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Abstract. In this paper, we study the existence of multiple normalized solutions to the
following dipolar Gross—Pitaevskii equation with a mass subcritical perturbation

—3Au+ pu+ V(ex)u + AqulPu+ A (Ko* [u|?)u + Az|ulP~2u =0, inR3,
Jre |u|?dx = a?,

where g,e > 0,2 < p < %, i € R is the Lagrange multiplier, A3 < 0, (A1,A2) €
{(M,A2) € R Ay < 4Ty < 0or Ay < —8TA; <0}, V(x) is an external potential,
% denotes convolution, K(x) = % and 6(x) is the angle between the dipole
axis determined by (0,0,1) and the vector x. Under suitable assumptions of V, we use
variational methods to prove that the number of normalized solutions is not less than

the number of global minimum points of V if € > 0 is sufficiently small.
Keywords: dipolar Gross-Pitaevskii equation, multiple normalized solutions, varia-
tional methods.

2020 Mathematics Subject Classification: 35A15, 35]J20, 35]J60.

1 Introduction

In 1995, Cornell et al. achieved the first Bose-Einstein condensate in their experiments on
dilute alkali gases. Since this groundbreaking experiment, condensates of other atoms have
also been produced. In recent years, dipolar Bose-Einstein condensates, i.e., condensates
composed of particles with permanent electric or magnetic dipole moments, have attracted
much attention, see [3,4]. By using the Gross-Pitaevskii approximation to describe dipolar
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Bose—-Einstein condensates, we obtain the following three-dimensional dimensionless dipolar
Gross-Pitaevskii equation

0 = —%Aw V@)Y + APy + Ao (K [92)p + Aslp P2y, (tx) € RT xR?, (L)

where ¢ : [0, +00) x R® — C is the wave function, i is the imaginary unit, * denotes convolu-
tion, 2 < p < 6, V(x) is an external potential, A;(i = 1,2,3) describe the strengths of the three

nonlinearities, K(x) = % and 6(x) is the angle between the dipole axis determined by
(0,0,1) and the vector x. Moreover, equation (1.1) with A3 # 0 models quantum fluctuations
in the condensate (the so-called Lee-Huang—Yang correction), see [12]. For more physical
background, we refer to [6,7,13] and the references therein.

To our knowledge, rigorous mathematical research on problem (1.1) with initial condition
Po(x) = ¥(0,x) € H(R3) was first conducted by Carles et al. [9], where V(x) = % and
A3 = 0. They proved that for Ay > 47”)&2 > 0, the problem admits a unique global solution.
This case is called the stable regime because the solution does not blow up in finite time. In
the unstable regime (A1 < %")\2), the solution may blow up in finite time. Later, Antonelli and
Sparber [2] studied the stationary equation of problem (1.1), that is,

1
—EAM +pu+ V(x)u + A |ulPu + Ao (K = [uP)u+ A3ulP~2u =0, in R3, (1.2)

where u € R and u(x) is a time-independent function satisfying ¢(x,t) = e u(x). They
proved the existence of solutions to (1.2) for 4y > 0, A3 = 0 and V = 0 in R3, under the
conditions that either A < %”Az and A, > 0, or A < —87”/\2 and A, < 0. Based on the
terminology introduced in [2,9] and the definition of the dipole kernel K(x), the coordinate
plane (A1, A7) is divided into the stable regime

M=% >0, A,>0, or
M+8A >0, A, <0

and the unstable regime

/\1—47”)\2<0, Ay >0, or
M+ <0, A <0,

which affect the sign (see [10]) of the nonlinear potential energy
N(u) := /3/\1|u|4+)\2(1<* |2 u[2dx. (1.3)
R

In recent years, problem (1.2) with prescribed mass [, [u|?dx = 4 and a > 0 has been
considered in the stable or unstable regimes, see [5,8,14-16,19]. For V = 0 in R3 A3 >0
and p € (4,6], Luo and Stylianou [15] proved the nonexistence of the ground state solution
in the stable regime. For V(x) = @ and A3 = 0, Carles and Hajaiej [8] proved the existence
of a unique non-negative global minimizer with Steiner symmetry in the stable regime. For

V(x) = A"; ‘2, Az = 0 and 7y > 0, Bellazzini and Jeanjean [5] proved the existence of a ground
state solution in the unstable regime, and showed that any ground state solution is orbitally
unstable. For V = 0 in IR?, Luo and Stylianou proved the existence of ground state solutions
and local minimizers in the unstable regime under the following two cases: A3 < 0and p =5,
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see [14]; A3 > 0 and p € (4,6], see [15]. For V=0inR?>, A3 <0and 2 < p < ?, Luo and
Yang [16] studied the existence of ground state solutions in the unstable regime. Moreover,
they proved that any ground state is a local minimizer and is stable under the Cauchy flow.
Very recently, for the unstable regime with V = 0in R® and 2 < p < ¥, Wu and Tang [19]

considered the existence of multiple normalized solutions by replacing )\3 with —h(ex) < 0,
where € > 0 and & satisfies some technical assumptions. To present a clear overview of the

above research progress, we summarize these results in the following table:

regime Vv A3 p classifications of solutions reference
stable V=0|A3>0| pe(46] | noground state [15]
stable V0| A3=0 — ground state [8]
unstable | VZ£0 | A3 =0 — ground state [5]
unstable | V=0 | A3 <0 p= ground state [14]
unstable | V=0 | A3 <0 | p € (2, @0) local minimizer/ground state [16]
unstable | V=0 | A3 >0 | p € (4,6] | local minimizer [15]
unstable | V=0 | A3 <0 | p € (2,22) | multiple normalized solutions [19]

