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Abstract. This paper investigates the existence of weak solutions to a nonlinear elliptic
system driven by distinct nonhomogeneous operators, where the nonlinearities exhibit
superlinear growth and involve Hardy-type singular terms. To overcome the lack of
compactness caused by the presence of the Hardy term, we establish a general version
of the Brezis-Lieb convergence theorem and apply the Mountain Pass Theorem under
the Cerami condition to prove the existence of a nontrivial, nonnegative weak solution.
Our results extend previous works by addressing a broader class of nonhomogeneous
operators.
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1 Introduction

In this paper, we study the existence of solutions for the following nonlinear system involving
a generalized nonhomogeneous operator together with Hardy-type potentials:

| ¥

—div (a1 (Vu)) + A(x)|u|P~?u = Hy(x,u,v) +A|”|x‘,, , inQ),
—div (az(w)) B(x)|v|7"%v = Hy(x,u,0) + ‘u|v||x|q , inQ, (1.1)
=0, on 0(),
where QO C RN is a regular bounded domain such that 0 € (), and assume p < N with
1< g <p<q" = 5. The weight functions A, B € L{° (Q)) satisfying
0< A(x) < md(x) P, (1.2)
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0 < B(x) < aad(x) P2, (1.3)

forall x € Q. = {x € O : d(x) < €}, where € > 0 is sufficiently small and d is the distance
map defined for all x € Q by d(x) := infyecan d(x,y), and &g, a2 > 0,0 < B < p,0< B < q.

The nonlinearities H, and H, denote the partial derivatives of H with respect to its second
and third variables respectively, where H is assumed to satisfy the hypotheses stated below.
Furthermore, a1,a4, : RN — RV are continuous operators subject to additional regularity
conditions, which cover many classical differential operators.

Numerous studies have investigated Problem (1.1) in the setting of a homogeneous opera-
tor. An early contribution is [30], which established the existence of two positive solutions for
a semilinear elliptic systems involving the Laplacian operator and with concave-convex non-
linearities and sign-changing weight function with the help of the Nehari manifold, this work
is a natural extension of earlier studies on the same class of systems; we refer the reader to
[1-3,7,11,14,23]. In recent years, researchers have attempted to generalize this class of systems
by investigating problems with singular terms, either of the form u~7, see [4,5,10] or potential
Hardy, see [17,28]. We note that this class has also been studied for fractional differential oper-
ators, especially in [31] by using the mountain pass theorem, the authors proved the existence
of nontrivial and nonnegative solutions for a quasilinear Schrodinger type system driven by
the fractional p-Laplacian that the nonlinearities do not necessarily satisfy the Ambrosetti—
Rabinowitz condition, in [12], the authors addressed problems involving Hardy-type terms
and nonlinearities not necessarily satisfying the Ambrosetti-Rabinowitz condition. They fur-
ther studied systems with critical nonlinear terms, as recently investigated in the literature,
and established radial versions of the main theorems. In addition, they showed that the re-
sults could be extended to more general elliptic nonlocal integro-differential operators beyond
the fractional Laplacian. In [13], the authors extended the results of [12] to the p-fractional
Kirchhoff case with the presence of the Hardy terms as well as critical nonlinearities. For more
references, we refer to [9,27,29].

The structural conditions imposed on the mappings a; are formulated in Hypotheses
(H,,) below. These assumptions are sufficiently general to cover a wide range of nonlin-
ear differential operators, including the p-Laplacian and the (p,q)-Laplacian. In contrast to
the p-Laplacian etc. However, the operators associated with problem (1.1) are not neces-
sarily homogeneous. This lack of homogeneity introduces substantial analytical difficulties.
The hypotheses on a;(-) are motivated by the global regularity theory developed by Lieber-
man [21] and by the nonlinear maximum principle of Pucci-Serrin [26]. Related, albeit slightly
more restrictive, conditions have also been employed in the literature, for instance by Oztiirk—
Papageorgiou [24] in the study of Robin problems, and by Papageorgiou—-Radulescu [25] in
the context of Neumann problems.

The novelty of our work lies in the study of a system involving two differential operators
that are not necessarily homogeneous, together with the nonlinearities satisfy a growth con-
dition but do not necessarily satisfy the Ambrosetti-Rabinowitz condition, in addition, our
system contains a singular Hardy potential, where the origin belongs to the domain (). To
the best of our knowledge, this problem has not been previously addressed in the literature,
particularly since such a generalization gives rise to substantial technical difficulties that can
only be overcome through nonstandard methods.

