/ Electronic Journal of Qualitative Theory of Differential Equations
f\;£r’<¢ia’\7/ 2026, No. 6, 1-18; https://doi.org/10.14232/ejqtde.2026.1.6 www.math.u-szeged.hu/ejqtde/

Well-posedness of solutions for a double-diffusive
convection system with anisotropic non-Newtonian
operators and damping terms

Yuhuan Wan and ® Changjia Wang™

School of Mathematics and Statistics, Changchun university of Science and Technology,
Changchun, 130022, China

Received 3 December 2025, appeared 23 March 2026

Communicated by Maria Alessandra Ragusa

Abstract. This paper investigates the initial-boundary value problem for a double-
diffusive convection system that incorporates anisotropic non-Newtonian operators and
damping terms in a smooth bounded domain Q C R®. The primary goal of this work
is to establish the existence of weak solutions for this system. To achieve this, we first
construct approximate solutions utilizing the Galerkin method. Subsequently, uniform
estimates for these approximations are derived through an energy method. Finally, by
combining compactness and monotonicity arguments, we prove the existence of weak
solutions for the problem.
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1 Introduction and main result

Double-diffusive convection describes a fluid phenomenon driven by the combined effects
of two scalar fields having different diffusion rates. The core principle lies in the differing
diffusion velocities of these fields, which leads to density stratification and, consequently,
convective motion. Within the framework of fluid mechanics, particularly for incompressible
double-diffusive convection systems subject to the Oberbeck—-Boussinesq (OB) approximation
and incorporating damping terms, their dynamics are mathematically described by a set of
equations

w4 (1 V)u— div T+ plovp L klulo2u = (Bo(6— 6c) + By (¥ — ) g + Q.

divu =0, (1.1)
9t + (M . V)Q — lX]AQ = Qz,

P+ (u- V)P — AP = Q3,
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here, u(x,t) € R3, 0(x,t) € R, ¢(x,t) € R, and P(x,t) € R denote the unknown velocity field,
temperature, solute concentration, and pressure, respectively, at position x € () and time
t € [0, T]. Furthermore, 6. and ¢, represent the characteristic temperature and concentration,
respectively, while pg is the mean density. By and B are constants which is chosen for con-
venience in matching the OB equation of state p = p(6, ¢, P). The parameter a; denotes the
thermal conductivity coefficient, and «; is the diffusion coefficient. Qq(x,t), Q2(x,t), Qs(x,t),
and g(x, t) are prescribed source terms (typically, g = ge, where g is the free-fall acceleration
and e = (0,0,1) ). The stress tensor T is related to the strain rate tensor Du by the constitutive
law T = 7(Du), where Du = } (Vu+ (Vu)T). For a comprehensive derivation and physical
discussion of double-diffusive convection systems under the OB approximation, readers may
refer to [12], for instance. In (1.1), the damping term x|u|”2u (x > 0, ¢ > 1), often referred to
as an absorption term, lacks direct physical justification in Fluid Mechanics, though it can be
conceptualized as part of the external body forces field (see [1-3]).
For Newtonian fluids, the relationship between 7 and Du takes a linear form

T = 7(Du) = vDu, (1.2)

with v > 0 is the kinematic viscosity coefficient. When x = 0 (i.e. without the damping term),
there have been numerous relevant research outcomes. Rojas-Medar and Lorca, for instance,
initially investigated the existence, uniqueness, and regularity of local strong solutions for this
system using the Galerkin approximation method [21,22]. Subsequently, they established the
existence of global strong solutions in a bounded domain Q) C IR? [23]. Further extending their
work, in [14] they proved the existence and uniqueness of weak solutions for the equations in
a bounded domain of RN, where N > 2. Chen and Guo [8] studied the well-posedness of the
initial-boundary value problem for this system in a bounded domain. They then addressed
the well-posedness of the Cauchy problem for the double-diffusive convection system in [9],
encompassing the existence, uniqueness, and global stability of solutions. Building upon these
findings, they later proved the global existence of weak solutions for the three-dimensional
Cauchy problem in [7], employing regularization approximation and compactness theory. Wu
[27] demonstrated several Serrin-type regularity criteria for the system, expressed in terms of
the velocity field or its gradient. Furthermore, in [26], the authors extended these results
to the middle eigenvalue of the strain tensor in anisotropic Lebesgue spaces. Ragusa-Wu
[20] established global weak solutions for the non-dimensional system in a domain () under
Navier boundary conditions, as well as local strong solutions with uniqueness. Moreover, they
obtained the classical Serrin-type blow-up criterion for the local strong solution in the Lorentz
space. Very recently, Wu [28] proved continuation criteria for strong solutions of the 3D
double-diffusive convection system, specifically considering cases involving the deformation
tensor in Vishik spaces. When « # 0, the authors in [6] focused on the Navier—Stokes equations
(specifically, with 8 = 0 and i = 0) and investigated the existence and uniqueness of solutions
in the whole space R3. They established the existence of a global-in-time weak solution for
any ¢ > 1, and global-in-time strong solutions for ¢ > % Furthermore, uniqueness was
demonstrated for the range % < ¢ < 5. Their methodology involved employing the Galerkin
method to construct approximate solutions and deriving a priori estimates crucial for the
compactness argument. Subsequently, Zhong [29,30] extended these findings to encompass
any ¢ > 1 and « > 0. For additional related results, one may also refer to [17-19].

