3), then |N(u)| ≤ Λ∥u∥4
4, where Λ := max{|λ1 −

4π
3 λ2|, |λ1 +

8π
3 λ2|}. Moreover, if (λ1, λ2) ∈ B, then N(u) < 0.
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Lemma 2.3 ([19, Lemma 2.2]). If un ⇀ u in H1(R3), then up to a subsequence,∫
R3
(K ∗ |un|2)|un|2dx =

∫
R3
(K ∗ |vn|2)|vn|2dx +

∫
R3
(K ∗ |u|2)|u|2dx + on(1),

where vn := un − u and on(1) → 0 as n → +∞. In addition, one has

N(un) = N(vn) + N(u) + on(1).

Finally, we introduce a function g(a, r) : R+ × R+ → R defined by

g(a, r) :=
1
2
− Λ

2
C4

4ra − 2|λ3|
p

Cp
p ap(1−γp)rpγp−2, (2.1)

which satisfies the following properties.

Lemma 2.4. Let 2 < p < 10
3 and λ3 < 0. Then for any a > 0, the function g(a, r) has a unique global

maximum point. Moreover, the maximum value satisfies

max
r>0

g(a, r)


> 0 if a < ā,

= 0 if a = ā,

< 0 if a > ā,

where ā is defined in (2.2).

Proof. In view of 2 < p < 10
3 , we have 0 < pγp < 2. Combining this with (2.1) yields

g(a, r) → −∞ as r → 0+ and g(a, r) → −∞ as r → +∞ for any a > 0. Furthermore, we define
fa(r) := g(a, r), then it follows that

f ′a(r) =
∂(g(a, r))

∂r
= −Λ

2
C4

4a − 2|λ3|
p

(pγp − 2)Cp
p ap(1−γp)rpγp−3.

By letting f ′a(r) = 0, one has

ra =

(
4|λ3|(2 − pγp)C

p
p a(1−γp)p−1

ΛC4
4 p

) 1
3−pγp

.

It follows that ra is the only global maximum point of g(a, r). Then we have

max
r>0

g(a, r) = g(a, ra)

=
1
2
− Λ

2
C4

4raa − 2|λ3|
p

Cp
p ap(1−γp)rpγp−2

a

=
1
2
− Λ

2
C4

4a

(
4|λ3|(2 − pγp)C

p
p a(1−γp)p−1

ΛC4
4 p

) 1
3−pγp

− 2|λ3|
p

Cp
p ap(1−γp)

(
4|λ3|(2 − pγp)C

p
p a(1−γp)p−1

ΛC4
4 p

) pγp−2
3−pγp

=
1
2
− 1

2
(ΛC4

4)
pγp−2
pγp−3

(
4|λ3|(2 − pγp)C

p
p

p

) 1
3−pγp

· a
4
3

− 2

(
Cp

p |λ3|
p

) 1
3−pγp (4(2 − pγp)

ΛC4
4

) pγp−2
3−pγp

· a
4
3

=
1
2
− αa

4
3 ,
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where γp is defined in Lemma 2.1 and

α :=
1
2
(ΛC4

4)
pγp−2
pγp−3

(
4|λ3|(2 − pγp)C

p
p

p

) 1
3−pγp

+ 2

(
Cp

p |λ3|
p

) 1
3−pγp (4(2 − pγp)

ΛC4
4

) pγp−2
3−pγp

.

Thus, we can take

ā :=
(

1
2α

) 3
4

> 0, (2.2)

which concludes the proof.

Lemma 2.5. Let 2 < p < 10
3 , λ3 < 0. Suppose that (a1, r1) ∈ (0, ā)× (0,+∞) satisfies g(a1, r1) ≥ 0.

Then for any a2 ∈ (0, a1], there holds

g(a2, r2) ≥ 0 if r2 ∈
[

a2

a1
r1, r1

]
. (2.3)

Proof. By (2.1), one has a 7→ g(a, r) is decreasing for a > 0. Therefore, we have

g(a2, r1) ≥ g(a1, r1) ≥ 0. (2.4)

Furthermore, in view of a2 ∈ (0, a1], one has

g
(

a2,
a2

a1
r1)− g(a1, r1

)
=

1
2
− Λ

2
C4

4
a2

2
a1

r1 −
2|λ3|

p
Cp

p ap(1−γp)
2

(
a2

a1
r1

)pγp−2

−
(

1
2
− Λ

2
C4

4r1a1 −
2|λ3|

p
Cp

p ap(1−γp)
1 rpγp−2

1

)
=

Λ
2

C4
4a1r1

(
1 − a2

2

a2
1

)
+

2|λ3|
p

Cp
prpγp−2

1 a(1−γp)p
1

[
1 −

(
a2

a1

)p−2
]

≥ 0.

(2.5)

Then it follows from Lemma 2.4 and (2.4)–(2.5) that (2.3) holds, which concludes the proof.

