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Abstract. Fractional differential equations with impulses have been studied over the
past decades. A methodology often used for the Caputo fractional derivative case is
to change the problem into an equivalent integral equation in a space of piecewise
continuous functions. One approach is to change the fractional derivative at each im-
pulse point, thereby studying a sequence of problems, one on each subinterval. A
second approach is to have one fixed fractional derivative on the whole interval. These
approaches have often been confused. In the second case an integral equation was
proposed by Feckan, Zhou and Wang (Commun. Nonlinear Sci. Numer. Simul., 2012).
This paper and some successors have been cited a large number of times. However,
it is shown here, with simple counter-examples, that the proposed piecewise continu-
ous solutions of the integral equation do not give solutions of the fractional differential
equation with an impulse. Moreover, it is proved that no solution of this type is actually
possible. A similar approach for the non-instantaneous impulse case is also shown to be
not correct. An impulse problem involving the Riemann-Liouville fractional derivative
is also discussed.
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1 Introduction

Ordinary differential equations (ODEs) with impulses have been well studied and the con-
cept of a solution does not give difficulties. It is not surprising that authors have considered
fractional differential equations with impulses. Here matters are less clear. Two types of im-
pulsive problems have been considered, so-called instantaneous, some jumps at some points,
and non-instantaneous, jump effect lasting on some intervals.

For the Caputo fractional derivative case there have been two approaches. For instanta-
neous impulses, the first method is to change the initial point of the fractional derivative at
each impulse point, thereby studying a sequence of problems, one on each subinterval, as for
example in [23] and many other papers. The second method is the natural one of having a
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fractional derivative with a fixed initial point for the whole interval. This second method has
been used by Feckan, Wang and Zhou in a series of papers following their paper [10]. These
approaches have often been confused. In fact, the authors of [23] claimed that the concept of
solutions in the paper [10] was incorrect, while the authors of [10] pointed out in [9] that, in
fact, the two different approaches were being used.

A recent paper Feng—Chen [11] stated that the first method was incorrect and the method
of [10] was correct. This only repeats what is asserted in [10] including the same ‘counter-
example” as was given in [10]. We will prove that the opposite is true. We believe the first
method is mathematically correct, though changing the fractional derivative at each impulse
point lacks some motivation. However, for the second method, we show with simple examples
that the ‘solution” given in [10] is not a solution of the impulsive problem. In fact, we prove
more: no solution of the type proposed in [10] is possible. This ‘solution” has been used many
times, for example [8,14,21,24,27], and there have been hundreds of citations of these papers.

The authors of [34] claim the formula for solutions obtained using the first method is not
correct by making a comparison with the formula that is obtained by letting the impulses van-
ish, which is in fact the second method. In [34] a formula for solutions is given, which involves
one parameter and would give uncountably many solutions; this seems to be impossible as
essentially we show in Lemma 6.1. However, when the parameter is zero, their formula is the
same as in [10] so it is not correct. The paper [34] also uses the version of Caputo derivative
(recalled in Definition 2.8) which is not applicable unless functions are absolutely continuous
(AC); clearly functions with impulses are not AC.

A possible misconception arises because the Caputo derivative of a constant (on the whole
interval) is 0, but in [10] and in [34] this seems to be applied to a piecewise constant function
and the Caputo derivative of such a function is not 0, as we will prove in Example 3.1.

We also show that the solution for non-instantaneous impulsive problem, using the second
approach as given in Wang, Zhou, Lin [28], is not correct. This has been used by several
authors, for example [24], [31]. Agarwal, Hristova, O'Regan [1,2] mention both approaches
and show that the proposed integral equations give different solutions; these authors use the
first method of changing the fractional derivative at impulse points.

We also treat a problem of order between 1 and 2 and show that, using one fixed fractional
derivative on the whole interval, the method proposed in [26] is faulty.

A recent paper [32] has discussed an impulse problem involving the Riemann-Liouville
fractional derivative. It is claimed that there are two solutions which leads to a one-parameter
family of solutions. We give a straightforward proof that gives exactly one solution, which
shows that this claim requires justification.