In light of the above discussion, we focus on the existence of multiple normalized solutions
of problem (1.2) with prescribed mass when V # 0 in R® and A3 # 0, which has not been
studied in the existing literature. For this purpose, in present paper, we consider the following
dipolar Gross-Pitaevskii equation

in R3,

{—;Au + g+ V(ex)u + Aqful?u + A (K |[ul?)u + AzlulP~2u =0, 14

Jrs |u|?dx = a?,

wherea,e > 0,2 <p < ¥ (/\1,)\2, A3) € R2x R~ and u € R denotes the Lagrange multiplier.
Moreover, the potential V satisfies the following assumptions:

(V1) V € L*®(R?), V(x) > 0 for all x € R5.
(Vg) Voo = lim‘x|_>+oo V(X) > Vp := min, s V(x) =0.
(V3) V71{0}) = {c1,ca, - - -,

Solutions of (1.4) are the critical points of the energy function J; : H!(R®) — R constrained
to

c1} withc; = 0and ¢; # ¢ if j # s.

S(a) := {u € H'(R®) : /11.23 lu|*dx = az} , (1.5)

where

Je(u) : / |Vu\2dx+/ (ex)|u| 2dx—l—lN( )+ 2/\3/ \u|Pdx.
2 p Jr

Here N(u) is defined in (1.3) and H!(IR3) is the usual Sobolev space endowed with norm

1
2
ity = </RS<W”’2+ \u|2)dx> , Vuc H'(R).

Clearly, J. € C'(H'(R%),R). If u is a critical point of | 5(a), then it follows from the Lagrange
multiplier rule that (u, i) is a solution of problem (1.4) for some u € R.
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We point out that conditions (V;)-(V3) were introduced by [1,20] to study the following
local nonlinear Schrodinger equation

J— == i N
{ Au+V(ex)u = Au+g(u), inRN, (1.6)

S |u)?dx = a?,

where a,& > 0, V denotes the potential, A € R is the Lagrange multiplier and ¢ is a func-
tion. Alves [1] proved that the numbers of normalized solutions is at least the number of
global minimum points of V when ¢ is small enough and g is a continuous function with L?-
subcritical growth. Later, Xu et al. [20] extended the result of [1] to problem (1.6) with mixed
nonlinearities, where g(u) = Blul12u+ [u[f2uand 2 < g < 2+ & < p < 2. Inspired by
[19,20], our main result is as follows.

Theorem 1.1. Let (A1,A2) € B:= {(A1, A7) € R?: Ay < 47”)\2 <0or\ < —%”/\2 <0}, A3 <0
and 2 < p < 2. Suppose that (V1)—(V3) hold. Then there exist &, V. > 0 and a > 0, such that for
[V < Vi, € € (0,€) and a € (0,a], problem (1.4) has at least | couples (uj, u;) € H'(R?) x R of
weak solutions satisfying [ps [uj|*dx = a* and negative energies for j = 1,2,...,1.

Remark 1.2. The key difficulty in studying the multiplicity of normalized solutions to equa-
tion (1.4) arises from the nonlocal dipolar interaction term (K * |u|?)u, which complicates both
energy estimates and compactness analysis. In this paper, we overcome these difficulties by
carrying out a careful analysis of this nonlocal term. Moreover, in contrast to local nonlinear
problems, where cutoff functions are employed, our approach simplifies the construction of
the energy functional by utilizing only the properties of the set defined in (3.2).

Remark 1.3. An example satisfying conditions (V;)—(V3) is the following function V : R® — R,

1

Vix)=1- ,
() 1+|x—k1||x—k2]---|x—kl|

where 0 = ’kl‘ < |k2| <0 < ’kl|

The paper is organized as follows. In Section 2, we give some preliminary results. Section 3
is devoted to proving the existence of normalized solutions of the autonomous case of problem
(1.4). Finally, we prove Theorem 1.1 in Section 4.

2 Preliminaries

In this section, we give some preliminary results. For convenience, let || - |5 := || - || 1(rs) for
g € [1, +o0]. We start with the following Gagliardo-Nirenberg inequality, see [17].

Lemma 2.1. For any u € H'(R®) and q € (2,6), there exists a constant C; > 0 such that

1—
luellg < CqllVaell 5" laell ™,

where v, := Lzz).
Next, we give some estimates for the nonlocal term N(u).

Lemma 2.2 ([19, Lemma 2.1]). Let u € H'(IR®), then |N(u)| < Allu||}, where A := max{|A; —
a|, A+ BEAs|}. Moreover, if (A1, A2) € B, then N(u) < 0.
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Lemma 2.3 ([19, Lemma 2.2]). If u, — u in H'(R3), then up to a subsequence,
/ (K % [ |2) [ P = / (K % [03]?) [0 2dx +/ (K % [u]?) [u2dx + 0, (1),
R3 R3 R3
where vy, := u, — u and 0,(1) — 0 as n — +o0. In addition, one has
N(uy) = N(vy) + N(u) +0,(1).

