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Abstract. In this work, we consider a one-dimensional linear thermoelastic shear beam
model coupled with a heat equation, where the heat conduction is given by the general-
ized dual-phase-lag model. We establish the well-posedness of the system by using the
semigroup theory. Then, the exponential stability is obtained by applying the Gearhart–
Herbst–Prüss–Huang theorem under the hypothesis 2τθ > τq. In addition, we conduct
several numerical tests to illustrate our theoretical results.
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1 Introduction

The shear beam model is an improvement over the Euler–Bernoulli beam model. This im-
provement is achieved by incorporating the shear distortion effect while neglecting rotary
inertia. Unlike the Euler–Bernoulli and Rayleigh beam models, the shear model has two
dependent variables for the dynamic of the beam, which are represented by the coupled
equations {

ρ1φtt − κ(φx + ψ)x = 0,

−bψxx + κ(φx + ψ) = 0,
(1.1)

where φ is the transverse displacement, ψ is the angular rotation of the neutral axis and
ρ1 = ρÃ, κ = k′GÃ, b = EI, with ρ is the density, Ã is the cross-sectional area, k′ is the
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transverse shear factor, G is the shear modulus, I is the second moment of area of the cross-
section and E is the Young modulus. The system (1.1) has only one phase velocity

√
κ
ρ1

, this

wave speed corresponds to one of the classical Timoshenko system, where the Timoshenko
system is given in [22] by the system{

ρ1φtt − κ(φx + ψ)x = 0,

ρ2ψtt − bψxx + κ(φx + ψ) = 0,
(1.2)

where ρ2 = ρI. It is well known that the system (1.2) has two wave speeds ν1 =
√

κ
ρ1

and

ν2 =
√

b
ρ2

; and by adding the linear dampings in both equations of (1.2) (as shown, for ex-
ample, in [19]), the exponential stability is achieved without any condition on the coefficients.
But if the damping effect is acting on only one equation of (1.2) (for example, see [6, 15, 21]),
then the system is exponentially stable if and only if the wave speeds are equal and this is not
necessarily always true. For this matter, Almeida Júnior and Ramos [2] showed that this hy-
pothesis is not required anymore for exponential stability of the Elishakoff’s truncated model
given by {

ρ1φtt − κ(φx + ψ)x = 0,

−ρ2φttx − bψxx + κ(φx + ψ) + µψt = 0,
(1.3)

where the system has just only wave speed ν =
√

b
ρ2

(
1+ bρ1

κρ2

) = ν1ν2√
ν2

1+ν2
2
. So, they proved that

the system (1.3) is exponentially stable regardless to any relationship between the coefficients
and concluded that the dissipative truncated versions of the Timoshenko system are advan-
tageous over the classical Timoshenko equations in the stabilization context. To read more
about truncated versions of the Timoshenko system, see [3, 5, 9, 18]. Later, the authors of [4]
considered the following shear beam model with a frictional damping acting on the transverse
displacement {

ρ1φtt − κ(φx + ψ)x + µφt = 0, in (0, L)× (0,+∞),

−bψxx + κ(φx + ψ) = 0, in (0, L)× (0,+∞),
(1.4)

with the following Dirichlet–Neumann boundary conditions

φ(0, t) = φ(L, t) = ψx(0, t) = ψx(L, t) = 0, ∀t > 0, (1.5)

and proved the existence and uniqueness of solutions, by exploiting the Faedo–Galerkin
method, and then used the multiplier method to show that the energy of the system decays
exponentially regardless to any relationship between coefficients. Ramos et al. [17] considered
the following shear beam model{

ρ1φtt − κ(φx + ψ)x = 0, in (0, L)× (0,+∞),

−bψxx + κ(φx + ψ) + γψt = 0, in (0, L)× (0,+∞),
(1.6)

with the same boundary conditions (1.5). Using semigroup techniques, they demonstrated
that the system (1.6) is not exponentially stable. Additionally, the well-posedness was dis-
cussed. Concerning stabilization via heat dissipation, Ahmima et al. [1] studied a one-
dimensional thermoelastic truncated Timoshenko system of type III with the Dirichlet–
Neumann–Neumann boundary conditions. They established the well-posedness by using
semigroup theory and with the help of some non-traditional operators and proved the expo-
nential stability result irrespective of the coefficients of the system. Also, Benmoussa et al.
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[8] studied the thermoelastic shear beam model, where the thermal effect acting on the ver-
tical displacement. They proved the well-posedness result by the use of the Faedo–Galerkin
method and showed the exponential stability by utilizing the multiplier method and with-
out imposing any relationship between the coefficients. In their work, the heat conduction is
governed by the classical Fourier’s law

q(x, t) = −κθx(x, t),

where q denotes the heat flux, θ represents the temperature deviation from the environmental
temperature and κ is the heat conductivity. Fourier’s theory of heat conduction is widely
known for its instantaneous propagation of thermal disturbances throughout the medium,
independently of the distance from the point of disturbance. This theory has faced criticism
from a physical perspective due to the paradox of the infinite speed of the thermal signal prop-
agation. To address this shortcoming, researchers have proposed several alternative theories
of heat conduction.

In 1995, Tzou [23] proposed a modification to Fourier’s law known as the dual-phase-lag
(DPL) model. This proposal involved a theory of thermal flux incorporating a delay, and it
was primarily based on a new constitutive equation

q
(
x, t + τq

)
= −κθx(x, t + τθ) (1.7)

which suggests that a temperature gradient across a material at position x at time t + τθ

causes a heat flux to flow at a different time t + τq. The delay time τθ is the phase lag of
the temperature gradient and τq represents the phase lag of the heat flux. Taylor’s series
expansion of (1.7) retaining terms up to the second-order in τq and the first-order in τθ leads
to the following generalized heat conduction law

τ2
q

2
qtt + τqqt + q = −κ(τθθxt + θx). (1.8)

In this regard, Messaoudi et al. [13] considered a one-dimensional truncated Timoshenko
system coupled with a heat equation, where the heat flux is given by the generalized dual-
phase-lag model. Precisely, they studied the system



ρ1φtt − k(φx + ψ)x = 0, in (0, 1)× (0,+∞),

−ρ2φttx − bψxx + k(φx + ψ) + γ

(
τ2

q

2
θtt + τqθt + θ

)
x

= 0, in (0, 1)× (0,+∞),(
τ2

q

2
θtt + τqθt + θ

)
t

− κ(τθθxt + θx)x + γθ0ψxt = 0, in (0, 1)× (0,+∞),

together with initial and boundary conditions. They established the well-posedness of the
problem by employing the semigroup theory and certain nonclassical differential operators.
Furthermore, by using the multiplier method, they demonstrated that the single heat control
suffices to exponentially stabilize the entire system without requiring any relation between
the system coefficients.

In this paper, we are concerned by the following thermoelastic shear beam model with
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dual-phase-lag model

ρ1φtt − k(φx + ψ)x + δ

(
τ2

q

2
θtt + τqθt + θ

)
x

= 0, in (0, 1)× (0, ∞),

−bψxx + k(φx + ψ) = 0, in (0, 1)× (0, ∞),(
τ2

q

2
θtt + τqθt + θ

)
t

− κ(τθθxt + θx)x + δθ0φxt = 0, in (0, 1)× (0, ∞),

(1.9)

associated with the following boundary conditions

φ(0, t) = φ(1, t) = ψ(0, t) = ψ(1, t) = θx(0, t) = θx(1, t) = 0, ∀t ≥ 0 (1.10)

and the initial conditions

(φ, φt, θ, θt, θtt)(x, 0) = (φ0, φ1, θ0, θ1, θ2)(x), ∀x ∈ (0, 1). (1.11)

The choice of the shear beam model coupled with the dual-phase-lag heat conduction theory
is dictated by critical physical considerations and modern engineering applications. Explic-
itly, the shear beam model successfully resolves the physical paradox of "equal wave speeds"
required for the exponential stability in classical Timoshenko systems, providing a mathemat-
ically robust and physically realizable framework for stabilization without restrictive coeffi-
cient conditions [14, 16]. From a mechanical perspective, in high-frequency vibrations and
micro-scale structures, classical theories underestimate deflections; thus, the shear model pro-
vides highly accurate predictions for deep beams and laminated composite structures [20].
Furthermore, incorporating the DPL model eliminates the non-physical paradox of infinite
thermal propagation speed inherent in Fourier’s law, which is essential for analyzing ultra-fast
laser processing and microelectronic cooling under rapid transient loads [24]. Consequently,
investigating system (1.9) offers profound insights into the coupling of mechanical shearing
and non-Fourier heat dissipation, which is vital for optimizing aerospace components and
precision nanotechnology devices [11].