We now present the hypotheses concerning the operators 4; i = 1,2. We set

01(t) =tP2, 6,(t) =112,  Vt>O0.
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Then, suppose that the maps a;(-), i = 1,2, satisfy:

(1) ai(x) = a%(|x|)x, Vx € RN with a9 € C1(]0, +oo[;R ),

(Ha) @ cbi(|xDy? < (Vai(x)y,y)pnv, Vx,y € RV\ {0},

(3) Jai0)] < U+ x8(x)), Ve < (G +6(1x)), Vxe RN {0}

|x]

for some constants ¢y, ¢z, ¢}, ch > 0.

We set G;(x) = Om a%(s)sds, for x € RN. The mappings G; are differentiable and we have

| =

VGi(x) = a} (|x])|x[ Ei ai(x), Vx e RN\ {0}.

Moreover, we suppose that the maps G; satisfy

=

7 < pGi(x) — ar(x).x,

Vx e RN,
72 < 4Ga(x) — a2(x).x,

(Hg,) 31, 2 eR: {

The above assumptions yield some useful properties of the mappings a; and G; (see [25]). We
summarize these properties in the following lemma.
Lemma 1.1. If hypotheses (H,,) hold, then

(i) The functions a;(-) are strictly monotone and G;(-) are strictly convex.

(i) 32g|x[P < ar(x).x < ([x]+ [x[F),  ZZ[x]T < ap(x).x < co|x] + [x]|7).

(i) —Splxl? < Gi(x) S s+ [xl?), gl < Ga(x) < (1 + [x]9).

There are several differential operators that satisfy hypotheses (H,,), and therefore fall
within our framework. We illustrate this with examples for a; and the same for a, (see [25]).

(a) a1(y) = |y|P~?y with 1 < p < co. This map corresponds to the p-Laplace operator A,.

(b) a1(y) = \y\V*2y+ ]y\S*Zy with 1 < s < p < oco. This map corresponds to the (p,s)-
Laplace differential operator A, + As.

(c) mi(y) =1+ |y|2)’%2 y with 2 < p < oo. This map corresponds to the generalized p-mean
curvature differential operator.
Concerning the nonlinearity H, we consider the following hypothesis:

(H1) For all (u,0) € R% H(-,u,v) : Q — R is measurable such that H(x,-,-) € C!(R?),
H(x,0,0) =0 for a.e.x € Q and

3C1,Co > 0: |Hy(x,2)| < G|z '+ C, ae.x € Q and for any z € R

where r € (p,q*), z = (z1,22) € R* and |z| = /2% + 5.

(H2) H(x,0,0) =0, forall x € O, H,,(x,2z1,2z2) = 0if x € Qand z; <0, and H;,(x,z1,22) =0
ifx e Qand z, <0.
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(H3) There exists 8,C > 0, and T € (w,r} such that:

F(x,z) > Blz|" —C, ae.xe€Q, (1.4)

where
F(x,z) = Hz,(x,21,22)z1 + Hz,(x,21,22)20 — pH(x, 21, 22).

—

(H4) lim,_,,, 702

a = 0% uniformly a.e. x € Q).

H(x,z) Vp : 1( a ATY 1( o ut :
150 - < T min {E(ﬁ — H—p),ﬁ(qfl — H—q)}, uniformly a.e. x € ), where

vy is given in (2.3) and a* := max{+a, 0}, Va € R.

(H5) lim sup,

Remark 1.2. The assumption (H3) serves as a replacement for the classical Ambrosetti—
Rabinowitz condition.

This paper is organized as follows: In the next section, we present the functional frame-
work and establish some useful results necessary for our analysis. In Section 3, we state and
prove our main results using the Mountain Pass Theorem under the Cerami condition.

2 Preliminaries

The analysis of Problem (1.1) is carried out within the classical Sobolev framework. Since
these spaces are well-known, we recall only the essential facts. Let 1 < m < 4-co. Denote by
L™(Q)) the Lebesgue space equipped with the norm

1/m
Jullr = (f e
@)

The Sobolev space W' (Q)) is endowed with the norm
[etllwrm = [[eellm + [V ]| .

and W&’m(ﬂ) be the closure of C*(Q)) in W™ (Q)), it is a Banach subspace of Wg’m(Q) with
the equivalent norm
[tz = [Vt

We recall the classical Hardy’s inequality (see [22])

3C>0: < C||Vullpn, VYu € Wy™(Q). 2.1)

u
dllpm

We present another version of Hardy’s inequality, which can be found in [15]. For any u €
W, (Q2) we have

