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Abstract. This article concerns the following Klein-Gordon-Maxwell systems with the
term of Choquard

—Au+V(x)u— 2w+ ¢)pu = f(x,u) + (I * |ulP) [ulP~2u, x€R?,
Ap = (w+ p)u?, x € R3,

and

D+ V(o — (20 + ) = AT+ (T P2, x € RS,
Ap = (w+ p)u?, x € R3,

where w > 0 is a constant, A > 0 is a parameter, ¢ > 6, I, is a Riesz potential whose
order is . Under some suitable assumptions on &, p, V and f, we establish the exis-
tence and multiplicity of solutions for the systems by variational methods and Moser
iteration. Our results extend several recent findings on solutions to these systems.
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1 Introduction and main results

In this paper, we study the following Klein-Gordon-Maxwell systems with the term of
Choquard

{_A” V0~ 20+ @) = Flew) + (ox )l 2u, x€ R,

Ap = (w+ p)u?, x € R?,
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and

{—Au V(U= Qo+ p)pu = At 2t (e [l 2u, e R,

Ap = (w+ p)u?, x € R3,

where w > 0 is a constant, A > 0 is a parameter, 0 < a < 3, 3+T‘" < p <3+a, I is a Riesz
potential whose order is a. Here, I, is given by

r(%*)

T umar (8 |x e

where I' denotes the Gamma function. Moreover, V, f satisfy the following assumptions:
(V) V € C(R3R), inf,cgs V(x) = Vo > 0, and for each M > 0,

meas {x € R*: V(x) < M} < oo;

(F1) f € C(R®x R,R) and there exist constants s € (2,6) and ¢; > 0 such that
)] <er(Q+ [T,

forall f € R and a.e. x € R3;

(F2) limy g @ = 0 uniformly in x € R?;

(F3) limy e % = 400 uniformly in x € R3, and there exists o > 0 such that

F(x,t) >0, Vx e R3, |t| > 7o,
where F(x,t) := fotf(x,s)ds;
(Fs1) there exist pt € (2,2p],c2 > 0 such that

fx, )t — uF(x,t) > —co|t]>,V(x,t) € R® x R;
(Bs) f(x,) = —f(x,—1),¥(x,£) € R® x R.

If we replace f(x,u) + (I * [u|P)|u|P~2u by a new nonlinearity g(x,u) in (1.1), then we
obtain the following Klein-Gordon-Maxwell system

(1.3)

—Au+V(x)u— 2w+ ¢)pu = g(x,u), x€R3,
Ap = (w+ P)u?, x € R3.

This type of system which was firstly introduced by Benci and Fortunato in [2] as a model
describing solitary waves for the nonlinear stationary Klein-Gordon equation in the three-
dimensional space interacting with the electrostatic field. Because of this, many scholars
have studied the system (1.3) with constant potential V(x) = m? — w? and the pure power
nonlinearity ¢(x,u) = |u|f~2u, some early studies can be found in [1,3,12,13,25,35] and the
references therein.

Recently, there has been significant attention on interesting conditions for g in (1.3). The
existence and multiplicity of solutions under these conditions have been a focus of study
for many researchers. The nonlinearity g to be sublinear (see [15, 18, 19]), asymptotically
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linear(see [24,38]), superlinear and subcritical (see [7-9,17,23,30,31,34,39-41,44]), critical (see
[4-6,10,33,36,37,43]), critical or supercritical (see [11,32]).
On the other hand, when A = 0, ¢ — 0, system (1.2) reduces to

—Au+V(x)u = (I * |u|P)|u|P?u.

It is called nonlinear Choquard type equation. For the physical background, we refer to
[21,26] and references therein. For decades, researchers have employed variational techniques
to prove the existence and analyze the qualitative behavior of solutions to Choquard type
equations, see [14,16,27,29,42] and references therein.

As we can observe, the previous results in this field need assume that the nonlinearity
satisfies subcritical or critical growth condition. To the best of our knowledge, there is no
literature considering Klein-Gordon-Maxwell system with the term of Choquard, not to men-
tion this system with the term of Choquard and critical or supercritical growth. Motivated
by the aforementioned works, especially by [20,32], in this paper, we will study system (1.3)
with Choquard nonlinearities, and the nonlinearity may be critical or supercritical. As we all
known, there are very few results to system (1.3) with Choquard nonlinearities and critical or
supercritical growth. So, our results are novelty. We can now state our main results.