This paper is organized as follows. In Section 2, we establish the existence and uniqueness
of the solution of system (1.9)–(1.11). In Section 3, under the hypothesis 2τθ > τq and by using
the Gearhart–Herbst–Prüss–Huang theorem, we show the exponential decay of the solution
energy. Section 4 is devoted to the numerical study of our problem.

2 Well-posedness

In this section, we use the semi-group theory to prove the existence of a unique solution of
problem (1.9)–(1.11). First, from the third equation of (1.9) and the boundary conditions (1.10),
we get

τ2
q

2

∫ 1

0
θtttdx + τq

∫ 1

0
θttdx +

∫ 1

0
θtdx = 0. (2.1)

The equation (2.1) is a linear differential equation of the third order, with a general solution is
in the form ∫ 1

0
θ(x, t)dx = e−

t
τq

[
µ1 cos

(
t

τq

)
+ µ2 sin

(
t

τq

)]
+ µ3
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and, by using the initial conditions (1.11), we find that

µ1 = −
∫ 1

0

(
τ2

q

2
θ2 + τqθ1

)
(x)dx,

µ2 =
τ2

q

2

∫ 1

0
θ2(x)dx

and

µ3 =
∫ 1

0

(
τ2

q

2
θ2 + τqθ1 + θ0

)
(x)dx.

Therefore, by setting

θ̄(x, t) = θ(x, t)−
(

e−
t

τq

[
µ1 cos

(
t

τq

)
+ µ2 sin

(
t

τq

)]
+ µ3

)
,

we conclude that
(

φ, ψ, θ̄
)

satisfies (1.9), (1.10) and the initial conditions

θ̄(x, 0) = θ̄0(x) := θ0(x)−
∫ 1

0
θ0(x)dx,

θ̄t(x, 0) = θ̄1(x) := θ1(x)−
∫ 1

0

[
τqθ2(x) + θ1(x)

]
dx,

θ̄tt(x, 0) = θ̄2(x) := θ2(x) +
∫ 1

0
θ2(x)dx.

Moreover, we have ∫ 1

0
θ̄(x, t)dx = 0, ∀t ≥ 0.

Then, we can apply Poincaré’s inequality for θ̄. In the sequel, we work with
(

φ, ψ, θ̄
)
, but for

simplify, we write (φ, ψ, θ). Next, from (1.9)2, we get

ψ = −kS−1φx, (2.2)

such that
S = −b∂xx + kI.

By substituting (2.2) into (1.9), we obtain the following new system
ρ1φtt − k(Bφx)x + δ

(
τ2

q

2
θtt + τqθt + θ

)
x

= 0, in (0, 1)× (0, ∞),(
τ2

q

2
θtt + τqθt + θ

)
t

− κ(τθθxt + θx)x + δθ0φxt = 0, in (0, 1)× (0, ∞),

(2.3)

where the differential operator B is defined by

B =I − kS−1. (2.4)

Let U = (φ, ϕ, θ, ω, η)T, where ϕ = φt, ω = θt and η = θtt. Then, we can write (2.3) in the
form of an abstract Cauchy problem{

Ut = AU , ∀t > 0,

U (0) = U0 = (φ0, φ1, θ0, θ1, θ2)
T,

(2.5)
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such that the operator A : D(A) ⊂ H −→ H is defined by

AU =



ϕ

− 1
ρ1

[
−k(Bφx)x + δ

(
τ2

q
2 η + τqω + θ

)
x

]
ω

η

− 2
τ2

q

[
τqη + ω − κ(τθωx + θx)x + δθ0ϕx

]


, (2.6)

where H is the Hilbert space given by

H =H1
0(0, 1)× L2(0, 1)× H1

∗(0, 1)× H1
∗(0, 1)× L2

∗(0, 1), (2.7)

with

L2
∗(0, 1) =

{
φ ∈ L2(0, 1),

∫ 1

0
φ(x)dx = 0

}
,

H1
∗(0, 1) =

{
φ ∈ H1(0, 1),

∫ 1

0
φ(x)dx = 0

}
and equipped with the inner product

⟨U ,U ∗⟩H = ρ1θ0〈ϕ, ϕ∗
〉
+ kθ0

〈
B 1

2 φx,B 1
2 φ∗

x

〉
+

〈(
τ2

q

2
η + τqω + θ

)
,

(
τ2

q

2
η∗ + τqω∗ + θ∗

)〉

+
κτ2

q

2τθ

〈
(τθωx + θx), (τθω∗

x + θ∗x)
〉
+ κ

[
τq

2τθ

(
2τθ − τq

)
+ τθ

]〈
θx, θ∗x

〉
,

for U = (φ, ϕ, θ, ω, η)T, U ∗ = (φ∗, ϕ∗, θ∗, ω∗, η∗)T ∈ H. The domain of A is

D(A) =

{
U = (φ, ϕ, θ, ω, η)T ∈ H :φ ∈ H2(0, 1) ∩ H1

0(0, 1); ϕ ∈ H1
0(0, 1);

θ, ω, η ∈ H1
∗(0, 1); τθω + θ ∈ H2

∗(0, 1)

}
, (2.8)

where
H2

∗(0, 1) =
{

φ ∈ H2(0, 1) ∩ H1
∗(0, 1) : φx(0) = φx(1) = 0

}
.

Remark 2.1.

• The operator S is bijective from H2(0, 1) ∩ H1
0(0, 1) (resp. H2

∗(0, 1) ∩ H1
∗(0, 1), H1

0(0, 1))
into L2(0, 1) (resp. L2

∗(0, 1), H−1(0, 1)) and, in all cases, S−1 is bounded with ∥S−1∥ < 1
k .

• The operator B : L2(0, 1) −→ L2(0, 1) is a positive self-adjoint bounded operator.

The following theorem is essential in establishing the main result of this section.

Theorem 2.2 (see [12, Theorem 1.2.4, p. 3]). Let A be a linear operator with dense domain D(A)
in a Hilbert space H. If A is dissipative and 0 ∈ ρ(A), where ρ(A) is the resolvent set of A, then A
is the infinitesimal generator of a C0-semigroup of contractions on H.

Theorem 2.3. The operator A generates a C0-semigroup T (t) = eAt of contractions on the Hilbert
space H.
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The proof of this latter theorem will be established through the following two lemmas.

Lemma 2.4. If 2τθ ≥ τq, then the operator A : D(A) ⊂ H −→ H is dissipative.

Proof. For any U ∈ D(A), we have

⟨AU ,U⟩H = − θ0

〈
−k(Bφx)x + δ

(
τ2

q

2
η + τqω + θ

)
x

, ϕ

〉
+ kθ0⟨Bϕx, φx⟩

+

〈
κ(τθωx + θx)x − δθ0ϕx,

(
τ2

q

2
η + τqω + θ

)〉

+
κτ2

q

2τθ

〈
(τθηx + ωx), (τθωx + θx)

〉
+ κ

[
τq

2τθ

(
2τθ − τq

)
+ τθ

]〈
ωx, θx

〉
.

By a simple calculation, we get

⟨AU ,U⟩H = 2kθ0i Im⟨Bϕx, φx⟩+ 2δθ0i Im

〈(
τ2

q

2
η + τqω + θ

)
, ϕx

〉

+ 2κi Im

〈
(τθωx + θx),

(
τ2

q

2
η + τqω + θ

)
x

〉
+ 2κτθi Im

〈
ωx, θx

〉
−

κτq

2
(
2τθ − τq

)
∥ωx∥2

2 − κ∥θx∥2
2.

Therefore,
Re⟨AU ,U⟩H = −

κτq

2
(
2τθ − τq

)
∥ωx∥2

2 − κ∥θx∥2
2 ≤ 0.

So, the operator A is dissipative.

Lemma 2.5. Let R(A) be the range of the operator A. Then, R(A) = H.

Proof. We will prove that, for each F =( f1, f2, f3, f4, f5) ∈ H, there is U = (φ, ϕ, θ, ω, η)T ∈
D(A) such that AU = F ; that is,

ϕ = f1,

k(Bφx)x − δ

(
τ2

q

2
η + τqω + θ

)
x

= ρ1 f2,

ω = f3,

η = f4,

−τqη − ω + κ(τθωx + θx)x − δθ0ϕx =
τ2

q

2
f5.

(2.9)

To solve the system (2.9), we use the Fourier series. So, taking into account the definition of
H, we can assume that

fi =
+∞

∑
n=1

f i
n sin(nπx), for i = 1, 2

and

fi =
f i
0

2
+

+∞

∑
n=1

f i
n cos(nπx), for i = 3, 4, 5,
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with f i
0 = 0 for i = 3, 4, 5 (because

∫ 1
0 fi(x)dx = 0), and

+∞

∑
n=1

n2
∣∣∣ f i

n

∣∣∣2 < ∞ for i = 1, 3, 4, (2.10)

+∞

∑
n=1

∣∣∣ f i
n

∣∣∣2 < ∞ for i = 2, 5. (2.11)

Now, we look for φ, ϕ, θ, ω and η in the form

(φ, ϕ) =
+∞

∑
n=1

(φn, ϕn) sin(nπx) and (θ, ω, η) =
+∞

∑
n=1

(θn, ωn, ηn) cos(nπx). (2.12)

From (2.9)1, (2.9)3 and (2.9)4, respectively, we have

ϕn = f 1
n , ωn = f 3

n and ηn = f 4
n .