3 Existence result for the autonomous problem

In this section, we establish the existence of normalized solutions of the autonomous case of
problem (1.4), that is,{

− 1
2 ∆u + µu + ωu + λ1|u|2u + λ2(K ∗ |u|2)u + λ3|u|p−2u = 0, in R3,∫

R3 |u|2dx = a2,
(3.1)

where a > 0, ω ≥ 0, 2 < p < 10
3 , (λ1, λ2) ∈ B, λ3 < 0 and µ ∈ R denotes the Lagrange

multiplier. Solutions of problem (3.1) are the critical points of the corresponding energy
functional Jω : H1(R3) → R constrained to (1.5), where

Jω(u) :=
1
2

∫
R3

|∇u|2dx +
∫

R3
ω|u|2dx +

1
2

N(u) +
2λ3

p

∫
R3

|u|pdx.

Our main result in this section is as follows.
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Theorem 3.1. Let (λ1, λ2) ∈ B, λ3 < 0 and 2 < p < 10
3 . Then there exist V∗ > 0, ā > 0 and r̄ > 0

such that for any ω < V∗ and a ∈ (0, ā), the functional Jω has an interior local minimizer on

Wa
r̄ := {u ∈ S(a) : ∥∇u∥2 < r̄}. (3.2)

Moreover, equation (3.1) has a positive normalized solution ua with Jω(ua) < 0 and the corresponding
Lagrange multiplier µa > 0.

To prove the above theorem, we divide the proof into the following lemmas.

Lemma 3.2. For any u ∈ S(a), there holds

Jω(u) ≥ ∥∇u∥2
2g(a, ∥∇u∥2).

Proof. For any u ∈ S(a), it follows from (2.1), Lemmas 2.1 and 2.2 that

Jω(u) =
1
2

∫
R3

|∇u|2dx +
∫

R3
ω|u|2dx +

1
2

N(u) +
2λ3

p

∫
R3

|u|pdx

≥ 1
2

∫
R3

|∇u|2dx − Λ
2
∥u∥4

4 +
2λ3

p

∫
R3

|u|pdx

≥ 1
2
∥∇u∥2

2 −
Λ
2

C4
4∥∇u∥3

2a − 2|λ3|
p

Cp
p ap(1−γp)∥∇u∥pγp

2

= ∥∇u∥2
2

[
1
2
− Λ

2
C4

4∥∇u∥2a − 2|λ3|
p

Cp
p ap(1−γp)∥∇u∥pγp−2

2

]
= ∥∇u∥2

2g(a, ∥∇u∥2).

This completes the proof.

In the following, we define

Wa
r̄ := {u ∈ S(a) : ∥∇u∥2 < r̄},

where

r̄ := rā =

(
4|λ3|(2 − pγp)C

p
p ā(1−γp)p−1

ΛC4
4 p

) 1
3−pγp

> 0. (3.3)

Obviously, it follows from Lemmas 2.4 and 3.2 that Jω is bounded from below in Wa
r̄ for any

a ∈ (0, ā), where ā is given by (2.2). Then one can define the local minimization problem by

Υω(a) := inf
u∈Wa

r̄

Jω(u) for any a ∈ (0, ā).

Moreover, Υω(a) satisfies the following properties.

Lemma 3.3. Let 2 < p < 10
3 and λ3 < 0. For any a ∈ (0, ā), there exists V∗ > 0 such that

Υω(a) < 0 < inf
u∈∂Wa

r̄

Jω(u), if ω < V∗.

Proof. Given u0 ∈ Wa
r̄ ∩ L∞(RN) a nonnegative function, we set ut(x) = t

3
2 u0(tx) for all t > 0.

Then we have∫
R3

|ut|2dx = a2,
∫

R3
|∇ut|2dx = t2

∫
R3

|∇u0|2dx and
∫

R3
|ut|pdx = tγp p

∫
R3

|u0|pdx.
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Combining these with Lemmas 2.1 and 2.2, one has

Jω(ut) =
1
2

∫
R3

|∇ut|2dx +
∫

R3
ω|ut|2dx +

1
2

N(ut)−
2|λ3|

p

∫
R3

|ut|pdx

<
t2

2

∫
R3

|∇u0|2dx + ωa2 − 2|λ3|
p

tpγp

∫
R3

|u0|pdx

= tpγp

[
t2−pγp

2

∫
R3

|∇u0|2dx − 2|λ3|
p

∫
R3

|u0|pdx
]
+ ωa2.

Then by 0 < pγp < 2 and u0 ∈ Wa
r̄ , there exists t0 > 0 small enough such that

tpγp
0

[
t2−pγp
0

2

∫
R3

|∇u0|2dx − 2|λ3|
p

∫
R3

|u0|pdx

]
=: κ < 0.

Furthermore, we can fix a constant V∗ := V∗(a) > 0 such that

V∗ ā2 + κ < 0.

Then based on the above facts, we have if ω < V∗,

Jω(ut0) < 0.

It follows that Υω(a) < 0 if ω < V∗. On the other hand, if u ∈ ∂Wa
r̄ , one has u ∈ S(a) and

∥∇u∥2 = r̄. Together these with Lemmas 2.4 and 3.2 yield

Jω(u) ≥ ∥∇u∥2
2g(a, ∥∇u∥2) = r̄2g(a, r̄) > 0 for any a ∈ (0, ā),

which implies infu∈∂Wa
r̄

Jω(u) > 0 for any a ∈ (0, ā). We complete the proof.