Hu

m moo\-m u
< n/lm’ . - Hi
’Lm < ||Vu||fw, with  Hy <N — m> and p

m |ul™
:/ e @2)
Lm O |x|m

Define
E = Wy"(Q) x WyT(Q)
endowed with the norm:
(e, 0)l[e = [[ullyre + [0l s

It is well known that the space (E, || - ||g) is a separable and reflexive Banach space. More-
over we have:
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Lemma 2.1. The embedding E — L(RN) x L*(RN) is continuous for any s € [1,q*] and compact
forany s € [1,q*), with g* = NN—L, being 1 < g < p < q*. Moreover the constant

Vs = inf{HVuHSL,, + || Vulliq : /Q |(u,0)|° dx = 1} (2.3)

is well defined and strictly positive.
We give some useful properties concerning the operators ay, ;.
Lemma 2.2. Let p > 1. There exists a constant C > 0 such that

Clx—ylr ifp =2,

P (2.4)
Cla—yP(x[+ 1y ifp<2.

Va,y € RV : (a1(x) — m(9)).(x — y) > {

An analogous inequality is valid for as.

Proof. We have:

(01(0) )= y) = [t 1 = )t (- y)

:/01 (Var(x +t(x —y))(x —y), (x —y) ) pndt
ZC1|x—y|z/01]x+t(x—y),p2dt, (by (Ha,)2).

e If1 < p <2 wehave |x+t(x —y)| <2(|x| + |y|). It follows that
1
(11(3) = () (x = y) = 27 Zerl =yl [ (Il + )72t = Clx =yl + )P 2

e For p > 2, It is enough to show that

1 _ p—2
A ly +tx —y)| it >C,

| b2 for some constant C > 0.
0 x—y

- If y = 0, then:
1
A= / P (2.5)
Jo p—1
- If y # 0, we distinguish two cases:

1) If [x — y| < |y|, then:
ly+tx—y) P2 = (lyl —tlx—y)P 2 = A= t)P2|y[F 2
Also, we have:

1 _ 1
|x —yl[P=2 = |y|P2

Hence we obtain: .
1
A>/ 1— )P 2dt = — 26
> [a-n = (2.6)
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2) If |y| < |x —y|, then:

-2
A>/1Hy!—t|x—y!\” 0
o fx—ylp?

1y
:/xyy (!y!—flx—y|>” Zdt+/ (tlx—yl |y|> 0
0 |x_y|p72 ‘,(My‘ |x_y|p 2
1 _ _ 227
= Gy P (=) 2 )
From (2.5), (2.6) and (2.7), we deduce that:

2=p

A>C= 2 > 0. O
p—1

Lemma 2.3. Let (u,), be a bounded sequence in L (Q) with 1 < p < 2. Then there exists ¢ > 0
such that:

/Qyun—u12<|un|+|u|>'7*2dxzcuun—un%p, V.

Proof. We have:

—ul?
—ull?, = —ulfd _/ M + Yd
u u u u X u u X
H n HLP / ‘ n ‘ (‘un‘ |u’)7(‘ ”‘ ‘ ’)

where v = §(2 — p). Using Holder’s inequality with the exponent 2 and ﬂ we obtain

s =l < W‘L"zdx)g(/uu -+ ul)? )
n e = U Gl ™) U
14
< ([ i = P+ )P 2ax)
Q

Hence, we obtain the result.

r
1-3

O

The following important result follows from a direct application of the preceding two

lemmas.

Corollary 2.4. Let (U, V;,), be a bounded sequence in (LF(Q) x L1(Q))N. Then, there exists a
constant C > 0, such that

Cllu, - ulff ifp >2,
/ (@1(Uy) — a1 (U)) . (Uy — U) dx > I (2.8)
Q CHun_uHLP(Q) ifp <2,

C||V, = V| ifq>2,
[ @) = ax(v). (v = vy = § IV~ Vo) Vi 29)
0 CHVH_V”m(Q) lfq <2

In order to prove our result, we need to apply the Mountain Pass theorem under the

Cerami condition (see [19]).
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Definition 2.5. Let X be a real Banach space and X' its dual. We say that a C!-functional
J : X — R satisfies the Cerami condition if from any sequence (i), C X such that:

(J(un))y isbounded in R and (1 + ||un||x)||) (un)||x — O, (2.10)

as n — +00, we can extract a strangely convergent subsequence in E. A sequence satisfying
(2.10) is called Cerami sequence for J.