Thus,

+∞

∑
n=1

(nπ)2|ϕn|2 =
+∞

∑
n=1

(nπ)2
∣∣∣ f 1

n

∣∣∣2 < ∞,
+∞

∑
n=1

(nπ)2|ωn|2 =
+∞

∑
n=1

(nπ)2∣∣ f 3
n
∣∣2 < ∞

and
+∞

∑
n=1

(nπ)2|ηn|2 =
+∞

∑
n=1

(nπ)2
∣∣∣ f 4

n

∣∣∣2 < ∞.

Consequently, we get
ϕ ∈ H1

0(0, 1) and ω, η ∈ H1
∗(0, 1). (2.13)

By substituting (2.9)1, (2.9)3 and (2.9)4 into (2.9)5, we arrive at

−
+∞

∑
n=1

(nπ)2(τθωn + θn) cos(nπx) =
1
κ

+∞

∑
n=1

[
τ2

q

2
f 5
n + τq f 4

n + f 3
n + δθ0(nπ) f 1

n

]
cos(nπx).

So,

−(τθωn + θn) =
1

κ(nπ)2

[
τ2

q

2
f 5
n + τq f 4

n + f 3
n + δθ0(nπ) f 1

n

]
and

+∞

∑
n=1

(nπ)4|τθωn + θn|2 =
1
κ2

+∞

∑
n=1

∣∣∣∣∣τ2
q

2
f 5
n + τq f 4

n + f 3
n + δθ0(nπ) f 1

n

∣∣∣∣∣
2

.

We use the inequality (∑n
i=1 ai)

2 ≤ n ∑n
i=1 a2

i to find that

+∞

∑
n=1

(nπ)4|τθωn + θn|2 ≤
τ4

q

κ2

+∞

∑
n=1

∣∣ f 5
n
∣∣2 + 4τ2

q

κ2

+∞

∑
n=1

∣∣∣ f 4
n

∣∣∣2 + 4
κ2

+∞

∑
n=1

∣∣ f 3
n
∣∣2 + 4

(
δθ0)2

κ2

+∞

∑
n=1

(nπ)2
∣∣∣ f 1

n

∣∣∣2.

The Comparison Test and (2.10) imply that

+∞

∑
n=1

∣∣∣ f 4
n

∣∣∣2 < ∞,
+∞

∑
n=1

∣∣ f 3
n
∣∣2 < ∞. (2.14)
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Thus, (2.10), (2.11) and (2.14) give

+∞

∑
n=1

(nπ)4|τθωn + θn|2 < ∞.

Hence,
(τθω + θ) ∈ H2

∗(0, 1) (2.15)

and consequently, recalling (2.13),
θ ∈ H1

∗(0, 1).

On the other hand, applying the operator S to (2.9)2 yields

− bk
+∞

∑
n=1

(nπ)4φn sin(nπx)

=
+∞

∑
n=1

[
ρ1b(nπ)2 f 2

n + ρ1k f 2
n − δb(nπ)3

(
τ2

q

2
ηn + τqωn + θn

)]
sin(nπx)

−
+∞

∑
n=1

[
δk(nπ)

(
τ2

q

2
ηn + τqωn + θn

)]
sin(nπx).

So,

−bkφn =
1

(nπ)4

[
ρ1b(nπ)2 f 2

n + ρ1k f 2
n − δb(nπ)3

(
τ2

q

2
ηn + τqωn + θn

)]

− 1

(nπ)4

[
δk(nπ)

(
τ2

q

2
ηn + τqωn + θn

)]

and

(bk)2
+∞

∑
n=1

(nπ)4|φn|2 ≤
+∞

∑
n=1

2

(nπ)4

∣∣∣∣∣ρ1b(nπ)2 f 2
n + ρ1k f 2

n − δb(nπ)3

(
τ2

q

2
ηn + τqωn + θn

)∣∣∣∣∣
2

+
+∞

∑
n=1

2

(nπ)4

∣∣∣∣∣δk(nπ)

(
τ2

q

2
ηn + τqωn + θn

)∣∣∣∣∣
2

.

The Cauchy–Schwarz inequality gives

+∞

∑
n=1

(nπ)4|φn|2 ≤ 1
b2

+∞

∑
n=1

[
6ρ2

1

(nπ)4

∣∣ f 2
n
∣∣2 + δ2

(nπ)2

(
3τ4

q

2
|ηn|2 + 6

(
τ2

q |ωn|2 + |θn|2
))]

+
3
k2

+∞

∑
n=1

[
2ρ2

1
∣∣ f 2

n
∣∣2 + δ2(nπ)2

(
3τ4

q

2
|ηn|2 + 6

(
τ2

q |ωn|2 + |θn|2
))]

and using (2.10), (2.11) and that ηn = f 4
n , ωn = f 3

n and θ ∈ H1
∗(0, 1), we find that

+∞

∑
n=1

(nπ)4|φn|2 < ∞.

Thus, φ ∈ H2(0, 1) and by (2.12) we get φ ∈ H2(0, 1)∩ H1
0(0, 1). Hence, there is U ∈ D(A) such

that AU = F . Consequently, R(A) = H.
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Lemma 2.6. The domain of A is dense in H.

Proof. To show that D(A) is dense in H, it suffices to check that, for F ∈ H,

⟨F , U⟩H = 0, ∀U ∈ D(A) =⇒ F = 0H.

Let F =( f1, f2, f3, f4 , f5) ∈ H be such that

⟨F , U⟩H = 0, (2.16)

for any U = (φ, ϕ, θ, ω, η)T ∈ D(A). Since A : D(A) ⊂ H −→ H is surjective, then there is
some UF = (φF , ϕF , θF , ωF , ηF )

T ∈ D(A) such that AUF = F , that is

ϕF = f1,

k(BφFx)x − δ

(
τ2

q

2
ηF + τqωF + θF

)
x

= ρ1 f2,

ωF = f3,

ηF = f4,

−τqηF − ωF + κ(τθωFx + θFx)x − δθ0ϕFx =
τ2

q

2
f5.

(2.17)

Substituting (2.17) in (2.16), it becomes

0 = − θ0

〈
−k(BφFx)x + δ

(
τ2

q

2
ηF + τqωF + θF

)
x

, ϕ

〉
+ kθ0⟨BϕFx, φx⟩

+

〈
κ(τθωFx + θFx)x − δθ0ϕFx,

(
τ2

q

2
η + τqω + θ

)〉

+
κτ2

q

2τθ

〈
(τθηFx + ωFx), (τθωx + θx)

〉
+ κ

[
τq

2τθ

(
2τθ − τq

)
+ τθ

]〈
ωFx, θx

〉
. (2.18)

Firstly, we choose U = UF ∈ D(A) in (2.16), we thus obtain

0 = ⟨F , UF ⟩H = ⟨AUF , UF ⟩H.

So, we have
Re⟨AUF , UF ⟩H = −

κτq

2
(
2τθ − τq

)
∥ωFx∥2

2 − κ∥θFx∥2
2 ≤ 0,

which implies that ωFx = θFx = 0 and the Poincaré–Wirtinger inequality yields ωF = θF = 0.
Secondly, by taking U = (0, 0, 0, 0 , η)T ∈ D(A) in (2.18), we arrive at

⟨ϕFx, η⟩ = 0, ∀η ∈ H1
∗(0, 1). (2.19)

If we choose η = η∗ −
∫ 1

0 η∗(x)dx in (2.19), where η∗ ∈ C∞
0 (0, 1), we get〈

ϕFx, η∗
x
〉
= 0, ∀η∗ ∈ C∞

0 (0, 1).

This implies that ϕF = 0. Similarly, if U = (0, 0, θ, ω, 0)T ∈ D(A) in (2.18), we find that〈
ηF , (τθω + θ)xx

〉
= 0, ∀(θ, ω) ∈ E,
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where E =
{
(θ, ω) ∈

[
H1

∗(0, 1)
]2; τθω + θ ∈ H2

∗(0, 1)
}

. Since g :
(
θ, ω

)
7→ τθω + θ is surjective

from E into H2
∗(0, 1) (Indeed, ∀ϖ ∈ H2

∗(0, 1), ∃(θ, ω) =
(
θ, 1

τθ
(ϖ − θ)

)
∈ E : g(θ , ω) = ϖ)

and ∂xx is bijective from H2
∗(0, 1) into L2

∗(0, 1), it follows that〈
ηF , ξ

〉
= 0, ∀ξ ∈ L2

∗(0, 1)

and since {χx : χ ∈ C∞
0 (0, 1)} ⊂ L2

∗(0, 1), then, in particular, we have

⟨ηF , χx⟩ = 0, ∀χ ∈ C∞
0 (0, 1).