Finally, we introduce a function g(4,7) : Rt x R™ — R defined by
1 A 2|As _ _
glar) =3 - chim - ’p|C,§a”(1 1) pP1r =2, 2.1)

which satisfies the following properties.

Lemma24. Let2 < p < and Az < 0. Then for any a > 0, the function g(a,r) has a unique global
maximum point. Moreover, the maximum value satisfies

>0 ifa <a,
rgf(?(g(a,r) =0 ifa=ag
<0 ifa>a,

where a is defined in (2.2).
10

Proof. In view of 2 < p < 3, we have 0 < p7, < 2. Combining this with (2.1) yields
g(a,r) - —c0casr — 0" and g(a,7) — —o0 as r — +oo for any a > 0. Furthermore, we define
fa(r) := g(a,r), then it follows that

falr) = a(ggzr,r)) = —%Ci‘a — 2':;3|(p7p — Z)ngp(1*7p)rp’7p*3

By letting f.(r) = 0, one has

1
L _ (Al @ = pyp) Cpaltmr T T
' ACip '

It follows that r, is the only global maximum point of g(a, 7). Then we have

maxg(a,r) = g(a,7a)

- % N %Ciraa - 2/2s| Czap(l—%)rf“yrz
1
= 1 — éc4ﬂ 4|A3’(2 - P’Yp)Cza(l_'Yp)P—l 3—prp
2 2 ACip
prp—2
2|/\3| CP p(1— 'y 4|)\3|(2 — pf)/p)cga(l—'yp)p_l =y
P Aijp
1
— PN\ 3=pp
- 55 (ach <4M3|<2 m”)cp> "
P
1 .,
(CPM3|> s <4(2 - P’Yp)) & 5
p AC}
— 1 %
— 5 —uaas,
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where 7, is defined in Lemma 2.1 and

pyp—2

1
4|1A3](2 — prp)Ch 7 ChlAs| \ 77 (42— pyp)\ T
4o =3 i Y .
p p AC4

/1
a.= <2a> > 0, (2.2)

which concludes the proof. O

(Ac4) i

Thus, we can take

Lemma 2.5. Let 2 < p < %2, A3 < 0. Suppose that (a1,11) € (0,a) x (0, +o0) satisfies g(a1,r1) > 0.
Then for any a, € (0, a4], there holds

glaz,r2) >0 ifrp € [Zirl,rl] : (2.3)

Proof. By (2.1), one has a — g(a, r) is decreasing for a > 0. Therefore, we have
g(az, 1) > g(ai,r1) > 0. (2.4)

Furthermore, in view of a; € (0,41], one has

-2
a 1 A _4d5 21A3] p pi—q,) (a2 \FT"
,—r) —gla,n | =5 —5C—= Cpa, " —
8(‘12 alrl) g(am 71> 57 5 4[1171 p 7 ) alrl

1 A 2|1A _ _
— < — ECZLTUM - |P3’ C;af(l 7”)1’5]7” 2)

2
Ay a3 2| A5 CP P12 (=) a\P 2
_EC46117’1 <1—a%>+P Pl al 1_ a
> 0.

Then it follows from Lemma 2.4 and (2.4)—(2.5) that (2.3) holds, which concludes the proof. [J

3 Existence result for the autonomous problem

In this section, we establish the existence of normalized solutions of the autonomous case of
problem (1.4), that is,

{—%Au + pu 4 wu + AqfulPu + A (K * |u?)u + Aslu|P~2u =0, in R3, 3.1)

[ [u|?dx = a?,
wherea > 0, w > 0,2 < p < 1—39, (A1,A2) € B, A3 < 0 and ¢ € R denotes the Lagrange

multiplier. Solutions of problem (3.1) are the critical points of the corresponding energy
functional J, : H'(R3) — R constrained to (1.5), where

1 1 2A3
T (1) i= 2/]R$]Vu|2dx+/]R3w\u|2dx+2N(u)+p/R3\u|pdx.

Our main result in this section is as follows.
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Theorem 3.1. Let (A1, A2) € B, A3 <0and2 < p < %. Then there exist Vo, > 0,4 > 0and 7 > 0
such that for any w < Vi and a € (0,a), the functional ],, has an interior local minimizer on

W= {u e S(a): ||Vula < 7}. (3.2)

Moreover, equation (3.1) has a positive normalized solution u, with J,,(u,) < 0 and the corresponding
Lagrange multiplier p, > 0.

To prove the above theorem, we divide the proof into the following lemmas.
Lemma 3.2. For any u € S(a), there holds
Jo(u) = | Vu||3g(a, [ Vu]|2)-
Proof. For any u € S(a), it follows from (2.1), Lemmas 2.1 and 2.2 that

]w(u)zl/ Vudx+ [ wlulPdx + S N(u )+2A3/ u[Pdx
2 p JRr3

> 5 o [VuPdx =l + 22 [ julrds

2|A5

PY
> 21Vulg - Dt vulia - 222 chart ) | vulf

1 A 2/As]
_ 2 |- tr4
~ 7l |5~ 5CHIVilan -

A cpartt-moulr?
= |Vull38(a, [[Vull2)-
This completes the proof. O
In the following, we define

Wi :={ueS(a):||Vul <7},

where

1
4 )] (2 — CPa(l=rp)p—1\ 3w
Pz, = ( [43](2 = p7p) Gy ) > 0. (3.3)

ACyp

Obviously, it follows from Lemmas 2.4 and 3.2 that ], is bounded from below in W} for any
€ (0,a), where a is given by (2.2). Then one can define the local minimization problem by

Yo(a):= uienvgﬂ Jo(u) foranya € (0,a).

