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Abstract. In this paper, we consider the existence and multiplicity of normalized solu-
tions for the following fractional Schrédinger system with Hardy critical coupled term:
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/ wldx = a?, / vdx = b?,
RN RN

where N > 3s, s € (0,1), T € (0,2s), a,b >0, v > 0, and the exponents &, B, p satisfy

(=AY v+ Ao = |o]P 20 ,  inRYN,

2N - 1) ON
N7, 2t
N_2s ' = <FP<5

a>1, B>1, a+p=27,:= =N 5

the parameters Aj,A; € R appear as unknown Lagrange multipliers. In the case
of 2 < p <2+ 4—15 , we get the existence of a normalized ground state solution and
a mountain-pass type normalized solution by employing the minimax principle, the
Pohozaev manifold analysis, homotopy-stable family and the mountain pass theorem.
In the case of 2 + % < p < 27, we obtain the existence of a mountain-pass type normal-
ized solution by the Pohozaev manifold analysis and the mountain pass theorem.
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1 Introduction and main results

In this paper, we focus on the normalized solutions for the following fractional Schrodinger
system with Hardy-Sobolev critical coupled term:

av |u|*2|v|Pu

— |ylP—2 in RN
(= 2 g R g 11
N e e T b
(—A) U+)\2U— |U| U+2;TT, in R ,
having prescribed L?- norm
/ wdx = a?, / v*dx = b?, (1.2)
RN RN

where N > 3s,s € (0,1),a,b > 0, v > 0, the exponents p, «, B satisfy
a>1 B>1, a+p=2;, 2<p<2i

and Ay, Ay € R appear as Lagrange multipliers which are part of the unknowns. Actually,
2= = 2%\]:2:) is the fractional critical
Hardy-Sobolev exponent. Up to normalization, the fractional Laplacian (—A)® is defined for

u € S(RN) by

u(x) —u
(—=A)°u(x) = CnsP.V. . |JE—)}/|N£yzs)dy' x € RN,

where S(RY) denotes the Schwartz space of rapidly decreasing smooth functions, P.V. stands
for the principle value of the integral and Cy, is the positive normalization constant. As a
worthy tool in investigating numerous phenomena in engineering and physics, the fractional
Laplacian appears in many diverse domains, including optimization, phase transitions, power
science, anomalous diffusion, biology, water waves and so on. We refer to [1,5,10] for more
related backgrounds.

Throughout this paper, L'(RY) denotes the Lebesgue space endowed with the norm

ull, = N |ulfdx ; forany 1 < r < oo. H*(RYN) is the fractional Hilbert space defined
R y P
as
H(RV) := {u € L2 (]RN) L (—A)du € L2 (IRN)},

and the standard inner product and norm are given respectively by

wo):= [ ((-8)

Nlo

S S 2
u(=A)io+uo)dx, lulf = (wu) = ||(=a) k|| + lul3,

where u(y)?
‘ )2u /IRN /]RN y’NJrZs —— 5 —dxdy.
Define
H:= H*(RN) x H*(RN),
which is equipped with the norm ||(u,0) |3, := [Jul|3s + ||9]|%.

In a variational point of view, normalized solutions to system (1.1) can be found as critical
points of the energy functional I(u,v) : H*(RN) x H*(RY) — R,

Hw9) = 501 =85l + | (~8)50lF) = [ (1l + ol

B oo X1l olP
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It is standard to check that the energy functional is of class C!, and the critical points of I(u,v)
are restricted on the constraint 7 (a,b), where

T (a,b) := {(u,0) € H: lul|5 = a% ||v|5 = bz}.

The system (1.1) with the L>-norm constraints [y [1[?dx = a* and [pv [v|?dx = b* de-
scribes the dynamics of coupled nonlinear waves:

0¥,

(—A)s\}fl = ZW + ’T1’P*2l}f1 +

v
x+p
1

oY Bv
APy = i—— + [Fo|P 2, + L [¥, Y|, |P2Y,,
(—A)°Y> lat+!2| 2+(x+ﬁ|1\|2\ 2

¥4 "2 [Y2fF,

(1.3)

where i is the imaginary unit. System (1.3) describes several physical phenomena, such as
the propagation of mutually incoherent waves packets in nonlinear optics, see [15,30]. Phys-
ically, the solution ¥; and ¥, represent condensate amplitudes corresponding to different
condensates. An important and well-known feature of this model is conservation of mass:
the L?-norms [¥1(t,-)|2, |¥2(t,-)|2 of solutions are independent of + € R. These norms rep-
resent conserved physical quantities with direct physical interpretations. In the context of
Bose-Einstein condensates, they correspond to the number of atoms in each component of
the mixture. In nonlinear optics, they denote the power carried by each propagating mode.
Precisely for this reason, searching for solutions with prescribed masses is not only natural
but also physically imperative.

In recent years, numerous research can be found on the study for normalized solutions of
the nonlinear Schrédinger equation with critical exponents, we refer to [7,11,13,23,26,27,33,34]
and the references therein. Meanwhile, to search for the existence of normalized solutions
for nonlinear systems with critical exponents, Li and Zou [21] considered the following
Schrodinger system with critical and subcritical nonlinearities.

—Au+AMu = y1|u|p_2u +,Br1|u\”_2u\v]’2, in RN,

— AV + Agv = 1|07 %0 + Bro|ul o> %y, in RV,
/]RN lu?dx = a3, /]RN lv]2dx = a3,

where p,r1 + 1, < 2" and g < 2*. By studying the geometry of the Pohozaev manifold
and the associated minimization problem, they got the existence of the positive normalized
ground state solution under some assumptions on parameters. Bartsch et al. [3] considered
the following nonlinear Schrodinger system with critical exponent:

— Au+ Au = |ul? 2u +valu*2ulof, inRY,

— Ao+ Ao = |0 2o+ vB|ul*|o/f%v, inRY,
/ lu|?dx = a?, / lv]2dx = b?,
RN RN

where N = 3,4. When 2 < a 4+ B < 2+ 4, they got a normalized ground state solution for
0 < v < 1y, and when 2 + % < a + B < 2* they obtained the existence of a threshold v; > 0
such that a normalized ground state solution exists for v > v.
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Li, Liu and Zou [22] studied the following Schrodinger system with Sobolev critical cou-
pling term:
— Au+ Au = wr|ulP2u + 02(—:|u]”"2u|v\5, in RN,

— Av+ Av = wylo|P %0 + %]u|"‘|v|ﬁ‘zv, in RV,

/ lu|?dx = a?, / |o%dx = 1?,
RN RN

where N > 3,4,b > 0, wy,wy, v € R\ {0},2 < p <2*and a + B = 2*. They mainly present
several existence and multiplicity results under explicit conditions on a,b for the focusing
case wi,wy > 0 and attractive case v > 0. Two normalized solutions under L2-subcritical
case and a mountain-type solution under L2-critical and supercritical case are obtained re-
spectively. Furthermore, they explore the existence and nonexistence of normalized solution
when p = 2%,

In order to investigate normalized solutions for the fractional systems with critical nonlin-
earity, Zuo et al. [36] studied the following fractional Sobolev critical nonlinear Schrodinger
coupled systems,

(=A)u = pyu+ |u|>"2u 4 ny|ulP~2u + yalu|*2ulv|f in RY,

(—A)°v = v + [v/% 20 4 12|0|7 %0 4+ yB|u|*|v|f2v in RN,

lu][f> = m? and [[o]F. = m3,
where N > 25, p,gand a + 8 € 2+ % ~,24]. By using the methods of scaling transformation,
classification discussion and concentratlon—compactness principle, they obtained a positive
normalized solution whose associated Lagrange multipliers are negative. In addition, they
investigated the nonexistence of positive normalized solution under Sobolev-critical case. Guo
et al. [14] considered the fractional Choquard system with a local perturbation, they obtained
the existence of positive normalized solution when p, g < 27, and the nonexistence of positive
normalized solution when p = g = 2}. For more results with regard to Schrodinger systems,
we refer to [2-4,6,8,21,28,31,32] and the references therein.

