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Abstract. In this work, we consider a one-dimensional linear thermoelastic shear beam
model coupled with a heat equation, where the heat conduction is given by the general-
ized dual-phase-lag model. We establish the well-posedness of the system by using the
semigroup theory. Then, the exponential stability is obtained by applying the Gearhart-
Herbst-Priiss-Huang theorem under the hypothesis 279 > 7;. In addition, we conduct
several numerical tests to illustrate our theoretical results.
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1 Introduction

The shear beam model is an improvement over the Euler-Bernoulli beam model. This im-
provement is achieved by incorporating the shear distortion effect while neglecting rotary
inertia. Unlike the Euler-Bernoulli and Rayleigh beam models, the shear model has two
dependent variables for the dynamic of the beam, which are represented by the coupled
equations

plq)tt_K(¢X+¢)x :O’ (1 1)
—bipex +K(px +9) =0, ‘
where ¢ is the transverse displacement, ¢ is the angular rotation of the neutral axis and

p1 = pA, kx = KGA, b = EI, with p is the density, A is the cross-sectional area, k' is the
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transverse shear factor, G is the shear modulus, I is the second moment of area of the cross-
section and E is the Young modulus. The system (1.1) has only one phase velocity , /le’ this

wave speed corresponds to one of the classical Timoshenko system, where the Timoshenko
system is given in [22] by the system

{ p191 — K(px + 1), =0,

1.2
P21t — biprx + k(@ + ) =0, (2

where p, = pl. It is well known that the system (1.2) has two wave speeds v = , /FL1 and

v = \/pzz ; and by adding the linear dampings in both equations of (1.2) (as shown, for ex-
ample, in [19]), the exponential stability is achieved without any condition on the coefficients.
But if the damping effect is acting on only one equation of (1.2) (for example, see [6,15,21]),
then the system is exponentially stable if and only if the wave speeds are equal and this is not
necessarily always true. For this matter, Almeida Jtinior and Ramos [2] showed that this hy-
pothesis is not required anymore for exponential stability of the Elishakoff’s truncated model
given by

{ o191 — K(x + ), =0, 13)

—P2Pttx

- bl,bxx + K((Px + QL’) + ,uwt =0,

where the system has just only wave speed v = AL

) = T So, they proved that

b
02 (1+ %
the system (1.3) is exponentially stable regardless to any relationship between the coefficients
and concluded that the dissipative truncated versions of the Timoshenko system are advan-
tageous over the classical Timoshenko equations in the stabilization context. To read more
about truncated versions of the Timoshenko system, see [3,5,9,18]. Later, the authors of [4]
considered the following shear beam model with a frictional damping acting on the transverse

displacement

Pr — x(@x + ), +pgr =0, in (0,L) x (0, +00), (1.4)
—biprr +x(@x + ) =0, in (0,L) x (0, +00), '
with the following Dirichlet-Neumann boundary conditions
9(0,t) = (L, t) = 9x(0,t) = ¢x(L,t) =0, VE>0, (1.5)

and proved the existence and uniqueness of solutions, by exploiting the Faedo—Galerkin
method, and then used the multiplier method to show that the energy of the system decays
exponentially regardless to any relationship between coefficients. Ramos et al. [17] considered
the following shear beam model

{ o1pr — k(px + ), =0, in (0,L) x (0, +00),

1.6
—bipex +x(px +9) + 79 =0, in (0,L) x (0, +o00), (1.6

with the same boundary conditions (1.5). Using semigroup techniques, they demonstrated
that the system (1.6) is not exponentially stable. Additionally, the well-posedness was dis-
cussed. Concerning stabilization via heat dissipation, Ahmima et al. [1] studied a one-
dimensional thermoelastic truncated Timoshenko system of type III with the Dirichlet-
Neumann-Neumann boundary conditions. They established the well-posedness by using
semigroup theory and with the help of some non-traditional operators and proved the expo-
nential stability result irrespective of the coefficients of the system. Also, Benmoussa et al.
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[8] studied the thermoelastic shear beam model, where the thermal effect acting on the ver-
tical displacement. They proved the well-posedness result by the use of the Faedo—-Galerkin
method and showed the exponential stability by utilizing the multiplier method and with-
out imposing any relationship between the coefficients. In their work, the heat conduction is
governed by the classical Fourier’s law

g(x, t) = —xbs(x, t),

where g denotes the heat flux, 0 represents the temperature deviation from the environmental
temperature and « is the heat conductivity. Fourier’s theory of heat conduction is widely
known for its instantaneous propagation of thermal disturbances throughout the medium,
independently of the distance from the point of disturbance. This theory has faced criticism
from a physical perspective due to the paradox of the infinite speed of the thermal signal prop-
agation. To address this shortcoming, researchers have proposed several alternative theories
of heat conduction.

In 1995, Tzou [23] proposed a modification to Fourier’s law known as the dual-phase-lag
(DPL) model. This proposal involved a theory of thermal flux incorporating a delay, and it
was primarily based on a new constitutive equation

q(x, t+15) = —xk0«(x, t+ 19) (1.7)

which suggests that a temperature gradient across a material at position x at time t + 7y
causes a heat flux to flow at a different time t + 7;. The delay time 7y is the phase lag of
the temperature gradient and T; represents the phase lag of the heat flux. Taylor’s series
expansion of (1.7) retaining terms up to the second-order in 7; and the first-order in 75 leads
to the following generalized heat conduction law

2
T
quu‘ + g +q = —1(TpOxt + Ox). (1.8)

In this regard, Messaoudi et al. [13] considered a one-dimensional truncated Timoshenko
system coupled with a heat equation, where the heat flux is given by the generalized dual-
phase-lag model. Precisely, they studied the system

p1gi —k(px+9), =0, in(0,1) x (0, +00),

T2
—P2@1x — bipxx +k(@x + 1) + (2”79” + 140 + 9) =0, in(0,1) x (0, +00),
X

TZ
(Z"Gtt + 140; + 9) — x(Te0xt + 1), + 70°Py = 0, in (0,1) x (0, +o0),
t

together with initial and boundary conditions. They established the well-posedness of the
problem by employing the semigroup theory and certain nonclassical differential operators.
Furthermore, by using the multiplier method, they demonstrated that the single heat control
suffices to exponentially stabilize the entire system without requiring any relation between
the system coefficients.