It is well known that many properties for ODEs do not carry over to the fractional differ-
ential equation case. The reason is essentially due to the non-locality of fractional derivatives.
Impulsive problems are another example, typical techniques for impulsive ODEs do not work
in the fractional case.

2 Definitions

2.1 Riemann-Liouville fractional integral

We always consider « € (0,1). We will consider functions defined on an interval [0, T| which
is, by a simple change of variable, equivalent to any finite interval. This interval is often not
written but is to be implicitly understood in some statements.



Fractional impulsive equations 3

Definition 2.1. The Riemann-Liouville (R-L) fractional integral, with initial point (lower limit)
0, of order a € (0,1) of a function u € L'[0, T] is defined as an L![0, T] function by

Iu(t) == r(l) /Ot(t — s)*Lu(s) ds.

o
Here I" denotes the well-known Gamma function.

The integral [*u is the convolution of the L! functions &, u where h(t) = t*~!/T(a), so, by
the well known results on convolutions, for example Hewitt-Stromberg [17, Theorem 21.31],
[*u is defined as an L! function, in particular [*u(t) is defined and finite for almost every
(a.e.) t.

Interchanging the order of integration, using Fubini’s theorem, shows that these fractional
integral operators satisfy a semigroup property as follows:

Lemma 2.2 (Semigroup property). Let a,8 > 0 and u € L. Then I*If(u) = I**P(u) as L}
functions, in fact I1“IP(u)(t) = I**P(u)(t) for each t for which 1**F|u|(t) exists (finite), that is for
a.e. t € [0, T]. If u is continuous, or if u € L' and a + B > 1, equality holds for all t € [0, T).

The result is given in [7, Theorem 2.2] and in [22, (2.21)]. A detailed proof is given in
[29, Lemma 3.4].

Fractional integrals have good properties in Holder spaces. The monograph by Samko,
Kilbas and Marichev [22, §3.1, 3.2, 13.4] contains important facts and proofs, many of which
were first proved by Hardy and Littlewood [15] (1928).

Definition 2.3. For an interval [0, T], the Holder space denoted H* = H*[0,T], 0 < A < 1,
(also the notation C%* is often used) consists of all functions u defined on [0, T] for which
there is a positive real constant C,, such that

lu(t) — u(s)] < Cylt —s|*, forallt,s € [0,T]. (2.1)
We recall the following useful properties of fractional integral.
Proposition 2.4. Let 0 < a < 1.
(1) For1 < p < oo, I* is a bounded operator from LP[0, T| into LP[0, T.

(2) For 0 < 1/p < a < 1, the fractional integral operator 1* is bounded from LP into the Holder
space H*~V/P. Moreover, I*f(t) — 0 as t — 0F, that is (I*f)(0) = 0. This also holds for
p = oo taking 1/00 = 0.

(3) I* maps AC|0, T] into ACIO, T).
(4) For f € CY0,T], I"f € CYO, T if and only if f(0) = 0.
(5) I* does not map C[0, T] into AC|O, T].

The important property (2) is due to Hardy and Littlewood [15]. The result (2) is also
proved in [22, Theorem 3.6 and Corollary]. Property (5) was explicitly given in [6] and [29].
More details and references concerning (5) are given in [20] and [30].
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2.2 Fractional derivatives

Fractional derivatives (abbreviated FD) are ‘inverses’ of fractional integrals. We write D for the
usual derivative operator, that is, Du = u’, with the usual one sided derivative at endpoints
of an interval.

The Riemann-Liouville (R-L) fractional derivative of order « € (0,1) is defined for func-
tions that are more than integrable as follows.

Definition 2.5. For a € (0,1) the R-L fractional derivative D*u of a function u € L! is defined
at a point ¢ € [0, T] when I'~%u is differentiable at ¢ by

D*u(t) := D I'"*u(t).