From now on, we fix ω < V∗, which is defined in Lemma 3.3.

Lemma 3.4. Υω(a) is continuous with regard to a ∈ (0, ā).

Proof. For any a ∈ (0, ā), let {an} ⊂ (0, ā) satisfy an → a as n → +∞. Then by the definition
of Υω(an) and Lemma 3.3, there exists {un} ⊂ Wan

r̄ satisfying for all n ∈ N+,

Jω(un)−
1
n
< Υω(an) and Jω(un) < 0. (3.4)

We claim Υω(an) → Υω(a) as n → +∞. Once this claim is true, then it follows from the
definition of continuity that Υω(a) is continuous with regard to a ∈ (0, ā). Next, we use three
steps to prove the above claim.

Step 1. Let wn := a
an

un, then {wn} ⊂ Wa
r̄ .

Indeed, it is clear that wn ∈ S(a). Next, we need to verify ∥∇wn∥2 < r̄. When a ≤ an, we
can easily obtain ∥∇wn∥2 < r̄. On the other hand, when an < a < ā. By Lemma 2.4 and (3.3),
one has g(a, r̄) > 0 for all a ∈ (0, ā). Then it follows from Lemma 2.5 that

g(an, r) ≥ 0 if r ∈
[ an

a
r̄, r̄
]

. (3.5)

Furthermore, combining (3.4) and Lemma 3.2, one has 0 > Jω(un) ≥ ∥∇un∥2
2g(a, ∥∇un∥2).

This, together with (3.5), gives ∥∇un∥2 < an
a r̄. Therefore, ∥∇wn∥2 = a

an
∥∇un∥2 < r̄.
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Step 2. There holds Υω(a) ≤ Υω(an) + on(1).
By Step 1, limn→∞ an = a, {un} ⊂ Wan

r̄ , Lemmas 2.1 and 3.3, we have

Υω(a) ≤ Jω(wn) = Jω(un) + (Jω(wn)− Jω(un))

= Jω(un) +
1
2

[(
a
an

)2

− 1

] ∫
R3

|∇un|2dx +

[(
a
an

)2

− 1

] ∫
R3

ω|un|2dx

+
1
2

[(
a
an

)4

− 1

]
N(un)

− 2|λ3|
p

[(
a
an

)p

− 1
] ∫

R3
|un|pdx −→ Jω(un) + on(1), as n → ∞.

This, together with (3.4), yields

Υω(a) ≤ Jω(wn) = Jω(un) + on(1) ≤ Υω(an) + on(1).

Step 3. There holds Υω(a) ≥ Υω(an) + on(1).
Indeed, let ζn := an

a zn and {un} ⊂ Wan
r̄ satisfying for all n ∈ N+,

Jω(zn)−
1
n
< Υω(a) and Jω(zn) < 0.

Then as the same proof in Steps 1–2, we can obtain

Υω(an) ≤ Jω(ζn) = Jω(zn) + (Jω(ζn)− Jω(zn)) ≤ Υω(a) + on(1).

This completes the proof.

Lemma 3.5. Let 0 < a1 < a2 < ā. There holds

Υω(a2) ≤ Υω(a1) + Υω

(√
a2

2 − a2
1

)
.

Moreover, if Υω(a1) or Υω(
√

a2
2 − a2

1) is attained, then the above inequality is strict.

Proof. Let 0 < a1 < a2 < ā and vn = θun, where 1 < θ < a2
a1

. Then by the same proof as in (3.4)
and Lemma 3.4-Step 1, there exists {un} ⊂ Wa1

r̄ satisfying for all n ∈ N+,

Jω(un) < Υω(a1) +
1
n

and Jω(un) < 0

and vn ∈ Wθa1
r̄ . Combining these with Lemma 2.2 and 2 < p < 10

3 , we deduce that

Υω(θa1) ≤ Jω(vn) =
1
2

∫
R3

|∇vn|2dx +
∫

R3
ω|vn|2dx +

1
2

N(vn)−
2|λ3|

p

∫
R3

|vn|pdx

=
θ2

2

∫
R3

|∇un|2dx + θ2
∫

R3
ω|un|2dx +

θ4

2
N(un)−

2|λ3|θp

p

∫
R3

|un|pdx

= θ2 Jω(un) +
θ4 − θ2

2
N(un) +

2|λ3|(θ2 − θp)

p

∫
R3

|un|pdx

< θ2 Jω(un)

≤ θ2Υω(a1) + θ2 1
n

, (3.6)
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which implies that

Υω(θa1) ≤ θ2Υω(a1), (3.7)

as n → ∞. Therefore, we have

Υω(a2) =
a2

1

a2
2

Υω

(
a2

a1
a1

)
+

a2
2 − a2

1

a2
2

Υω

 a2√
a2

2 − a2
1

√
a2

2 − a2
1


≤ Υω(a1) + Υω

(√
a2

2 − a2
1

)
.