Moreover, Y, (a) satisfies the following properties.

Lemma 3.3. Let 2 < p < ¥ and A3 < 0. For any a € (0,4), there exists V., > 0 such that

Yo(a) <0< inf J,(u), if w< V..
ucoWwy

Proof. Given ug € W2 N L®(IRN) a nonnegative function, we set u;(x) = t%uo(tx) for all t > 0.
Then we have

/\ut|2dx:a2, /|Vut\2dx:t2/ |Vug|*dx  and /|ut|pdx:t7%’p/ |uo|Pdx.
R3 R? R? R? R?
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Combining these with Lemmas 2.1 and 2.2, one has

2|/\3|/ |ut|pdx
p RS

t2 2|A
< —/ |Vuo|*dx + wa® — Mt””/ lug|Pdx
2 JR3 p R3

1 1
]dm):f/|vmﬁm+/’wmﬁn+fN@9—
2 JRr3 R3 2

2Py
2

:tp”rp[ / |Vu0|2dx—2|A3’/ |u0]pdx} + wa?.
RR3 p Jre

Then by 0 < py, < 2 and ug € W7, there exists ty > 0 small enough such that

2=pyp

t 2|A

t” O—/ IVuolzdx—|3|/ |uolPdx | =:x <.
2 JRrs p IR

Furthermore, we can fix a constant V, := V,(a) > 0 such that
V.a* +x <O0.
Then based on the above facts, we have if w < V,

]w<ut0) < 0

It follows that Y, (a) < 0 if w < V.. On the other hand, if u € dJW?, one has u € S(a) and
IVul||2 = 7. Together these with Lemmas 2.4 and 3.2 yield

Joo (1) > HVuH%g(a, |Vull2) = ?Zg(a,i'f) >0 foranya € (0,a),
which implies inf,caws Jw(u) > 0 for any a € (0,4). We complete the proof. O
From now on, we fix w < V,, which is defined in Lemma 3.3.
Lemma 3.4. Y, (a) is continuous with regard to a € (0,a).
Proof. For any a € (0,a), let {a,} C (0,a) satisfy a, — a as n — +o0. Then by the definition

of Yy (a,) and Lemma 3.3, there exists {u, } C W;" satisfying for all n € N,

b@ﬂ—%<Yd%)mﬁ Jo(itn) < 0. (3.4)

We claim Y (a,) — Yo(a) as n — 4o0. Once this claim is true, then it follows from the
definition of continuity that Y,,(a) is continuous with regard to a € (0,a). Next, we use three
steps to prove the above claim.

Step 1. Let wy, := ;-uy, then {wy} C WE.
Indeed, it is clear that w, € S(a). Next, we need to verify |Vw,|2 < 7. When a < a,, we

can easily obtain | Vwy|[2 < 7. On the other hand, when 4, < a4 < a. By Lemma 2.4 and (3.3),
one has g(a,7) > 0 for all a € (0,a). Then it follows from Lemma 2.5 that

Q(an,r) >0 ifre [%nf, f} ) (3.5)

Furthermore, combining (3.4) and Lemma 3.2, one has 0 > J,(u,) > ||[Vu,|3g(a, || Viun|2).
This, together with (3.5), gives ||Vuyll2 < %7. Therefore, |Vwn|2 = ;-[|Vuul2 < 7.
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Step 2. There holds Y, () < Yo (a,) + 0,(1).
By Step 1, lim, 0 ay = a, {u,} C W;", Lemmas 2.1 and 3.3, we have

Yw(a) < ]w(wn) - Iw(un) + (]w(wn) - ]w(un))

2 2
:]w(un)—I—% (;;) —1] /]RB‘Vun|2dx—|— <11an) —1] /ww’un’de
1 a\*
—1—5 <ﬂn> —1] N(uy)

p
_ 2N K”) - 1} / un|Pdx — Jo(tn) +0n(1), asn — co.
p an R3

This, together with (3.4), yields
Yo(a) < Jo(wn) = Jo(un) +0n(1) < Yo(an) +o0n(1).

Step 3. There holds Y, (a) > Y (ax) + 0n(1).
Indeed, let {,, := 2z, and {u,} C W;" satisfying for all n € N T,

o (zn) — % <Yo(a) and Ju(z) < 0.
Then as the same proof in Steps 1-2, we can obtain
Yo an) < Jo(Gn) = Jo(zn) + (Jo(Cn) = Jo(2n)) < Yo (a) + o0 (1).