Motivated by the papers mentioned above, we shall consider the normalized solutions for
the fractional Schrodinger system with Hardy critical term. From a variational perspective,
the L2-critical exponent 7 = 2 + % N Plays a crucial role in (1.1), which influences the structure
of I(u,v) on the constraint 7 (a, b) We mainly focus on the problem (1.1) from two different
scenarios: (1) L2-subcritical case 2 < p < 2 + 4. (2) L2%-critical and L%-supercritical case 2 +
F<p<2

Definition 1.1. We say that (1,v) € H is a weak solution of system (1.1) if

S

/IRN(—A)E u(—A 4)dx+/ )2u(—A)?2 1/de+)\1/Nuq>dx+)\2 /RN vpdx
x—2|,|B &) |B—2
_/ ||~ 2u4>dx+/ lo|P~ zvlpdx+2* / W¢dx+f:/AN Mlpdx,

|x[* [x|*
for any (¢, ) € H.

Definition 1.2. A solution (uo,vp) is called a normalized ground state to system (1.1) if it
satisfies

174 (0,00) = 0, and  I(uo,v0) = inf{I(1,0) : I|7(,) (1, 0) =0, (u,0) € T(a,b)}.
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A solution (ug, vg) is called a normalized excited state to system (1.1) if it satisfies
I’/’r(a,b)(MO/UO) =0, and I(up,v0) > inf{](u,v) : I]’T(alb)(u,v) =0, (u,v) € T(a,b)}.
The normalized ground state energy m4(a,b) can be defined by

mg(a,b) := (u/v)ier%f_(a,b) I(u,v)

To establish our results for the system (1.1), we first introduce some relevant results con-
cerning the following scalar equation

(=A)u+Au=|ulP2u inRN, |ul}=ad% (1.4)

which has received a lot of attention recently [20,24,32,35].
As we all known, normalized solutions of (1.4) can be obtained as critical points of the
following energy functional

1

E(u) = 2 Jow

—A)2ul’dx — 1 ulPdx, in H*(RN), (1.5)
p JRN

on the constraint S(a) = {u € H*(RY) : ||u||3 = a?}. The least energy is defined by

e(a) := inf E(u) = inf {E(u) : u € H*(RY), [ul} = a* and [|(=)3ul3 = vplulls}, (16)
ues(a

N(p—2)

where the parameter Yps i= “aps

In addition, there are following results.

Lemma 1.3 ([24]). Let N > 3s, p € (2,2:) \ {2+ £}. Then the scalar equation (1.4) has a unique
positive normalized solution uy with Lagrange multiplier A > 0, and

(1) if p <2+ £, then
e(a)= inf E(u)=E(u1) <0

][5 =a?

(2) ifp >2+ E, then

N
2

e(a) = inf max E(e%tu(etx)) =maxE(e2'uy(e'x)) = E(uy) > 0.

HMH%IIIZ teR teR

Moreover, the least energy e(a) is strictly decreasing with respect to a > 0.

Nextly, the following definition of the homotopy-stable family and the generalized mini-
max theorem will help us to construct a Palais-Smale sequence.

Definition 1.4 ([12, Definition 5.1]). Let X be a topological space and Y be a closed subset of X.
We shall say that a class F of compact subsets of X is a homotopy-stable family with extended
boundary Y if for any set Z in F and any y € C([0,1] x X, X) satisfying y(¢,x) = x for all
(t,x) € ({0} x X) U (]0,1] x Y) we have that y({1} x Z) € F.
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Lemma 1.5 ([12, Theorem 5.2]). Let ¢ be a C'~functional on a complete connected C'-Finsler mani-
fold X and consider a homotopy-stable family F with an extended closed boundary Y. Set

m:=m(q, F),

which is the minimax level of ¢ associated with the homotopy-stable family F. Let F be a closed subset
of X satisfying

(ZNF)\Y #©, foreveryZ € F, (1.7)
and
sup ¢(x) < m < inf ¢(x). (1.8)
xey xeF

Then, for any sequence of sets {Z, }, in F such that lim, supy @ =m, there exists a sequence {xy }n
in X such that
nLiTOO p(xy) =m, ngrfw lde(x,)|| =0, nlirfw dist(x,, F) =0, nlirilw dist(x,, Z,) = 0.

To obtain the existence of normalized solutions to system (1.1), we introduce the following
Pohozaev identity:

|ul*[o]P

[T dx=0, (1.9)

P(,0) = |(=8)2ul + | (=8) 30l = 1ps [ (ul? + [0 )dx —v [
RN RN
as is shown in [3,17,28], normalized solutions for system (1.1) satisfy (1.9). Then we set the
Pohozaev manifold:

P(a,b) :={(u,v) € T(a,b): P(u,v) =0},

and P(a,b) # @. The Pohozaev identity implies that all the solutions of system (1.1) belong
to P(a,b), so that if (1,v) is a minimizer of the following minimization problem

,b) = inf  I(u,v),

m(a ) (u,v)lenp(a,b) (M U)

then (u,v) is a normalized ground state solution of system (1.1).
We have the following results.

Theorem 1.6. Let N > 4s, when 2 < p < 2+ 4—13, there exists a constant Co > 0, such that if v

satisfies
2—pyps

0<vi? <G (ap(1*7p,s) + bPU*Wﬁ)) (1.10)

then we have
(1) I|7(ap) has a critical point of local minimum type (u,v) at negative level

,b) = inf I(u,v) <0,
m(a,b) P}rr(lu,b) (u,v)

which is also a normalized ground state of system (1.1).

(2) 1|7 (a,p) has a second critical point of mountain pass type (u—,v_) at positive level

I(a,b) = Pir(;fb) I(u,v) >0,

which is also a normalized excited state of system (1.1).
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(3) Both (uy,v) and (u_,v_) are composed of positive, radially symmetric functions, and solve
system (1.1) for suitable Ay, A+ > 0and Ay, Ay > 0.

Theorem 1.7. Let N > 3s, if one of the following conditions holds:

(1) when 2 + 4—1\? < p < 2%, there exists ag > 0 such that a,b < ag, where aq is defined by

1
27”% p(1—=7p,s)

1 2pyp sy (N=29)/(25-T) (25 — 1) N-r
ag = ao(v) := PTps ( )Sfﬁ* . (1.11)
'Yp,sC(N/ P,s) 2(N — T)(P')’p,s —2) ’
and it satisfies
25— T _N-2s BT
e(ao) = mv 25—7 St)é,ﬁ ;
(2) when 2 + 4—]3 < p < 2%, there exists v = v1(a,b,a, B) > 0 such that v > vy;
(3) when p =2+ 4—1\5,, we assume that
avd < (245 cyn ) (1.12)
2 N /P/ 7 .

where C(N, p,s) is the best constant in the fractional Gagliardo—Nirenberg inequality, there
exists v1 = v1(a, b, o, B) > 0 such that v > vy.

Then 1|7, has a critical point of mountain pass type (i1, 0) at positive level m(a,b) > 0, which
is also a normalized ground state of system (1.1) with A1, A, > 0.

We outline the ideas and methods employed in this paper to obtain the main results. For
the L2-subcritical case where 2 < p < 2+ %, in order to obtain the first local minimum
type normalized ground state, we establish the estimate of the normalized ground state level
m(a, b) to restore the compactness loss caused by critical growth. To obtain the second solu-
tion, we construct a Palais-Smale sequence at level I(a,b) by using the generalized minimax
theorem. And the energy estimate is established to ensure the boundedness of Palais-Smale
sequence. For the L2-critical and L?-supercritical case where 2 + 3 < p < 2%, we analyze
the Pohozaev manifold and apply the mountain pass theorem to obtain the existence of a
normalized ground state of system (1.1).

This paper is organized as follows. In Section 2, we give some preliminary results which
will be used later. In Section 3, we analyse the several properties of the energy levels. In
Section 4, we establish the compactness results. In Section 5, we give the proof of Theorem 1.6
and Theorem 1.7.