Theorem 2.6 (Mountain pass theorem). Let X be a real Banach space and X' its dual. Suppose that
J € CY(X, R) satisfies
max{J(0),J(e)} <a<p< inf J(u)

l[ullx=p

for some a, € R, p > 0and e € X with |le||x > p. Let ¢ > B be characterized by

— inf t
c #rérfé‘[é‘,’ﬁ]”( )

where T = {7y € C([0,1],X) : v(0) = 0,7(1) = e} is the set of continuous paths joining 0 and e.
Then there exists a sequence {u}, C X such that

J(up) = c>B and ||J' (un)|x (1 + ||un||x) — 0, asn — oo.

3 Main result

In this section, we state and prove our main result. We start by introducing the notion of a
weak solution to our Problem (1.1).

Definition 3.1. We say that (u,v) € E is a weak solution of problem (1.1) if:

/Qal(Vu).V(pdx—l—/Qaz(Vv).ledJH—/QA(x)\u|p’2uq)dx—|—/()B(x)]v[“%npdx

—/ H,(x,u,0) dx—/ Hy(x,u v)tpdx—/\/ el dx — / ]v|‘i*2v¢ dx =0
o) u 7y (P 0 v 7y o) |x|p GD ,u o) |x|q - Y

for all (¢, ) € E.
Remark 3.2.

¢ Thanks to the Hardy inequalities (2.1) and (2.2), the singular terms above are well de-
fined. That is,
‘()’q_ZU /

o |ulPPu 1, / _ 1,
Al o e (WP(@) Bl e, FieT e (W)

Indeed, for the first term, we have for all ¢ € Wé’p(ﬂ),

< [ AV ulr = AG) Pl g
Q

< (/QA(x)\u\de)l/p, </QA(x)]¢\de>
< A(x)dP 47 gy w A(x)d? 1 gy v
(acowr g ae) = ([ aco 3] o)

~1
< CHuHﬁvé,p el

A Pugd
AP g dx

1/p
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Here we used condition (1.2) and the Hardy inequality (2.1). A similar argument applies
to the other terms.

¢ The remaining terms in the above definition are well defined due to the growth assump-
tions on a; and H.

The main result is the following.

Theorem 3.3. Let p < Nand 1 < g < p < q*. Assume that (H1)-(H5), (H,,) and (Hg,) hold. Then

for any A, u satisfying

1 ]/1<qu

system (1.1) has at least one nontrivial and nonnegative solution (u,v) € E.

A<

(3.1)

The associated functional of the system (1.1) is:

J(u, /G1 (Vu) dx+/ G2 (Vo) dx + = / x)|ulP dx

+ - / |v|"dx—/ H(x,u,v) dx——Hf P
0 p llx Ly

Under (H1) and using Lemma 1.1(iii) and the classical Hardy inequality, we have that the
functional | is well defined in E, of class C!(E) and for any (u,v) € E we have:

' (1,0, (9, 9)) :/Qal(Vu)Vq) dx+/ a>(V0) Vi dx
+/ x)|ulP~ 2u(pclx—i—/ x) 0|7 2oy dx
ulP~2u [v|P~20

_/QHu(x,u,v)(pdx—/QHU(x,u,U)lpdx—)\/Q 2 pdx—pu 0 TP l,bd

for any (u,v), (¢,9) € E. Then, any critical point of | is a weak solution of the system (1.1).

To establish Theorem 3.3, we will apply the Mountain-Pass theorem 2.6 on the functional
J. To verify the Cerami condition, we first establish the boundedness of any Cerami sequence
for J, as stated in the following lemma.

3E)

Lemma 3.4. Under the assumptions of Theorem 3.3, any Cerami sequence for | is bounded in E.

Proof. Let (uy,vy,), C E be a Cerami suquence of J; that is

] (un, 0n)| < C, (3.2)
en = (1+ || (un,o0)||E)] (4, 04) = 0 inE’ (3.3)

as n — +oo, with E’ is the dual space of E. From (3.3), for any (¢, ¢) € E we have

| , enll (9, ) e
[ (un, o), (@, )| < (] (i, o) | [ (@, ) | E < 1+ || (tn,vn) e

By substituting, we get

/Qal(Vun)Vq) dx+/ ay(Vo,)Vip dx+/ X) [ty [P, @ dx
—l—/ x)|on |7 2vnl/wlx—/ Hy(x, 1y, vy godx—/ Hy(x, Uy, vy dx
p—
Y TP PN A (] -

= 1 (|, ) |
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Taking (¢, ) = (un,vn) € E in (3.4), for all n. we obtain that