This completes the proof. O

Lemma 3.5. Let 0 < a1 < a, < a. There holds

Yo(az) < Yo(ar) + Yo (\/a% - a%) )

Moreover, if Yo, (a1) or Yo (y/a3 — a?) is attained, then the above inequality is strict.
Proof. Let0 < a1 < ap < @ and v, = Ou,, where 1 < 6 < % Then by the same proof as in (3.4)
and Lemma 3.4-Step 1, there exists {u,} C W;! satisfying for all n € N,

Joo (un) < Yo (ar) +% and Jo(un) <0

and v, € Wf . Combining these with Lemma 2.2 and 2 < p < &, we deduce that

1 1 2|A
Ya(b0r) < Jo(on) = 5 [ 1V0nPdx+ [ loaPdx -+ 3N(o,) - 22

5 o |0, |Pdx

P
_ 2|As06 / |ty |Pdx
R3

62 6
- 7/ \Vun|2dx~|—62/ |t [2dx + N (1)
2 JRr3 R3 2

6* — 02 2|A3| (6% — 67

< 60%],(uy)
1
< 0%Y(ay) + 925, (3.6)
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which implies that
Y, (0a1) < 62Yo(ar), (3.7)
as n — oo. Therefore, we have

2 2 2

a a as —a a

1 2 2 1 2 2 2
Yo(ap) = —azYw <a a1> + o Y, ( a5 — aj

2

< Ye(a1) + Yo ( a3 —a%) .

If Y, (a1) is attained, it follows from (3.6) that the inequality is strict. The proof is finished. [J

Lemma 3.6. Let {u,} C W be a minimizing sequence with respect to .. Then, for some subsequence,
either

(i) {un} is strongly convergent, or

(ii) there exists {y,} C R> with |y,| — +oo such that the sequence v, (x) = uy(x +yy) is strongly
convergent to a function v € W with J,(v) = Y (a).

Proof. Let {u,} C Wf be a minimizing sequence such that
Joo () = Yo (a) + o0,(1).
It follows that {u,} is bounded in H!(IR®). Therefore, there exists u € H'(R3) such that, up
to subsequence, u, — u in H'(IR?).
Case 1. u # 0in R3. Let v, = u, — u, it follows from the Brezis-Lieb lemma [18] and

Lemma 2.3 that

lunl3 = lloull + [ulz +0a(1),  [IVuallz = [VoullZ + [IVul3 +0n(1), (3.8)
nlly = lloully + [lullp + 0n (1), N(un) = N(vz) + N(u) + 0a(1). (39)
Then we can see | Vul|; < 7and ||u||2 < a. Next, we claim ||u||2 = 4. Suppose by contradiction
that ||ull, = b < a, it follows that ||v,||2 = v/a2 — b2. Then by (3.8), (3.9) and Lemma 3.5, one
has
Yo () +0n(1) = Joo(n) = Jeo(0n) + Jeo (1) + 0n(1)
> Yo (Vaz—b2) 4+ Yo (b) +0,(1)
> Yy (a) +04(1),

which is a contradiction. Thus, ||u|; = a. It follows that v, — 0 in L?(R3) and u € W¢.
Combining this with Fatou’s lemma gives

Yo(a) = lim ], (uy)

n—r—+00
1 1 2
= lim (/ \Vun|2dx+/ w\un\zdx—kN(un)—'M'/ ’un’pd.?(,')
n—+oo \ 2 JR3 R3 2 p RR3

> Jo(1) > Yo(a),
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which implies that J, (1) = Y (a) and lim, e Jo(4n) = Jw(u). Therefore, we have u, — u
in H'(IR3?).

Case 2. u = 0 in R3. We claim there are 77, R > 0 and {y,} € R® such that for all 7,

lim sup lun|?dx >n >0, (3.10)

n—oo yER3 Br(yn

where Br(y,) := {x € R®: |x — y,| < R}. Once this claim is true, then one has |y,| — +c.
Otherwise, there exists R,, > 0 such that

/ |, |Pdx > / lup|?dx > 1 > 0.
BRn (0) BR(yn)

However, u, — 0in H!(IR%), and consequently, u, — 0in L2(Bg,(0)), which is a contradiction.
In addition, we let v, := u,(x +y,), it follows that ||v,|l2 = |[uxll2, [|Vonll2 = [|[Vuu|2 and
Jw(vn) = Juw(uy). Therefore, there exists v € H'(IR®) such that v, — v in H!(RR3). Combining
this with (3.10), we have

1 < unlli2Bry)) = Nonll2Be ) < Non = Oll2Be ) + 10128 (1))

which implies v # 0 in R3. Then by the same argument as in Case 1, we have v, — v in
H(R?).
Next, we prove the above claim. Assume by contradiction that

lim sup lu, |2 dx = 0.
n—so0 yeR3 ¥ Br(yn)

Combining this with [18, Lemma 1.21], we have u, — 0 in LP(IR%) for 2 < p < 6. This,
together with Lemma 2.2, gives

_ 1 2 2 1 . 2‘)\3| / p
Joo(itn) = 2/H{3]Vun| dx+/]R3w]un] ot gNGu) == [Py

1 A
> S Vunll3 — 5 llunllz + 0n (1)
2 2
1
= EHVWH% +on(1),
which contradicts to Y, (a) < 0. We complete the proof. O

Proof of Theorem 3.1. By Lemmas 3.3 and 3.6, there exists u, € W¢ C S(a) such that

]w(uu) = uienvg.“ Iw(u) = Yw(a) < 0and ]w|/s(g)<u) =0.