If Υω(a1) is attained, it follows from (3.6) that the inequality is strict. The proof is finished.

Lemma 3.6. Let {un} ⊂ Wa
r̄ be a minimizing sequence with respect to Jω. Then, for some subsequence,

either

(i) {un} is strongly convergent, or

(ii) there exists {yn} ⊂ R3 with |yn| → +∞ such that the sequence vn(x) = un(x + yn) is strongly
convergent to a function v ∈ Wa

r̄ with Jω(v) = Υω(a).

Proof. Let {un} ⊂ Wa
r̄ be a minimizing sequence such that

Jω(un) = Υω(a) + on(1).

It follows that {un} is bounded in H1(R3). Therefore, there exists u ∈ H1(R3) such that, up
to subsequence, un ⇀ u in H1(R3).

Case 1. u ̸≡ 0 in R3. Let vn = un − u, it follows from the Brezis–Lieb lemma [18] and
Lemma 2.3 that

∥un∥2
2 = ∥vn∥2

2 + ∥u∥2
2 + on(1), ∥∇un∥2

2 = ∥∇vn∥2
2 + ∥∇u∥2

2 + on(1), (3.8)

∥un∥p
p = ∥vn∥p

p + ∥u∥p
p + on(1), N(un) = N(vn) + N(u) + on(1). (3.9)

Then we can see ∥∇u∥2 < r̄ and ∥u∥2 ≤ a. Next, we claim ∥u∥2 = a. Suppose by contradiction
that ∥u∥2 = b < a, it follows that ∥vn∥2 =

√
a2 − b2. Then by (3.8), (3.9) and Lemma 3.5, one

has

Υω(a) + on(1) = Jω(un) = Jω(vn) + Jω(u) + on(1)

≥ Υω(
√

a2 − b2) + Υω(b) + on(1)

> Υω(a) + on(1),

which is a contradiction. Thus, ∥u∥2 = a. It follows that vn → 0 in L2(R3) and u ∈ Wa
r̄ .

Combining this with Fatou’s lemma gives

Υω(a) = lim
n→+∞

Jω(un)

= lim
n→+∞

(
1
2

∫
R3

|∇un|2dx +
∫

R3
ω|un|2dx +

1
2

N(un)−
2|λ3|

p

∫
R3

|un|pdx
)

≥ Jω(u) ≥ Υω(a),
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which implies that Jω(u) = Υω(a) and limn→+∞ Jω(un) = Jω(u). Therefore, we have un → u
in H1(R3).

Case 2. u ≡ 0 in R3. We claim there are η, R > 0 and {yn} ∈ R3 such that for all n,

lim
n→∞

sup
y∈R3

∫
BR(yn)

|un|2dx ≥ η > 0, (3.10)

where BR(yn) := {x ∈ R3 : |x − yn| < R}. Once this claim is true, then one has |yn| → +∞.
Otherwise, there exists Rn > 0 such that∫

BRn (0)
|un|2dx >

∫
BR(yn)

|un|2dx ≥ η > 0.

However, un ⇀ 0 in H1(R3), and consequently, un → 0 in L2(BRn(0)), which is a contradiction.
In addition, we let vn := un(x + yn), it follows that ∥vn∥2 = ∥un∥2, ∥∇vn∥2 = ∥∇un∥2 and
Jω(vn) = Jω(un). Therefore, there exists v ∈ H1(R3) such that vn ⇀ v in H1(R3). Combining
this with (3.10), we have

η ≤ ∥un∥L2(BR(yn)) = ∥vn∥L2(BR(yn)) ≤ ∥vn − v∥L2(BR(yn)) + ∥v∥L2(BR(yn)),

which implies v ̸≡ 0 in R3. Then by the same argument as in Case 1, we have vn → v in
H1(R3).

Next, we prove the above claim. Assume by contradiction that

lim
n→∞

sup
y∈R3

∫
BR(yn)

|un|2dx = 0.

Combining this with [18, Lemma 1.21], we have un → 0 in Lp(R3) for 2 < p < 6. This,
together with Lemma 2.2, gives

Jω(un) =
1
2

∫
R3

|∇un|2dx +
∫

R3
ω|un|2dx +

1
2

N(un)−
2|λ3|

p

∫
R3

|un|pdx

≥ 1
2
∥∇un∥2

2 −
Λ
2
∥un∥4

4 + on(1)

=
1
2
∥∇un∥2

2 + on(1),

which contradicts to Υω(a) < 0. We complete the proof.

Proof of Theorem 3.1. By Lemmas 3.3 and 3.6, there exists ua ∈ Wa
r̄ ⊂ S(a) such that

Jω(ua) = inf
u∈Wa

r̄

Jω(u) = Υω(a) < 0 and Jω|
′

S(a)(u) = 0.