For non-Newtonian fluids, the relationship between the stress tensor T and the strain rate
tensor Du is typically nonlinear (see e.g., [24]). One widely adopted constitutive approach is
the power-law model (see e.g., [16]).
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De Oliveira [10] first investigated an initial-boundary value problem for system (1.1) equip-
ped with a non-Newtonian constitutive law, specifically in a simplified setting where 6 = 0
and ¥ = 0. Assuming the stress tensor took the specific form t(Vu) = |Vu|7-2Vu, the author
proved the existence of global weak solutions for any constant exponent g > 1\%}2 and o >
1. Their methodology involved regularization techniques, compactness arguments, coupled
with local decomposition of the pressure and the Lipschitz-truncation method. The study of
anisotropic non-Newtonian problems, particularly within the context of fluid dynamics, was
tirst explored by Antontsev and Oliveira [4,5]. Specifically, [4] addressed the existence of weak
and very weak solutions for the stationary problem, while [5] investigated the evolutionary
problem, focusing on the existence of weak solutions and their asymptotic behavior. In these
two papers, the authors considered a specific anisotropic stress tensor given by

N
T = VZDi(\DiuW"*ZDiu). (1.3)
i=1

However, to date, a dedicated study of the full anisotropic non-Newtonian double-
diffusive convection system originating from the merger of equations (1.1) and the anisotropic
power-law constitutive relation (1.3) remains absent in the literature. This paper aims to ad-
dress this research gap. More specifically, we consider the following initial-boundary value
problem

3 3

w+ (u-Vu+ Y xi|ui|" uie; —vY_ Di(|Diu|"2Diu) + prP
i=1 i=1 0
= (Bot + Byy)g + Q1, in Qr,
divu =0, in Qr, (1.4)
0; + (u . V)Q —w1A0 = Qy, in Qr,
Pr+ (u- V)P — AP = Qs, in Qr,
uli—o = uo(x), 0li=o =06o(x), P|i=0 = o(x), in Q,
=0, =0, ¥=0, inTr,

where QO C R3 is a bounded domain with a compact boundary 0Q2, and 0 < T < oo, Qr =
QO x[0,T], Tt =0Q x [0, T]. Diu = (9;u1,d;uz,0;u3), 0ju; = % and {ey, ey, e3} is the canonical
basis of R3. The exponents ¢; and g; are assumed to be constant with possible distinct values
ranging in (1, c0), and «; are non-negative constants.

The aim of this paper is to establish the existence of weak solutions for system (1.4).
Our methodology comprises three key stages: constructing approximate solutions using the
Galerkin method, deriving uniform a priori estimates for these approximations through en-
ergy methods, and finally proving the existence of weak solutions by applying compactness
and monotonicity arguments.

To facilitate our analysis, we introduce the vectors ¢ := (01,02,03) and § := (q91,92,93) €
IR?, whose components correspond to the exponents of the anisotropic damping and diffusion
terms respectively in system (1.4). We assume 1 < 0;,g; < oo for all i € {1,2,3}. Furthermore,
we define

cT:= max 0;, ¢ = min o, t:= max q;, ¢ := min

i€{1,23} ic{1,2,3} 1 ie{1,2,3} ic{1,2,3}
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We then define the following anisotropic Lebesgue and Sobolev spaces, which are essential
for our functional analytic framework

Li(Q) ={u|uecli(Q), Vi=1,23},
WLi(Q) = {u lu e W(Q), DueLl¥(Q), Vi= 1,2,3}.