7

Note that ||V|ug|||2 < [[Vugll2. Then, u, is a nonnegative solution. As in the proof of [16,
Theorem 1.1], the strong maximum principle implies that u, > 0 in R®. Furthermore, by
Lemmas 2.2 and 3.3, there exists y, € R such that

pig® = 1/ VuaPdr+ [ wluaPax + Neua) = ol [ ol
2 Jr3 R3 R3
_ 1 _(p=2)|As] p
= Yo(a) + 5N(u) : /IR g Pdx

< 0.

Thus, p, > 0. The proof is finished. O
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Corollary 3.7. Let 0 < w1 < wy < V,, then Y, (a) < Y, (a) <O.
Proof. Let u,, € W{ such that Ju,(1u,) = Yo, (a). Combining this with Lemma 3.3, we have
le (Ll) < ]w1(”]42) < ]wz(uﬂz) = sz(“) <0,

which completes the proof. O

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We start with the following definitions. Let

Jeo(11) : 2/ |Vu|2dx+/ Voo |u|2dx+2N 2'“'/ lu|Pdx

and
1 25 1 2|As] p 1R
Jo(u) := E/IR?’ |Vul“dx + EN(u) = /IR3 |u|Pdx, forallu € H (R’).

In what follows, we assume that ||V || < V., where V, is given by Lemma 3.3. Combining
this with Theorem 3.1, we can define the following minimization problems

Yo(a) := ulenV\f/“ Jo(u), Yel(a):= uiénvgﬂ Joo(u), Ye(a):= uienv\f/ﬂ Je(u) for anya € (0,4).

Lemma 4.1. limsup, . Ye(a) < Yo(a) and there is eg > 0 such that Y¢(a) < Yoo(a) for any
e € (0,¢€).

Proof. By Theorem 3.1, there is 1y € Wf such that Jo(up) = Yo(a). Then, we have
1 _2|A
Y,(a) < =5 / |V |*dx +/ (ex) |uo|?dx + SN (u 2125 / o|Pdx.

Letting ¢ — 07, it follows from the Lebesgue dominated convergence theorem that

limsup Y(a) < limsup J.(uo) = Jo(uo) = Yo(a).

e—0t e—01

On the other hand, combining Corollary 3.7 and V) = 0 < Vi, we have Yy(a) < Yoo (a) < 0.
Therefore, there is €9 > 0 such that Y,(a) < Y(a) for any € € (0,€9). We complete the
proof. O

Lemma 4.2. Suppose that (V1)—(V3) hold. Let {u,} C WZ satisfy J.(un) = ¢ < Yoo(a) as n — oco.
Ifuy, — ue in H'(R3), then u, # 0.

Proof. Suppose by contradiction that u, = 0. In view of (V1)-(V3), for any § > 0, there exists
R > 0 such that

V(x) > Ve —0d forall |x| > R.
Then, one has
¢+ 0u(1) = Je(tn) = Jooit) +/]RS(V(£x) — Vo)t P

> Joo(Un -|-/ ex) — Voo)]unlzdx—é/ |un|dx.
Brye(0 BC/S(O)
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Due to u, — 0 in H'(IR3), then {u,} is bounded in H'(R®) and u, — 0 in L?(Bg/.(0)). It
follows that

c+0n(1) > Joo(ty) —C+0,(1) > Yoo(a) — 6C 4 0,(1), 4.1)

for some C > 0. Since 6 > 0 is arbitrary, we have ¢ > Yo (a), which is a contradiction.
Therefore, 1, # 0. This completes the proof. O

Lemma 4.3. Assume that (V1)—(V3) hold. For a € (0,a), let {u,} be a (PS). sequence for ], restricts
to WE with ¢ < Yeo(a) < 0 and u, — ue in H'(R3). If uy, —» u, in H'(R3), then decreasing ¢ if
necessary, there exist T > 0 independent of ¢ € (0,¢¢) such that

liminf |u, — ue|3 > 7.
n——+oo

Proof. Let {u,} be a (PS), sequence for ], restricts to W¢, then
Je(uy) — ¢ and H]g|wa(un)||H ey = 0 asn — +oo.

We define the functional ® : H'(R3) — R by

1 2
—E/Ra|u] dx.

It follows from [18, Lemma 5.11 and Proposition 5.12] that there exists {y,} C R satisfying
||]£(1/ln) + ]/ln (un)HH 1(R3) — 0 asn — +oo. (42)

In view of u, — u, in H'(R3), one has {u,} is bounded in H'(R®). Combining this with (4.2),
we have {,,} is bounded. Then there is y, € R such that y,, — y. as n — co. Thus,

Je(ue) + ue® (ue) =0 in H'(R®) and  [|J{(vn) + ue® (0n) | g-1rey = 0 as n — oo,
where v, = u, — u,. It follows that
5 / V0, Pdx +/ (ex) o [2dx + N(oy) — | A4 / (o |Pdx + yg/g lon2dx = 0n(1). (4.3)
Furthermore, it follows from (4.2) and N(u,) < 0 that
0>Ys(a) >c= nlirilw Je(uy)

= Um [Je(un) = (J(ttn), ) = pud® + 0n(1)]

n——+
1 2
= li J— N p — 2
Tim_ [ SN () + (1 p) IAs] /]R i1 [P X — i +0n(1)]
> —He”,
which implies that
Ue > _Yo;yl) for all € € (0, ¢).