This leads to ηFx = 0 and thanks to Poincaré–Wirtinger inequality, we get ηF = 0. Now, for
U = (0, ϕ, 0, 0, 0)T ∈ D(A) in (2.18), we arrive at〈

(BφFx)x, ϕ
〉
= 0, ∀ϕ ∈ H1

0(0, 1).

Therefore, (BφFx)x = 0 and it follows that from the fact that BφFx ∈ H1
∗(0, 1) and the

Poincaré–Wirtinger inequality that BφFx = 0. Hence, we get φFx = 0 and by using the
Poincaré inequality, we find that φF = 0. Consequently, UF ≡ 0 and F =0H. This completes
the proof of Lemma 2.6.

Remark 2.7. It easily checked that ker(A) = {0H} and through the proof of Lemma 2.6, we
notice that ∥U∥H ≤ C∥F∥H, and thus 0 belongs to the resolvent of A.

Proof of Theorem 2.3. Thanks to Lemmas 2.4, 2.5, 2.6 and Theorem 2.2, the conclusion follows.

Then, the well-posedness result for the auxiliary problem (2.5) is given by

Theorem 2.8. Let U0 ∈ H and assume that 2τθ ≥ τq. Then, there exists a unique solution U ∈
C(R+,H) of problem (2.5). Moreover, if U0 ∈ D(A), then U ∈ C(R+, D(A)) ∩ C1(R+,H).

Now, we consider the following Hilbert space

H = H1
0(0, 1)× L2(0, 1)× H1

0(0, 1)× H1
∗(0, 1)× H1

∗(0, 1)× L2
∗(0, 1) (2.20)

equipped with the inner product〈
U, Ũ

〉
H = ρ1θ0

〈
ϕ, ϕ̃

〉
+ bθ0

〈
ψx, ψ̃x

〉
+ kθ0

〈
φx + ψ, φ̃x + ψ̃

〉
+

〈(
τ2

q

2
η + τqω + θ

)
,

(
τ2

q

2
η̃ + τqω̃ + θ̃

)〉

+
κτ2

q

2τθ

〈
(τθωx + θx),

(
τθω̃x + θ̃x

)〉
+ κ

[
τq

2τθ

(
2τθ − τq

)
+ τθ

]〈
θx, θ̃x

〉
, (2.21)

for U = (φ, ϕ, ψ, θ, ω, η)T, Ũ =
(

φ̃, ϕ̃, ψ̃, θ̃, ω̃, η̃
)T ∈ H and define the following mapping{

P : H −→ H

U = (φ, ϕ, θ, ω, η)T 7→ PU = U = (φ, ϕ, ψ, θ, ω, η)T,

with ψ is the unique solution of {
Sψ = − kφx,

ψ(0) = ψ(1) = 0.
(2.22)
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Then, P is an isometry from H into H. Indeed, for any U =(φ, ϕ, θ, ω, η)T ∈ H, we have

∥U∥2
H = ρ1θ0〈ϕ, ϕ

〉
+ kθ0⟨Bφx, φx⟩+

〈(
τ2

q

2
η + τqω + θ

)
,

(
τ2

q

2
η + τqω + θ

)〉

+
κτ2

q

2τθ

〈
(τθωx + θx), (τθωx + θx)

〉
+ κ

[
τq

2τθ

(
2τθ − τq

)
+ τθ

]〈
θx, θx

〉
(2.23)

and using the definition of the operator B and (2.22), we get

kθ0⟨Bφx, φx⟩ = kθ0
〈

φx − kS−1φx, φx

〉
= kθ0⟨φx + ψ, φx⟩
= kθ0⟨φx + ψ, φx + ψ⟩+ θ0⟨−kφx − kψ, ψ⟩
= kθ0⟨φx + ψ, φx + ψ⟩+ θ0⟨(S−kI)ψ, ψ⟩
= kθ0⟨φx + ψ, φx + ψ⟩+ bθ0⟨ψx, ψx⟩. (2.24)

By substitution (2.24) into (2.23), we find that ∥U∥2
H = ∥U∥2

H, where U = (φ, ϕ, ψ, θ, ω, η)T.
The isomorphism P from H into Hp = P(H) allows us to define a C0-semigroup (T(t))t≥0

on Hp given by
T(t) = PT P−1 , ∀t ≥ 0,

and its infinitesimal generator A is

A(φ, ϕ, ψ, θ, ω, η)T = PAP−1(φ, ϕ, ψ, θ, ω, η)T

=



ϕ

− 1
ρ1

[
−k(φx + ψ)x + δ

(
τ2

q
2 η + τqω + θ

)
x

]
−kS−1ϕx

ω

η

− 2
τ2

q

[
τqη + ω − κ(τθωx + θx)x + δθ0ϕx

]


,

with

D(A) =
{

U ∈ Hp : P−1U = U ∈ D(A)
}

=

{
U = (φ, ϕ, ψ, θ, ω, η)T ∈ Hp : φ, ψ ∈ H2(0, 1) ∩ H1

0(0, 1); ϕ ∈ H1
0(0, 1);

θ, ω, η ∈ H1
∗(0, 1); τθω + θ ∈ H2

∗(0, 1)

}
.

See [10, p. 59]. Moreover, (T(t))t≥0 is the C0-semigroup associated with the problem (1.9)–
(1.11). Therefore, the main result of well-posedness is given by

Theorem 2.9. Let (φ0, φ1, θ0, θ1, θ2) ∈ H. Then, there exists a unique solution (φ, φt, ψ, θ, θt, θtt) ∈
C
(
R+, Hp

)
of problem (1.9)–(1.11). Furthermore, if (φ0, φ1, θ0, θ1, θ2) ∈ D(A), then,

(φ, φt, ψ, θ, θt, θtt) ∈ C(R+, D(A)) ∩ C1(R+, Hp
)
.

Remark 2.10. Since P is isometric from H into H, we have, for any U = (φ, ϕ, ψ, θ, ω, η)T ∈ H,

⟨AU, U⟩H =
〈

PAP−1U, U
〉

H
=
〈
AP−1U, P−1U

〉
H
= ⟨AU ,U⟩H,

where U = P−1U ∈ H. Therefore, the result obtained in Lemma 2.4 entails

Re⟨AU, U⟩H = −
κτq

2
(
2τθ − τq

)
∥τθωx + θx∥2

2 − κ∥θx∥2
2. (2.25)

Moreover, we have ρ(A) = ρ(A), which implies that 0 ∈ ρ(A).
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3 Exponential stability

In this section, we establish the exponential decay of the system (1.9)–(1.11) under the hypoth-
esis

2τθ > τq. (3.1)

For this purpose, we first state a theorem that gives the necessary and sufficient conditions
for the exponential stability of the strongly continuous semigroup of contractions associated
with a dissipative system on a Hilbert space. See [7], p.7.

Theorem 3.1 (Gearhart–Herbst–Prüss–Huang). Let ρ(A) be the resolvent set of the operator A and
eAt be a C0-semigroup of contractions on a Hilbert space H. Then eAt is exponentially stable if and
only if

iR ≡ {iλ : λ ∈ R} ⊂ ρ(A) (3.2)

and
lim

|λ|→∞

∥∥∥(iλI − A)−1
∥∥∥
L(H)

< ∞. (3.3)

The main stability result of this manuscript is the following theorem.

Theorem 3.2. Assume that (3.1) holds. Then, the C0-semigroup associated with the problem (1.9)–
(1.11) is exponentially stable.

In order to prove the above theorem, we only need to verify the following two propositions.

Proposition 3.3. The imaginary axis belongs to the resolvent set of A.

Proof. Assume, by contradiction, that (3.2) is not true. Since 0 ∈ ρ(A), there exists λ ∈ R∗

such that iλ ∈ σ(A). Consequently, there exists a sequence of vector functions (Un)n∈N∗ such
that, for any n ∈ N∗, Un = (φn, ϕn, ψn, θn, ωn, ηn)

T ∈ D(A), ∥Un∥H = 1 and satisfies

∥(iλI − A)Un∥H −→ 0, (3.4)

(see [12, Proof of Theorem 2.2.1], p. 25, for details regarding this sequence). This is equivalent
to 

iλφn − ϕn −→ 0 in H1
0(0, 1),

iλρ1ϕn − k(Bφnx)x + δ

(
τ2

q

2
ηn + τqωn + θn

)
x

−→ 0 in L2(0, 1),

iλψn + kS−1ϕnx −→ 0 in H1
0(0, 1),

iλθn − ωn −→ 0 in H1
∗(0, 1),

iλωn − ηn −→ 0 in H1
∗(0, 1),

τq

(
iλ

τq

2
+ 1
)

ηn + ωn − κ(τθωnx + θnx)x + δθ0ϕnx −→ 0 in L2
∗(0, 1).