Theorem 1.1. Suppose that (V) and (Fy)—(Fy) hold, 0 < a < 3, 2% < p < 3 + . Then the system
(1.1) has a nontrivial solution.

Theorem 1.2. Suppose that (V) and (Fy)—(E5) hold, 0 < & < 3, 312 < p < 3+ a. Then the system
(1.1) has a sequence of solutions {(uy,, ¢u,)} satisfying

1 2 2 2 1 p p
E/Ra (1 Vit +V(x)un—w<punun)dx—ZP/IRs(Ia*\un] )it dx—/]RSF(x,un)dx—>+oo

as n — 4o0.

Theorem 1.3. Suppose that (V) holds, 1 < « <2, a+1 < p < 3, q > 6. Then there exists A, > 0
such that for A € (0, A.), the system (1.2) has a nontrivial solution.

Remark 1.4. Comparing with above mentioned articles, we prove that the existence and mul-
tiplicity of solutions for system (1.1)—(1.2). As far as we know, it seems that Theorem 1.1-
Theorem 1.3 are the first results about the existence of solutions for the Klein—-Gordon—
Maxwell system with Choquard nonlinearities.

The paper is organized as follows. In Section 2, we will introduce the variational setting
for the problem and give some preliminary lemmas. Section 3 is devoted to the proofs of
Theorem 1.1 and Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.3.

2 Preliminaries
In the following, we give notations and introduce the variational setting for system (1.1)—(1.2).

o DV2(R?) := {u € L°(R®) : [Vu| € L*(R?)} is the Sobolev space endowed with the norm

1

2

||u|\Dl,2:</ |Vu|2dx> .
R3
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* H!(RR®) is the usual Sobolev space endowed with the norm

1
2
s = ([ (17 +02)d )
R3

o H:={ueH(R3: [p(|Vul> + V(x)u?)dx < oo} endowed with the norm

ot = (09 + Vi)

* [*(R3) is the Lebesgue space endowed with the norm

ulls = (/ |u,sdx)s, Vs € [1, +-00)
R3

[1]|eo = esssup [u(x)].
x€R3

and

It follows from (V) that for 2 < s < 6, H is compactly embedded into L*(IR%), and it is
well known that H < L$(IR?) continuously for s € [2,6]. Therefore, for any s € [2,6] there
exists a positive constant S; > 0 such that ||ul|s < S,||u|| for u € H.

* S is the best constant of the Sobolev embedding D'?(R%) — L°(IR%), which is given by

' lJull?)
S = inf,cpi2(r3)\ (o) [lu lléz'

® 0o(1) - 0,as n — oo.
¢ C,C; are denoted positive constants possibly different in different places.

For deducing our results, we introduce the following result. Its proof can be done as
n [17].

Lemma 2.1. For any fixed u € H'(R3), there exists a unique ¢ = ¢, € DV?(R3) which solves
equation AP = (w + ¢)u?. Moreover, the map ® : u € HY(R?®) — ®[u] := ¢, € D?(R®) is
continuously differentiable, and

(i) —w < ¢, <0on theset {x|u(x) # 0},
(i) [|pullprz < Cllullfn and [ga lgulu?dx < Cllullz

Next we shall cite Hardy-Littlewood-Sobolev inequality [22], which plays a fundamental
tool in our arguments:

Lemma 2.2. Let N > a >0, p,q > 1and oo > s > r > 1 be such that

11«
N g 7 N

1 1
r s

(i) Forany ¢ € L1(RN) and f € LP(RN), one has

X
foo o P8 axdy| < €l Nl L sy,
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(ii) Forany f € L"(RN), one has

< C(a, 7, N) || f Il (rvy-

Ls(RN)

From a standard argument (see [8,27]), one can define the functional | : H — R of system
(1.1) as follows

_1 2 2 o _1/ Py |P _/
J(u) = 2/1113 (|Vul* + V(x)u* — we,u”)dx 2 ]Ra(l"‘* |ulP)|u|Pdx ]R3F(x,u)dx, Vu € H.

Obviously, ] € C'(H,R) and for any u,v € H

(J (n),v) = /3 [Vu - Vo+ V(x)uv — 2w + ¢y)pyuv]dx
R
- /]1{3(1“ s |u|P)|u|P*uovdx — /Rsf(x,u)vdx.

It is well known to us that (u, ¢) is a solution of system (1.1) if and only if u is a critical point
of ] and ¢ = ¢,.

3 Proofs of Theorem 1.1 and Theorem 1.2

Prior to proceeding to the proof of Theorem 1.1-1.2, we establish some useful preliminary
results.