_/Qal(Vun)Vundx—/Qaz(an)andx—/QA(x)|un‘de_/ B(x )|Un|qu

—l—/ Hy(x, uy, vy) iy dx+/ Hy(x, tty, vy)0y . (3.5)
On other hand, since p > g > 1, by (3.2) we get
p/ G1(Vuy) dx+p/ G2(Voy) dx+/ x)|up|P dx + p/ x) |, |Tdx
- p/ H(x,uu,vy,) dx — (3.6)
0
By adding (3.5) and (3.6), we find
/Q (pG1(Vuy) — a1(Vun) Vi) + (9G2(Voy) — a2(Voy) Vo )dx + (p — q) /Q G2 (Vo )dx
p
ns n n H nyYn)vn — H rUnsUn d -
—|—/ w (X, ty, v )ty + Hy (X, tty, vy) v, — pH(x,u v))x—i—y( q)Qx
Thanks to hypotheses (Hg,) and Lemma 1.1(iii), we obtain
/ [Hu (%, 100, 0 )ty + Ho (X, iy, 0n) vy — pH (X, U, vn)] dx
O
C2 P-4 n
+(p— 7/ Vo, |Tdx — u /*dXSC,
(p =)y [, Vol .
for a different constant C > 0. Therefore, using (H3) and Hardy inequality, we obtain
v P4 cz_ﬂ*/' 74y <
[S/Q |(tn, 00)|" dx + p (q—l ’H,,) N |Vo,|Tdx < C.
Consequently, by (3.1), we have 2. — - > 0 and then the sequence (uy,,v,), is bounded in

L7(Q) x L7(Q).
From the assumptions (H1), (H3), we have T < r < g*. Hence, there exists t € [0,1), such
that

L_1-t, ¢t
roT g

(3.7)

The interpolation inequality and the Sobolev embedding yield

[t < H“nH - < CHui’lH;v-é,p/

[on L < ||Un||L:t||vn||Lq* < CHUnH;vg,q-

It follows that
[, o)1 e < Cll(un, 0a)IE, ¥ > 1. (3.8)

Taking (¢, ) = (un,v,) in (3.4) we get

/al(Vun)Vundx—i—/ A(x)]un]”dx—i—/ az(an)andx—i—/ B(x)|v,|1dx
0 0

P
—/ (Hu(x, ttn, vn), Ho (X, U, ) (un,vn)dx—/\/ 14 ]? dx—y/ 0] dx < e,.
O o
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Using Hardy inequality, (H1) and Lemma 1.1-(ii), we deduce that
, ¢ AT +
min{ S = 2 = L IV + IV 0ul) < 0 Cll (0t + 2O G)

Combining (3.8) and (3.9) and using (3.1), we get
IV uullfs + [Voullfs < C(L+ unll; + oull}) < COL+ (1, va) ), (3.10)

for some constant C > 0. From the hypothesis (H3), we have

T>(r— 11)1;T (3.11)

which is equivalent to tr < q. Indeed, from (3.7), we have

and tr=

thus
N
T > (r—q); — tr <q.

Hence, by applying Young’s inequality to the last term in (3.10), it follows that (i, v,), is
bounded in E. O

We are now ready to prove our important compactness result, which concerns the Cerami
condition. This part involves two major difficulties: the nonhomogeneity of the operators a;
and the presence of the Hardy potential, which prevents the use of standard techniques. To
overcome these challenges, we use a convexity inequality (given Corollary 2.4) and a general-
ized Brezis-Lieb convergence theorem for the operators a; presented in Step 02 of the proof of
the following proposition.

Proposition 3.5. Under the assumptions of Theorem 3.3, the functional | satisfies the Cerami condi-
tion.

Proof. Let (u,, v,), be a Cerami sequence of |, Lemma 3.4 ensure the boundedness of (uy, vy ),
in E. Hence, by passing to a suitable subsequence if necessary, we may assume that

(uy,vy) = (u,v) inE, (3.12)
(un,vn) — (u,v) inL3(Q) x L°(Q), forall1 <s < g%, (3.13)
(up,vn) = (u,v) ae. in Q. (3.14)

For clarity, we organize the proof in three steps:

e Step 01. We claim that up to a subsequence
(Vuy, Vou,) — (Vu, Vo) ae.in Q. (3.15)