These spaces are Banach spaces endowed with the norms
3 3
ull ey = Y Nl i ). lullwraay = lulliq) + Y 1Dl -
i=1 i=1

Lemma 1.1 ([11]). Let Q C R be an open bounded domain with Lipschitz boundary. If 213:1 qj_l >1,
then the following embedding relations hold

W (Q) < L5(Q), 1<s<gq, (1.5)
WH(Q) = L5(Q), 1<s<g, (1.6)
3

where q; = max{q", "} and §* = 2.
=117

Remark 1.2. By Lemma 1.1, we assume ¢; (i = 1,2, 3) satisfy qlT + q% + % > 1.

To rigorously define the notion of weak solutions considered in this paper, we first intro-
duce the following specialized functional spaces

Vi={uecCy(Q): :divu =0},

H := closure of V in the norm|| - [|;2(qy),

Vg 1= closure of V in the norm|| - [|y14(qy)-
Furthermore, we define the anisotropic analogue of V; as

q

V; := closure of V in the norm || - [|y14(0y)-

The natural parabolic anisotropic space relevant to our problem is then defined as
L7 (0,T; V) := {u |u:[0,T] =V, u,|Du|% € L' (Qr), Vi= 1,2,3}.

This space is a Banach space with the norm defined by

3
HuHLﬁ((),T;Vq) = HuHLl(QT) + 2 ||Diu||L‘7i(QT)~
i—1

1

Moreover, for a bounded domain () and a finite T, the following continuous embeddings
hold
L‘f(O, T, Vq+) — L‘7(0, T; Vﬁ) — L7 (0,T; Vq_). (1.7)

Consequently, as a closed subspace of L7 (0,T;V,-), the anisotropic parabolic space
Li (0, T; Vq) is both separable and reflexive. We denote by L‘T(O, T; Vé) the dual spaces of
Li(0,T; Vq), where Vé represents the dual space of V.
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Definition 1.3. Assume that Q; € L’T(O, T; Vr;‘>/ 22,Q3 € L2(0,T;H 1), g € L™(Q7), 9~ > 2,
gi > 2. Then a triple (u,6,¢) is called a weak solution to the system (1.4) if

@). u e L=(0, T; H)NLI(0,T; V;), 6,9 € L®(0,T;L2(Q)) NL*(0,T; H'), e¢;-u € L%(Q) for
alli € {1,2,3};

(ii). #(0) =uo, 6(0) =60, #(0) = ¢o;

(iii). For every @ € V;NL(Q), e-@ € L%(Q) forall i € {1,2,3}, ¢ € H', and for ae.
te0,T],

d 3 _ 3 _

dt/ﬂu-(pdx—l—izzliq/ﬂlui\”’ zu,'ei-(pdx%—l/i:Zl/Q\DiuW' ’Diu - Dipdx
+/Q[(u-V)u]-¢dx=/QQl-(deﬁe/QGg~¢dx+/3¢/0¢g-¢dx,

i/ﬂ@-cpdx—l—/n[(u-V)Q]-cpdx—i—le/QVG-chdx:/QQz-cpdx,

d

G Lw-odxt [Vl pdxtar [ Voo Vodr= [ Qs-gdx,

where ¢ is defined by

1 1 1
A )

Remark 1.4. The pressure term P is not included in Definition 1.3. In fact, once the triple
(u,0,¢) has been determined, P can be uniquely recovered by de Rham’s theorem.

Remark 1.5. As usual, the condition u(0) = up, 6(0) = 6y, ¥(0) = ¢y is interpreted in the
following sense:

li t-d:/ odx, Vo€ V-nIiQ), 1.10
tgggau()qvx 1o gix pecV;NL(Q) (1.10)

. . 2
lim [ 0(t)-gdx= /Qeo gdx, lim /le(t) Cpdx = /Q;uo “pdx, Ve LX(Q). (L11)
Remark 1.6. If c© < g~ 4+ 2 —2q~ /q}, then the continuous embedding L*(0, T; H) N L7(0,T;
V,j) s L0 (Qr) holds. Consequently, in Definition 1.3, we only need to require u € L*(0, T; H)
NL(0,T; V;). It is important to note that @ € L°(Q)) is necessary to ensure the boundedness
of the convective integral term when u is only assumed to belong to L*(0, T; H) N L9(0, T; Vi)
However, if § < q; orif 6 < o™, thenonlyg € V;and e; - ¢ € L%(Q) (for all i = 1,2,3) are
required. This is due to the fact that, under these conditions, the embeddings V; — L°(Q)
and L% (Q) < L°(Q) (for all i = 1,2,3) are valid.