Combining this with (V;) and (4.3), one has for all ¢ € (0,¢1),

1 Yoo l(a
E/IRS|V071|2dx—|—N(Un)— |A3]/RS\U,1|pdx— ag )/]Rs\vn|2dx§0n(1).
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This, together with Lemma 2.2, gives

. [1 Yeola
mm{z'— ag )} lonlingee) < =N (@n) + Al /]Rs [0a"dx + 0n(1)

< Alloulls + 1As]l[oally +0n(1).

By v, - 0in H!(R®), then there exists : > 0 independent of ¢ such that ||v,|| HI(R3) = L.
Therefore, we have

2’ a?

timinf(A o+ [Aal o ) 2 min §

1 Yeo(a) } 2

Combining this with Lemma 2.1 and Sobolev embedding inequality theorem, there exists
T > 0 independent of ¢ € (0,¢;1) such that

imi —ul2> 1.
lim inf [[u, — ez > 7
The proof is finished. O

With the above lemmas in hand, we can prove the following compactness result.

Lemma 4.4. Assume that (V1)—(V3) hold. For each a € (0,a) and ¢ € (0,¢&p), the functional J
satisfies the (PS). condition restricted to W? for ¢ < Yo(a) + ¢, where

2
0 < & < min {Yoo(a) —Yo(a), %(Yw(a) . Yo(a))} .
Proof. Let {u,} be a (PS). sequence for J, restricted to W¢ with ¢ < Yp(a) + ¢. Note that
¢ < Yeo(a) < 0. Obviously, {u,} isbounded in H(IR?). It follows that there exists u, € H' (R?)
satisfying u, — u, in H'(R3). Combining this with Lemma 4.2 and ¢ < Ye(a), we have u, # 0.
Let v, := 1, — up. We claim v, — 0 in H? (R3). Once this claim is true, we complete the proof.
Next, we prove the above claim. Suppose by contradiction that v, - 0 in H!(R3). Then it
follows from Lemma 4.3 that there exists T > 0 independent of ¢ € (0, ¢g) such that

liminf ||u, — u||3 > 7.
n——+oo

We set |[ue|l, = b € (0,a), ||vall2 = du € (0,a) and assume that d, — d > 0 as n — oo.
Thus, d> > T and a?> = b* + d%>. Moreover, we have ||V, < ||[Vuulla < 7 and ||V, <
liminf, e || Vy|2 < 7. It follows that v, € W?d” and 1, € W?. Then as the same proof in
(4.1), one has for any 6 > 0,

c+0n(1) = Je(un) = Je(vn) + Je(ue) + 0,(1)
> Joo(vn) — 6C + Jo(ue) + 0n(1)
> Yoo(dn) — 0C 4 Yo(b) +0,(1),

where C > 0 independent of 6, ¢, n. Combining this with (3.7), we have

d2 b?
c+o0,(1) > a—zYoo(a) + a—zYO(a) —0C+o0,(1).
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Letting n — oo, it follows from the arbitrariness of J that

2 2
> ZZYOO(a) + z—zYo(a)
2
= Yo(a) + %[Yw(a) — Yo(a)]

> Yo(a) + alz[Yoo(a) = Yo(a)],

contradicting to ¢ < Yo + ¢&. Therefore, u, — u, in H'(R®). We complete the proof. O

In what follows, we fix o, po such that:

® Bz (ci) N Bg(cj) = D fori# jwithi,j€ {1,2,...,1} and ¢;, c; are defined in (V3);
o Ui_1 Bz, (ci) C By, (0);
* Ky = Ui-1 By (ci).

Let us define the function Q. : H!(R®) \ {0} — R by

_ o ex)allds
Qe T Tl

where x : R? — R3 is given by
X, if x| < po,
X)=q
p()m, 1 ‘X’ > 0o-

Lemma 4.5. Assume that (V1)—(V3) hold. For a € (0,a), thereis 0 < &1 < gg and 0 < &y < ¢ such
that if u € Wf and J.(u) < Yo(a) + &, then

Qe(u) € Kgy, foralle € (0,€7).
2
Proof. Suppose by contradiction that there is ¢, — 0, ¢, — 0 and {u,} C W} such that

]£n<un) < YO(”) +¢n and Qen(un) ¢ Kg,.

7
This, together with (V;), gives
Yo(a) < Jo(un) < Je(un) < Yo(a) + Cu,
which implies that
Jo(un) — Yo(a) asn — +oo.

Therefore, {u,} C W¢ is a minimizing sequence with respect to Yo(a). Then it follows from
Lemma 3.6 that one has two cases:

(i) uy — uin H'(R®) for some u € W¢, or

(ii) there exists {y,} C R® with |y,| — +oo such that the sequence v, (x) = u,(x + y,) is
strongly convergent to a function v € W¢.
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If case (i) holds. Then by the Lebesgue dominated convergence theorem, we have

) = Jrs X(en)u3ldx - o x(0) 17| dx
Jrs |12 ]dx Jgs 12| dx
which contradicting to Q., (u,) ¢ K%O .
If case (ii) holds. When |e,y,| — +o0, then it follows from v, — v in H!(IR®) that

Qe (un

=0€ Ky asn — +oo,
2

IN(on)