Note that ∥∇|ua|∥2 ≤ ∥∇ua∥2. Then, ua is a nonnegative solution. As in the proof of [16,
Theorem 1.1], the strong maximum principle implies that ua > 0 in R3. Furthermore, by
Lemmas 2.2 and 3.3, there exists µa ∈ R such that

−µaa2 =
1
2

∫
R3

|∇ua|2dx +
∫

R3
ω|ua|2dx + N(ua)− |λ3|

∫
R3

|ua|pdx

= Υω(a) +
1
2

N(ua)−
(p − 2)|λ3|

p

∫
R3

|ua|pdx

< 0.

Thus, µa > 0. The proof is finished.
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Corollary 3.7. Let 0 ≤ ω1 < ω2 ≤ V∗, then Υω1(a) < Υω2(a) < 0.

Proof. Let uµ2 ∈ Wa
r̄ such that Jω2(uµ2) = Υω2(a). Combining this with Lemma 3.3, we have

Υω1(a) ≤ Jω1(uµ2) < Jω2(uµ2) = Υω2(a) < 0,

which completes the proof.

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We start with the following definitions. Let

J∞(u) :=
1
2

∫
R3

|∇u|2dx +
∫

R3
V∞|u|2dx +

1
2

N(u)− 2|λ3|
p

∫
R3

|u|pdx

and

J0(u) :=
1
2

∫
R3

|∇u|2dx +
1
2

N(u)− 2|λ3|
p

∫
R3

|u|pdx, for all u ∈ H1(R3).

In what follows, we assume that ∥V∥∞ < V∗, where V∗ is given by Lemma 3.3. Combining
this with Theorem 3.1, we can define the following minimization problems

Υ0(a) := inf
u∈Wa

r̄

J0(u), Υ∞(a) := inf
u∈Wa

r̄

J∞(u), Υε(a) := inf
u∈Wa

r̄

Jε(u) for any a ∈ (0, ā).

Lemma 4.1. lim supε→0+ Υε(a) ≤ Υ0(a) and there is ε0 > 0 such that Υε(a) < Υ∞(a) for any
ε ∈ (0, ε0).

Proof. By Theorem 3.1, there is u0 ∈ Wa
r̄ such that J0(u0) = Υ0(a). Then, we have

Υε(a) ≤ Jε(u0) =
1
2

∫
R3

|∇u0|2dx +
∫

R3
V(εx)|u0|2dx +

1
2

N(u0)−
2|λ3|

p

∫
R3

|u0|pdx.

Letting ε → 0+, it follows from the Lebesgue dominated convergence theorem that

lim sup
ε→0+

Υε(a) ≤ lim sup
ε→0+

Jε(u0) = J0(u0) = Υ0(a).

On the other hand, combining Corollary 3.7 and V0 = 0 < V∞, we have Υ0(a) < Υ∞(a) < 0.
Therefore, there is ε0 > 0 such that Υε(a) < Υ∞(a) for any ε ∈ (0, ε0). We complete the
proof.

Lemma 4.2. Suppose that (V1)–(V3) hold. Let {un} ⊂ Wa
r̄ satisfy Jε(un) → c < Υ∞(a) as n → ∞.

If un ⇀ uε in H1(R3), then uε ̸= 0.

Proof. Suppose by contradiction that uε = 0. In view of (V1)–(V3), for any δ > 0, there exists
R > 0 such that

V(x) ≥ V∞ − δ for all |x| ≥ R.

Then, one has

c + on(1) = Jε(un) = J∞(un) +
∫

R3
(V(εx)− V∞)|un|2dx

≥ J∞(un) +
∫

BR/ε(0)
(V(εx)− V∞)|un|2dx − δ

∫
Bc

R/ε(0)
|un|2dx.
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Due to un ⇀ 0 in H1(R3), then {un} is bounded in H1(R3) and un → 0 in L2(BR/ε(0)). It
follows that

c + on(1) ≥ J∞(un)− δC + on(1) ≥ Υ∞(a)− δC + on(1), (4.1)

for some C > 0. Since δ > 0 is arbitrary, we have c ≥ Υ∞(a), which is a contradiction.
Therefore, uε ̸= 0. This completes the proof.

Lemma 4.3. Assume that (V1)–(V3) hold. For a ∈ (0, ā), let {un} be a (PS)c sequence for Jε restricts
to Wa

r̄ with c < Υ∞(a) < 0 and un ⇀ uε in H1(R3). If un ↛ uε in H1(R3), then decreasing ε0 if
necessary, there exist τ > 0 independent of ε ∈ (0, ε0) such that

lim inf
n→+∞

∥un − uε∥2
2 ≥ τ.

Proof. Let {un} be a (PS)c sequence for Jε restricts to Wa
r̄ , then

Jε(un) → c and ∥Jε|′Wa
r̄
(un)∥H−1(R3) → 0 as n → +∞.

We define the functional Φ : H1(R3) → R by

Φ(u) :=
1
2

∫
R3

|u|2dx.