(3.5)

First, it results from (3.4) that

Re⟨(iλI − A)Un, Un⟩H −→ 0

and by using (2.25), we arrive at

κτq

2
(
2τθ − τq

)
∥ωnx∥2

2 + κ∥θnx∥2
2 −→ 0.
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This yields
θn −→ 0 in H1

∗(0, 1),

ωn −→ 0 in H1
∗(0, 1).

(3.6)

In addition, (3.5)5 implies that
ηn −→ 0 in H1

∗(0, 1).

Consequently, (3.5) reduces to
iλρ1ϕn − k(Bφnx)x −→ 0 in L2(0, 1),

iλψn + kS−1ϕnx −→ 0 in H1
0(0, 1),

−κ(τθωnx + θnx)x + δθ0ϕnx −→ 0 in L2
∗(0, 1).

(3.7)

Now, by taking the inner product of −κ(τθωnx + θnx)x + δθ0ϕnx with kBφnx in L2(0, 1), we
obtain〈

−κ(τθωnx + θnx)x + δθ0ϕnx, kBφnx
〉
= − κ

〈
(τθωnx + θnx), iλρ1ϕn − k(Bφnx)x

〉
+ iλρ1κ

〈
(τθωnx + θnx), ϕn

〉
− iλδθ0ρ1∥ϕn∥2

2

+ δθ0
〈

ϕn, iλρ1ϕn − k(Bφnx)x

〉
. (3.8)

Since ∥Un∥H = 1, then (Bφnx)n∈N∗ and (ϕn)n∈N∗ are bounded in L2(0, 1). So, the Cauchy–
Schwarz inequality, (3.6), (3.7)1 and (3.7)3 lead to〈

−κ(τθωnx + θnx)x + δθ0ϕnx, kBφnx
〉
−→ 0,〈

(τθωnx + θnx), iλρ1ϕn − k(Bφnx)x

〉
−→ 0,〈

(τθωnx + θnx), ϕn
〉
−→ 0,〈

ϕn, iλρ1ϕn − k(Bφnx)x

〉
−→ 0.

Hence, by taking the limit in (3.8), we get

ϕn −→ 0 in L2(0, 1). (3.9)

In light of the definition of the operator S , we find that∥∥∥S−1ϕnx

∥∥∥
H1

0

≤
∥∥∥S−1

∥∥∥∥ϕnx∥H−1 ≤
∥∥∥S−1

∥∥∥∥ϕn∥2,

in other words, S−1 ◦ ∂x : L2(0, 1) −→ H1
0(0, 1) is a bounded operator. Thus, we have

S−1ϕnx −→ 0 in H1
0(0, 1).

Therefore, (3.7)2 implies that
ψn −→ 0 in H1

0(0, 1).

Next, the definition of the operator B gives

⟨iλρ1ϕn − k(Bφnx)x, φn⟩ = ⟨iλρ1ϕn, φn⟩+ k
(
∥φnx∥2

2 − k
〈
S−1φnx, φnx

〉)
and taking into account Remark 2.1, the Cauchy–Schwarz inequality leads to

⟨iλρ1ϕn − k(Bφnx)x, φn⟩ ≥ ⟨iλρ1ϕn, φn⟩+ k
(

1 − k
∥∥∥S−1

∥∥∥)∥φnx∥2
2. (3.10)
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It is easy to verify that

⟨iλρ1ϕn − k(Bφnx)x, φn⟩ −→ 0,

⟨iλρ1ϕn, φn⟩ −→ 0,

hence, the fact that 1 − k
∥∥S−1

∥∥ > 0 and (3.10) entail

φn −→ 0 in H1
0(0, 1).

According to the above calculations, we conclude that ∥Un∥H −→ 0, which contradicts the
fact that ∥Un∥H = 1 and the proof is complete.

For λ ∈ R∗, we now consider the following resolvent equation associated with the opera-
tor A

iλU − AU = F , (3.11)

where U = (φ, ϕ, ψ, θ, ω, η)T ∈ D(A) and F = (F1,F2,F3,F4,F5,F6)
T ∈ Hp. Using the

components of U and F , (3.11) takes the form

iλφ − ϕ = f1,

iλρ1ϕ − k(φx + ψ)x + δ

(
τ2

q

2
η + τqω + θ

)
x

= ρ1 f2,

−iλbψxx + iλk(φx + ψ) = −b f3xx + k( f1x + f3),

iλθ − ω = f4,

iλω − η = f5,

iλ

(
τ2

q

2
η + τqω + θ

)
− κ(τθωx + θx)x + δθ0ϕx =

τ2
q

2
f6 + τq f5 + f4.

(3.12)

Proposition 3.4. Let A be the operator defined above, then

lim
|λ|→∞

∥∥∥(iλI − A)−1
∥∥∥
L(H)

< ∞.

To prove Proposition 3.4, we need the following lemmas

Lemma 3.5. Under the above notations and the hypothesis (3.1), we have

∥τθωx + θx∥2
2 + ∥θx∥2

2 ≤ m∥F∥H∥U∥H, (3.13)

for some constant m > 0.

Proof. Estimate (3.13) follows directly from (2.25), (3.11) and Cauchy–Schwarz inequality.

Lemma 3.6. Under the above notations and the hypothesis (3.1), we have, for any ε > 0,∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

≤ m∥F∥H∥U∥H + ε∥ϕ∥2
2 + m

(
1 +

1
ε

)(
∥τθωx + θx∥2

2 + ∥θx∥2
2

)
, (3.14)

where m > 0 is a constant.
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Proof. Multiplying (3.12)6 by
(

τ2
q
2 ω + τqθ

)
and integrating over (0, 1), we arrive at

∫ 1

0

(
τ2

q

2
f6 + τq f5 + f4

)(
τ2

q

2
ω + τqθ

)
dx = iλ

∫ 1

0

(
τ2

q

2
η + τqω + θ

)(
τ2

q

2
ω + τqθ

)
dx

− κ
∫ 1

0
(τθωx + θx)x

(
τ2

q

2
ω + τqθ

)
dx

+ δθ0
∫ 1

0
ϕx

(
τ2

q

2
ω + τqθ

)
dx.

Using (3.12)4, (3.12)5 and integration by parts, it follows that∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

= −
∫ 1

0

(
τ2

q

2
f6 + τq f5 + f4

)(
τ2

q

2
ω + τqθ

)
dx

+
∫ 1

0
θ

(
τ2

q

2
η + τqω + θ

)
dx

−
∫ 1

0

(
τ2

q

2
η + τqω + θ

)(
τ2

q

2
f5 + τq f4

)
dx

+ κ
∫ 1

0
(τθωx + θx)

(
τ2

q

2
ωx + τqθx

)
dx

− δθ0
∫ 1

0
ϕ

(
τ2

q

2
ωx + τqθx

)
dx.

So, the Cauchy–Schwarz, Poincaré and Young inequalities give

1
2

∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

≤ cp

∥∥∥∥∥
(

τ2
q

2
f6 + τq f5 + f4

)∥∥∥∥∥
2

∥∥∥∥∥
(

τ2
q

2
ωx + τqθx

)∥∥∥∥∥
2

+
c2

p

2
∥θx∥2

2

+ cp

∥∥∥∥∥
(

τ2
q

2
f5x + τq f4x

)∥∥∥∥∥
2

∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

+
κ

2
∥(τθωx + θx)∥2

2 +
κ

2

∥∥∥∥∥
(

τ2
q

2
ωx + τqθx

)∥∥∥∥∥
2

2

+ ε∥ϕ∥2
2

+

(
δθ0)2

4ε

∥∥∥∥∥
(

τ2
q

2
ωx + τqθx

)∥∥∥∥∥
2

2

. (3.15)

Finally, from the two equalities(
τ2

q

2
ωx + τqθx

)
=

τ2
q

2τθ
(τθωx + θx) +

τq

2τθ

(
2τθ − τq

)
θx, (3.16)(

τ2
q

2
f5x + τq f4x

)
=

τ2
q

2τθ
(τθ f5x + f4x) +

τq

2τθ

(
2τθ − τq

)
f4x, (3.17)

we conclude (3.14).
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Lemma 3.7. Under the above notations, we have, for any µ > 0 and for some constant m > 0,

∥ϕ∥2
2 ≤ m∥F∥H∥U∥H + µ∥(φx + ψ)∥2

2

+ m
(

1 +
1
µ

)∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

+ m∥(τθωx + θx)∥2
2. (3.18)