Remark 1.7. If we denote V := V; N L2(Q) NTE_, L%(Q), then when g} > 2, the following
continuous embeddings holds

V<—>V,7<—>H%H’<—>V,§‘—>V’. (1.12)

Our main existence result concerning weak solutions is the following.
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Theorem 1.8. Let Q) be a bounded domain in R3, with a Lipschitz-continuous boundary 9Q). Assume
that up € H, 6,9 € L2(QY), Qi € L7'(0,T; V), Q,Qs € L*(0,T;H), g€ L™(Qr), if
q~ > 2and q; > q*, where

29 (g~ —1) -
, 2<q <3,
. “+1)(g -2
g — (612q+ g —2) (1.13)
— qg- = 3.
g —1

Then, for any ¢ with o; > 1 where i € {1,2,3}, system (1.4) has at least one weak solutions (u,6, )
in the sense of Definition 1.3, satisfying

ue Cy([0,T;H)NLI0,T;V5), 6, ¥ € Co([0, T];L*(Q)) NLA(0, T; HY),

where a function v € Cy ([0, T|; X) means that v : [0, T] — X is weakly continuous.

2 Preliminary lemmas

In this section, we recall some basic facts which will be used later.

Lemma 2.1 ([13]). For u,v,w € H'(Q), define

ij=1

wi(x) dx, (2.1)

ifdivu = 0, then b(u,v,w) = —b(u, w,v) and b(u,v,v) = 0.

Lemma 2.2 ([13]). Let By, B, By be three Banach spaces satisfying By C B C By, where By and By are
reflexive, and the embedding By — B is compact. Let

W= {u‘u € LP(0,T; By), u' = LZ € Lpl(O,T;Bl)},

if1 < p; < oo, fori = 0,1, then the embedding W — LP°(0, T; B) is compact.

Lemma 2.3 ([25]). Let X and Y be two Banach spaces, with X continuously embedded into Y. If the
function u € L*(0,T; X) and u : [0,T| — Y is weakly continuous, then u : [0,T| — X is weakly
continuous.

3 The proof of the Theorem 1.8

The primary objective of this section is to prove Theorem 1.8, we will use the method of the
Galerkin approximation combined with the theory of monotone operators.

3.1 Existence of approximative solutions

We begin by defining the space V := closure of V in W3?(Q). Let {¢, },cn be a family of non-
trivial eigenfunctions ¢; corresponding to the positive eigenvalues A; > 0 of the following
spectral problem:

Y (D';, D*0) = Aj(pj,v), VveV. 3.1)
k=3
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It follows from Theorem 4.11 in [15] that this family {¢, },en forms an orthogonal basis in 1%
and can be chosen to be orthonormal in H. Similarly, let {¢,},cn be the family of eigenfunc-
tions of the Laplace operator —A\, serving as a basis for H'(Q)). For any given m € N, we
then define the finite-dimensional approximation spaces V" and W™ as follows:

" = span{@1,@2,...,Pm}, W™ = span{$1, ¢z, ..., Pm}-

These spaces will be used for constructing Galerkin approximations of the velocity and scalar
fields, respectively.
We seek the Galerkin approximations of system (1.4) in the following forms:

"(x, 1) = kﬁcmtm(x), 0" (x,1) = k)m:hz%t)sbk(x), P (1) = lf}:lqubk(x)
-1 -1 =

where @y € V" and ¢, € W" for k = 1,2,...,m. The time-dependent coefficients c}"(t), hj"(t)
and d}'(t) are determined by the following system of ordinary differential equations