In this paper, we are concerned by the following thermoelastic shear beam model with
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dual-phase-lag model

TZ
quott - k(qox + ll))x + (5(2(791‘1‘ + qut + 9) = O/ in (011) X (O/ OO),
X

—bpry +k(px+1¢) =0, in (0,1) x (0, 00), (1.9)

2
<59tt + 7,0 + 9) — k(Tp0xt + 0x), + (590q0xt =0, in(0,1) x (0,00),
N t

associated with the following boundary conditions
¢(0,t) = @(1,t) = (0,¢) = P(1,t) = 0,(0,t) = 0,(1,¢) =0, V>0 (1.10)
and the initial conditions

((Pr Pt, 9/ et/ ett)(x/ 0) = (4’01 ?1, 90/ 91/ 92)(3('), Vx € (011) (111)

The choice of the shear beam model coupled with the dual-phase-lag heat conduction theory
is dictated by critical physical considerations and modern engineering applications. Explic-
itly, the shear beam model successfully resolves the physical paradox of "equal wave speeds"
required for the exponential stability in classical Timoshenko systems, providing a mathemat-
ically robust and physically realizable framework for stabilization without restrictive coeffi-
cient conditions [14,16]. From a mechanical perspective, in high-frequency vibrations and
micro-scale structures, classical theories underestimate deflections; thus, the shear model pro-
vides highly accurate predictions for deep beams and laminated composite structures [20].
Furthermore, incorporating the DPL model eliminates the non-physical paradox of infinite
thermal propagation speed inherent in Fourier’s law, which is essential for analyzing ultra-fast
laser processing and microelectronic cooling under rapid transient loads [24]. Consequently,
investigating system (1.9) offers profound insights into the coupling of mechanical shearing
and non-Fourier heat dissipation, which is vital for optimizing aerospace components and
precision nanotechnology devices [11].

This paper is organized as follows. In Section 2, we establish the existence and uniqueness
of the solution of system (1.9)—(1.11). In Section 3, under the hypothesis 275 > 7, and by using
the Gearhart-Herbst-Priiss-Huang theorem, we show the exponential decay of the solution
energy. Section 4 is devoted to the numerical study of our problem.

2  Well-posedness
In this section, we use the semi-group theory to prove the existence of a unique solution of

problem (1.9)—(1.11). First, from the third equation of (1.9) and the boundary conditions (1.10),
we get

2 1 1 1
i / Gtttdx + Tq / Gttdx + / Otdx =0. (21)
2 Jo 0 0

The equation (2.1) is a linear differential equation of the third order, with a general solution is

in the form
1 L t [t
/o O(x, t)dx =e ™ [;41 cos(Tq) + 12 sm(Tq)] +us
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and, by using the initial conditions (1.11), we find that

1 TqZ
U1 = —/0 ?92+Tq91 (x)dx,

1'5/2 1 ;
= L (2]
12 2/0 2 (x)dx

and
2

1(T
Uz = /0 (;92 + Tq91 + 90) (x)dx.

Therefore, by setting

B(x,t) = 0(x, ) — (eé [#1 cos(;> T, sin(;ﬂ + ;43),

we conclude that (¢, ¢, 0) satisfies (1.9), (1.10) and the initial conditions

8(x,0) = By (x) := 6o(x) — /01 6o (x)dx,

_ _ 1
B:(x,0) = B, (x) := 6, (x) — /0 [2,0,(x) + 01 (x)] dx,
Bit(x,0) = Ba(x) == Ba(x) + /0 0 (x)dx.

Moreover, we have
1
/ 0(x,t)dx =0, Vt>0.
0

Then, we can apply Poincaré’s inequality for 6. In the sequel, we work with (¢, ,6), but for
simplify, we write (¢, 9, 6). Next, from (1.9),, we get

Y= —kS gy, (2.2)
such that
S - _baxx + kI.
By substituting (2.2) into (1.9), we obtain the following new system

2
P19 — k(Bpx), + 6 (;% + 740 + 9) =0, in(0,1) x (0,00),
X

2 (2.3)
(;9tt + Tth + 9) — K(Tg@xt + Gx)x + (590(th = O, in (0, 1) X (O, oo),
t
where the differential operator B is defined by
B=I-kS 1 (2.4)

Let U = (¢,¢,0,w,1)", where ¢ = ¢;, w = 6; and 17 = 0. Then, we can write (2.3) in the
form of an abstract Cauchy problem

(2.5)

{ Uy = AU, Vt > 0,
U(O) = Z/{() = (QDO/ 471/90/ 91/92)T/
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such that the operator A : D(A) C H — H is defined by

¢
2
—pil [—k(qux)x +4 (Tz”’iy + Tw + 9) }
AU = w , (2.6)
5 U
= [T + w — k(Tpwy + 0y), + 56°¢x ]
q
where H is the Hilbert space given by
H =H}(0,1) x L*(0,1) x H(0,1) x HX(0,1) x L%(0,1), 2.7)

with
L2(0,1) = {q) € L2(0,1),/01 p(x)dx = 0},
H'(0,1) = {q) c H1(0,1),/01 o(x)dx = 0}

and equipped with the inner product

_ _ 2 72
UU Y, = p10°($, %) + k9°<8%(px,8%¢;§> + < (2”’17 + Ty + 6), (2"17* + 1w+ 6*) >