Proof. Integrating the last equation of (3.12) over (0, x), multiplying it by ρ1ϕ and then inte-
grating on (0, 1), we obtain

ρ1δθ0∥ϕ∥2
2 = ρ1

∫ 1

0
ϕ
∫ x

0

(
τ2

q

2
f6 + τq f5 + f4

)
(y)dydx + ρ1κ

∫ 1

0
ϕ(τθωx + θx)dx

− iλρ1

∫ 1

0
ϕ
∫ x

0

(
τ2

q

2
η + τqω + θ

)
(y)dydx. (3.19)

On the other hand, from (3.12)2, we have

−iλρ1

∫ 1

0
ϕ
∫ x

0

(
τ2

q

2
η + τqω + θ

)
(y)dydx = − k

∫ 1

0
(φx + ψ)

(
τ2

q

2
η + τqω + θ

)
dx

+ ρ1

∫ 1

0
f2

∫ x

0

(
τ2

q

2
η + τqω + θ

)
(y)dydx

+ δ

∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

. (3.20)

By substituting (3.20) into (3.19), we get

ρ1δθ0∥ϕ∥2
2 = ρ1

∫ 1

0
ϕ
∫ x

0

(
τ2

q

2
f6 + τq f5 + f4

)
(y)dydx + ρ1κ

∫ 1

0
ϕ(τθωx + θx)dx

− k
∫ 1

0
(φx + ψ)

(
τ2

q

2
η + τqω + θ

)
dx + δ

∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

+ ρ1

∫ 1

0
f2

∫ x

0

(
τ2

q

2
η + τqω + θ

)
(y)dydx.

Therefore, the Cauchy–Schwarz and Young inequalities yield (3.18).

Lemma 3.8. Under the above notations, we have

∥ψx∥2
2 + ∥(φx + ψ)∥2

2 ≤ m
(

1 +
1
|λ|

)
∥F∥H∥U∥H + m

∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

+ m∥ϕ∥2
2, (3.21)

for some constant m > 0.

Proof. Multiplying (3.12)3 by ψ, integrating over (0, 1) and using integration by parts, we
obtain

iλb∥ψx∥2
2 + iλk∥(φx + ψ)∥2

2

= b
∫ 1

0
f3xψxdx + k

∫ 1

0
( f1x + f3)ψdx − iλk

∫ 1

0
(φx + ψ)x φdx. (3.22)
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On the other hand, multiplying (3.12)2 by iλφ and integrating over (0, 1), we arrive at

− iλk
∫ 1

0
(φx + ψ)x φdx

= iλδ
∫ 1

0

(
τ2

q

2
η + τqω + θ

)
(φx + ψ)dx − iλδ

∫ 1

0

(
τ2

q

2
η + τqω + θ

)
ψdx

+ iλρ1

∫ 1

0
ϕ
(
iλφ

)
dx + iλρ1

∫ 1

0
f2 φdx. (3.23)

By substituting (3.23) into (3.22), we find that

iλb∥ψx∥2
2 + iλk∥(φx + ψ)∥2

2 = b
∫ 1

0
f3xψxdx + k

∫ 1

0
( f1x + f3)ψdx + iλρ1

∫ 1

0
f2φdx

+ iλδ
∫ 1

0

(
τ2

q

2
η + τqω + θ

)
(φx + ψ)dx

− iλδ
∫ 1

0

(
τ2

q

2
η + τqω + θ

)
ψdx

+ iλρ1

∫ 1

0
ϕ
(
iλφ

)
dx.

Using the first equation of (3.12), we get

b∥ψx∥2
2 + k∥(φx + ψ)∥2

2 =
b
iλ

∫ 1

0
f3xψxdx +

k
iλ

∫ 1

0
( f1x + f3)ψdx + ρ1

∫ 1

0
f2 φdx

+ ρ1

∫ 1

0
ϕ f1dx + δ

∫ 1

0

(
τ2

q

2
η + τqω + θ

)
(φx + ψ)dx

− δ
∫ 1

0

(
τ2

q

2
η + τqω + θ

)
ψdx + ρ1∥ϕ∥2

2.

Thanks to the Cauchy–Schwarz, Poincaré and Young inequalities, estimate (3.21) follows.

Proof of Proposition 3.4. First, by substituting (3.13) into (3.14), we have, for any ε > 0,∥∥∥∥∥
(

τ2
q

2
η + τqω + θ

)∥∥∥∥∥
2

2

≤ mε∥F∥H∥U∥H + ε∥ϕ∥2
2, (3.24)

where the constant mε > 0 depends on ε. Next, by substituting (3.13) and (3.24) into (3.18), we
find that, for any ϵ, µ > 0,

∥ϕ∥2
2 ≤ mϵ,µ∥F∥H∥U∥H + µ∥(φx + ψ)∥2

2 + ϵ

(
1 +

1
µ

)
∥ϕ∥2

2,

where mϵ,µ is a positive constant depending on ϵ and µ. Hence choosing ϵ = µ
2(1+µ)

, we get,
for any ζ = 2µ > 0,

∥ϕ∥2
2 ≤ mζ∥F∥H∥U∥H + ζ∥(φx + ψ)∥2

2, (3.25)

where the constant mζ > 0 depends on ζ. Now, by substituting (3.24) and (3.25) into (3.21),
we obtain, for any ϵ̃, ζ̃ > 0,

∥ψx∥2
2 + ∥(φx + ψ)∥2

2 ≤ mϵ̃,ζ̃

(
1 +

1
|λ|

)
∥F∥H∥U∥H + ϵ̃∥ϕ∥2

2 + ζ̃∥(φx + ψ)∥2
2, (3.26)
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where mϵ̃,ζ̃ is a positive constant that depends on ϵ̃ and ζ̃. Finally, using (3.13), (3.24), (3.25)
and (3.26); and choosing ϵ, ϵ̃, ζ, ζ̃ small enough, we arrive at

∥U∥2
H ≤ C

(
1 +

1
|λ|

)
∥F∥H∥U∥H,

where C is a positive constant. When λ goes to infinity, we get

∥U∥H ≤ C∥F∥H,

with this, we have finished the proof of Proposition 3.4.

Proof of Theorem 3.2. The proof follows directly from the above two propositions.

4 Numerical approximation

In this section, we propose a finite-element approximation to the system (1.9) with the bound-
ary conditions (1.10) and under the initial conditions (1.11). To obtain the weak formula-
tion, we multiply, respectively, the equations of (1.9) by test functions ξ, η ∈ H1

0(0, 1) and
χ ∈ H1

∗(0, 1), then integrate by parts to find the following

ρ1(φtt, ξ) + k(φx + ψ, ξx)− δ

(
τ2

q

2
θtt + τqθt + θ, ξx

)
= 0,

b(ψx, ηx) + k(φx + ψ, η) = 0,(
τ2

q

2
θttt + τqθtt + θt, χ

)
+ κ(τθθtx + θx, χx)− δθ0(φt, χx) = 0,

(4.1)

where (·, ·) is the inner product in L2(0, 1). Let us partition the interval (0, 1) into subintervals
Ii = (xi−1, xi) of length h = 1/m with 0 = x0 < x1 < · · · < xm = 1 and define

Ph =
{

u ∈ H1(0, 1), u|Ii is a linear polynomial
}

,

with its subspaces
P0

h = Ph ∩ H1
0(0, 1) and P∗

h = Ph ∩ H1
∗(0, 1).

For a given final time T and a positive integer N, let ∆t = T/N be the time step and
tn = n∆t, n = 0, . . . , N. The approximate solution for (4.1) is to find φn

h , ψn
h ∈ P0

h and θn
h ∈ P∗

h ,
such that, for all ξh, ηh ∈ P0

h and χh ∈ P∗
h ,

ρ1(φn
htt, ξh) + k(φn

hx + ψn
h , ξhx)− δ

(
τ2

q

2
θn

htt + τqθn
ht + θn

h , ξhx

)
= 0,

b(ψn
hx, ηhx) + k(φn

hx + ψn
h , ηh) = 0,(

τ2
q

2
θn

httt + τqθn
htt + θn

ht, χh

)
+ κ(τθθn

hxt + θn
hx, χhx)− δθ0(φn

ht, χhx) = 0,

(4.2)

where the notations φ0
h, φ0

ht, θ0
h, θ0

ht and θ0
htt are adequate approximations to φ0, φ1, θ0, θ1 and

θ2, respectively. Then, the discrete energy is given by

En
h =

1
2

(
∥

τ2
q

2
θn

htt + τqθn
ht + θn

h∥2
2 + κτ∥θn

hx∥2
2 +

κτ2
q

2τθ
∥τθθn

hxt + θn
hx∥2

2

)
(4.3)

+
1
2

θ0(ρ1∥φn
ht∥2

2 + k∥φn
hx + ψn

h∥2
2 + b∥ψn

hx∥2
2
)
,
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where

τ =

(
2τθ − τq

2τθ

)
τq + τθ > 0.