Lemma 3.1. Suppose that (V), (Fi)—-(Fy) hold, 0 < & < 3, 3% < p < 3+ a. Then the functional
J(u) satisfies (PS). condition.

Proof. Let {u,} C H be a (PS), sequence of ], i.e.,
J(un) = ¢, J'(un) =0, n— co. (3.1)

First, we prove that {u,} is bounded. Notice that [g;(Ix * |ux|?)|un|Pdx > 0. Combining this
with (3.1), (F4) and Lemma 2.1, we have

¢+ o(1) ]| = J(1t) ;<J'(un>,un>

1 1 2 2 2 2}7—}{ p p
- <2_u> il s oputits S, U bl

o (- enso

1 1 202
>z —= HunHz—iw +C2/ uldx.
2 qu U R3

Arguing by contradiction, suppose that |[u,| — +oo. Let v, = u,/||u,|, then ||v,| = 1.
According to the compact embedding H < L*(IR?®), passing to a subsequence if necessary, we
may assume that there is a vy € H such that, forany 2 <s < 6

(3.2)

vy, — vy in H, v, (x) = vo(x) ae. x €R3, v, —vg  in LS(R).
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It follows from (3.2) that
(4w” +2¢2)[[voll3 > (1 —2) > 0,

which implies that vy # 0. Let Q = {y € R3: vy(y) # 0}, then |u,| = |vg|||un|| = +c ae. x €
Q) as n — oo. From (F;)—(F3), it is easy to see that there exists C; > 0 such that

F(x,u) +Cijul* >0,  V(x,u) € R®xR. (3.3)
Thus, it follows from Lemma 2.1, (3.1) and (3.3) that
c+o(1) = J(un)
1 1
= SlualP =3 [ wgu i - —/ (I % " = [ (et

1 2, W 2 2 2 (3.4)
< P+ [ wdaxCr [ fuafPdx = [ () + Crlun )
w?+2C1)S5+1
< ( 1% HunHz—/ (F(x, un) + C1|un|?)dx
2 R3
By (3.3)<(3.4), (F3) and Fatou’s lemma, one has
2,9 2.1 2
0< (w” +2C1)S5 + — liminf Fx,un) + Crfu| |Un|2dx
2 n—eo” JR3 | [? (3.5)
2 2 :
< (w”+2C)S5+1 limi fF(x un) + Ca|un| |0a[2dx = —co
2 R3 n—oo ’unP

which is a contradiction. Hence, {u,} is bounded in H.
Next we prove the convergence of {u,}. Since {u,} C H is bounded, there exists u € H
such that, going if necessary to a subsequence,

up —u inH, u,—u inLlP(R¥)2<p<6), up(x)—ulx) ae xR

Since

!

it =l = 01 (o) = 1 () 100 = 0) 4200 [ (0 = ute) (0, — )
| ( T 1t P 0]~ zun—(la*|u|”)|u|7’_zu> (g — u)dx
-I-/W((pﬁnun >u) (uy — u dx+/ Fx, 1) — (x,u))(un — u)dx,
in view of the proof of Lemma 2.4 in [30], to prove u, — u, n — oo, it suffices to prove

/3 <(I,X * 1y |P) [t |P 20, — (I * |u|p)|u|p_2u> (up —u)dx — 0, n — oo,
R

Indeed, using 0 < a < 3, 3?“ < p <3+ua, then 2 < 3 p < 6. Therefore, for all u € H,
ue L (R3), |u|P € L% (R®). This combing with Lemma 2.2, we get

3+a

3—ua
6 6
(fotonlupysieae) © < clopd ([ ulfeax) © = Cloplally,
R3 R3 3+u

I % |[ulP € L5+ (R3). (3.6)

ie.
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So

’/}RS(Ia * |“n|p)|”n|p_2“n(”n —u)dx| < |1 * |”n|p||i‘||”n|p_2”n(”n - ”)Hﬁ

2p—1
< C(a,p,3)[[unll sy,

[n —ull &
3+a 3+a

— 0, n — oo.