Throughout the paper, we use ||u||, to denote the LP-norm of u, A ~ B represents C;B <
A < C2B for some positive constants C;, C; > 0, “—” and “—” denote the strong convergence
and weak convergence in corresponding space respectively, 1, denotes the negative part of
uy. C appears as a constant which may vary from line to line.

2 Preliminaries

In this section, we give some preliminary results which will be used throughout the paper.
Firstly, let us recall the following fractional Sobolev embedding.
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Lemma 2.1 ([29]). Let N > 3s and 0 < s < 1. There exists the best Hardy—Sobolev constant defined

by
: I(=8)3ull3
S:= inf — 5 (2.1)
u€H*(RN)\{0} (Jie \L‘tl |“ dx)Ee
X T

and S, g is defined by

I(=A)2ull3 + [I(=4)20]3

Sup = inf 5 (2.2)
7 ,0EHS RN 0 o|n|B =
upeH (RN)\{0} (Jen |u|‘x|\2| dx)%e
then we obtain that ,
| (&YE (B
s )5 ()]s
and we have the Hardy—Sobolev inequality
u a 0 ‘B —2;’67’1' s s St
fo MR < 50 (1-a)ulB 4 1 -)f0lg) 23)

Lemma 2.2 ([16] Fractional Gagliardo—-Nirenberg inequality)). Let N > 3s,0 <s < 1,and p €
(2,2%). Then there exists a constant C(N, p,s) > 0 such that

EX s 1- ,5
lullp < CN, p, ) (=8)2ully” [ull, ™, Vu € H(RY), (24)
where 7y, 1= %.
We introduce a L%-norm invariant transformation £« 11(x) := e2'u(e!x) and

(u,v) € T(a,b) — t* (u,0) := (txu,txv) € T(a,b).

Then we define the fiber map

Do) (1) := It (w,0)) = %eMUI(—A)%uII% +(=8)%0]3)

1 . ®|p|B
_ 7€p57p,st/ (|u|P + ’U|P)dx _ 4 EZS’TSt/ ’M‘ ‘U‘ dx
b B e

Through a direct computation, we obtain that CID’(M v)(t) = sP(t* (u,v)), where P(u,v) is
defined in (1.9). Therefore, we define

P(a,b) = {(w,v) € T(ab): ¥, (0) =0}

(2.5)

To obtain the exact location and types of the critical points for I(u,v), we consider to split
the manifold P(a,b) into three parts

P(a,b) = Pt (a,b) UP (a,b) UPa,b),

where
P*(a,b) == {(u,0) € P(a,b) : @, ,,(0) >0},
P~ (a,b) == {(u,0) € P(a,b) : [, (0) <0},
P%a,b) := {(u,v) € P(a,b) : () (0) = 0}
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We define 1
h(p) == 5p* — Ap!"= — Bp*r,

where 1
= = PA=7ps) 4 pP1=7ps)
A: pC(N,p,s) (a <) +b P ),

Bim5Su -
Then, for any u,v € H*(RV),
1
160,0) 2 b ( (I-8)ulB + [ (-)F0l3) ). 26)

Furthermore, we have

W (o) =p— pypsApPTrst — 2% Bp*«!

= pP 71 (g(p) — prpsA),

where
g(p) = p? s — 2% BpErPTes,

_1
0. = 2 prps | F
2t (25, — pyps) B

we can easily obtain that g(p) is increasing on (0, p.) and decreasing on (p., +o0). Through
direct computations, (1.10) gives that g(0.) > pv,sA and h(p.) > 0, which imply that (o) has
only two critical points 0 < p; < ps < p2, and

Let

h(p1) = oTin, h(p) <0,

h(pz2) = maxh(p) > 0.
0>0
Thus, there exists 0 < Ro < Ry such that h(Rg) = h(Ry) = 0, and h(p) > 0if p € (Ro,Ry).
According to [28, Lemma 5.2], we can prove that P°(a,b) = @, and it is a smooth manifold of
codimension 2 in 7 (a,b). The fact will be used in the following fact.
When2 < p <2+ 4ﬁs, we have the following lemma.

Lemma 2.3. Forany (u,v) € T (a,b), the function ®,,,(t) has exactly two critical points t 1 (u,v) <
t_(u,v) € R and two zero points c(u,v) < d(u,v) € R with t(u,v) < c(u,v) < t_(u,v) <
d(u,v). Furthermore,

(1) tx(u,v) € P(a,b)and t x (u,v) € P~ (a,b), then either t =t (u,v) or t = t_(u,v);

N—

@) (I(=8)3(txuw)ll3 + [[(-2)3 (tx0)[3)
L(ts(u,0) x (u,0))

= min{l(f*(u,v)) teR, (II(—A)%(t*M)H%Jr H(—A)i(t*v)llﬁ)% < Ro}

< 0;

< Ry for every t < c(u,v) and



10 Y. F. Wang and Y. Yang

(3) D) (t) is strictly decreasing and concave on (t—(u,v), +o00) and

q)(u,v)(t* (u,0)) = maxq)(u,v)(t); (2.7)

(4) the maps (u,v) — ti(u,v) and (u,v) — t_(u,v) are of class C'.

Proof. We first prove that @, ) (t) has exactly two critical points. According to (2.6), we have

Doy (1) = 1(t1) 2 1 (=) (il + (-t x0) 3))
=h (et (H(_A)%”H% + ||(_A);U||%>%> .

Since h(p) > 0 on an open interval (Ro, Ry) and @, o) (—0) = 07, O, ) (+00) = —00, we de-
duce that @, () has at least two critical points {1 (1, v) < t_(u,v), more precisely, f (1, v) is
a local minimum point at a negative level and ¢_ (1, v) is a global maximum point at a positive
level. On the other hand, it is standard to prove that &, ) (t) has at most two critical points
as in [21, Remark 3.1]. Hence, it has exactly two critical points.

Then we have

i) £+ (1,0)) = 1t (1,0) 5 (1,0)) < 0
and 1
(I=2)2(Ex B +11(=a)3(x0)[3)” < Ro,

/

this proves (2). Since the minimality CD’(’U,U)(tJr(u,v)) > 0and @, .\ (t4(1,0)) = 0, we obtain
that t4 (u,v) xu € P*(a,b). Similarly, we obtain that t_(u,v) xu € P~ (a,b), this proves (1).

Then, according to the monotonicity of @, ;) (t) and @, ;) (+00) = —00, D, ;) (—00) =07,
we deduce that @, ,)(t) has two zero points. Since ®(,,)(t) is a C2-function, we can easily
check that @, () has exactly two zero points. Therefore @, (f) is strictly decreasing on
(t—(u,v), +00), this proves (3).

Finally, we prove (4). We use the implicit function theorem for C! function ¢ = Pl (1)
and use the facts that ¢ = 0, 9,y = CID/(’M,U) (t4+(u,v)) > 0. Since P°(a,b) = @, it is not possible
to pass with continuity from P*(a,b) to P~ (a,b). Thus, u — t.(u,v) is of class C'. Similarly,
we obtain that u + t_(u,v) is of class C. O

When 2 + 4—1\5, < p < 2%, we have the following lemma.
Lemma 2.4. For every (u,v) € T (a,b), @, (t) has exactly one critical point t_(u,v). Moreover,
(1) P(a,b) =P (a,b);
(2) t*(u,v) € P(a,b) ifand only if t = t_(u,v);
(3) Dy (t) is strictly decreasing and concave on (t—(u,v), +oo) and

cID(u,v) (t_(u, Z))) = Itréaqu)(u,v)(t) > 0;

(4) the map (u,v) — t_(u,v) is of class CL.
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Proof. Let (u,v) € T (a,b), by (2.5) we have

!/

0 (£) = 52 (I1(=8)3un 3+ (= 8) F0u 3 = 7?25 (Ju]}f + |[o]}) )

_SEZStve(Zg‘,T—Z)st/ |“’“|U|ﬁdx_
RN [x|T

Let

W(t) =« se(mp,s—Z)st(||u||P+||UHP)+V€(2;§T—2)st/ |”|‘X|U|’3
" o Re [T

7

in view of py,s > 2 and 2, > 2, we have W(t) is increasing on R, W(—c0) = 0% and
W(+00) = +co. Thus, ®(, ) (t) has exactly one critical point ¢ (u,v). The following proof is
similar to the proof of Lemma 2.3, we omit it here. O

3 The properties of the energy levels

Define
/b = i f I 7 7
m(a ) (u,v)lenP(u,b) (u U)
I(a,b) = inf  I(u,0).