Note that the definition depends on the initial point used in the fractional integral, for
us this is always fixed to be 0. I'~%u(t) must be defined on an interval (t —§,t + &) (when
0 < t < T), this requires u(s) to be defined for a.e. s € [0, + J) and we require u € L'[0,+ ).

The condition I'~%*u € AC[0, T] must be imposed if we want to relate solutions of R-L
fractional differential equations defined for a.e. t € [0, T] with solutions of a Volterra integral
equation. It is not enough to assume that I'~%u is differentiable for a.e. t. This has been
noted long ago in the monograph [22], see [22, Definition 2.4] and the related comments in
[22, Notes to §2.6].

As in the books Diethelm [7, Definition 3.2] and Kilbas, Srivastava and Trujillo [18, (2.4.1)],
the Caputo fractional differential operator (or Caputo derivative) is defined via the R-L deriva-
tive as follows.

Definition 2.6. The Caputo fractional derivative D{u of order & € (0,1) is defined when u(0)
exists and D*(u — u(0)) exists at a point ¢ € [0, T| by D%u(t) := D*(u — u(0))(#).

Recall that we always use the fixed initial point 0, changing the initial point changes the
fractional derivative. We interpret the statement 1(0) exists to mean that 1(0) = lim;_o4 u(t),
that is, u is continuous at 0, for otherwise #(0) could have an arbitrary value not related to
the behaviour of u(t) for t € (0, T|. This is often implicit but not usually explicit. The Caputo
derivative is usually considered for continuous functions, then u#(0) does exist. If we want
to relate Caputo fractional differential equations and integral equations then it is necessary
to suppose that I'*(u — u(0)) € ACI0, T] (equivalently I'~*(u) € AC[0,T]) then D*(t) is
defined for a.e. t. This AC condition is weaker than having u € AC and, if it is imposed, then
there is an equivalence between the fractional differential equation and an integral equation
as follows.

Lemma 2.7. Let 0 < « < 1and suppose that f € LP for some p > 1/«. Then the following assertions
are equivalent.

(i) u € C[0,T], I'*(u) € AC, and u satisfies D*u(t) = f(t) for a.e. t € [0, T], and u(0) = uy.
(ii) u € CI0, T| satisfies u(t) = ug + I*f(t) for every t € [0, T].

This is proved in [19, Corollary 4.2] and also in [20, Lemma 4]. When f is continuous the
equivalence is well-known and can be found in Diethelm’s book [7, Lemma 6.2].

We will make any necessary AC conditions explicit in this paper.

There is another frequently used definition of Caputo derivative, which uses the ordering
I'~*(Du), and also depends on the initial point. To distinguish between the definitions we
will refer to this as the Caputo-C derivative.
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Definition 2.8. For a € (0,1), if u is differentiable a.e. on [0,T] and u’ = Du € L'[0, T] the
Caputo-C fractional derivative, denoted D u(t), is defined for a.e. t by

Lu(t) == I'""*Du(t).

This defines D&u as an L! function. However, in order to prove any result about a Caputo
fractional equation with the definition D%, it is not sufficient to suppose that u’ € L! but it is
necessary to have u € AC. Consider the Cantor function ¢ (aka Lebesgue’s singular function)
which is continuous with derivative ¢’(t) = 0 for a.e. t, so if D¢u(t) = f(t) a.e. then also
D% (u+ ce)(t) = f(t) a.e. for every constant ¢ and nothing can be deduced. Moreover, there
is not an equivalence such as in Lemma 2.7, since when f is continuous it does not follow that
I*f € AC (Proposition 2.4 (5)). A comprehensive discussion of this fact is given in [20]. When
u € AC, as shown in Diethelm [7, Theorem 3.1], also in [29, Proposition 4.4], for 0 < a < 1 the
two definitions D{u and D¢u coincide, so usually there is no reason to consider D¢ .