Similarly, it can be inferred that
/3(Lx*]u\p)]u\”’zu(un—u)dx—)o, n — oo.
R

Thus, we can obtain u,, — u as n — co in H and the proof is complete. O
Lemma 3.2. Assume that (V) and (F;)—(Ey) hold, 0 < a < 3, ¥ < p < 3+ a, then

(i) there exist p,y > 0 such that J(u >0 >0;

MI I=p
(ii) there exists e € H such that ||e|| > p and J(e) < 0

Proof. (i) Since 0 < & < 3, 33% < p <3+a, then2 < 3 - < 6. It follows from Lemma 2.2 and
the Sobolev inequality that

oo P < €, 3) )%, < ol 67)
B +a

By (F1) and (E,), for any € € (0, 252) there exists ¢(¢) > 0 such that

Pl < Sl + Epup < + (38)

- 452‘ uf

Then for all u € H, by (3.7)—~3.8), Lemma 2.1 and the Sobolev inequality, we have

_ 1y 1 2 P |ul?
](”)—EHMH _E/]RSCU(PM dX—*/ (L * |ulP)|u] dx—/ F(x,u)dx

(3.9)
1 Cz C(8)

> 2 =2 2p _ Z\&)Ys 5

z glull® =3, llul ol

From (3.9) and 3?" < p <3+4+wa2<s <6, one can easily see that there exist p, v > 0 such
that J(u }H 1o 27 >0

(ii) Choosmg a function v € H \ {0}, then by Lemma 2.1, (3.3), Fatou’s lemma and the fact
Jrs (Ia % |0|F)|0|Pdx > 0, one has

t2

p
7/ (I,x*|v|”)\v\pdx—/ F(x, to)dx
RR3 RR3

I
to) < — - —
J(t0) < ol + = lell3 - o

< Lol + B oz + ol - o [ (1 kol opax
=2 2 2T T o) et
— — 00, t — +o0.
Thus, taking e = fov with fp > 0 large, we have |le| > p and J(e) < 0. O

Lemma 3.3. Assume that (V) and (F;)—(Ey) hold, 0 < a < 3, ¥* < p < 3+ a, then
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(i) There exist 7y, > 0 such that ”E)B{]Zk > >0;
I

(ii) for any finite dimensional subspace H C H, there exists R = R(H) > 0 such that | | mpe <0

Proof. From (3.9), we can deduce that (i) holds. Proof by contradiction is now used to obtain
(ii). We assume that there exists a sequence {u,} C H such that ||u,| — +o0 and J(u,) > 0 for

any n € N. Let v, = uy/[|un|, then v, = 1. So, we may assume that, up to a subsequence,
vn — vin H. Because H is finite dimensional subspace, then v, — v € H and ||v|| = 1. Set
= {y € R®: v(y) # 0}, then |u,| = |v,|||un| — +o0 a.e. x € Q (n — o0). Thus, it follows
from J(un) >0, fIR3(L" * [y |P)|uy|Pdx > 0, (3.3), Fatou’s lemma, (F3) and Lemma 2.1 that
0 < lim ](u”)z
n=0 |1ty ||
2C1)S3 +1 F 2
< (@ +2G1)S; + — liminf (2, ttn) +2Cl’u"’ |0, |2dx
2 n—co JR3 |t | (3.10)
242082 +1 F 2
< (w” +2C1)S5 + — lim inf (0, ) + Cufutn| ]vn|2dx
2 R3 n—o0 |1,[n|2
= — OQ.
which is a contradiction. This shows that (ii) holds. O

Proof of Theorem 1.1. By Lemma 3.1 and Lemma 3.2, all conditions of the mountain pass
theorem (see [28, Theorem 2.2]) are satisfied. Thus, the system (1.1) has a nontrivial solution
(1, ¢py) satisfying

1 2 2 1 N
§/R3(|Vu| + V(x)u™ — weyu )dx_Zp/ (L * [u|P)|u| dx—/]RSF(x,u)dx>0,

Proof of Theorem 1.2. By Lemma 3.1 and Lemma 3.3, all conditions of Z-version of the mountain
pass theorem (see [28, Theorem 9.12]) are satisfied. Thus, the the system (1.1) possesses
infinitely many nontrivial solutions {(u,, ¢, )} satisfying

1/ (|Vun|® + V(x)ui — wepu, u3) x——/ (I * |un|p)|un|pdx—/ F(x,uy)dx — 400
2 R3 R3

as n — —+oo.

4 Proof of Theorem 1.3

In this section, we will prove that the system (1.2) possesses a weak solution for 1 < a <
2,a+1 < p < 3and A > 0 small. Obviously, the functional of system (1.2) is not well
defined unless g = 6 and then we cannot apply variational methods directly. To overcome this
difficulty, we define the following truncation function inspired by reference [20].

For any given M > 0, let

piy = {10 =
MAI=2P (272, |t > M.