Let ¢ > 0, P € C°(RN) be a cut-off function satisfying 0 < ¢ < 1, . = 0 in B, := B.(0,¢)
and ¢ = 1in RN \ By.. Thus, we have ¢;(u,,v,) € E. Taking ¢ = e (uy, — 1), = (v, — 0)
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in (3.4) and passing to the limit as n — +oo, we get
/Qal (Vuy) . [(Vuy — Vu)pe + Vipe (11, — 1) dx+/ ) [t [P 20 (1 — 1) e dx
—|—/ ay (Vo) . [(Vo, — Vo)ipe + Vi(v, — v) dx—i—/ X) 0|17 20, (v — 0) e dx
_ /Q [Hu(x, Up, Un)Pe(Uy — 1) + Hy(x, Uy, 0n) Pe(vn — v)] dx
2 L |Un’q zvn
—A lep e(Uy —u) dx — / N —v) dx — 0. (3.16)

Choose € > 0 sufficiently enough such that By, C Q). Then each of the above terms tends to 0
or to a non negative limit. Indeed, by (H,, )3, we have

‘/Q a1 (Vu,).Vpe (1, —u) dx

< CS/Q(l—i— Vit )P [t — ] dx

<C (/Q (14 |Vuy|)? dx)p/p, (/Q |y — ul? dx>

< Cellun —ul|]s7 — 0 by (3.13).

1/p

With a generic constant C; > 0. Similarly for the corresponding term involving a,. By a
convexity inequality, we obtain that

/QA(x)|un|p’2un(un —u)pedx = /QA(x) [(Jn P21 — |u|P~2u) + |ulP~2u] (uy — u)pe dx

> / A()|u|P?u(uy — u)pedx — 0asn — +oo. (3.17)
0

Here we used the fact that A(x)|u|P~2u € (W&’p(Q))/ (see Remark 3.2) and u, — u in W7 (Q).
Similarly for the term involving B. Using (H1) and Holder inequality, (3.13), we can show that

/Q [Hu(x, n, 0n) (y — 1) e + Ho (%, 11n, 0n) (04 — 0) 9] dx — 0, as n — +oo.

Since ¢, = 0 in B,, we have

]un|f’*2un
a |xP

A
< H/ 1 [P~y — u dx+w/ 0,70, — 0| dx dx
ep el Ja

’Un‘quvn
|x|7

(U —u)pe dx + p o (00 —0) e

!
< Ce([lonl 707 N[on = ©llr + l[oall %7 ||on — 0]ls) — 0 as 1 — +co.

Therefore, using (3.16) and the fact that ¢ = 1 in Q) \ By, we obtain

lim sup </Q\ a1 (Vuy) . (Vu, — Vu) dx +
B

n——+00

ay (Vo). (Vo, — Vo) dx) <0. (3.18)
O\ By

/ /
On the other hand, from (Hy,) ;) we have a;(Vu) € (Wg’p(Q)) , 12(Vo) € (W&%Q)) :
Therefore

lim (/ a1 (Vu).(Vu, — Vu) dx + ay (Vo). (Vv, — Vo) dx> =0. (3.19)
n=re \JO\By,

Q\BZe
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Subtracting (3.19) from (3.18), we get

lim sup (/()\th (a1(Vuy,) —ai1(Vu)). (Vu, — Vu) dx

n—-+00

+ / y ay (Vo, —a1(Vu)) . (Vou, — Vo) dx> <0. (3.20)
Q BZS
Hence, by Corollary 2.4, we obtain

limsupCHVun—VuHU, (@\By) = 0 ifp>2,

n—+o00

limsup C||Vu, — Vu||U,(Q\BZS) =0 ifp<2

n—r+o00

and
limsup C||Vo, — VZJHM (\By) = 0 ifg > 2,

n——+4o0

limsup C||Vv, — VZJHU, (Q\By) =0 ifg<2.

n—+00

Therefore, applying the Lebesgue inverse theorem, we obtain up to a subsequence
(Vuy, Vo,) — (Vu, Vo), ae.in Q) By.
Since € > 0 is arbitrary, we infer by diagonalization argument that
(Vu,, Vv,) — (Vu, Vo), ae. in Q.

e Step 02. We claim that up to a subsequence
nLIIB /Q a1 (V). Vuy, — a1 (Vu).Vu — a1 (Vu, — Vu).(Vu, — Vu)| dx =0, (3.21)

lim / |a2(Vv,).Vo, — a2(V0).Vu — ay(Vo, — Vv).(Vo, — Vo)| dx = 0. (3.22)

n—+oo JO
It suffices to establish (3.21), since (3.22) follows by a similar argument. First, we prove the
following inequality: Ve > 0,3C, > 0:
a1 (x+y).(x+y) —ar(x).x —a1(y)y| <ear(x).x+e+Cear(y)y, Vx,y e RN.  (3.23)