(u,0)eP~(ab)

4
3.1 Thecase2<p<2-|—ﬁS

In the L2-subcritical case 2 < p < 2 + %, we establish the following several properties of the
energy levels m(a,b) and I(a, D).

3.1.1 The properties of m(a,b)
For any R > 0, define

An(a,8) = { (w0) € T(@): (I(-0) 8l + [(-a)50[3) " <R}
Lemma 3.1. The following statements are true.
(1) m(a,b) = infa, (a) I(u,0) = infy, (4p) I(u,v) <O.
(2) Forany 0 < ay <aand 0 < by < b, we have m(a,b) < m(ay,by) + € for arbitrary € > 0.
Proof. (1) From Lemma 2.3, we have P (a,b) C Ag, and

,b) = inf  [(u,v) = inf I(u,v) <0.
m(a ) (u,v)lenp(a,b) (u U) (u,v)é%*(a,b) (u U)

Obviously m(a,b) > infy, (a) I(u,v). On the other hand, for any (u,v) € Ag,(a,b), there
exists t4 (u,v) such that t4 (u,v) * (u,v) € P (a,b) and

m(a,b) < I(ty(u,0) * (u,0)) < I(u,v),
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then we obtain that m(a,b) < infy, (o) I(u,v). It follows that m(a,b) = infy, (o) I(u,v).
According to the definition of A,, (a,b), similar to the proof before, we can also obtain that

m(a,b) = Apl*r(lf,b) I(u,v). (3.1)

(2) Let (u,v) € Ap, (a1,by1) be such that
I(u,v) <m(ay, by)+ % (3.2)
Let ¢ € CF(RYN) be a cut-off function satisfying

0, if|x|>2,

33
1, if x| <1 (33)

0<¢p<1 and cp(x):{

For any 6 > 0, define us(x) = u(x)¢(dx) and vs(x) = v(x)¢(dx). Then we obtain that
(us,v5) = (u,v) in H as 6 — 0. Hence, we can fix a § > 0 small enough such that

Nlw

3 5 s\ 1/2
Hus,05) < 1w, o)+ and (=) 2usl3+1(=8)30s3) " <pu—n, (G4

4

for a small 7 > 0. Now let ¢ € CP(RN) such that sup(¢) C {x e RN : 3 < |x| < § +1}. Set

a% — ||us||3 4 b2 — ||vs13
and O =+——"—"
19]]2 192

9, =
Then for any A < 0, noting that
(sup(us) Usup(vs)) N (sup(A* ;) Usup(Ax8)) = Q,

and we have (15 + A %8, 05+ Ax0) € T(a,b). As I(A% (8,,8)) — 0and (||(=A)3Ax 8,3 +
[(—=A)2A % 8,13)1/? — 0 as A — —co, we infer that

5 2 $ 2\ _ 1
I(A*(0,%)) <> and <|\(—A)2A*t9a||2+||(—A)2)\*19h||2) <7 (3.5)

£
4
It follows from (3.4) and (3.5) that
s 2 s 2 1/2
(I(=8)% (s + A% 9B+ | (=8) 2 (05 + A+ ) B) < o

Therefore, by (3.2), (3.4) and (3.5), we obtain

m(a,b) < I(us+ Ax0;,05+A*0)
:I(u5,05>+1(/\*l9a,)t*195)
e ¢
<1 £it
<o)+ 5+
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3.1.2 The properties of I(a,b)

Similar to the standard way in [20], we set 7,°(a,b) = T (a,b) N H?_,, and define

rad’
= {7 € C([0,1], R x T(a,b)) : 7(0) € (0, P*(a,b)), (1) € (0, 12m<afb>)},

where
ZmM@b) .= {(u,v) € H: I(u,0) < 2m(a,b)}.
Lemma 3.2. Let (s, (u,v)) := I(s x (u,v)) and

.— inf 1), 36
oy ;grlggﬁ](v( ) (3.6)

then 1(a,b) = oy.

Proof. For any (u,v) € P~ (a,b),let y(t) := (0, ((1 — t)t;(u,v) + tto) * (u,v)) with to > 0 large
enough. Obviously ¢y € I'; and

o < trg[g,ﬁ]('r(t)) < rtré%{x(p(u,v)(t) = I(u,v),

which indicates 4 < I(a,b). On the other hand, for any v = (7y1,72) € I';, we can as-
sume that 7y = 0. Since 72(0) € P*(a,b), we have t_(72(0)) > ti(72(0)) = 0; since
I(72(1)) < 2m(a,b) < 0, we have t_(2(1)) < 0, otherwise, if t_(y2(1)) > 0, then I(2(1)) =
D, (1))(0) > P, 1)) (t-(72(1))) > 0, which is impossible. Then we can infer that there exists
T, € (0,1) such that t_(y2(7,)) = 0, thatis y2(7,) € P~ (a,b) and hence

max J(v(1)) > I(72(7y)) > I(a,b),

which gives I(a,b) < 0.
Thus we obtain that I(a,b) = 07. We can also conclude that

12([0,1)) NP~ (a,b) #QD, VyeT. O
Lemma 3.3. The following statements hold.
(1) Forany 0 <a; <aand 0 < by <, there is

l(ﬂ,b) f; l(al,bl).

(2) Set
Ii={7(t) € C([0,1], T(a,b)) : 7(0) € V(a,b), v(1) € 1)}, (3.7)
with B B
T(a,b):= U T(c,d), V(ab):= U Ve, d),
c€la/2,a] c€la/2,a]
de[b/2,b] de[b/2,b]
and
V(e d) = {(u,v) € T(c,d) : Iy (1,0) = 0, I(u,0) = m(c,d)} .
Then

I(a,b) < inf I(7(1)).
(a )—#Iéffé‘[g,’f] (v(t))
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Proof. (1) Similar to [18, Lemma 3.2] we can get the conclusion, but for the complement of the
arguments, we still give the proof. It is equivalent to proof that for any arbitrary ¢ > 0, one

has
I(a,b) <I(ay, by) +e.

By the definition of I(ay, by ), there exists (1,v) € P~ (a,b) such that
I(u,v) <I(ay,by)+ % (3.8)
Let ¢ € CF(RYN) be radial and such that

0, if|x]>2,

3.9
1, if x| <1. ()

0<¢<1 and go(x):{

For any small 6 > 0, we define us(x) := u(x)@(dx), vs(x) := v(x)p(dx). Since (us,vs) —
(u,v) in H as 6 — 07, by Lemma 2.3, one has lims_ o+ t_(us,v5) = t_(u,v) and hence

t_(ugs,vs) % (us,v5) = t_(u,v)x (u,v) in Hasd — 0.
As a consequence, we can fix a 6 > 0 small enough such that

I(t—(us,vs) * (us,05)) < I(,0) + 2 (3.10)

Now take i € C{°(IRN) such that supp(y) C B(0, 3)° and set

a? — lus|3 b? — losl3

p= Yy and =
v T L T B

Then for any ¢ < 0, one has

(supp(us) Usupp(us)) N (supp (g * ¢a) Usupp(c * ) = O,
and hence
(i, D) = (Us+ ¢ * Pa, 5+ G *Pp) € T (a,b).