KT2 7y T o
n TTZ<(Twa +0y), (tw? + 9;;)> +x [2179 (21 — 1) + Te] Y

ford = (¢,¢,0, w,iy)T, Uu* = ((p*,gb*,@*,w*,;y*)T € H. The domain of A is

D(A) = U= (¢,¢,0,wn)" €H:pecH*0,1)NH;0,1);¢ € H(0,1); 29
a 0,w,n € HY(0,1); Tow + 6 € H(0,1) ' '
where
H2(0,1) = {g € H*(0,1) N HL(0,1) : 9+(0) = (1) = 0}.
Remark 2.1.

e The operator S is bijective from H?(0,1) N H}(0,1) (resp. H2(0,1) N HL(0,1), Hi(0,1))
into L?(0,1) (resp. L2(0,1), H™1(0,1)) and, in all cases, S~ is bounded with ||S~![| < 1.

* The operator B : L?(0,1) —» L?(0,1) is a positive self-adjoint bounded operator.
The following theorem is essential in establishing the main result of this section.

Theorem 2.2 (see [12, Theorem 1.2.4, p. 3]). Let A be a linear operator with dense domain D(.A)
in a Hilbert space H. If A is dissipative and 0 € p(A), where p(.A) is the resolvent set of A, then A
is the infinitesimal generator of a Co-semigroup of contractions on H.

Theorem 2.3. The operator A generates a Co-semigroup T (t) = et of contractions on the Hilbert
space H.
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The proof of this latter theorem will be established through the following two lemmas.
Lemma 2.4. If 219 > 1y, then the operator A : D(A) C H — H is dissipative.
Proof. For any U € D(.A), we have

2
(AU UY, = — 90<—k(B(px)x +6 <T2”’;7 + Tyw + 9) ,<p> + k6° (B, px)

’L"z
+ <K(T9a}x +0y), — 66, (;;7 + w + 9) >

KT2 —_— T 'R
+ 271_(;<(T07’]x + Cdx)/ (Towx + GX)> +x I:Z’ZH (ZTG o T‘I) + TG:| <wx’ 9x>

By a simple calculation, we get

72 _
(AU, U4, = 2k0% Im By, 9x) + 2590i1m< (;17 + 1w + 9) ,¢x>

TZ

+ 2xi Im<(rgwx +6y), (;17 + 1w + 9)

KT 2
— 50 0 — ) w2 - 63

> + 2791 Im(wy, 0y )

X

Therefore,

KT, ) )
= —7‘7(2@ — 1) ||lwx|l; — «[|6x]]; < 0.

So, the operator A is dissipative. O

Re(AU,U)y,

Lemma 2.5. Let R(.A) be the range of the operator A. Then, R(A) = H.

Proof. We will prove that, for each F =(f1, f2, f3, fa, f5) € H, there is U = (¢, ¢,0, w,iy)T
D(.A) such that AU = F; that is,

¢ = fi,

T2
k(Bpx), — 0 (2”’17 + Tyw + 9) = 01f2,
X

w=f, (2.9)

= fa

2
T
—Tn — w + k(Tpwy + Ox), — 60, = ?qu,.

To solve the system (2.9), we use the Fourier series. So, taking into account the definition of
H, we can assume that

4oo
fi=)_ fusin(nmx), fori=1,2
n=1
and

fo + an cos(nmx), fori=3,4,5,
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with f} = 0 for i = 3,4,5 (because fo fi(x)dx = 0), and

+o00 2
Y n?|fil <oo fori=1,34, (2.10)
n=1
+oo, 2
Y |fu| <oo fori=2,5. (2.11)
n=1

Now, we look for ¢, ¢, 0, w and 7 in the form

(p,¢) = f((pn,(pn) sin(ntx) and (6,w,n) = f(@n,wn,qn)cos(rtﬂx}. (2.12)
n=1 n=1

From (2.9)1, (2.9)3 and (2.9)4, respectively, we have

‘Pn:f;r wn:fs and Wn:ffal-

Thus,
= 2, 2 = 2| 12 = I I 21 /32
Y () lgul” = Y (n)7| fu| < oo, Y (nm)|walm =) (n7)7|f7]" < o0
n=1 n=1 n=1 n=1
and
& I 2| 42
Y () lal” =Y (n0)7 | fy| < oo
n=1 n=1
Consequently, we get
¢ € H}(0,1) and w,y € HL(0,1). (2.13)

By substituting (2.9)1, (2.9)3 and (2.9), into (2.9)5, we arrive at

+o0 1 £
- Z(nn)z(rgwn +6,) cos(nmx) = ) [ fo+Tofu+ fa+ (590(n7t)fn] cos(nx).
n=1 n=1
So,
1|4 s 4 3 500 1
_(Tewn+9n): 2 7fn+T6]fn +fn + 06 (nn)fn
k(nm)” | 2
and
+o0 1 +o0 2 2
Z ) Town + 0nl” = —5 Y| S +wfi + £+ 800 (n)
n=1 n=1

We use the inequality (Y, 4;)* < nY, a? to find that

Jo0 T4 +oo 472 too o g o0 4(500)% + 2
Y- () lreon +0uF < V|1 + - | + 5 DIAI+ O 5 (umy?|
n=1 n=1 n=1 n=1 n=1
The Comparison Test and (2.10) imply that
+ s 2 + 312
Yo \fa] <oo Y|l < oo (2.14)
n=1 n=1
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Thus, (2.10), (2.11) and (2.14) give

+o00

Y. (n7)* | Tpwy, 4 04 |* < 0.

n=1
Hence,

(Tow +0) € H2(0,1) (2.15)
and consequently, recalling (2.13),
0 € H(0,1).