3 Fractional derivative equation with impulses
For an interval [0, T| with subintervals defined by 0 = typ < t; < tp--- < t;, = T, the space of
piecewise continuous functions is defined by
PC[O,T] = {u : [O,T] —R:ue€e C(tk,tk_H), k=0,...,m—1,
and there exist u(t; ) and u(t]) with u(t; ) = u(t)},

where u(t; ) and u(t;") represent the left and right limits of u(t) at t = t;. Also the space
PC'[0, T] is defined by

PC'[0,T] := {u € PC[0,T] : u’ € PC[0,T]}.

For the case of two subintervals, say t) = 0,t; = 1,t, = 2, this means that for u € PC[0,2], if
we define

ur(t) =u(t), te€(0,1), u1(0)= lim u(t), wuy(1) = lim u(t),

t—0t t—1-
up(t) = u(t), te(1,2), w(l)= limu(t), ua2)=limu(t)

then 17 € C[0,1] and uy € C[1,2].
We will use the Heaviside function which is defined by

0, ift<0,
H(t) = = 3.1
) {1, if £ > 0. )

Clearly H is piecewise continuous, H'(t) = 0 except at t = 0, but obviously H ¢ AC.
There are two ways the notion of solution has been interpreted for the problem

Diu(t) = f(t,u(t)), +€ (O, T)\ {ty st}

3.2
w(0) =uy, u(tf) =u(t)+ye k=12..m—1. (3.2)

Here yy are constants. The first way is to change the initial point (lower limit) of the FD to f; on
each subinterval and for a piecewise continuous function u consider a sequence of problems
of the form

Diu(t) = f(t,u(t)), te€ (0,t), with initial condition u(0) = u,

3.3
Dy u(t) = f(t,u(t)), te (t tiyr), with initial condition u(ty) = u(t, ) + yx, 33)
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where . ,
D* =D 7/15— 1—a —u(t))ds ),
()i D (g (=90 () = u(r) s

This first method is used in many papers (see for example, [1-5]). In all of these papers the
formulas for the integral equations seem to be correct but the quoted ones use the Caputo-C
derivative and hence any claimed equivalence with the integral equation is not valid even on
the first interval [0, t1].

The second way, which is implied by how the problem is written, is to consider the FD
with a fixed initial point at 0 as written in (3.2).

The formula of solutions for Eq. (3.2) is given by Feckan, Zhou, Wang [10,24,27], to be

u0+r fo ) ds fortE[O t1),
u(t) =" + ¥ + ) fo ))ds fort € (t,t2], 6
'u'o'—&— Y+ Ym + r fo )ds fort € (ty-1,T).
We consider a simple special case, namely the problem
Dhu(t) = g(t), te (0,2)\{1}, u(0)=0, u(l*)=u(1")+y, (35)

where g is continuous on [0,2] and y is a constant.
The claim from [10, Lemma 2.7] for ¢ € C|[0, T], is that, for y a constant, the solution as
given by (3.4) is

u(t) = {ul(t) when t <1, (3.6)

y+ui(t) whent>1,

where ui(t) = I*g(t), t € [0,2] satisfies D5uq(t) = g(t), ae. t € [0,2], u(0) = 0. One
implication uses [10, Lemma 2.6] which is essentially a correct result but it is stated without
giving the necessary hypotheses and is then used incorrectly when these hypotheses are not
satisfied. A possible reason for the claim that the function defined in (3.6) satisfies (3.5) is that
the Caputo derivative of a constant is 0. This is a misunderstanding, the Caputo derivative of
a constant on the whole interval is 0, but the claimed solution is actually u(t) = u; +yH(t — 1)
for t € [0,2] and the Caputo derivative of the Heaviside function is not zero, as we will show
below. uj is certainly the solution of the problem (3.5) on the interval [0,1), and is the solution
without an impulse on all of [0,2].

We give the simple example of the Heaviside function to show that the result claimed is
not correct.