Then ¢(t) admits the following properties:
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Lemma 4.1. For any given M > 0, then
(i) p(t) € C(R,R), [p(t)] < MI~2P|t|?P~1,Vt € R;
(ii) limyy o 22 = 0;
(iii) limyy 4 y = +oo, where ¥ (t) = fot P(s)ds;
(iv) P(t)t > 2p¥(t) >0, Vt € R.

Now, we consider the revised Klein-Gordon-Maxwell system:

{—Au +V(x)u — 2w + p)pu = Ap(u) + (I * |u|P)|u]P2u, x€R3, @)

Ap = (w+ p)u?, x € R5.

As discussed above, one can define the functional of system (4.1):
_ 1 2 2 2 1 [4 p—2
Ja(u) = > /]RS (|Vul* + V(x)u*> — wyu?)dx — E(Lx s |ulP)|u|P~u — A/}RB‘I’(u)dx, Yu € H.

By Lemma 2.1, Lemma 2.2 and Lemma 4.1, ], is well defined in H, ], € Cl(H, R), and for all
u,v € H,

(Jy(u),0) = /]R3 [Vu-Vo+ V(x)uv — (2w + ¢y)pyuv]dx

—/]R3(Ia * |ulp)|u\”_2uvdx—A/}st(u)vdx.

Clearly, if u € H is a critical point of J) with [|u|c < M, then (u,¢,) is a weak solution of
system (1.2).

Using Lemma 4.1, Ap(u) verifies the conditions (F;)-(Fs). Hence, by Theorem 1.1, & €
(1,2) c (0,3) and p € [a+1,3) C (244,34 a), we can obtain that the system (4.1) has a
nontrivial solution (), ¢,, ) such that

Ja(upr) =0, Ja(up) = cp,

where ¢, = inf,er max;epo1) Ja((f)), T = {7y € C([0,1], H) : 7(0) =0, /A (7(1)) < 0}.

Lemma 4.2. Assume that (V) holds, 1 < a« <2, a +1 < p < 3, q > 6, then there exists a constant
Cs > 0 independent of A, M such that C3 > ||u,]|.

Proof. Choosing a function ¢ € CJ°(R%) \ {0}, then ¥ (&) > 0 for any t > 0. By Lemma 2.1,
for any t > 0, one has

e 1, 1 / ) .2
AN Y < T _ — _ p p
Jim P < SNE = tim o [ et — im S [ (s 217)el
1 w? t2p—2
< ZIEN2 = Z1EN2 — 14 7/ PYIEIPdy = —
< S+ SR = tim = [ (1) gl = e,
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which means that there exists fop > 0 independent of A, M large enough such that ], (to¢) < 0.
Set y(t) = ttp, t€[0,1], then y(t) € T and ¥ (tpt¢) > 0. Therefore

cy < max Jy(y(t))

te[0,1]
2 2w? £2r
< o€l + ——lto€ll3 — 5= | (Lu * |to&]P) |toc|Pd
—fg}gﬁ(d' oglI* + ——lItoC 12 2 [ (e 002 ]7) o x)
2o, Pwr o, 1
ey — —— PY|F|P _.
S%‘SOXQ”CH + 5 lEE -2 [ e xlgie] dx) LA,

where A > 0 is a constant independent of A, M. Because Ji(uy) = ci, (J;(up), up) = 0, we
have by Lemma 4.1 that

2pA = 2pey = 2pa(ur) = (Ja (), 1) = (p = 1)|un||.
. o 2pA .
Thus, there exists a constant C3 = 4/ >=1 >0 independent of A, M such that C3 > ||u,]]. O

Now we use Moser iteration to estimate |11 ||co-

Lemma 4.3. Assume that (V) holds, 1 < « < 2, a+1 < p < 3,q > 6. Then there exist constants
C,Cy4 > 0 independent of A, M such that

1
4—2p [, 112P—2 p—2 |
[ullo < CIAMTZPllulle" " + Callull’y, ) [[1el6,

2p+a—5

where (1, ¢y) is weak solution of system (4.1).

Proof. Forany m € N, > 1,set Ay, = {x € R®: [u|f~! <m}, B, = {x e R®: [ulf~! > m]}.
Define two sequences as follows

{u|u|2(5_1), x € Ap, {u|u|(5‘1), x € Ap,
Upm = m =

mu, X € By, mu, x € By,.