On the other hand, applying the operator S to (2.9), yields

—+o0
— bk Y (n7t)* o, sin(nmx)
n=1

+o0 T

= Z [plb(nn—)zfﬁ + plkfr% - (517(717‘()3 <2q7/]n + TgWn + 671)

n=1

oo

N

sin(nmx)

2
sin(nmx).

77n+qun+9>

So,

N

b ()2 £2 2 3( T
7 |P1b(n7T)" fi + pakfy — 6b(n) 77711“‘1?7‘071“‘911

2
1 T
1 lék(nn) (217” + Tywy + 9n>

(n7)

and

2

400 2 TZ
(bk* X (1) m>4 pib(n7e)’£3 + ik} — b ()’ (5% T+ en>
n=1 n:l

2

2
5k (n7) (;17” + Tywn + On)

The Cauchy-Schwarz inequality gives

+oo 1 [} 6 52 3T4
Z 1’l7t ’(Pn’ _ZZ[ Pl |fn‘ (nn)z <zq’Wn’2+6(TqZ|CUn‘2—|—|9n’2>>]

317
+ Y [29%%3}2 +52(m>2<2"wn\2 +6(t|wnl” + !Gnlz))]
n=1

and using (2.10), (2.11) and that #,, = b w, = f2and 0 € H!(0,1), we find that

—+o00

Y ()" gul* < co.

n=1

Thus, ¢ € H?(0,1) and by (2.12) we get ¢ € H?*(0,1) N H{(0,1). Hence, thereist/ € D(.A) such
that AU = F. Consequently, R(A) = H. O
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Lemma 2.6. The domain of A is dense in H.

Proof. To show that D(.A) is dense in H, it suffices to check that, for 7 € H,
(F,U)y =0, YU € D(A) = F = 0y.
Let F =(f1, f2, f3, fa, f5) € H be such that
(F, U =0, (2.16)

forany U = (¢, ¢, 0, w, )" € D(A). Since A : D(A) C H — H is surjective, then there is
some Ur = (¢r, r, 0F, wr, 17;)T € D(A) such that AUy = F, thatis

¢F = f1,

TZ

(

wr = f3, (2.17)
nF = fa,
2
—TnF — wr + k(Twry + 05y), — 6°Pry, = quS'
Substituting (2.17) in (2.16), it becomes
T2 B
0= - 9°<—k(6¢fx)x +0 (2“7; + wr + 9;) ,<p> + k6° (B ry, 37)
X
7
+ <K(Tewfx + 9fx)x - 590<Pfx, (217 + 1w+ 9) >
Kqu - Tq o
+ TTO<(T977H +wry), (Towy + Gx)> +x 7 (219 — 1) + 1o | {wFy, Ox ). (2.18)

Firstly, we choose U = Ur € D(A) in (2.16), we thus obtain
0= (F,Ur)y = (AUFr, Ur) .
So, we have

KT,
Re(AU 7, Ur)y = ——" (27 — 1) llwrsl; — [|67:]2 < 0,

which implies that wr, = 07, = 0 and the Poincaré-Wirtinger inequality yields wr = 67 = 0.
Secondly, by taking &/ = (0,0,0,0, 17)T € D(A) in (2.18), we arrive at

(pFx, ) =0, VneH(0,1). (2.19)
If we choose 1 = n* — fol n*(x)dx in (2.19), where #* € C5°(0, 1), we get
(prx, %) =0, Vn* € C5(0,1).
This implies that ¢ = 0. Similarly, if i/ = (0, 0, 6, w, 0)" € D(A) in (2.18), we find that

(nr, (@ +0),,) =0, ¥(6,0)€E,
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where E = {(6, w) € [HL(0, 1)]2; Tpw +6 € H2(0,1) }. Since g : (6, w) — Tpw + 6 is surjective
from E into H2(0, 1) (Indeed, Vo € H2(0,1), 3(6, w) = (6, L (@ —0)) € E: g(f, w) = @)

IT9

and 9y, is bijective from H2(0, 1) into L2(0, 1), it follows that

(17,8) =0, VgeL2(0,1)

and since {x»: x € C(0,1)} C L%(0, 1), then, in particular, we have

(nF, Xx) =0, VYxeCg(0,1).

This leads to 777, = 0 and thanks to Poincaré-Wirtinger inequality, we get 7 = 0. Now, for
U=10,40,00)" e D(A) in (2.18), we arrive at

(Bozx),, §) =0, Ve HY(0,1).

Therefore, (Bpry), = 0 and it follows that from the fact that Bpr, € H1(0,1) and the
Poincaré-Wirtinger inequality that Bpr, = 0. Hence, we get ¢, = 0 and by using the
Poincaré inequality, we find that ¢ = 0. Consequently, /{r = 0 and F =0y. This completes
the proof of Lemma 2.6. O

Remark 2.7. It easily checked that ker(.A) = {0y} and through the proof of Lemma 2.6, we
notice that ||U/||,, < C||F ||y, and thus 0 belongs to the resolvent of .A.

Proof of Theorem 2.3. Thanks to Lemmas 2.4, 2.5, 2.6 and Theorem 2.2, the conclusion follows.
O

Then, the well-posedness result for the auxiliary problem (2.5) is given by

Theorem 2.8. Let Uy € H and assume that 279 > 7, Then, there exists a unique solution U €
C(R™,H) of problem (2.5). Moreover, if Uy € D(A), then U € C(R*,D(A)) N CHRF,H).