Let t. :=t_ (i, 9;) which is given in Lemma 2.3. From P (t % (ii., 7;)) = 0, we have

eBmPIte (|| (=A) 2|3 + | (=8)3¢13) = vps (lclp + 15c]1f) + 06(2:’”’””'”‘)”5/ ,
RN

we see that limsup__, ., t; < +oo, since (i, Oc) — (us,v5) # (0,0) as ¢ — —oo. Then one has

that t. + ¢ — —o0 as ¢ — —oco and that for ¢ < —1 small enough

I((t+6) % () < 5. (3.11)

Now using (3.8), (3.10) and (3.11), we obtain

€
t_(us,v5) * (us, v5)) + 1

1,0) + = < I(ar,by) + e,

(tc

(tg * (u5,05)) + I((ts + ¢) * (Ya, 1))
(t—(

( 2
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which completes the proof.

(2) Similar to the proof of Lemma 3.2, we take a y(t) € T. Since 7(0) € V(c,d) for some ¢ €
[a/2,a] and d € [b/2,b], we have t_((0)) > t+(y(0)) = 0; since I(y(1)) < 2m(a,b) < 0, we
have t_((1)) < 0. So there exists a t, € (0,1) such that t_(y(t,)) =0, i.e. ¥(t,) € P~ (c,d)
for some ¢ € [a/2,a] and d € [b/2,b]. Then

I(a,b) < I(c,d) < I(y(ty)) < max I(v(t)).

Thus, we obtain I(a,b) < inf, (¢ max;co,1) I(y(1)). O

3.1.3 The relations between m(a,b) and I(a,b)

Now, we fix a radially symmetric nonnegative decreasing minimizer U = U(r) for the Hardy-
Sobolev constant S. If necessary multiplying U by a positive constant, we may assume that
uZ:,T—l

(—A)2U = BT e RV, (3.12)

testing the equation with U and using (2.1) show that

2 ’u|2§” _ Nt
HLIHZ—/RN TR (3.13)
In view of [25, Theorem 1.1], we obtain that
C1 C
— < < ——\ .
14 |x|N=2s = U= 14 |x|N=2 (3.14)
For any € > 0, the function
U(x)=e 2 ('f‘) (3.15)
is also a minimizer for S satisfying (3.12) and (3.13).
Next, we let
ne(x) = pUe, (3.16)
where ¢ € C(RY) is a radial cut-off function satisfying
0, if|x|>2,
0<¢p<1 and xX) = - 3.17
=7 ?x) {Liﬂﬂgl G17)

Then as shown in [9,19], we have the following estimates.

Lemma 3.4. As ¢ — 01, we have

-8)inl = 5% +oeN =), [ M

N

*
‘ZS,T

=S85 —0(N),

O (&%) if N > 4s,

l7ell3 = § O (| loge]) if N = 4s,

O(eN %) if N < 4s.
NZM ifp> 'z
el = 82\10g8\ ifp= x5
S ifp < N
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For p > 2 and «, 8 > 1, we have
(a+0b)P >a? +bP +pab~'b, Va,b>0,
(a1 + 1) (a2 + b2)P > a%ah + B304 + wat'abby + Basal 'by, ¥ ay, 00,01,y > 0.
Thus we can obtain that for any u,v > 0,t > 0

I(u + tv/ane, v+ t\/Bre)
< I(u,v) + I(tv/ane, tr/Be) + t/]RN (\/&(—A)%u + \/B(—A)%v> (—=A)3yedx

—|y|f 3.18)
_ p—1 p—1 _ av ’u‘a ‘Z)‘ (
/]RN (|u| tv/ e + [0 A/Bm) dx el AP t/anedx
pv |ul*[o]P~!
— t dx.
a+BJry  |x|T \/’Eﬂg X
Lemma 3.5. For small ¢ > 0,
(1) There exists t. > 0 independent of € such that
rg%xl (t\/&iyg,t\/ﬁﬂg> < 2m(a,b);
¢ _N-2s Nt _
(2) maxp=o I (ty/are t\/Brie) < o=V 27 S2" + 0 (eN72) = Cllell}-
Proof. (1) Observe that
a B 2%
o+ s va2B2 ST
(vare /B < “TPe oy - e [ Vg aag)
2 25,'( RN ‘x’
In view of Lemma 3.4, we have H(—A)%%H% — STIi and f]RN |’7|€x||zir N S% Therefore, there

exists a t, > 0 independent of ¢ such that max;>¢, I (£y/are, t\/Bre) < 2m(a,b).

_ps N-t
(2) In view of (3.19), if t — 0 we have I (t\/ane, t\/Bre) < %2(213%1)1/*72’5_27 g2
for a small tg > 0,

S—T
’

ap What is more,

o+ s vat/2pp/2 . L
max I (1, ty/Bre) < max (2B oy g - W E e [ 1)
to 2 RN |x|

t> >0 2%
N—-1
25—1
_ 2s—1 (06—1—,3)”(—A)%175H% —Cllnellt
2(N — 1) eur

2% 2/2;.[
(s o 550

N-t
. 257—1'1/_¥ 5 13/2;,1' é 0(/2;‘/.[ 25—1
-~ 2(N-1) B x

N-—1
N S—T
ST 4O (N2
. E) 1 e

(8% —o@N)*

_|_

N
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:2(2;—_1)1/_1;5_2: <<2>ﬁ/2§;+ (ij)zx/z;r)

_

¥z

s¥E o (42)

— Cll7elly
o 2s—T neas BT N-2s P
= sy RSl 0 () Clne,
Thus we conclude
I = N-—2s p
max I (tv/ae tv/Be) < 5oy Sap” +0 (V%) = Clnel =

We let
a; = a® =225 2 ||nell5, b7 = bP — 228 £ ||7ge I3

Obviously, a; — a and b, — base — 0. If (u,ve) € V(ag,b,) is the positive solution for system
(1.1), according to [3], we can find a sequence 6, € RY, such that

a2 < lue(- — 0:) + tvane||3 <a?, VO<t<t,

b2 < [[ve(- — 6c) +ty/Brell3 < U7, VO<t< .

Lemma 3.6. If N > 4s, we have

2s—T _N-2s Nt
0< l(a,b) < m(a,b) + mv 2s Sa,ﬁ .

Proof. For any (u,v) € P~(a,b), we can deduce from Lemma 2.3 that 0 is the unique maximum
point of ®(, ;). Thus, we have

I(u,v) = r{éa]Rxl(t* (u,0))

> maxh ((I(-0)2ul3 + [(-a)50l3) )

= r{éa]Rxh(t) > h(ps) >0,

which indicates I(a,b) > 0. Let ye(t) := (ue(- — 6:) + tv/ane, ve(- — 0¢) + £1/Be). In view of
(3.7) and Lemma 3.5, 7, € T for ¢ > 0 small. Since (u,,v:) € V(a,, b.) is the positive solution
for system (1.1), we have

[ (=2)

Nlw

Ue - (—A)2edx = —/\1/ Ugledx +/ |ue| P uenedx
RN RN

av |t |72 |ve| Pu (3.20)
Usdx/
a+ B JrN |x|T
and
A&(—Aﬁv{(—Aﬁqﬂx::—A{éNmnﬂx+léNwdﬁQ%mdx
(3.21)

4 pv ’“s,a‘vsyﬁfzvs
at+pry ¥

Nedx.
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According to (3.18), (3.20), (3.21), and Lemma 3.5, we obtain that
I(a,b) < max I(7e(t) < I (ug,0) +maxI (t\/&qg,tﬁqg)

te[0,t.]

2s — s
Sm(ﬂg,bg)—FL N2T825 T—i—O(N 25>—C||175||5.