Using the same computing to Lemma 3.2 in [32], one has

/ |V [2dx < B (A/ 1/J(u)umdx+/ (I * \u|’9)\u]”2uumdx). (4.2)
R3 R3 R3

Using Lemma 4.1 and 73, = ui,, one has
A ()t | < AMT 2|2 ~22, (4.3)

From (4.2) and (4.3), one has
2 2 q—2p 2p—2..2 2 [4 p—2
/}RS Vi 2dx < B2AM /}RS P22 dx + B /RS(I“* ) [P Pusmdx. (4.4

The Holder inequality together with (3.6) implies that

[ o ) P e = [ (L ]l 2
R3 R3

< o [P o el P =215,

(4.5)

(s
3+a

-2
< CallrmI3, 111",
2p+a—>5
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and
p-1 i
2p-2,2 4y < (2r-2yi14 ’ 2\ 4 ’
[P 2dx < ([ (u®)yrrax) ([ ) ws)
2p—2
= llullg” " llmz,,
where v = =, Gy = || I * \u|pH 5 independent of A, M. Becauseof 1 <o <2,a+1<p <3,

we have 3 5<7<32p+a—-5>0and2 < 2p(+a )5 < 6. By (4.4)-(4.6) and the definition of
#m, one has

% %
6/3d — / - 64 >
</A7ﬂ ’u‘ x) < AW’ ‘Tl | *

<51 /]R V[ 47)

_ 2p—2 -2
<s 1ﬁ2||nmn%y[ AMI2 |2 +c4||u||i<p_2)].

2p+a—5

Letting m — +o0 in (4.7), one has

2p-2 -2
(f, 3|u|6ﬁdx) < SR G, |AMI Pl Callul |,

2p+a—5

ie.
1
2p-2 i
s < 3B |AMr 222 Calull s, | il 49
2p+a—5
where Cs = max{S~1,1}. In the subsequent step, the technique of Moser iteration is utilized

to verify that the conclusion is indeed valid. Define o = %, then 1 < ¢ < 2. Taking f = ¢ in
(4.8), one has

1

pe 2p—2 w
HunSCE”W[Mq 2Pl 2 4 CyllulP22 >] lulle. (49)
p+a—5

Taking B = ¢ in (4.8), one has
1

2p—2 2 |22
lulle < CF o [m 29 |2 +c4uu||’2<p2)] s

2p+a—5

Combing this with(4.9), one has

1
I 22t
lullgr < CZ ¥t [ AMIZ2P||u[[¢ 2 + Calu] .2 ] 6.
p+a—5
Takin =0c" (n=1,2,...) in (4.8) and using Moser iteration, we get
g 8 &
n L

Yon ovd 2p—2 )
lillan < CE 5 [ AMI22 |2~ +c4||u|r’;<,,_z>]
2p+a—5

rﬂ:

L
12

i (4.10)

Because of o > 1, the convergence of the following two series is easily established and

1 2 g o

© 1
;T 2(0 - 1)’ 252(0_1)2' (4.11)
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Letting n — +c0, we have from (4.10) and (4.11) that

< A q—2p 2p-2 p—2 o
[ulloo < CIAMIP[Jul[g™ " + Cal[ul[ "y, ][,
2p+a—5

_ 1 T
where C = Cé(”’l) o @1* independent of A, M. O

Proof of Theorem 1.3. We only need to prove ||u)||cc < M. By Lemma 4.2, C3 > |ju, ]|, and

then there exist two constants C¢,C; > 0 independent of A, M such that Hu/\||pé(_iz) < G,
2Zpra s
lurlle < Cy. From Lemma 4.3, one has

1
q-2p 2p—2 p—2 6=2p
Juplleo < CIAMI™Pllul[g7 " 4 Caflul['g, o) [ulle
e (4.12)

_2p~2p—2 =%
< Cs[AMIPCH 2 1 4Gl

where Cg = CC; independent of A, M. Because of C4,Cs,Cg > 0 independent of A, M, by
taking M > 0 sufficiently large, we ensure that Cg < VM, CsCqy < M;F. Observe that for
the value M selected above, M9727 is a fixed constant and C; > 0 independent of A, M.
Consequently, it is possible to choose A, > 0 sufficiently small, ensuring the inequality

A MI~20C3P 72 < M2P 1161ds. Therefore
7 2

6—

1
2
)\Mq_zpC;p_z 4 C4Cq ’ <VvM,

for A < A,. For A < A,, the combination of this result with (4.12) gives |[u)]eo < CsvVM < M,
ie, {(up, ¢u,)} is a nontrivial solution of system (1.2). The proof is completed.
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