It follows from [18, Lemma 5.11 and Proposition 5.12] that there exists {µn} ⊂ R satisfying

∥J′ε(un) + µnΦ′(un)∥H−1(R3) → 0 as n → +∞. (4.2)

In view of un ⇀ uε in H1(R3), one has {un} is bounded in H1(R3). Combining this with (4.2),
we have {µn} is bounded. Then there is µε ∈ R such that µn → µε as n → ∞. Thus,

J′ε(uε) + µεΦ′(uε) = 0 in H−1(R3) and ∥J′ε(vn) + µεΦ′(vn)∥H−1(R3) → 0 as n → +∞,

where vn = un − uε. It follows that

1
2

∫
R3

|∇vn|2dx +
∫

R3
V(εx)|vn|2dx + N(vn)− |λ3|

∫
R3

|vn|pdx + µε

∫
R3

|vn|2dx = on(1). (4.3)

Furthermore, it follows from (4.2) and N(un) < 0 that

0 > Υ∞(a) > c = lim
n→+∞

Jε(un)

= lim
n→+∞

[Jε(un)−
〈

J′ε(un), un
〉
− µna2 + on(1)]

= lim
n→+∞

[
−1

2
N(un) +

(
1 − 2

p

)
|λ3|

∫
R3

|un|pdx − µna2 + on(1)
]

≥ −µεa2,

which implies that

µε ≥ −Υ∞(a)
a2 for all ε ∈ (0, ε0).

Combining this with (V1) and (4.3), one has for all ε ∈ (0, ε1),

1
2

∫
R3

|∇vn|2dx + N(vn)− |λ3|
∫

R3
|vn|pdx − Υ∞(a)

a2

∫
R3

|vn|2dx ≤ on(1).
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This, together with Lemma 2.2, gives

min
{

1
2

,−Υ∞(a)
a2

}
∥vn∥2

H1(R3) ≤ −N(vn) + |λ3|
∫

R3
|vn|pdx + on(1)

≤ Λ∥vn∥4
4 + |λ3|∥vn∥p

p + on(1).

By vn ↛ 0 in H1(R3), then there exists ι > 0 independent of ε such that ∥vn∥H1(R3) ≥ ι.
Therefore, we have

lim inf
n→+∞

(Λ∥vn∥4
4 + |λ3|∥vn∥p

p) ≥ min
{

1
2

,−Υ∞(a)
a2

}
ι2.

Combining this with Lemma 2.1 and Sobolev embedding inequality theorem, there exists
τ > 0 independent of ε ∈ (0, ε1) such that

lim inf
n→+∞

∥un − uε∥2
2 ≥ τ.

The proof is finished.

With the above lemmas in hand, we can prove the following compactness result.

Lemma 4.4. Assume that (V1)–(V3) hold. For each a ∈ (0, ā) and ε ∈ (0, ε0), the functional Jε

satisfies the (PS)c condition restricted to Wa
r̄ for c < Υ0(a) + ξ, where

0 < ξ ≤ min
{

Υ∞(a)− Υ0(a),
τ2

a
(Υ∞(a)− Υ0(a))

}
.

Proof. Let {un} be a (PS)c sequence for Jε restricted to Wa
r̄ with c < Υ0(a) + ξ. Note that

c < Υ∞(a) < 0. Obviously, {un} is bounded in H1(R3). It follows that there exists uε ∈ H1(R3)

satisfying un ⇀ uε in H1(R3). Combining this with Lemma 4.2 and c < Υ∞(a), we have uε ̸= 0.
Let vn := un − uε. We claim vn → 0 in H1(R3). Once this claim is true, we complete the proof.
Next, we prove the above claim. Suppose by contradiction that vn ↛ 0 in H1(R3). Then it
follows from Lemma 4.3 that there exists τ > 0 independent of ε ∈ (0, ε0) such that

lim inf
n→+∞

∥un − uε∥2
2 ≥ τ.

We set ∥uε∥2 = b ∈ (0, a), ∥vn∥2 = dn ∈ (0, a) and assume that dn → d > 0 as n → ∞.
Thus, d2 ≥ τ and a2 = b2 + d2. Moreover, we have ∥∇vn∥2 ≤ ∥∇un∥2 < r̄ and ∥∇uε∥2 ≤
lim infn→+∞ ∥∇un∥2 < r̄. It follows that vn ∈ Wdn

r̄ and uε ∈ Wb
r̄ . Then as the same proof in

(4.1), one has for any δ > 0,

c + on(1) = Jε(un) = Jε(vn) + Jε(uε) + on(1)

≥ J∞(vn)− δC + J0(uε) + on(1)

≥ Υ∞(dn)− δC + Υ0(b) + on(1),

where C > 0 independent of δ, ε, n. Combining this with (3.7), we have

c + on(1) ≥
d2

n
a2 Υ∞(a) +

b2

a2 Υ0(a)− δC + on(1).
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Letting n → ∞, it follows from the arbitrariness of δ that

c ≥ d2

a2 Υ∞(a) +
b2

a2 Υ0(a)

= Υ0(a) +
d2

a2 [Υ∞(a)− Υ0(a)]

≥ Υ0(a) +
τ

a2 [Υ∞(a)− Υ0(a)],

contradicting to c < Υ0 + ξ. Therefore, un → uε in H1(R3). We complete the proof.