2(N —1)
Now we estimate the upper boundary of m(ag, e). If (up,v0) € V(a,b) is the positive
solution for system (1.1), let w, = %ug and z, = £vg. Obviously |we||, = a¢, ||ze||, = be and
N 1/2 1/2
(e + ear]) §<H< ta + ) <o

which implies that (we, z¢) € Ap, (ae, be). In view of (3.1), we obtain that
m (ag, be) < I(we, ze) =m(a,b)+I(we ze) — I (up,vo)

<miab)+ 1 (1= (%)) kg + 5 (1= () ool
e (5)) o

< m(a,b) +Cy (a*> — a2) + C, (b* — b?)
< m(a,b) +Cell3-

Combining the above two inequalities, we deduce from Lemma 3.4 that

25— T _N-2s Nt _

I(a,b) Sm(ﬂ,b)+mV 2545;; +O(€N 25) _C||77€H5+CH778H§
_ 25—T N2 25 T N—(N-25)p/2 25
=mlab)+ 55— S, O (e ) +0 ()

ZS_T Zs 'r
ﬂ’l([l,b) +m Socﬁ ’

where we use the fact that N — (N —2s)p/2 < 2ssince 2 < p <2 +4s/N and N > 4s. O

3.2 Thecase2—|—4ws <p<2;

In the L?-critical and L%-supercritical case 2 + % < p < 2%, the energy level m(a,b) have the
following several properties.
Lemma 3.7. Let N > 3s. Then

(1) forany 0 <ay; <aand0 < by <b, there is m(a,b) < m(ay,b1);

25— —N=2 3T
(2) we have 0 < m(a,b) < sV P Sep'
Proof. (1) The proof is similar to the proof of Lemma 3.2 (1).

(2) For any (u,v) € P(a,b), there is

5 s [ul*[o]?
I(=a)2ul3 + [(=8)225 = 1ps (Iullp + [lo15) +V/]RN TR

<G (-84l + (-a) olB)

+Co (Il(=8)2ull3 + l[(=8)0[3) *
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which implies infp(, ) [[(—A)2u (3 + || (—A)20||3 > 0. So we have

,b) = inf I(u,v) = inf I(u,0)— P(u,
m(a,b) 7)1(ra1b) (u,0) 7)1(ru\b) (u,v) P1s (u,v)
P')’ps_ g s 2 2:,1'_}7’)/]0,5 / |u’u¢|v’[3
ull +[[(=A)20[3 ) + S——"v | ————dx
o= (Il N -asol) + S5 Py [
> C inf _A)3 2 2>O,
> C inf (=) kuld + (=)0l

Take u, = H\W/ﬁng and v, = %ng for a small constant ¢ > 0. Let f, := t_ (1, v¢) and then
te x (e, v¢) € P(\/ac, /Bc). We obtain that
B

m(a,b) < m(vac,\/Be) < I (tex (e, ve))
_ 1oy, S2 S2 V. p2iste Ug U
= 53 (I ul+ -8 inl) — et [ s

1
— ZePmste (Jlugl[h + [|oc]15)

4
a+l3 2 5 2 VIXD‘/Z'Bﬁ/Z 25 ¢ ‘778‘2;1' P —P ,psypste
= (zr | (=22, T N ) = C el el e
N—1
25s—T
2S—T a+;3)||(_A)%;7 13 _
- S| Clell) lmelly et
<V{sz/2ﬁ/3/2 Jien x>
- BT ke N-2s Pl (1P oPTpste
“aN-79' " xp ( )—CHﬂerllnst e pste, (3.23)

where r = ﬁ’;ﬁ Then we need to check that ¥ > C ||7¢||, for some constant C > 0 as ¢ — 0.
Ifp=2+ 4—2\7, by definition P(f; * (1, v¢)) = 0 and (1.12), we have

N|»

e(z;ﬁT—z)stg _ [(—=A):

”e||2+H( A)3ve3 . Hmll;’iﬂlmll,’i

o ps

v Jry foTTS dx v Jrn \xrfs dx
> (11— 2C(N, p,s) (a4s/N+b4s/N) [(=D)2ue]|3 + (| (=A) 203
2 p v ueof i (3.24)

RN ‘x|T
s 22‘,1'72

- C||(—A)“7s“§ [17¢1l;
- ‘ €| 57

f]RN ’7|x|7 dx

By Lemma 3.4, we have [|(—A)2y H2 ~ 1and f]RN el Sde ~ 1 which in turn together with

(3.24) gives that e's > C ||7¢||,.
Ifp>2+ 4—2\7, by P(te * (1, ve)) = 0, we have

(25—2)st ”“Uﬁ A)3 A)3p.112
EET fow Tar X S 1(=4) uell3 + (| (=) e 13,



20 Y. F. Wang and Y. Yang

then it follows that

C . 1/(2:.-2)
estg S H(_A)E”SHZ + ||(_ )EUEHZ . (3.25)
u“vfd
v gy [x[*
Using the fact that py,s > 2,
o(2e=2)ste (3.26)
s s p p
_ (=8)3uel3 + ”,5( A)3vel3 _,YPSHMSHP—'_ ”:£”P (Prpa—2e
ul ok ! uto,
v [pn Fi dx vV [rn Fi dx
prps—2
s s s s 2;1 2
< II(—A)Ms||§+||( A)2ve 3 _7p5||”£||p+“0s“p H(—A)Me||§+|\( A)>ve||3
v f]RN L\leTE dx v fIRN Tx?‘f dx v f]RN L|lx-\0lf dx
5 2 7ps 2% . i p
—A)32 2 s, T . 217% 75,1' 25’_[ T2
B e T e A el
|;7£| s-r 2 RN ‘x”f H HP(l—'Yp,s)
Jrw a4 Mell2
Using Lemma 3.4, we obtain H( A)in H2 ~1, f]RN e[ TT 1 and that
(€2N71\12p+2p57(N72s)(2;:15;Np+2N)) lf 35 S N < 45,
el . |
) O (1esel ) if N = 45,
€
? 0 (1) if N > 4s.
In view of (3.26), we conclude that e*c > C ||#¢]|,.
Substituting e's > C ||77¢||, into (3.23), we obtain
25—T N [yl
) < 2T (v=) el
(a,b) < 2(N — 1) p(1=7ps)
[17¢]l2
ps Nt
According to 2+ F < p < 2%, we infer that m(a,b) < 2(2§,1TT)1/’%8;5/§’ for any € > 0
small. =

Nextly, we show that m(a, b) # e(a) and m(a,b) # e(b).
Lemma 3.8. For any a,b > 0, the following energy estimate holds
m(a,b) < min{e(a),e(b)},
under one of the following conditions:
(1) when 2 + 4WS <p<2ia<agand b < ay, where ay is defined in (1.11);

(2) when 2 + 4WS < p < 2%, there exists vy = v1(a,b,a, B) > 0 such that v > vy.
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Proof. Firstly we give a simple proof for (1). Recalling the definition of ag in (1.11), by the
properties of e(a) in Lemma 2.1, ag satisfies

25 —T N2 N
6(610) = mv ZS—TS;,‘B .

Note that e(a) is strictly decreasing with respect to a > 0, we can see from Lemma 3.7 that
m(a,b) < min{e(a),e(b)},

since a < ag and b < ag. Thus condition (1) is established.
Similar to [21], we give the proof of (2). Let u and v be the positive solution of (1.1) with
parameters a and b. It is easy to see that

E(txu) -0 and E(txv) -0 as t — —oo.
Therefore, there exists a ty < —1 which is independent of v, such that

m(a,b) < rtrleg(l(t* (u,0)) < max (E(t*u)+ E(t*xv)) < min{e(a),e(b)}.

If t > tj, then the intersection term can be bounded from below:

/ |t*u|“|f*v|ﬁdx:e(g(a+ﬁ)(Nr))t/ |M|’)‘!U|ﬁdxZ Co(B@tp)-(N-D)t.
RN |x[* RN [x]7

Consequently, we have

max I(tx (11,0)) < max (E(t % u) + E(t xv)) — Ce(2 () ~(N=7))ta,,
>t >t

< e(a) +e(b) — CelZ @A) -(N-))10y,

and the last term is strictly smaller than e(a) and e(b) provided v is sufficiently large. Thus,
we have m(a,b) < max;>¢, [(t* (u,v)) < min{e(a),e(b)}. O

4 Compactness results

To obtain the compactness of Palais—-Smale sequences, we need to introduce the following
compactness results.