The next result is a discrete version of the energy decay property satisfied by the solution
of system (1.9).

Lemma 4.1. For n = 1, 2, . . . , N, the discrete energy satisfies the following stability property

En
h − En−1

h
∆t

≤ 0. (4.4)

Proof. Choosing ξh = θ0φn
ht, ηh = θ0ψn

ht and χh =
τ2

q
2 θn

htt + τqθn
ht + θn

h in (4.2) leads to

ρ1θ0

∆t

(
φn

ht − φn−1
ht , φn

ht

)
+ kθ0(φn

hx + ψn
h , φn

htx)− δθ0

(
τ2

q

2
θn

htt + τqθn
ht + θn

h , φn
htx

)
= 0,

bθ0

∆t

(
ψn

hx, ψn
hx − ψn−1

hx

)
+ kθ0(φn

hx + ψn
h , ψn

ht) = 0,

1
∆t

(
τ2

q

2
θn

htt + τqθn
ht + θn

h −
(

τ2
q

2
θn−1

htt + τqθn−1
ht + θn−1

h

)
,

τ2
q

2
θn

htt + τqθn
ht + θn

h

)

+κ

(
τθθn

hxt + θn
hx,

τ2
q

2
θn

httx + τqθn
htx + θn

hx

)
+ δθ0

(
φn

htx,
τ2

q

2
θn

htt + τqθn
ht + θn

h

)
= 0.

(4.5)

Adding the latter equations and thanks to the following identity

(a − b, a) =
1
2
(
∥a − b∥2

2 + ∥a∥2
2 − ∥b∥2

2
)
,

we find that

ρ1θ0

2∆t

(
∥φn

ht∥2
2 − ∥φn−1

ht ∥2
2

)
+ kθ0(φn

hx + ψn
h , φn

htx + ψn
ht) +

bθ0

2∆t

(
∥ψn

hx∥2
2 − ∥ψn−1

hx ∥
)

+
1

2∆t

∥∥∥∥∥τ2
q

2
θn

htt + τqθn
ht + θn

h

∥∥∥∥∥
2

2

−
∥∥∥∥∥τ2

q

2
θn−1

htt + τqθn−1
ht + θn−1

h

∥∥∥∥∥
2

2


+ κ

(
τθθn

hxt + θn
hx,

τ2
q

2
θn

httx + τqθn
htx + θn

hx

)

= − ρ1θ0

2∆t
∥φn

ht − φn−1
ht ∥2

2 −
bθ0

2∆t
∥ψn

hx − ψn−1
hx ∥2

2

− 1
2∆t

∥∥∥∥∥τ2
q

2
θn

htt + τqθn
ht + θn

h −
(

τ2
q

2
θn−1

htt + τqθn−1
ht + θn−1

h

)∥∥∥∥∥
2

2

.

Next, we have that

kθ0(φn
hx + ψn

h , φn
htx + ψn

ht)

=
kθ0

2∆t

(
∥φn

hx + ψn
h∥2

2 − ∥φn−1
hx + ψn−1

h ∥2
2 + ∥φn

hx + ψn
h − (φn−1

hx + ψn−1
h )∥2

2

)
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and

κ

(
τθθn

hxt + θn
hx,

τ2
q

2
θn

httx + τqθn
htx + θn

hx

)

=
κτ2

q τθ

2∆t

(
θn

hxt, θn
htx − θn−1

htx

)
+

κτ2
q

2∆t

(
θn

hx, θn
htx − θn−1

htx

)
+ κτθτq∥θn

htx∥
2
2 + κ

(
τθ + τq

)
(θn

hxt, θn
hx) + κ∥θn

hx∥
2
2

=
κτ2

q

2τθ∆t

(
τθθn

hxt + θn
hx, τθθn

htx + θn
hx −

(
τθθn−1

htx + θn−1
hx

))
−

κτ2
q

2τθ∆t

(
τθθn

hxt + θn
hx, θn

hx − θn−1
hx

)
+ κτθτq∥θn

htx∥
2
2 + κ

(
τθ + τq

)
(θn

hxt, θn
hx) + κ∥θn

hx∥
2
2

=
κτ2

q

2τθ∆t

(
τθθn

hxt + θn
hx, τθθn

htx + θn
hx −

(
τθθn−1

htx + θn−1
hx

))
−

κτ2
q

2τθ
(τθθn

hxt + θn
hx, θn

hxt)

+ κτθτq∥θn
htx∥

2
2 + κ

(
τθ + τq

)
(θn

hxt, θn
hx) + κ∥θn

hx∥
2
2

=
κτ2

q

2τθ∆t

(
τθθn

hxt + θn
hx, τθθn

htx + θn
hx −

(
τθθn−1

htx + θn−1
hx

))
+ κ

((
τθ + τq

)
−

τ2
q

2τθ

)
(θn

hx, θn
hxt)

+ κ

(
τθτq −

τ2
q

2

)
∥θn

htx∥
2
2 + κ∥θn

hx∥
2
2,

which gives

κ

(
τθθn

hxt + θn
hx,

τ2
q

2
θn

httx + τqθn
htx + θn

hx

)

=
κτ2

q

4∆tτθ

(
∥τθθn

htx + θn
hx∥2

2 − ∥τθθn−1
htx + θn−1

hx ∥2
2

+ ∥τθθn
htx + θn

hx − (τθθn−1
htx + θn−1

hx )∥2
2

)
+ τ′∥θn

htx∥2
2 + κ∥θn

hx∥2
2

+
κ

2∆t
τ
(
∥θn

hx∥2
2 − ∥θn−1

hx ∥2
2 + ∥θn

hx − θn−1
hx ∥2

2

)
,

where τ′ = κ
(
τqτθ −

τ2
q
2

)
> 0 and τ =

( 2τθ−τq
2τθ

)
τq + τθ > 0.

These results together yield

En
h − En−1

h
∆t

=− ρ1θ0

2∆t
∥φn

ht − φn−1
ht ∥2

2 −
bθ0

2∆t
∥ψn

hx − ψn−1
hx ∥2

2

− 1
2∆t

∥∥∥∥∥τ2
q

2
θn

htt + τqθn
ht + θn

h −
(

τ2
q

2
θn−1

htt + τqθn−1
ht + θn−1

h

)∥∥∥∥∥
2

2

− kθ0

2∆t
∥φn

hx + ψn
h − (φn−1

hx + ψn−1
h )∥2

2 −
κτ2

q

4∆tτθ
∥τθθn

htx + θn
hx − (τθθn−1

htx + θn−1
hx )∥2

2

− κ

2∆t
τ∥θn

hx − θn−1
hx ∥2

2 − τ′∥θn
htx∥2

2 − κ∥θn
hx∥2

2 ≤ 0,

and the lemma is proved recalling the definition of the discrete energy (4.3).
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4.1 Numerical simulation

The solution at the time step tn is given by the following matrix system
ρ1Mφn

htt + kRφn
hx = − kGψn−1

h + δG

(
τ2

q

2
θn−1

htt + τqθn−1
ht + θn−1

h

)
,

(bR + kM)ψn
h = kGφn

h ,

τ2
q

2
Mθn

httt + τqMθn
htt + (M + κτθR)θn

ht + κRθn
h = δθ0Gφn

ht,
(4.6)

where M is the mass matrix and R, G are the stiffness matrices.
To solve the coupled system (4.6), we use a second-order Newmark method for the first

equation and a third-order Newmark method for the third equation (see [13] and references
therein). We divide the spatial interval [0, 1] into m = 50 subintervals, where the spatial step
size h = 0.02. The temporal interval [0, T] = [0, 100] with a time-step size ∆t = 10−2.

We run our code for N time steps (N = T/∆t), using the following initial conditions:

φ0
h(x) = sin(πx), φ0

ht(x) =
1
2

sin(πx)

θ0
h(x) = cos(πx), θ0

ht(x) = cos(πx), θ0
htt(x) = cos(πx)

and we investigate the decay of discrete energy by considering the following data

ρ1 = 10, k = 5, δ = κ = 0.1, b = 20,

τq = 1.4, τθ = 1.5, θ0 = 1.

In Figure 4.1, we plot the cross section cuts for the approximate solution (φ, ψ, θ) at dif-
ferent points (x = 0.3, x = 0.5 and x = 0.9). Next, the Figure 4.2 shows the behavior of the
discrete energy curves (4.2) using Simpson method to approximate the norm L2 in (4.3). The
Figure 4.2 shows that the energy of the system (1.9) decreases exponentially.
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Figure 4.1: Damping cross section waves of the solutions

As a conclusion, we observed that the numerical solution converges to zero and an expo-
nential decay seems to be reached which is compatible with the theoretical results.
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Figure 4.2: The evolution of the discrete energy in natural and log.