Now, we consider the following Hilbert space
H = H}(0,1) x L*(0,1) x H}(0,1) x HL(0,1) x HL(0,1) x L?(0,1) (2.20)

equipped with the inner product

(U, 0,y = 169, § ) +b6° (e, B ) + k6" (@ + . §x + )

72 T2
q q ~ G
+<<27]+qu+6>,<217+rqw+9>>

KTZ T < =\ T 3
+ Z—TZ<(Tgwx + 6y), (Tgwx + 9x)> +x [2; (2T9 - Tq) + T"} <9x'9x>’ (2.21)

forU = (¢,¢,9,0,w, 17)T, U= (¢,¢9, 0,w, ﬁ)T € H and define the following mapping
P:H—H
U=(9,¢,0,wn) = PU=U=(¢,¢,9,6,w,1)",

with ¢ is the unique solution of

{ 5P = ko (2.22)
P(0) = (1) =0.
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Then, P is an isometry from # into H. Indeed, for any U =(¢, ¢,0, w, 17)T € H, we have

_ o 72 72
U413 = 016°(6, ) + k6° (Bopx, 9 + < <§n + 7w + 9>, (2% + 7w+ 9) >

2

KT, —_ T a_
+ ﬁ<(T9(AJx + Gx)/ (TGCUx + 9x)> + K |:2Z9 (ZTG - TQ) + T9:| <9x/ 9x> (223)

and using the definition of the operator B and (2.22), we get
K0 (Bps, gx) = k6° (9 — kS o, )

= k0% (px+ 9, px)

= k0™ (g + o, @+ ) + 0" (ke — ki ¢)

= k6%(gx + 9, 9x +9) + 07 ((S—KD)y, )

= k6% (@x + 1§, 9x + ) + b6° (Y, ). (2.24)
By substitution (2.24) into (2.23), we find that HL[H%_[ = || U||%{, where U = (¢,¢,9,6,w,7)".

The isomorphism P from H into H, = P(#) allows us to define a Co-semigroup (T(t));>

on H) given by
T(t) = PTP1, vt >0,

and its infinitesimal generator A is

A(qD,(P,lp,G,CU,??)T = PAP_l((P/(P/lp; glwlﬂ)T
¢
—a —k((px+¢)x+(5<r2"17+qu+6> }

— —kS ¢,
w

U
—% (1417 + w — k(Tpwy + 0y) , + 56°¢,]

with
D(4) = {UeH,: PU=UcDA)}
_ {u = (9.9, 9.0,w,1)" €Hy: 9,9 € H(0,1)NH(0,1);¢ € Hé(o,l);}
0,w,n € H(0,1); pw + 0 € H2(0,1) |

See [10, p. 59]. Moreover, (T(t));>, is the Co-semigroup associated with the problem (1.9)-
(1.11). Therefore, the main result of well-posedness is given by

Theorem 2.9. Let (¢o, ¢1,60,61,62) € H. Then, there exists a unique solution (¢, ¢t, ¥,0,6;,04) €
C(R",Hp) of problem (1.9)~(1.11).  Furthermore, if (o, ¢1,60,61,02) € D(A), then,
(Q), Pt, ll], 0,6,, Gft) € C(IR+, D(A)) NncCt (R+, Hp)

Remark 2.10. Since P is isometric from H into H, we have, for any U = (¢, ¢, 9,6, w, 77)T € H,
— -1 _ -1 -1 —
(AU, U),, = <PAP u,u>H = <AP u,Pp u>H — (AUU),,
where U = P~'U € H. Therefore, the result obtained in Lemma 2.4 entails
KT,
9

Re(AU,U)y = ——" (219 — 1) | Tocws + 05 — x|6x]5- (2.25)

Moreover, we have p(A) = p(A), which implies that 0 € p(A).
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3 Exponential stability

In this section, we establish the exponential decay of the system (1.9)—-(1.11) under the hypoth-
esis

21 > 7. (3.1)

For this purpose, we first state a theorem that gives the necessary and sufficient conditions

for the exponential stability of the strongly continuous semigroup of contractions associated
with a dissipative system on a Hilbert space. See [7], p.7.

Theorem 3.1 (Gearhart-Herbst-Priiss—Huang). Let p(A) be the resolvent set of the operator A and
et be a Co-semigroup of contractions on a Hilbert space H. Then e! is exponentially stable if and

only if

iR = {id: A € R} C p(A) (3.2)
and

T . —1

| )}|1LnooH(z)LI A) HaH) < oo, (3.3)

The main stability result of this manuscript is the following theorem.

Theorem 3.2. Assume that (3.1) holds. Then, the Cy-semigroup associated with the problem (1.9)—
(1.11) is exponentially stable.

In order to prove the above theorem, we only need to verify the following two propositions.
Proposition 3.3. The imaginary axis belongs to the resolvent set of A.

Proof. Assume, by contradiction, that (3.2) is not true. Since 0 € p(A), there exists A € R*
such that iAd € 0(A). Consequently, there exists a sequence of vector functions (U, ), o+ such
that, for any n € IN*, U, = (@, P, Y, 0n, wn, 11n)" € D(A), |Uy, ||y = 1 and satisfies

|(GiAI — A)Uy|| y — O, (3.4)
(see [12, Proof of Theorem 2.2.1], p. 25, for details regarding this sequence). This is equivalent

to
iAgy — ¢y — 0 in H}(0,1),

T2
iAp1¢pn — k(Bonx), + 6 (;qn + Tywn + en) — 0 inL%(0,1),
X

i NPy + kS — 0 in H}(0,1), (3.5)
iA0, —wy, —> 0 in HL(
iAwy —y — 0 in H1(0,1),

T,
T (mg + 1);7n + Wy — k(TpWnx + Onx) , + 066°Puy — 0 in L2(0,1).

First, it results from (3.4) that

and by using (2.25), we arrive at

KT,
5" (27 = ) llwnsl3 + 1B [; — 0.
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This yields
6, — 0 in H(0,1),
) (3.6)
wy, — 0 in HL(0,1).

In addition, (3.5)5 implies that
1 — 0 in HL(0,1).

Consequently, (3.5) reduces to
iAo1n — k(B@nx), — 0 in L?(0,1),
iApy + kS 1y —> 0 in H}(0,1), (3.7)
—x(TowWnx + Onx), + 60 —> 0 in L2(0,1).