Proposition 4.1. Suppose 2 < p < 2%, in addition, when p =2+ 5, let

45 ds 1 s ~1
aN +bN < <2+N>C (s,N,p).

If

m(a,b) < m(ay,by) forany0<a <a, 0<by <,

let {(un,v4)} C T (a,b) be a sequence consisting of radial symmetric functions such that
I'(tn, 0n) + Ay yin + Ag oy — 0 for some Ay, Aoy € R, (4.1)

P(uy,v,) =0, u,,v, —0, aein RN, 4.2)
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with
I(uy,vy) = ¢, ¢ #0, c #e(a), c #e(b), (4.3)
and ) .
c< 2(;,_1)1/?5?8&? +min {0,e(a),e(b), m(a,b)}. (4.4)
Then there exists u,v € Hjad(]RN), u,v > 0and Ay, Ay > 0 such that up to a subsequence (i1, v,) —

(u,v) in H*(RN) x H5(RN) and (A1, Aoy) — (A1, A2) in R2.
Proof. We divide the proof into three main steps.

Step 1. Boundedness of {un} in H¥(RN) x H*(RN).
When2 < p <2 + * then pPYps < 2. Since P(uy,,v,) — 0, we can see from the Gagliardo—
Nirenberg inequality that for n large enough,

1
c+1> I(uy,v,) — ZTP(””'U”)
2s s s 27 — PYps
— —A 2\ _ TsT P/
(N )(II( A)2u|l3 + ([ (=A)704]13) “ap (lwnllp + lloullp)

22(25 U8 T+ 11(=8)2ulB) — COI=A) -+ (=) Soullp) ™,

for some C > 0, which implies that {(u,,v,)} is bounded.
When 2 + ¥ < p < 2%, for n large enough, we have

1
c+12> I(up,v,) — EP(un,vn)

p')/ps (ZS_T)V/ ’un’a|vn|ﬁ
=2+ o)+ S [ .

Since p7yp,s > 2 and (2(5 T)) > 0, we obtain that ||| + [|va[|s and [ix

According the fact that P(u,,v,) = 0(1), we have

Jon |* |Un‘
x|

dx are bounded.

s s Un|*|o p
I=8) B+ (=8 enl = v [ (ol + fouPhx -+ [ PR o),

which implies that {(u#,,v,)} is bounded.
When p =2+ 4—]\?, we have

1
c+1>I(up,v,) — EP(un,vn)

_ @y kb,
2(N—1) Jrv

‘“n| |Un‘

Obviously, [px Ei dx is bounded. According to Lemma 2.2 and (1.12), we obtain that

Jually + oully < CON,p,5)(a¥ +B9)((~8) P B+ (- 0 3)
1 S s S
< (5 ) QD+ I-s)50l),

combining with P(u,,v,) = 0(1), we obtain that {(u,,v,)} is bounded.
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In view of (4.1) and take (u,,0) and (0,v,,) as test function, we obtain that

1 !

Ma = =1 (tn, vn) (un, 0) +0(1)
1 5 p_ &V |10 |* |05 |P

- _ _ [Unl"10a|" 1,

s (105018 - il o [ ) o
1

/\Zrn = _ﬁl/(unrvi’l)(o/vn) +0(1)

S22 P pv |”n|“|vn|ﬁ
~ (Il = ol - 2 [ dx+o(1).

Obviously, Ay, and A, are also bounded. Thus, we can conclude that there exists u,v ¢
H*(RN), A1, A2 € R such that up to a subsequence

(ty,vn) — (u,v) in H¥(RN) x H¥(RY),
(4, vn) — (w,v) in LP(RN) x LP(RN), for2 < p < 2%,
(ty,vn) — (u,0) ae. inRY,

(M Aon) = (A1,A2)  in R%

Then (4.1), (4.2) and (4.3) give that
I'(u,0) + Mu+ Ao =0, (4.5)

u>0,0v>0, (4.6)

which indicate that (u#,v) is the weak solution of system (1.1) and hence
P(u,v) =0.

Step 2. The weak limit u # 0 and v # 0.
Without loss of generality, we assume that u = 0 by contradiction. If v = 0, from
P(uy,v,) = 0(1) we obtain that

‘”nmvn’ﬁ

R dx +o(1)

|(=8)3us 3+ 1| (=) 20, = v /
RN
%

<5, (I=8) i B+ [(=a)i0ul8) * +o(1).

%
ZST

s s /15 2;6,7 .
Assuming ||(—A)2u, |3+ ||(=A)20,4]|5 — 1 > 0, we can conclude that [ < vS, " '3, which

_ps N-T
indicates that | =0 or [ > v %<8 ;slg . Consequently, we obtain that ¢ = 0 or

l l 25 — 1 25 — 1 N-2s N-7
l.IIl I — = l > T2 82T
¢ nﬁl o <un’ Z)n) 2 2;T 2(N — Z) Z(N — T)V S"‘//S ’

both of them are contradictions. If v # 0, according to maximum principle, we know that

(=A)2v+ Ao =01, inRN
v > 0.
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In view of [24, Theorem 1.2], we obtain A, > 0. Let v,, = v, — v, there exist

1(=2)30al13 = [|(=8)50u][3 + [ (=4)20[13 + 0(1),

loully = [lollp +o(1),

!un!"‘\vnlﬁ / |”n|“|5n‘ﬁ
) dx = —d 1).
/]RN P X A x+o(1)

Combined with the fact that P(u,,v,) = 0(1), we have

o(1) = Plan, ) = (-8B + I-) 51 —v [ Ty p o) 4001

= 8wl (-a) B —v [T

Similarly, there exists ||(—A)2uy,|3 + ||(—

AN)2T4)3 — 0 or liminf, e ||(—A)2u,|3 +
o5 N-T S
1(=8)30, 3 > v 27 S 27 T ([ (=) Fun 3 + | (=A)

Tu|3 — 0, then

(=) 28,13 + A2||ulf3
= (I'(ttn, 0n) + A ptin + A2,001)(0,Ty) — (I'(1,0) + Aqu + A20)(0,T,) + 0(1)

=o(1),

namely, v, — v in H*(RN). Then from Lemma 1.3, we obtain

¢ = lim 1(uy,0,) = hr{}oz(z o ()il + (=) mul) + E(o) = e(®)

O

g Nt
which is a contradiction. If lim inf, e || (—A)2uy |3 + || (—=A) 27,5 > v’%S;fﬁgT we have

25 50112 57 112 25—T N2 Mo
e = Jim ooy (1-8) uall + 1(=8)5001B) + E(0) 2 53— 5v EF 857 +e(0),

which is also a contradiction. Consequently, the limit # # 0 and v # 0.

Step 3. u, — u and v, — v in H3(RN).
Let (#,,7,) = (uy — u,v, — v). There is

s s 0y |*[0 )P
o(1) = Plun,oa) = [(~8)ial + [(-8)ia B —v [ TP s o(0)

Similarly, we can obtain
or

If the second case occurs, it indicates that

2 5__ 5__
¢ > lim 9 (H )T |3 + || (=8) 35 ]13) + m([ull, [o]|2)

n—>c>02(
2s—T
>_= "y
~2(N - ) b

(a,b),
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which is a contradiction. Thus, ||(—A)3%,||3 +||(—A)29,(|3 — 0, by maximum principle, (1, v)
is a positive solution of (4.5), and we can obtain Ay, A, > 0 through [24, Theorem 1.2]. Noting
that

1(=A) 21, |3 + A [|a][3 + [|(—A) 20, |3 + Az |72 I3
= (I'(un, 0n) + A ptin + Aon0n) (i, T) — (I'(1,0) + Aqu + A20) (1, Ty) + 0(1)
=o(1),

which implies that (u,,v,) — (u,v) in H*(RN) x H*(RV). O

Q

5 Proof of the theorems

Proof of Theorem 1.6 (1) and (3). Firstly, we construct a Palais-Smale sequence for I|r,;) at
level m(a,b). By the symmetric decreasing rearrangement, it is easy to verify that

Ib = f I ’ ’
m(a ) ARo(”Hbl)mH;ad (u v)

where HS ; denotes the subspace of radial symmetric functions in H = H¥(RN) x H*(RV).