In what follows, we fix ξ0, ρ0 such that:

• Bξ0(ci) ∩ Bξ0(cj) = ∅ for i ̸= j with i, j ∈ {1, 2, . . . , l} and ci, cj are defined in (V3);

• ⋃l
i=1 Bξ0(ci) ⊂ Bρ0(0);

• K ξ0
2
=
⋃l

i=1 B ξ0
2
(ci).

Let us define the function Qε : H1(R3) \ {0} → R3 by

Qε(u) :=

∫
R3 χ(εx)|u2|dx∫

R3 |u2|dx
,

where χ : R3 → R3 is given by

χ(x) :=

{
x, if |x| ≤ ρ0,

ρ0
x
|x| , if |x| > ρ0.

Lemma 4.5. Assume that (V1)–(V3) hold. For a ∈ (0, ā), there is 0 < ε1 < ε0 and 0 < ξ1 < ξ such
that if u ∈ Wa

r̄ and Jε(u) ≤ Υ0(a) + ξ1, then

Qε(u) ∈ K ξ0
2

, for all ε ∈ (0, ε1).

Proof. Suppose by contradiction that there is ξn → 0, εn → 0 and {un} ⊂ Wa
r̄ such that

Jεn(un) ≤ Υ0(a) + ξn and Qεn(un) /∈ K ξ0
2

.

This, together with (V1), gives

Υ0(a) ≤ J0(un) ≤ Jε(un) ≤ Υ0(a) + ξn,

which implies that

J0(un) → Υ0(a) as n → +∞.

Therefore, {un} ⊂ Wa
r̄ is a minimizing sequence with respect to Υ0(a). Then it follows from

Lemma 3.6 that one has two cases:

(i) un → u in H1(R3) for some u ∈ Wa
r̄ , or

(ii) there exists {yn} ⊂ R3 with |yn| → +∞ such that the sequence vn(x) = un(x + yn) is
strongly convergent to a function v ∈ Wa

r̄ .
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If case (i) holds. Then by the Lebesgue dominated convergence theorem, we have

Qεn(un) =

∫
R3 χ(εnx)|u2

n|dx∫
R3 |u2

n|dx
→
∫

R3 χ(0)|u2|dx∫
R3 |u2|dx

= 0 ∈ K ξ0
2

as n → +∞,

which contradicting to Qεn(un) /∈ K ξ0
2

.

If case (ii) holds. When |εnyn| → +∞, then it follows from vn → v in H1(R3) that

Jεn(un) = Jεn(vn) =
1
2

∫
R3

|∇vn|2dx +
∫

R3
V(εnx + εnyn)|vn|2dx +

1
2

N(vn)

− 2|λ3|
p

∫
R3

|vn|pdx → J∞(v), as n → +∞.
(4.4)

Combining this with Jεn(un) ≤ Υ0(a) + ξn and v ∈ Wa
r̄ , one has

Υ∞(a) ≤ J∞(v) ≤ Υ0(a),

which contradicts Corollary 3.7. On the other hand, when |εnyn| → y0 for some y0 in R3. Then
similar to (4.4), one has Jε(un) → Jy0(v) as n → +∞. This combining with Jεn(un) ≤ Υ0(a)+ ξn

and v ∈ Wa
r̄ , we have

Υy0(a) ≤ Jy0(v) ≤ Υ0(a).

This, together with Corollary 3.7 and (V1)–(V3), gives V(y0) = V0 and y0 = ci for some
i = 1, 2, . . . , l. Therefore, one has

Qεn(un) =

∫
R3 χ(εnx + εnyn)|v2

n|dx∫
R3 |v2

n|dx
→
∫

R3 χ(y0)|v2|dx∫
R3 |v2|dx

= ci ∈ K ξ0
2

as n → +∞,

which contradicts Qεn(un) /∈ K ξ0
2

. We complete the proof.

To obtain multiple normalized solutions, we define

Ni
ε := {u ∈ Wa

r̄ : |Qε(u)− ci| ≤ ξ0},

∂Ni
ε := {u ∈ Wa

r̄ : |Qε(u)− ci| = ξ0}

and
βi

ε := inf
u∈Ni

ε

Jε(u), β̃i
ε := inf

u∈∂Ni
ε

Jε(u).

Lemma 4.6. Assume that (V1)–(V3) hold. For a ∈ (0, ā), then there is ε2 ∈ (0, ε1) satisfying

βi
ε < Υ0(a) + ξ1 and βi

ε < β̃i
ε for all ε ∈ (0, ε2).

Proof. Let u ∈ Wa
r̄ satisfy J0(u) = Υ0(a). For 1 ≤ i ≤ l, we set

ûi
ε(x) := u

(
x − ci

ε

)
.