Now, by taking the inner product of —x(Tpwnx + Onx), + 66°Puy with kBe,, in L?(0,1), we
obtain

(= (T + Oz + 06°Pux, kBwe) = — k((Toewns + Ox), PAp1 — k(B )
+ iAP1K<(Tewnx + 91’1}{)/ @> - 1/\590101 ||(P” ||§
+ 59°<¢n, iAp1Pn — k(8<pnx)x>~ (38)

Since ||Uy||y = 1, then (Bgux),cn- and (¢n),cn- are bounded in L2(0,1). So, the Cauchy—
Schwarz inequality, (3.6), (3.7); and (3.7)3 lead to

{—K(Townx + Onx ) + 66° P, KBy ) —

«mwm+ﬂm)mm¢w—k6¢mx>
((towWnx + Onx), Pn) — O,

<@wmm¢n_k8¢m >

Hence, by taking the limit in (3.8), we get

/

¢y — 0 inL*(0,1). (3.9)

In light of the definition of the operator &, we find that

Is 0

it <[5 onellis < |57 1l

in other words, S0 d, : L?(0,1) — H}(0,1) is a bounded operator. Thus, we have
S — 0 in H}(0,1).

Therefore, (3.7); implies that
¥ — 0 in HY(0,1).

Next, the definition of the operator B gives

(iA019n — K(Bopue) o i) = {iAp1, ) + k(1 gnells —K(S ™ g i) )

and taking into account Remark 2.1, the Cauchy-Schwarz inequality leads to

(M09 — k(B Bn) = (iApr o, ) + k(1= k|87 ) sl (3.10)
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It is easy to verify that

(AP — K(Bopus), @) — O,
(iAp1Pu, Pu) — 0,
hence, the fact that 1 — kHS -1 H > 0 and (3.10) entail
¢n — 0 in H}(0,1).

According to the above calculations, we conclude that ||U,||; — 0, which contradicts the
fact that ||U,||;; = 1 and the proof is complete. O

For A € IR*, we now consider the following resolvent equation associated with the opera-
tor A
iAU— AU = F, (3.11)

where U = (¢,¢,9,0,w,5)" € D(A) and F = (F1, Fa, F3, Fa, Fs, Fe)' € H,. Using the
components of U and F, (3.11) takes the form

il —¢ = f1,
2
iAo1p —k(px + ), +0 (517 + w + 9) = p1fa,
X

—iAbYsy + iAk(@x + ) = —bfaxy + k(fix + f3),
iA0 —w = fy,
iAo —1=fs,

(3.12)

2 72
i (2"17 + Tyw + 9) — x(Tpwsx + 0y, + 66%¢, = qu(, + T fs + fa.

Proposition 3.4. Let A be the operator defined above, then

M1@0“(1')\1 _ A)‘1H£(H) < .

To prove Proposition 3.4, we need the following lemmas
Lemma 3.5. Under the above notations and the hypothesis (3.1), we have
I acos + 64[13 + 10412 < ml| Fllgl1Ul . (3.13)
for some constant m > 0.
Proof. Estimate (3.13) follows directly from (2.25), (3.11) and Cauchy-Schwarz inequality. [

Lemma 3.6. Under the above notations and the hypothesis (3.1), we have, for any € > 0,

o

where m > 0 is a constant.

2
1
< ml| Fll Ul +ellpl; + m(l + £><||T9wx 03+ [16:]13), (319)

2
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Proof. Multiplying (3.12)s by ( w ~+ Tq9> and integrating over (0,1), we arrive at
72 2
foe+Tfs + fa w—l—qu dx—Z/\/ 77+qu+9 ?qw—i—rqﬁ dx
1 qu
— K/O (Towx + 6x) S w + 7,0 | dx

+500/ ¢x( ki

Using (3.12)4, (3.12)5 and integration by parts, it follows that

4

2

13

w + Tq9> dx.

2 2

_ TG
At
v (

1/ 72 T2
_/0 (2{117—|—Tqa)—|—9> <2qf5—|—qu4> dx

2

1 75
+K/(T9wx—|—9)< wx—i—TqQ)dx
0 2

2

fo + T fs +f4> (Tzqw + qu) dx

2

2

n+qu+9>dx

o 1 (T
— 60 /0 ¢ 7a)x—f—Tqu dx.

So, the Cauchy-Schwarz, Poincaré and Young inequalities give

2

1| (= 4 4 D 0.2
2 2 2
4 4
+¢p 7f5x—i—1'qf4x 717+qu—|—9
2 2
T2 2
K K
+ 5| (Tows + 0x) 3 + 5 (gwx + rq9x> +elgl;
2
(60 || (% 2
oR [ A (3.15)
2
Finally, from the two equalities
T2 T2 T,
q _ 19 q
G K i
?fo"‘quélx = TTG(TGfo +f4x)+27_[9(279_7q)f4x1 (3.17)

we conclude (3.14). O
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Lemma 3.7. Under the above notations, we have, for any y > 0 and for some constant m > 0,

1912 < mlF g Ul + 1l (9x + )12

N\ || (%
+m<1—|—y> 717—1—1'07(0—1—9

Proof. Integrating the last equation of (3.12) over (0, x), multiplying it by p1¢ and then inte-
grating on (0,1), we obtain

2

+ m|(tpwx + 62) 5. (3.18)
2

1
p166° 9|15 —Pl/ CP/ ( ~fe+Tfs +f4>( )dydx+p11</0 ¢ (Towy + 05 )dx

z)tpl/ (,b/ ( N+ Tw + 9) (y)dydx. (3.19)

On the other hand, from (3.12),, we have
2
q

1 [T
_zApl/ gb/( n+qu+9>(y)dydx: _k/o (gox—|—1p)<217+1'qw+9>dx

1_ rx 1'2
+ o1 /0 fZ/O (;77 T Tw + 9) (y)dydx
72 2
+6 (2%7 + W + 9) (3.20)
2
By substituting (3.20) into (3.19), we get
17
polglB=pr [ 5[ ( Aot Tafs +f4> W)dydx -+ pix | BT +0:)dx
Y 2 2
_k/o ((px-l-l,t’)(zqiy-l—rqw-l—f))dx-l-é (2"17+rqw+9>
2
1 px ’(2
+P1/O fz/o ?‘777 + 1w + 0 | (v)dydx.
Therefore, the Cauchy-Schwarz and Young inequalities yield (3.18). O
Lemma 3.8. Under the above notations, we have
1 T ’
1+ N+ 9B < (1 5 ) I Ul + (517 + T+ 9) +mlpl} (321)
2

for some constant m > 0.