Let ¢ > 0. Consider the function g(t) := a;(x + ty).(x + ty), t € R. We have g is of class C!
and by the mean value theorem

[ (x +y).(x +y) —ar(x).x —a(y).y| < |a(x+y).(x +y) —ar(x).x| +a(y).y
< |Vai(x+0y)y.(x + 0y) + a1 (x + 0y).y| +a(y).y, 6 €]0,1]
<A+ [x+0ylP )yl + i1+ [x +68y[P Yyl +aly).y, by (Ha)s,
< Cl|x|P7Y|y| + Cly| + Cly|P +a(y).y, for some constant C > 0

-1
< . |x|P +e+ Clly|P +a(y).y, (by Young’s inequality)
1
<ea(x).x+e+ Cea(y).y, by Lemma 1.1(ii).
Now, take

= |a1(Vun) Vi — a1 (Vuy — Vu)(Vu, — Vu) — a1 (Vu)Vu)|
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and
Vy = (un - 8a1(vun - Vu)‘(vun - VM) - 8)+ :

Since Vu,, — Vu as n — +oo, and by (3.23), we have
Vy, — 0, and Vn : V, < Ceay (Vu)Vu € L1H(Q).

Hence by Lebesgue convergence theorem, we obtain V,, — 0 in L!(Q)). On the other hand, we
have U, < eay(Vu, — Vu).(Vu, — Vu) + e+ V,,. Then

/ U,dx < / (sal(Vun—Vu).(Vun—Vu)+s)dx—|—/ Vadx
0 0
gs/QC(1+|wn VulP)dx + Vil ey < €M+ [Vl

Since € > 0 is arbitrary, we deduce that fQ U,dx — 0 as n — +o0, which gives (3.21).

e Step 03. We are now in a position to prove the convergence of (i, v,), in E. Taking
¢ = (up —u), = (v, — v) in (3.4), we obtain

/al(Vun).V(un—u) dx+/ a(Vv,).V(v, — v dx+/ X) [t |P 210 (uy — 1) dx
Q Q
+/ B(x ]vn\q’zvn(vn—v)dx—/ Hy(x, tty, vy) (uy — u) dx—/ Hy(x, uy, vy)(vy — v) dx
Q
—/\/ [nl” 2t 0y /'”“’p (0, —v) dx = o(1) (3.24)
N “la Tl | |

By the same arguments as in Step 1, the terms containing A, B, H, converge either to 0 or to
nonnegative limits. For the remaining terms, we have

a1(Vu,) — a1(Vu), ae in Q

and
(a1(Vuy))y is bounded in L’”,(Q)N by (Hg, )3

Hence by Lemma 4.8 of [18], we obtain a;(Vu,) — a;(Vu) in L' (Q) and consequently
/Q a1(Vu,).V(u, —u) dx = /Q a1 (Vuy,).Vu, —a1(Vu).Vu dx +o(1)
G20 /Q a1(Vity — Vu).(Vig — Vu) dx +o(1).  (3.25)
Similarly, we get

/az(an).V(vn—v) dx:/ 03(V0y). Vo, — a1(V0).Vo dx + (1)
Q Q

622) /Q ay(Vo, — Vv).(Vo, — Vo) dx +0(1). (3.26)
For the Hardy terms, using (3.14) we get :
|t |2t |u[P~?u .
P P a.e.in ()

and by Hardy’s inequality, we obtain

p—2 ,
M is bounded in L? (Q)) and w e LP(O).
S E
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Hence by [18, Lemme 4.8, and Lemme 4.6], we obtain

|”n|p_2”n |un|p |”|p
———(uy —u) dx = dx+o
o g U TS g T e oW
|”n_”|p
— 27
= |, o 627)
Similarly, we have
|vn‘p_zvn |Un‘p Mp
— (v, —0) dx = dx+o
Pl e TR
[0y — 0P
_/ S dxo(1). (3.28)

We substitute (3.25)—(3.28) in (3.24), we obtain

Ln_ ul dx

/ a1 (Vu, —Vu).(Vu, — Vu) dx — A/
o) |x|P

|Un |

+/a2 (Vov, — Vv).(Vv, — Vo) dx—y/ dx+o(1) <0.

Using Lemma 1.1(ii) and Hardy’s inequality, we obtain

+
( 1 >/ |Vu, — Vu‘l’dx—l—( )/ Vo, — Vo|Pdx +0(1) = 0.
p_l q— 1 q QO

This concludes the proof. O

Now, we show the necessary geometric conditions of the functional J.