Acknowledgments

The authors thank an annonymous referee for his/her careful reading and valuable sugges-
tions. The first author thanks University of Adrar and the fourth author thanks University of
Paris-Saclay for their support.

Authors’ contributions

All the are participate equally in the paper.

Conflict of interest

There is no conflict of Interest.

Availability of data

There is no data available.

References

[1] A. Ahmima, S. A. Messaoudi, M. Alahyane, On the existence and stability of solutions
of a type-III thermoelastic truncated Timoshenko system, J. Appl. Anal. Comput. 14(2024),
No. 6, 3385–3403. https://doi.org/10.11948/20240019

[2] D. S. Almeida Júnior, I. Elishakoff, A. J. A. Ramos, L. G. R. Miranda, The hypothesis
of equal wave speeds for stabilization of Bresse–Timoshenko system is not necessary
anymore: the time delay cases, IMA J. Appl. Math. 84(2019), No. 4, 763–796. https://
doi.org/10.1093/imamat/hxz014

[3] D. S. Almeida Júnior, A. J. A. Ramos, On the nature of dissipative Timoshenko systems
at light of the second spectrum, Z. Angew. Math. Phys. 68(2017), No. 6, Paper No. 145,
31 pp. https://doi.org/10.1007/s00033-017-0881-x

https://doi.org/10.11948/20240019
https://doi.org/10.1093/imamat/hxz014
https://doi.org/10.1093/imamat/hxz014
https://doi.org/10.1007/s00033-017-0881-x


24 A. Keddi, S A. Messaoudi, Y. Ouakouak and M. Alahyane

[4] D. S. Almeida Júnior, A. Ramos, M. M. Freitas, Energy decay for damped Shear
beam model and new facts related to the classical Timoshenko system, Appl. Math. Lett.
120(2021), 107324. https://doi.org/10.1016/j.aml.2021.107324

[5] D. S. Almeida Júnior, A. J. A. Ramos, M. L. Santos, L. G. R. Miranda, Asymptotic
behavior of weakly dissipative Bresse–Timoshenko system on influence of the second
spectrum of frequency, Z. Angew. Math. Mech. 98(2018), No. 8, 1320–1333. https://doi.
org/10.1002/zamm.201700211

[6] F. Ammar-Khodja, A. Benabdallah, J. E. Muñoz Rivera, R. Racke, Energy decay for
Timoshenko systems of memory type, J. Differential Equations 194(2003), No. 1, 82–115.
https://doi.org/10.1016/S0022-0396(03)00185-2

[7] K. Ammari, F. Hassine, Stabilization of Kelvin–Voigt damped systems, Birkhäuser, Cham,
2022. https://doi.org/10.1007/978-3-031-12519-5

[8] A. Benmoussa, A. Fareh, S. A. Messaoudi, M. Alahyane, Well posedness and expo-
nential stability of a thermoelastic shear beam model, Bull. Math. Soc. Sci. Math. Roumanie
(N.S.) 68(116)(2025), No. 4, 441–461. Zbl 8164757

[9] A. Choucha, D. Ouchenane, K. Zennir, B. Feng, Global well-posedness and exponen-
tial stability results of a class of Bresse–Timoshenko-type systems with distributed delay
term, Math. Methods Applied Sci. 47(2024), 47, No. 13, 10668–10693. https://doi.org/10.
1002/mma.6437

[10] K. J. Engel, R. Nagel, One-parameter semigroups for linear evolution equations, Graduate
Texts in Mathematics, Springer-Verlag, New York, Vol. 194, 2000. https://doi.org/10.
1007/b97696

[11] R. B. Hetnarski, J. Ignaczak, Mathematical theory of elasticity, Taylor & Francis, Boca
Raton, FL, 2009.

[12] Z. Liu, S. Zheng, Semigroups associated with dissipative systems, Chapman & Hall/CRC
Research Notes in Mathematics, Vol. 398, Chapman & Hall/CRC, Boca Raton, FL, 1999.
Zbl 0924.73003

[13] S. A. Messaoudi, A. Keddi, M. Alahyane, On a truncated thermoelastic Timoshenko
system with a dual-phase lag model, Math. Methods Appl. Sci. 48(2025), No. 6, 6691–6703.
https://doi.org/10.1002/mma.10708

[14] J. E. Muñoz Rivera, R. Racke, Mildly dissipative Timoshenko systems-global existence
and exponential stability, J. Math. Anal. Appl. 276(2002), No. 1, 248–278. https://doi.
org/10.1016/S0022-247X(02)00436-5

[15] J. E. Muñoz Rivera, R. Racke, Timoshenko systems with indefinite damping, J. Math.
Anal. Appl. 341(2008), No. 2, 1068–1083. https://doi.org/10.1016/j.jmaa.2007.11.012

[16] R. Quintanilla, R. Racke, A note on stability in three-phase-lag heat conduc-
tion, Int. J. Heat Mass Transfer 51(2008), No. 1–2, 24–29. https://doi.org/10.1016/j.
ijheatmasstransfer.2007.04.045

https://doi.org/10.1016/j.aml.2021.107324
https://doi.org/10.1002/zamm.201700211
https://doi.org/10.1002/zamm.201700211
https://doi.org/10.1016/S0022-0396(03)00185-2
https://doi.org/10.1007/978-3-031-12519-5
https://zbmath.org/?q=an:8164757
https://doi.org/10.1002/mma.6437
https://doi.org/10.1002/mma.6437
https://doi.org/10.1007/b97696
https://doi.org/10.1007/b97696
https://zbmath.org/?q=an:0924.73003
https://doi.org/10.1002/mma.10708
https://doi.org/10.1016/S0022-247X(02)00436-5
https://doi.org/10.1016/S0022-247X(02)00436-5
https://doi.org/10.1016/j.jmaa.2007.11.012
https://doi.org/10.1016/j.ijheatmasstransfer.2007.04.045
https://doi.org/10.1016/j.ijheatmasstransfer.2007.04.045


Well-posedness and stability of a shear beam with DPL 25

[17] A. J. A. Ramos, D. S. Almeida Júnior, M. M. Freitas, L. S. Veras, About well-
posedness and lack of exponential stability of Shear beam models, Ann. Univ. Ferrara
Sez. VII Sci. Mat. 68(2022), No. 1, 129–136. https://doi.org/https://doi.org/10.1007/
s11565-022-00391-z

[18] A. J. A. Ramos, D. S. Almeida Júnior, L. G. R. Miranda, An inverse inequality for a
Bresse–Timoshenko system without second spectrum of frequency, J. Math. Anal. Appl.
Arch. Math. 114(2020), No. 6, 709–719 . https://doi.org/10.1016/j.jmaa.2020.124177

[19] C. A. Raposo, J. Ferreira, M. L. Santos, N. N. O. Castro, Exponential stability for the
Timoshenko system with two weak dampings, Appl. Math. Lett. 18(2005), No. 5, 535–541.
https://doi.org/10.1016/j.aml.2004.03.017

[20] J. N. Reddy, Theory and analysis of elastic plates and shells, 2nd ed., CRC Press, 2006.

[21] A. Soufyane, Stabilisation de la poutre de Timoshenko [Stabilisation de la poutre de
Timoshenko] (in French)], C. R. Acad. Sci. Paris Sér. I Math. 328(1999), No. 8, 731–734.
https://doi.org/10.1016/S0764-4442(99)80244-4

[22] S. P. Timoshenko, On the correction for shear of the differential equation for transverse
vibrations of prismatic bars, Lond. Edinb. Dubl. Phil. Mag. 41(1921), No. 245, 744–746.
https://doi.org/10.1080/14786442108636264

[23] D. Y. Tzou, Experimental support for the lagging behavior in heat propagation, J. Ther-
mophys. Heat Transfer 9(1995), No. 4, 686–693. https://doi.org/10.2514/3.725

[24] D. Y. Tzou, Macro-to-microscale heat transfer: the lagging behavior, 2nd ed., John Wiley &
Sons, Ltd., 2014. https://doi.org/10.1002/9781118818275

https://doi.org/https://doi.org/10.1007/s11565-022-00391-z
https://doi.org/https://doi.org/10.1007/s11565-022-00391-z
https://doi.org/10.1016/j.jmaa.2020.124177
https://doi.org/10.1016/j.aml.2004.03.017
https://doi.org/10.1016/S0764-4442(99)80244-4
https://doi.org/10.1080/14786442108636264
https://doi.org/10.2514/3.725
https://doi.org/10.1002/9781118818275

	Introduction
	Well-posedness
	Exponential stability
	Numerical approximation
	Numerical simulation