Choose a minimizing sequence (ii,, 9,) € Ag,(a,b) N H:,; and we assume i, > 0, 3, > 0.
Furthermore, by Lemma 2.3, for each n, there exists t. (ii,, vn) such that t (i, 0, ) * (iiy, 0,) €
P*(a,b) and I(t4 (i, 0y) * (6, y)) < I(iln, 0y,). Thus, we can assume t (ii,, 0y,) * (iiy, T,) €
P*(a,b) N H,,. To simplify the notation, we denote t (ii,, 0,) * (i1, ) by (ily, Un).

By Ekeland’s variational principle, there exists a radial symmetric Palais-Smale sequence
(1n, vn) for I 74 pynps , with the property || (1, vn) — (iin, On) ||y — 0 as n — oo, which implies
that

P(un,vy) = P(ily, ) +0(1) =0 and u,,v, -0 ae. inRY,

Next, we apply Proposition 4.1 with ¢ = m(a,b). To verify conditions (4.3) and (4.4), since
e(a) < 0and e(b) < 0, we only need to prove m(a,b) < min{e(a),e(b)}. Without loss of gener-
ality, we prove m(a,b) < e(a). Let up be the unique positive normalized solution of the scalar
equation (1.4). From h(Rg) = 0, we have 1R2 > %C(N, p,s)a”(l_wls)Rgv”’s, which simplifies to

Réip e > %C (N, p,s)a?1=7:). Combining with the Gagliardo-Nirenberg inequality, we get

s _ s s 2— /S El 8
1(=8) 31013 = vpsluollh < vpsC(N, p,s)a? =1 (=) 3uo |57 < Ry """ [|[(=A)2uol)5,

which gives [|(—A)Zugll2 < Ro. Let vg = Luyg, then t vy satisfies ||t x vg[2 = b and |[(—A)2¢ %
voll2 = 0 as t — —oo. Thus, (up, t *vg) € Ag,(a,b) and

p2st B ) ePVpsst
m(a,b) < I(ug, t*vg) < E(ug) + 7”(‘A)ZUO||2 —

loolly < e(a).

By Proposition 4.1, there exist u,v € Hrsad(]RN) ,u>0,v>0and Ay,A; > 0 such that up
to a subsequence:
(ty,vn) — (u,0) in H3(RN) x H¥(RY),

(A, Azn) = (A1, A2) in R%

Thus, (1,v) is a normalized ground state of system (1.1). O
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Nextly, we need to obtain a Palais-Smale sequence {(un,vn)} C T (a,b) N H;,; for |7,
at level I(a, b) to prove Theorem 1.6 (2) and (3).

Lemma 5.1. There exists a Palais-Smale sequence (un,v,) C T (a,b) "WH;,, for 1|7,y at level
I(a,b), with P(u,,v,) — 0and u,,v; — 0a.e. in RN asn — oo.

Proof. In view of the Definition 1.4, it is easy to check that 7 = {Z = «([0,1]) : v € I}
is a homotopy stable family of compact subsets of X = R x 7,%(a,b) with boundary Y =
(0,P*(a,b)) U (0, 1>"(@)), Set F = (0, (a,b)), then from Lemma 3.2, we can get

ZNF\Y #®, VZeF.

Moreover, we have
supI(Y) <0< oy <infI(F).

Thus the assumptions in Lemma 1.5 are satisfied. Therefore, taking a minimizing se-
quence {7, = (0,8,)} C Ty with B, > 0 a.e. in RY, there exists a Palais-Smale sequence
{(sn,wn,zn) } CR X Ty(a,b) for J|g7;(ap) at level o1, that is

9s] (Sn, Wn,zn) — 0 and 9(u0)] (Sn, Wn,zn) — 0, asn — oo, (5.1)
with the additional property
|sn| + disty ((wn, zn), Bn([0,1])) — 0, asn — oo. (5.2)

Let (tn,vy) = Sy * (Wy,z,). The first condition in (5.1) implies P(u,,v,) — 0, and the
second condition implies

| @11ap) (10, 0)
= sup {|1(1,0)[(,9)]] : (&, 9) € Tuy )T (a0, (9, )]1 < 1}
= sup {|d1(su * (w3, 20)) 50 % (=50) % (& 9))] = (§9) € T T(0,0), 1§ 9) | <1
= 5up { |30 (51,0 20) [(=0) % (@, 9)]| £ (@ 9) € Ty T (@), (8, 9) 11 < 1

< C [0 0,20 [ 4P {1(=50) 5 (0,9 112 (91 9) € Ty T(a,B), 10, 11 < 1
= C |3 (smrwm,z) || (72 (I1(=8)3 13+ (=2)2glB) + e (llplly + 11l5) )
< C | 9qu0)] (5n,wn, zn) || [1(¢, )|
< C |90y ] (sn,Wn,zu)|| — 0, asn — co.
Thus, (5.2) implies that u,,,v,, — 0 a.e. in RN. O

Proof of Theorem 1.6 (2) and (3). By Lemma 5.1, there exists a Palais-Smale sequence

(tn,vn) C T(a,b) N H;,, for I|7,yp at level I(a,b) > 0. In view of Lemma 3.3, we know
that for any 0 < a4y <aand 0 < b; < b, there is

I(a,b) <I(ay,by).

What’s more, we conclude that for N > 4s,

25— T N-2s N-T
—HSZS—T.
2(N—7)"

I(a,b) < m(a,b)+ o
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in Lemma 3.6. Thus, according to Proposition 4.1, we can deduce that (#_,v_) is a mountain
pass type normalized point which is composed of positive, radially symmetric functions, and
solves system (1.1) for Ay, Ay > 0. O

In the L2-critical and Lz—supercritical case, we construct a Palais-Smale sequence at level
m(a, b) to prove Theorem 1.7.

Lemma 5.2. When 2+ % < p < 2%, there exists a Palais-Smale sequence (1, vy) C T (a,b) N H,,
for 1|7,y at level m(a,b), with P(uy,vn) = 0and u,, v, — 0a.e. in RN as n — oo,

Proof. Noting that m(a,b) = inf,ecr, max;c(oq] J((f)) with J(s, (u,v)) := I(s x (u,v)) and
2= {7 € C([0,1], R x T;(a,b)) : 7(0) € (0, A¢(a,b)),¥(1) € (0,I°) },

for a small { > 0. Then similar to Lemma 5.1, we can obtain the required Palais-Smale
sequence. t

Proof of Theorem 1.7. By Lemma 3.7 and Lemma 5.2, we obtain that there exists a Palais—
Smale sequence (uy,v4) C T (a,b) N H;,, for I| 7, at level

25— T N-2s N-T
2;*
25—T ‘Socjﬁ T ,

0 <m(a,b) < mv’

and for any 0 < 4y <aand 0 < by <0, there is m(a,b) < m(ay,by). In view of Lemma 3.8, we
have m(a,b) < min{e(a),e(b)} if one of the following three conditions hold:

(1) when 2 + %S <p<2fa<ayand b < ay, where ag is defined in (1.11);
(2) when 2 + 4ﬁs < p < 2%, there exists v1 = v1(a,b,a, B) > 0 such that v > ;.

(3) whenp =2+ 4—1\?, we assume that

as as 1 s 1
aN +bN < (2+N> C (N,P,S);

there exists 11 = v1(a,b,«, B) > 0 such that v > v;.

Thus, according to Proposition 4.1, we deduce that system (1.1) has a mountain pass type
normalized solution with A1, A» > 0 when 2 + 4—13 <p<2;. O
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