Example 3.1. Consider the problem
Dfu(t)=0, te(0,2)\{1}, u(0)=0, u(1™)=wu(1")+1. (3.7)

The solution claimed in [10] would be u(t) =0, + <1, u(t) =1, t > 1, thatis u(t) = H(t —1).
Here u(0) = 0, and I'~*u(t) = 0 for t < 1 while, for t > 1, we have

Itu(t) = ml_[x) /Ot(t o) u(s) ds

1t a1 L
:m_lx)/l(t—s) &5 = gtV
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Thus I'~%u is differentiable on (1,2], and I'"*u € AC|0,2], however the Caputo fractional
derivative is not 0 but is

0, ift<1,

D2u(t) = D' (u = u(0))(t) = D(I'*u) (1) = {mla)(t J1 et

Thus u is not a solution of the given FD equation (3.7).

The same argument applies to the more general case of equation (3.5) with g continuous
when the claimed solution would be u = u; + yH(t — 1) where D}u;(t) = g(t) for a.e. t €
[0,2].

Remark 3.2. The function u(t) = H(t — 1) gives a very simple example of a function where
DZu(t) = 0 for the Caputo-C derivative whereas Dju(t) # 0 for + > 1. Using the Caputo-C
definition leads to an error, the reason is that H is not absolutely continuous.

Remark 3.3. There are other difficulties with the set-up in [10].

1. The concept of solution is that u € PC!, but for ¢ continuous I*g is not C! in general,
and indeed might not be AC. Therefore on the first interval it is usually not the case
that u € C'[0,t;]; the class of solutions is too small.

2. The result for ¢ continuous is then applied in [10] to f(t,u(t)) where f is continuous.
But, since u(t) is not continuous at the impulse points, g(t) = f(t, u(t)) is unlikely to be
continuous. However, the result is quoted in [24] for ¢ € PC.

The real problem is how to define the concept of solution for such problems. We show that
the suggested concept of solution given in [10] is never correct, in fact also a weaker notion of
solution which allows ¢ to have countably many pointwise discontinuities is not adequate.

We recall some facts from real analysis.

Lemma 3.4. Suppose that
1) h is continuous on [a,b],
2) I’ exists and is finite for all but a countable subset of (a,b), and
3) N’ is Lebesgue integrable.

Then h € ACla,b] and h(t) — h(a) = f; W (s)ds foralla <t <b.

This is given, for example, in Hewitt and Stromberg’s book [17, Exercise 18.41]; see also
18.17 in that book. A complete proof, using the Banach—Zaretsky theorem, is given by Heil in
[16].

Corollary 3.5. If h is continuous on [a,b] and h'(t) = 0 except on a countable subset of (a,b), then
h(t) = c, a constant.

Proof. By Lemma 3.4, h € AC and h(t) — h(a) = f; 0ds =0,s0 h(t) = h(a) =c. O

For simplicity we consider the problem with #(0) = 0 and a single impulse. We will look
for solutions that are piecewise continuous on [0, 2] for the problem

Diu(t) =g(t), te(0,2)\{1}, u(0)=0, u(l")=u(l")+y, (3.8)



8 J. R. L. Webb

where v is a constant. It is implicit that I'~*u should be suitably differentiable. We will show
that a solution of the type proposed in [10] cannot exist. We suppose that

fw(r), teo],
”(t)_{m(t), te(1,2], ()

where 11 (t) = I“g(t) will be the solution of the problem Dfu(t) = g(t), u(0) = 0, without an
impulse, and u, € C[1,2] with up(1) = u1(1) + y.

Theorem 3.6. Suppose that ¢ € LF[0,2] for some p > 1/« and let Z be a countable subset of
(0,2). Then for y # 0 there does not exist a piecewise continuous function u as in (3.9) with I'~*u
differentiable on (0,2) \ Z, that satisfies

Du(t) = D(I'*u)(t) = g(t), forte (0,2)\Z, u(0)=0, u(1™)=u(1")+y.