Je. (1) = Jo. (0n) = 2/ |an\2dx+/ (exx + entn) [ou Pz +

—2’/\3|/ |og|Pdx — Joo(v), asn — +oo.
p R

Combining this with J,, (1,) < Yo(a) + ¢, and v € WY, one has

Yeo(a) < Joo(v) < Yo(a),

(4.4)

which contradicts Corollary 3.7. On the other hand, when |e,,,| — yo for some y in R3. Then
similar to (4.4), one has J:(u,) — Jy,(v) as n — +oo. This combining with Je, (1) < Yo(a) +¢x

and v € Wf, we have
Yyo(“) < ]yo(v) < YO(”)'

This, together with Corollary 3.7 and (V;)—(V3), gives V(yo) = Vo and yo = ¢; for some

i=1,2,...,1. Therefore, one has

f]Rs X(Snx+€nyn)‘z’%|dx f]RS x(yo)\vzldx
Jro [02]dx Jra |0?]dx

which contradicts Q, (u,) ¢ Kg . We complete the proof.
2

Qe, (un) =

To obtain multiple normalized solutions, we define
Ni:={u € W?:|Qe(u) —ci| < &},
ON!:= {u € W : |Qe(u) —ci| = &}
and

BL:= inf J.(u), Bg = inf Je(u).

ueN: u€IN!

Lemma 4.6. Assume that (V1)—(V3) hold. For a € (0,a), then there is €3 € (0,¢1) satisfying

BL<Yo(a)4+& and B.<BL forallee (0,¢).

Proof. Let u € Wf satisfy Jo(u) = Yo(a). For 1 <i <1, we set

0i(x):=u <x - ﬁ) .

€

=c €Ky asn — oo,
2

Obviously, ﬁfe € Wl foralle > 0and 1 < i < 1. Moreover, it follows from the definition of Q;
that Q(11!) — ¢; as e — 0. Therefore, 7ii € N! for ¢ small enough. Furthermore, we have

" 1 1. 2| A3 i

iy — = )2 i|2 i Lp

Je(1) 2/ |V dx+/ (ex)|a dx+2 () — b s |k |Pdx
2/ ]Vu\zdx—i—/ (ex +¢;) |ul*dx + N( ) — 2|23‘ ulPdx.
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This, together with (V3), gives

lim Je(i) = Jo,(u) = Jo(1) = Yo(a).

e—071

Combining this with 2! € N for e small enough, we have there is &, € (0,¢1) such that
BL < Yo(a) +& forallec (0,¢). (4.5)

On the other hand, for any v € 9N/, one has v € W# and |Q¢(v) — c;| = &. Then,
Q:(v) ¢ Kg,. This, together with Lemma 4.5, gives
2

Je(v) > Yo(a) + & forallv € ON! and ¢ € (0,¢3),

which implies that i = inf,coni Je(v) > Yo(a) + &y for all e € (0,&2). Then it follows from
(4.5) that
B. < B. foralle e (0,¢e).

We complete the proof. O

Proof of Theorem 1.1. Let ez € (0,¢€z). Foralli=1,2,...,l and € € (0,¢e3), we can use Ekeland’s
variational principle [11] to find a sequence {u},} C NI C W¢ such that

, , , 1 , . ;
Je(un) = pe and Je(v) = Je(uy) = = v = || e, Vo € N with v 7 u,.

In view of Lemma 4.6, one has B < 52 Thus, ui, € NI\ ON! for n large enough. Next, for
0 > 0 small enough, we define a map ® : (—4,0) — Wf by

i
t
o(t) =atn 0
||un + tv”z

belonging to C!((—4,6), W?) and satisfying
®(t) € NI\ oN! Vte (—4,0), ®0)=u, & (0)=no,
where v € Tu§1 W{. Then, we have
, 1 ,
Je(®(8)) = Je(uy) 2 ——[|®(t) =yl re) - VE € (=0,0)U(0,9),

which concludes that

Je(@(1) = Je((0) _ Je(@(t) = Je() o 1 || @(t) —uj
t t - n t HI(IR?’)
_ _1 CD(t) — CD(O) '
n t Hl(Rg,)'

By J. € C}(H'(IR?,R)) and letting t — 07, one has

(i), o) = =0l o)
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Replacing v by —v, we infer that

S| =

sup { | (), 0)| ol ey = 1} <
which implies that
Je(u') — B, and H]g‘l]/vg(u;)HH—l(]R?y) —0 asn — +oo.

Then, {u’,} is a (PS) gi, for J. restricted to W¢. Combining this with Lemmas 4.4 and 4.6, we
have there is u' € H'(R3) such that u}, — u’ in H'(R3). Thus,

ut e Ni, Je(u')=p. and ]€|/Wg(ui) =0.
Moreover, it follows from the definition of Q.(u) that
Qe(u') € Bgy(ci), Qe(w)) € Bgy(c;) and Bg,(ci) NBg,(c;) =@ fori #j.

Then we have u' # u/ for i # j, where 1 < i,j < I. Therefore, J| S(a) has at least [ nontrivial
critical points for all € € (0,€3). Then there exists a Lagrange multiplier y#; € R such that

1
i = E/Ra |Vui|2dx—|-/]RS V(ex) uif2dx + N(u;) — \/\3|/]RS s Pdx

g gy (P=2) 1A 1p
= Bi+ 5N () p/]R3|uz| dx.

(4.6)

In addition, it follows from Corollary 3.7, Lemmas 4.4 and 4.6 that B < 0. This, together with
(4.6), gives u; > 0. We complete the proof. ]
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