Obviously, ûi
ε ∈ Wa

r̄ for all ε > 0 and 1 ≤ i ≤ l. Moreover, it follows from the definition of Qε

that Qε(ûi
ε) → ci as ε → 0+. Therefore, ûi

ε ∈ Ni
ε for ε small enough. Furthermore, we have

Jε(ûi
ε) =

1
2

∫
R3

|∇ûi
ε|2dx +

∫
R3

V(εx)|ûi
ε|2dx +

1
2

N(ûi
ε)−

2|λ3|
p

∫
R3

|ûi
ε|pdx

=
1
2

∫
R3

|∇u|2dx +
∫

R3
V(εx + ci)|u|2dx +

1
2

N(u)− 2|λ3|
p

∫
R3

|u|pdx.
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This, together with (V3), gives

lim
ε→0+

Jε(ûi
ε) = Jci(u) = J0(u) = Υ0(a).

Combining this with ûi
ε ∈ Ni

ε for ε small enough, we have there is ε2 ∈ (0, ε1) such that

βi
ε < Υ0(a) + ξ1 for all ε ∈ (0, ε2). (4.5)

On the other hand, for any v ∈ ∂Ni
ε, one has v ∈ Wa

r̄ and |Qε(v) − ci| = ξ0. Then,
Qε(v) /∈ K ξ0

2
. This, together with Lemma 4.5, gives

Jε(v) > Υ0(a) + ξ1 for all v ∈ ∂Ni
ε and ε ∈ (0, ε2),

which implies that β̃i
ε = infv∈∂Ni

ε
Jε(v) ≥ Υ0(a) + ξ1 for all ε ∈ (0, ε2). Then it follows from

(4.5) that
βi

ε < β̃i
ε for all ε ∈ (0, ε2).

We complete the proof.

Proof of Theorem 1.1. Let ε3 ∈ (0, ε2). For all i = 1, 2, . . . , l and ε ∈ (0, ε3), we can use Ekeland’s
variational principle [11] to find a sequence {ui

n} ⊂ Ni
ε ⊂ Wa

r̄ such that

Jε(ui
n) → βi

ε and Jε(v)− Jε(ui
n) ≥ − 1

n
∥v − ui

n∥H1(R3), ∀v ∈ Ni
ε with v ̸= ui

n.

In view of Lemma 4.6, one has βi
ε < β̃i

ε. Thus, ui
n ∈ Ni

ε \ ∂Ni
ε for n large enough. Next, for

δ > 0 small enough, we define a map Φ : (−δ, δ) → Wa
r̄ by

Φ(t) = a
ui

n + tv
∥ui

n + tv∥2
2

belonging to C1((−δ, δ), Wa
r̄ ) and satisfying

Φ(t) ∈ Ni
ε \ ∂Ni

ε ∀t ∈ (−δ, δ), Φ(0) = ui
n, Φ′(0) = v,

where v ∈ Tui
n
Wa

r̄ . Then, we have

Jε(Φ(t))− Jε(ui
n) ≥ − 1

n
∥Φ(t)− ui

n∥H1(R3) ∀t ∈ (−δ, 0) ∪ (0, δ),

which concludes that

Jε(Φ(t))− Jε(Φ(0))
t

=
Jε(Φ(t))− Jε(ui

n)

t
≥ − 1

n

∥∥∥∥Φ(t)− ui
n

t

∥∥∥∥
H1(R3)

= − 1
n

∥∥∥∥Φ(t)− Φ(0)
t

∥∥∥∥
H1(R3)

.

By Jε ∈ C1(H1(R3, R)) and letting t → 0+, one has〈
J′ε(u

i
n), v

〉
≥ − 1

n
∥v∥H1(R3).
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Replacing v by −v, we infer that

sup
{∣∣∣〈J′ε(u

i
n), v

〉∣∣∣ : ∥v∥H1(R3) = 1
}
≤ 1

n
,

which implies that

Jε(ui
n) → βi

n and ∥Jε|
′
Wa

r̄
(ui

n)∥H−1(R3) → 0 as n → +∞.

Then, {ui
n} is a (PS)βi

n
for Jε restricted to Wa

r̄ . Combining this with Lemmas 4.4 and 4.6, we
have there is ui ∈ H1(R3) such that ui

n → ui in H1(R3). Thus,

ui ∈ Ni
ε, Jε(ui) = βi

ε and Jε|
′
Wa

r̄
(ui) = 0.

Moreover, it follows from the definition of Qε(u) that

Qε(ui) ∈ Bξ0(ci), Qε(uj) ∈ Bξ0(cj) and Bξ0(ci) ∩ Bξ0(cj) = ∅ for i ̸= j.

Then we have ui ̸= uj for i ̸= j, where 1 ≤ i, j ≤ l. Therefore, Jε|S(a) has at least l nontrivial
critical points for all ε ∈ (0, ε3). Then there exists a Lagrange multiplier µi ∈ R such that

−µia2 =
1
2

∫
R3

|∇ui|2dx +
∫

R3
V(εx)|ui|2dx + N(ui)− |λ3|

∫
R3

|ui|pdx

= βi
ε +

1
2

N(ui)−
(p − 2)|λ3|

p

∫
R3

|ui|pdx.
(4.6)

In addition, it follows from Corollary 3.7, Lemmas 4.4 and 4.6 that βi
ε < 0. This, together with

(4.6), gives µi > 0. We complete the proof.
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