Proof. Suppose that a piecewise continuous solution exists. We have u(t) = I*g(t) for t €
[0,2] by Lemma 2.7, where I*g is (Holder) continuous on [0,2] by Proposition 2.4 (2). Let
w(t) = ux(t) —uy(t),t € [1,2]. Extend w to [0, 1] by defining w(t) = w(1) for t € [0,1], then
w € C[0,2]. We can then write u(t) = uq(t) + w(t)H(t — 1) for t € [0,2]. For t < 1 we have
'*u(t) = I'"*uy(t) and D(I'*"*u)(t) = g(t) for t € (0,1) \ Z by the assumptions, that is,
is a solution of the problem on [0,1). For t > 1,

1“(11—04) /ot(t —s)""u(s)ds
o (9 O ¢ gy [ e

— vy (1) + ml_{x) /O "t — o) @(o) ds,

[y (t) =

where s = 140, t = 1+ 1, W(0) = w(c +1). The derivative of the first term is g(t) for

t € (1,2) \ Z. The second integral is I'~*@(t), which is continuous for w continuous, and its

derivative must be 0 except on Z in order for u to be a solution. Therefore, by Corollary 3.5,

we must have I'~*@(t) = ¢ for T € [0,1]. By the semigroup property of fractional integrals,
o

[w(t) = I*I'"*%(1) = T liTa) for all 7. Both sides of this equation are AC functions, thus have
o1 (tfl)rxfl

equal derivatives almost everywhere, that is, @(7) = Ca 2 This gives w(t) = c () for

a.e. t > 1. The function w is continuous on (1,2], but does not have a finite limit as t — 17,
and the impulse condition cannot be satisfied. This proves that no such solution can exist. [

It is a problem of how to define a solution of the impulsive fractional differential equation
for the Caputo FD, D{u, with a fixed initial point (lower limit), so as to have an equivalence
with some, as yet unknown, integral equation. Our calculations suggest that the integral
equation must be considered in a space which allows singularities at the jumps.

4 Non-instantaneous impulses

A simplified problem with non-instantaneous impulses is given by

Diu(t) = f(t), te€ (t,s¢), k=0,1,...,m, u(0)=ug

(4.1)
u(t) =ge(t), te€ (setesal, k=0,1,...,m—1.
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where a € (0,1),0 =ty <sp <t <851 < - <ty <syu =T, f:][0,T] - R is piecewise
continuous, and g : [sk, tx+1] — R are continuous for allk =0,1,...,m — 1.

Again there are two approaches, the first one is to change the initial point at each t;
and study a sequence of problems, this corresponds to defining a new initial value on each
new subinterval without taking account of previous behaviour, and using new definitions of
fractional derivatives. That is, the following problem is studied.

Dg,u(t) = f(t), te(to,s0], u(to) = uo,
Di‘,tku(t) = f(t), t e (tk,Sk], k=1,...,m, M(tk> = gk(tk)/
M(t)zgk(t), t e (Sk,tk+1], k=0,1,...,m—1,

where D, u(t) is defined as in (3.3).

This approach gives correct mathematics, connections to applications are unclear. The
second approach, as proposed by Wang, Zhou, Lin [28], and implied by the equation (4.1)
as written, is to keep the initial point fixed at fo. It was claimed in [28, Lemma 2.7] that the
solution u € PC of (4.1) is given by

u(t) =uo+ (If)(t), te€ (to,sol,
M(t) = gk(t), t e (Sk_1, tk], k = 1,2,...,m, (4.2)

tx

u(t) = (A0 + 8lt) = [ (6=9) s, te (tsd k=12.0m
0

A similar claim is made in [25, Lemma 2.5]. This has been used by several authors, for example

by Wang, Fe¢kan, Zhou [24]. Agarwal, Hristova, O'Regan [1, 2], discuss both forms. They

point out that the proposed solutions given by the two approaches differ, but they concentrate

on the first approach.

It was claimed by Fernandez, Ali, Zada [12] that the “solution” in (4.2) does not take proper
account of the non-instantaneous impulse so is not correct. Since the change of initial point
always ‘forgets” what has gone before this is not entirely clear. Also, the paper [12] uses
the definition D¢ which does not give an equivalence with the integral operator version so
precision is lost. Fernandez, Ali, Zada write that the problems only arise in the case of non-
instantaneous impulsive fractional differential equations, and that for instantaneous impulsive
fractional differential equations the method of [10] is correct, but we showed above that this
is false.