Proof. Multiplying (3.12); by ¢, integrating over (0, 1) and using integration by parts, we
obtain

iAD|[ x5 + iAK]| (@ + ) 3
1 1 - ' 1 B
— b /0 Faxtrdx + k /O (Fix + f3)dx — ik /0 (px + ) Pdx. (3.22)
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On the other hand, multiplying (3.12), by iA¢ and integrating over (0,1), we arrive at
1
— i/\k/ (¢x + ) @dx
z)\&/ ( n+qu+9>(gox+lp)dx—z/\5/ ( 77+qu+9>1pdx

+idor /O ¢ () dx + iApy /0 frpdx. (3.23)

By substituting (3.23) into (3.22), we find that
1 1 _ ' 1
iAB][ g5 + iAKI (px+ 9)I5 = b [ focipedx 4k [ (fie+ fo)Pdx+idoy [ fapd

—|—z)u5/ ( +qu—|—9>(gox—|—1/))dx

z)uS/ ( 17+qu—|—9>1/)513¢

+iApy /o ¢ (irg)dx.

Using the first equation of (3.12), we get
2 > b ot __ k 1 — Lo
bll g3+ Kll (px+ 9)15 = 5 | sibadx+ 1 [ (ot fo)iftx+p1 | fo

+p1/ 4>f1dx+(5/< U+qu+9>(gox+1/))dx

_5/( U+qu+9>¢dx+Pl||4’Hz

Thanks to the Cauchy-Schwarz, Poincaré and Young inequalities, estimate (3.21) follows. [J

Proof of Proposition 3.4. First, by substituting (3.13) into (3.14), we have, for any ¢ > 0,

4

where the constant m, > 0 depends on e. Next, by substituting (3.13) and (3.24) into (3.18), we
find that, for any €, u > 0,

2

2
< e || F | l|Ul g + el @1l (3.24)
2

19113 < el Fll Ul + pell (@2 + 9)113 +€<1 + >H4’||2r

where ¢, is a positive constant depending on € and y. Hence choosing € =
for any { =2u >0,

[
i) We get,

19113 < me || FllgllUll + 1l (g + )12, (3.25)

where the constant m; > 0 depends on {. Now, by substituting (3.24) and (3.25) into (3.21),
we obtain, for any €, >0,

1xll2 + [ (x + 9)I3 < meg<1 + W) IF N el Ullgs + €l @llz + Nl (o + )12, (3.26)
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where mg 7 is a positive constant that depends on & and Z. Finally, using (3.13), (3.24), (3.25)
and (3.26); and choosing ¢, &, , f small enough, we arrive at

2 1
Iulfy < ¢(1+ 7 )1 Ul
where C is a positive constant. When A goes to infinity, we get
Uy < CllF g
with this, we have finished the proof of Proposition 3.4.

Proof of Theorem 3.2. The proof follows directly from the above two propositions.

4 Numerical approximation

In this section, we propose a finite-element approximation to the system (1.9) with the bound-
ary conditions (1.10) and under the initial conditions (1.11). To obtain the weak formula-
tion, we multiply, respectively, the equations of (1.9) by test functions &, € H}(0,1) and
X € HL(0,1), then integrate by parts to find the following

(

TZ
p1(@e, §) + k(px +9,8x) =0 <2qett + 70 + 6, Cx) =0,

b(x,11x) +k(px+,1m) =0, (4.1)

2
(;9ttt + Ty + 01, X | +1(To0ex + Ox, Xx) — 06 (@1, xx) =0,
where (-, ) is the inner product in L?(0,1). Let us partition the interval (0,1) into subintervals
I = (xj_1,x;) of length h = 1/m with 0 = xp < x1 < -+ < x, = 1 and define
P, = {u € H'(0,1),u|;, is a linear polynomial},

with its subspaces
P = P,NH)0,1) and P; =P,NH(0,1).

For a given final time T and a positive integer N, let At = T/N be the time step and
tn = nAt,n =0,...,N. The approximate solution for (4.1) is to find ¢}, ¢} € Pg and 0} € Py,
such that, for all ¢, 7, € P}? and x; € P,

2
01(@Phtr Gn) + k(@hy + ¥, Gna) — 6 <2q€Ztt + b + eﬂr‘;{hx> =0,

b(¢ﬁx’ th) + k<(PZx + IIJZ/ Uh) =0, (4.2)

2
(.;eﬁttt + qugtt + Ot Xh) + 1 (100t + Oyr Xix) — 590(¢Ztr?(hx) =0,

where the notations ¢9, ¢?,, 67, 600 and 6?,, are adequate approximations to ¢o, ¢1, 6o, 61 and
th, respectively. Then, the discrete energy is given by
2 2
Ep = o {12 g, + 00, + O 13+ k0 3 + =L o0, + 61, 1 43)
h = o o Vhtt qYht nli2 hx 112 27 0Ynxt hx 112 :

+560% (o1l 9nell3 + Kll @ + 315 + DIl l13),

N —
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where

2%~ T +1 >0
T= T, + T .
2T9 g 0

The next result is a discrete version of the energy decay property satisfied by the solution
of system (1.9).