Lemma 3.6. Assume that (H,,) and (H5) hold. Then, there exist p, > 0 such that J(u,v) > « for
any (u,v) € E with ||(u,v)||g = p.

Proof. By virtue of hypothesis (H5), for any &€ > 0, there exists 6 > 0 such that

H(x,z) < (L+¢)|z|P, foraa.x € Qandall|z| <, (3.29)

where ¢ = limsup, _,, A2 et (u,v) € Ewith 0 < ||(#,v)||g = p < min{J, 1}. Using (3.29),

BEN
Lemma 1.1(iii) and Lemma 2.1, we get:

J(u,v) > /]V I dx—|— /[Vv[ dx + = / x)|u|P dx
/\ n nq
+ = / x)|o|Tdx — (¢ +¢€) / |(u,v |”dx—— "L;"p _E Q“Z;’L
(17 ATN 1/ o ut p q €+s
> — PR — _ .
_mm{p(p_l )0 (o 5 ) § 9l +190) = =l o)

Since |Vu||rs < ||(u,0)]|[g <1and g < p, we get

(17 ¢ ATN 1/ ¢ y*} p p (+¢ p
> el _Z ) = _ _-r=
J0) > min {5 (225 = 50), 2 (225 = 5) (9l + 1900) = S5 o)

1 (17 AN 1/ o ut €+s
> (= - _ 7
‘<2P‘1mm{zﬂ(zﬂ—1 %;) q(q—l %q> I o)l
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By hypothesis (H5), we can choose ¢ > 0 small enough such that

1 (17 ATN 17 o ut {+e
2P1mm{p<p—l H,)'q(q—l Hq) vp >0
Therefore,

1 (17 o AN 1/ ¢ ut {+¢
> (- b A _EL P
J(w0) 2 (2?"1 mm{p(p—l ’Hp>’q<q—1 ’Hq> Vp P x>0

for any (u,v) € E, with ||(u, )|/ = p. O

We show the second geometric condition.

Lemma 3.7. Suppose that the assumptions (Hg,) and (H4) are satisfied. Then there exists (e1,e;) € E
such that ||(e1,e2)||g > p and J(eq,e2) < 0.

Proof. Using (H4), for any ¢ > 0, we can find C; > 0 such that
H(x,z) > {|z|P —C;, foraa.x € Qandallz € R%. (3.30)

Let (u*,v*) € E be a fixed pair of positive functions. Then, by virtue of Lemma 1.1(iii) and
using (3.30), for t > 0, we get:

J(tu”, to™) <cs (IQI +17|[Vur|g,) +Cé (1] + 7)1V o*(I7,)

+ 2 AP S [ B dx =) om0 [0 + Gl

_&tp ] _Eq 0]
pJa [x|? q Jo x|

p * *p ‘u*|p

<t (es| V|, / e dx = 2w o s =5 [ e 4)

ltq *|q /

+ 5 vl + / x)|o* |7 dx — ”tq/ ] dx+(ci’+c—5+cg)|m.
q q Jo |x|7 P9

Choosing ¢ > 0 large enough one has J(tu*, tv*) — —oo as t — +oo. Hence there exists some
to > 0 such that ||(tou*, tov*)||g > p and J(tou*, tov*) < 0. O

Proof of Theorem 3.3. We know that | € C!(E) and J(0,0) = 0. Combining this fact with
Proposition 3.5, Lemma 3.6 and Lemma 3.7, an application of Theorem 2.6 gives the existence
of a critical point (#,v) € E of J , with (1,v) # (0,0). Hence, we obtain the existence of
nontrivial weak solution of Problem (1.1); that is

/a1(Vu)Vq0dx+/ ay(Vo) ledx—i—/ x)|ulP~ Zu(pdx+/ x)|o|T™ zvlpdx
0

—2
- [ Humolgdx— [ Houowpax—a [ Ly gy [ 120 |q O dx =

for all (¢,9) € E, taking (¢,4) = (—u~,—v~) and by using (ii) in Lemma 1.1 and (H2), we
get

/H (x,u,0)u" dx—/H (x,u,v)v" dx/ a1 (=Vu")V(=Vu)dx

+/ a(—Vo~)(=Vo7) dx+/ x)|u~ |pdx+/ x)|o~ |Tdx
0

N V| >
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Therefore, (u~,v7) = (0,0) a.e. in Q x Q). In conclusion, the weak solution of (1.1) is nonneg-
ative. ]
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