We now give a simple example to show that the solution claimed in (4.2) is not correct. We
use as before the initial point 0.

Example 4.1. We take f = 0 and consider the following problem.

Diu(t) =0, te(0,1]U (23], u(0) =0,

4.3
u(t) =1, te(1,2]. *3)
According to (4.2) the solution should be
0, tel01],
u(t) =<1, te (1,2, (4.4)
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For this function we have

t 0, for0 <t <1,
T(1—a)(I*%u)(t) = / (t—s) “u(s)ds = orvsts
0 (-1 forl1<t<3.

For 0 < t <1 we have D(I'"*)u(t) = 0 and for ¢ € (1,2] we have u(t) = 1 as required, but for

t € (2,3, D(I'*)u(t) = F(llﬂx) (t—1)"" #0, so u is not a solution of the problem (4.3).

5 Caputo fractional derivative of order between 1 and 2

The paper Wang—Zhou-Feckan [26] discusses a problem of order f € (1,2). We write p =
1+ « and will consider the corresponding initial value problem with impulses

DM**u(t) = h(t), t€[0,T]\{tr, ..., tm}, u(0) = ug, u'(0) = uy,

5.1
uth ) =ulty) vy, W) =u'(ty)+z, k=12,...,m. G1)

The paper [26] discusses and gives a formula for the solution of the boundary value problem
with #(0) = 0, /(1) = 0 and also gives an example with other boundary conditions (BCs). Fu—
Liu [13] and Liu-Jia [21] consider other boundary value problems and use the same method
of finding a formula for solutions as [26]. In all these papers the Caputo-C definition is used,
but that is not the main difficulty. We will show that the method given to obtain the formula
is not correct.

It is stated that the general solution u of the equation on each interval (t, fry1), k =
1,...,m) is given by

u(t) = I'""*n(t) + ap + bxt, for t € (ty, tri1) (5.2)

where ay, by are constants. This is correct on the first interval (0, t1) but is not correct thereafter.
It seems to be using the fact that D!*%(a + bt) = 0 when a4, b are constants, which is true when
a,b are constant on the whole interval [0, T] but, as we saw previously, this is not true for
different constants on subintervals.

We give an example of a simpler problem to show that this procedure does not give a
solution of the impulsive FD equation.

Example 5.1. Consider the problem for / continuous with the simplest initial conditions

DY u(t) = h(t), te (0,2)\{1}, u(0)=0, u'(0)=0,

w(1H) =u(1) +y, W) =u'(17)+z (5.3)

where v,z are constants. On the interval (0,1) the solution is u(t) = I'**h(t) as given in [26].
On the interval (1, 2] the solution claimed in [26] would be of the form u(t) = a + bt + I'T*h(t).
Then on the interval [0,2], u(t) = I'**h(t) + aH(t — 1) + btH(t — 1). Since we take u(0) =
0, u'(0) = 0, we have

DI u(t) = DY (u — u(0) — tu’(0))(t) = D *u(t) = D*>(I'"*u)(t),

where (I'™%u)(t) = ﬁ [y (t —s)"%u(s) ds. For t € (0,1), D>(I'~*u)(t) = D*(I*h)(t) = h(t)
(since h is continuous) as required. For t € (1,2),

11_“u(t) = IZh(t) + ].—‘(11—0() /;(t — S)_a(ﬂ + bS) ds.
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We have ff(t —s)"%ds = {1 (t — 1)!'7%, and, integrating by parts gives,

/1t(t —5) s ds = %(t ey m(t _ 1),

Therefore we have

a+b b

I'*u(t) = I*h(t) + =T —a) (t—1)*+ 2 aTE ) (t—1)*%,

which gives
14a _ P27l—n _ a+b —a—1 -
D, ™u(t) = D°I u(t)—h(t)—ucm(t—l) +m(t—1) .