Lemma 4.1. Forn = 1,2,..., N, the discrete energy satisfies the following stability property

Ef —E;!
o h <. 4.4
At T (4

2
Proof. Choosing &, = 09}, i, = 0%¢?, and x; = 267, + 7,0, + 0! in (4.2) leads to

2

p19 _ T,
(Q’ht Pt L ?Zt) + kGO(gon + n Phex) — 56" <2q€;lztt + b + 6y, qoﬂtx) =0,

be° _
o (e e — 91 ) + k0" (ol + i 1) = O,

1 qu n n n qu n—1 n—1 n—1 Tq2 n n n (45)
A7 79;1& + 0 + 6, — j9htt + 10 +0 jghtt + 10 + 6
72 72
1| 00yt + Oy qugttx + Oy + Oy | + 56" Phtxs jqegtt + 70 + 0, | =0.
\

Adding the latter equations and thanks to the following identity

- Y Y - 2 2 2)r
(a —b,a) = 5 (la bl + [lal}3 — b]3)
we find that
p190 _ b@o _
o (11713 = 19 13) + K6 (@l + 91 s + W) + 5 (193 — w11
1 2 2 2 2
oA jqf)ﬁttJrTqGZmL@Z Zq%tl + b 0
2 2

TZ
+x (TGQth + GZx/ quzmc + TQGth + 92}(

2

2
1

2
At ki ehtt + 7O + 0 — ( O+ w05 '+ 921>

2

Next, we have that

kGO((PZx + IPZ’ ¢th + ¢Zt)

k n— n— n—
= 0 (gt + w113 — g + 03 1B+ gk + 9 — (o + 92 ) IB)
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and

2
T,
K (TGQth + QZx/ qugttx + qulyzltx + 929()
2 2
KT5 Ty KT,
q 1 q 1
= o (O O — 1) + 5 (O B — 012"

2
+ 50T |0 2 + K (10 + 74) (B3, Oi) + K163

KTLIZ n n n n n 1 n—1 Kqu n n n n—1
= 27y At (Teehxt + ehx’ T99htx + th - ( ghtx th )) - 27,At (Teehxt + th, 9hx — th )
2 2
+ KTGT‘?HOZMHZ + K(TQ + T’i) (92xt'9;11x) + KHGZxHZ
2 2
= o (8 O o0+ O — (0 ) ) — S (T + O B
2T9At xt X tx x htx hx 21—9 xt x xt
2 2
+ k7T |0l + (7o + T5) (O O) + (16715
7KT(12 n n n n n—1 qu n an
= ZTeAt (Tg@hxt + ehx/ Tg@htx + th — (Tg@htx + th )) +x (Tg -+ Tq) — 271_9 (th, thf)

2
+K<T9Tq 2q 1672115 + 167113,

which gives

K (Téegxt + Oy Tj@ﬁm + Ty + 923:)
2

= 3 (

08 + O — (o’ + O ) I3) + 7185 I3 + el |3

—12 1
+ g U100 l3 = 110513 + 65 — 65113,

106} + Ol — HTGQthl‘FQn 113

where 7' = k(7,1 — %‘%) >0and T = (ZTgT )1+ 19 > 0.

These results together yield

Ef—EY 060

12 12
1 A 2
q 1 1
~ oA tht + T + 6 — ( Oy + Ty '+ 6 >
2

keO n n n—1 n—1y12 KT2 n—1y12
—@H(PthLll’h—((Phx + v )z — 4At 17607, + O — (T, + 651 D5

Sollo, — O L — N6 13 — w6713 <0,

and the lemma is proved recalling the definition of the discrete energy (4.3). O
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4.1 Numerical simulation

The solution at the time step t, is given by the following matrix system

( 2

T,
PIMgiy + kR@j, = — kG~ +0G (;%f + Tl + 0,’:‘1)/
(BR + M)y} = kG,
2
T
L %Me}rzlttt + M6}y, + (M + «%R)6), + xR = 66°Gj,,

(4.6)
where M is the mass matrix and R, G are the stiffness matrices.

To solve the coupled system (4.6), we use a second-order Newmark method for the first
equation and a third-order Newmark method for the third equation (see [13] and references
therein). We divide the spatial interval [0, 1] into m = 50 subintervals, where the spatial step
size h = 0.02. The temporal interval [0, T] = [0,100] with a time-step size At = 102

We run our code for N time steps (N = T/ At), using the following initial conditions:

#(x) = sin(x), gl (x) = 5 sin(7v)

09(x) = cos(rtx), 6Y,(x) = cos(mx), 6%, (x) = cos(rrx)
and we investigate the decay of discrete energy by considering the following data
p1 =10, k=5 0=x=01 b=20,
=14 1 =15 6" =1

In Figure 4.1, we plot the cross section cuts for the approximate solution (¢, ¢, 0) at dif-
ferent points (x = 0.3, x = 0.5 and x = 0.9). Next, the Figure 4.2 shows the behavior of the
discrete energy curves (4.2) using Simpson method to approximate the norm L? in (4.3). The
Figure 4.2 shows that the energy of the system (1.9) decreases exponentially.

£(0.3,1) £(0.5,1) £(0.9,1)

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
$(0.3,1) $(0.5,1) $(0.9,1)

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
0(0.3,t) 0(0.5,t) 0(0.9,t)

Figure 4.1: Damping cross section waves of the solutions

As a conclusion, we observed that the numerical solution converges to zero and an expo-
nential decay seems to be reached which is compatible with the theoretical results.
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25

20

(t
log(E())

<]
10}
5l
0 ‘ -10 ‘ ‘ ‘ ‘
20 40 60 80 100 0 20 40 60 80 100
t t
Figure 4.2: The evolution of the discrete energy in natural and log.
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