Thus, for t € (1,2) the fractional derivative is not h(t), except when a = b = 0. This would
imply that y = z = 0 so it would not be an impulsive problem.

6 A Riemann-Liouville problem

In a recent paper, Zhang [32], an impulsive problem with the R-L derivative was studied.
Some definitions lack proper conditions for their validity. A claimed equivalence ([32, Propo-
sition 2]) between the fractional differential equation without an impulse and an integral
equation is not given hypotheses.

A simple version of the problem, where / is a constant, is as follows.

DUu(t) = (), te (0,2)\{1},
1"*u(0) = u', (6.1)
Mou(1t) = 1'*u(17) = h.
It is claimed that there are two piecewise defined functions that satisfy this problem, which
then gives a one-parameter family of solutions. ‘Solution’ is not defined in the paper. The

first solution given is correct. We now prove this since it is relevant to the further discussion.
During the proof we will see what are the implicit assumptions needed to have the solution.

Lemma 6.1. The problem (6.1) has the solution

u0)pa—1 o
M(t) = 3;((062;11 - ! f(t) (tfl)”"l He <0,1), (62)
s f() +hUHE, re (1,2).

Proof. Writing w(t) = I'~*u(t) we see that (6.1) is the impulsive problem for on ODE namely

w'(t) = f(t), te(0,2)\{1}, w(0)=u?, w(1")-—wl1)="h (6.3)

Therefore the equation (6.1) as written implies that w should be differentiable on (0,1) and
(1,2) and the one-sided limits of w should exist at 0 and 1. Thus w is piecewise continuous
and it must be supposed that f is at least integrable. The ODE problem then has solution

w(t) 0) 4 fo s)ds, for t € [0,1) and w(17) = u(® + fol f(s)ds. Then on the interval
(1, 2) we have

w(t) = (u(0)+/01f(s)ds+h)+/1tf(s)ds:u(0)+h+/0tf(s)ds
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This can be written, with H denoting the Heaviside function,
w(t) = u® + If(t) +hH(t—1). (6.4)
Since I'"*u(t) = w(t), applying the operator I* and using the semigroup property we have

u© g h(t—1)*H(t — 1)

Tu(t) = I'w(t) = gy HIF0) + =50

(6.5)

We suppose that f € L? for some p > 1/a so that I*f is continuous and I(I*f) has derivative
I*f. If u is continuous on each open subinterval then differentiating (6.5) gives

uOp=1 h(t—1)“TH(t—1)
T +If(t) + o) ,

This is (6.2). We now show that if u satisfies (6.6) then w = I'~*u satisfies (6.4). From (6.6) we
obtain

u(t) = D(I*w)(t) = F£0,1. (6.6)

1) =+ 10+ g [

Changing the variable to s = 1 4 ¢, and writing T = 1 + t in the last integral we see that
t T
/ (F—s) (s —1)* 1ds = / (T —0) %" 1do = B(1 —a,a) = T(1 — &) (a).
1 0

This gives (6.4) which then shows that (6.3) holds. O

Remark 6.2. We obtain exactly one solution so the claims in [32] and in [33] that there are
two distinct ones seems to be wrong. The calculations in these papers are not fully given and
exactly what ‘solution’ is intended to be is not clear. However Lemma 6.1 uses what seem to
be necessary hypotheses, so any explanation is far from clear.

7 Conclusion

It has been shown with simple counter-examples that the method proposed in [10,26] for
dealing with instantaneous impulses, and in [28] for non-instantaneous impulses, for a Caputo
fractional differential equation with the fractional derivative having a fixed initial point, do
not give solutions of the problem. Moreover, it was shown that no piecewise continuous
solution of the type proposed is possible. It is an open problem of how to define a solution in
order to have an equivalence with an integral equation. Some faults in a Riemann-Liouville
impulsive problem studied in [32] were also pointed out.
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