Qaatm ¢kdx+le/ |u;ﬂ|"f—2u;“.ei.(pkdx+ui/ D52 D™ - Digpy dx
+/ (Pkdx—/ Q1 (Pkdx+ﬁ€/ 0" ¢kdX+/3¢/ P - rdx,
agm qbkdx+/ V)6 - cpkdx—i—oq/ Ve . qukdx—/ Q> - ¢ dx,
a‘/’m 4>kdx+/ V)y"] - <pkdx—|—rx2/ vy V4>kdx—/ Qs - ¢y dx,
(3.2)

for k = 1,...,m. The initial conditions for these approximations are chosen such that as
m — oo

u™(0) = ull — ug strongly in H; 6™(0) = 05" — 6, ¥"(0) = ¢ — 1 strongly in L*(Q).
(3.3)

Due to the Caratheodory theorem [15, Theorem 3.4], there exists a short time interval
[0, ] (with 0 < Ty, < T) for each m, such that the system (3.2) and (3.3) possesses unique
classical solutions ¢ (t), hj*(t),d" (t) € C'[0, Ty] for k = 1,2,...,m. By employing the uniform
a priori estimates derived in the subsequent section, we can demonstrate that these solutions
can be extended to the entire interval [0, T|, ensuring T, = T.

3.2 Uniform a priori estimates

Multiplying (3.2) by c}*(t), hj*(t), d}*(t), respectively, summing over k form 1 to m, we get

1d 3 3
|||z ) + b, u™, u") + v /IDiu’”\qider Ki/ | Vidx
2dt Q) ; a 1221 o 6
/QQ1 u"dx + By L 0radx By 01/) gu"dx
14 .m ) i . y
2dt”9 17200y + b(u™, 0", 6™) + aa | VO™ |72 /QQz-G x, (3.5)

9" B + b 9, 97 +“2||V¢m||%z(g) = [ Qs (36)
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Using Lemma 2.1, Holder’s inequality, Young’s inequality, we obtain from (3.4)—(3.6)

| mH —|—1/Z/ |Dum‘qzdx—|—ZKl/ |ul|% dx
18 lleo 8™ | 2()

2dt|
+ Bell0™" | .2 I8 lloo 1™ | 2y + B 9™ Nl 2
(3.7)

< ||Q1||L*' e[|

3. / 1
z 1D )+ 27 D@l o + 5Bollglle (107 z) + 1" i)

mj|2 m||2
+ 5Bellgle (197 By + 167 320))

1
ZdtuemuLz + 01| V8" By < 1Qall 1167 sz < IO o) + Qa1 (39)
1
" iy + ol VY Py < Qi 97 e < GIVH" By + Q1 (39)

adding (3.7)—(3.9), we get
at 12(Q) r2) T 12 ) = Jo D;
i=

3 , 1
23w [ s (20 ) I90M oy + (20 5 ) 1991
=1

'h' !
< 1207 IDQul Ty |+ 201Qall s + 201 Qall (3.10)

w

1=

[y

Bollglle (16" 1132(0r) + 18" I22(0r) ) + Billgllo (189" B2(cr) + ™ 1220y )

w+

9i /
< f’lHDinﬂz;;(Q)+2HQ2H%{—1+2HQ3||%{—1

—_

i=

+ (B + By)lIgleo (18" 20y + 6™ 2y + 19722y ) -
Integrating (3.10) over (0,t), 0 <t < T, we obtain

147 ()1 0+ 1676 By + 107 )y + (20 = 1) 3 1D 2 gy

i=1
> m||0i 1 t |2
+2;K1’Hui HL”i(O,t;L”i(Q))+ 2“1_§ /o Ive HLZ(Q)dS
i=

1 t -
+ (2= 3) [ 1990

< lluoll 2y + 160]1Z2(c) + 0llF2q

(3.11)

3 4 /
+ZZ"1_1HD1'Q1HZ};Q +2HQ2HL2 0,T;H-1)

=1
| ! 2 2 2
+20Qslso ety + (Bo+ Bpllglls [ (1" i)+ 167 B0 + 119" gy )

by setting

3. 4 /
Co = ol 0 + €0l ) + ool + 12T IDii %y
i—1
(3.12)

+ 2||Q2HL2 or.H-1) T 2HQ3||%2(0,T;H71)/
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then the Gronwall’s inequality yields that

S‘[‘lP] (Hum(t)H%Z(Q) + 116" (D)7200) + |‘1Pm(t)H%2(Q)> (2v—1) Z ID; ”mHm, (0,T5L% (Q0))
tel0,T i=1

3 ‘ 1 T 2
+2 Y willuf 7 g 7,01y + (2“1 - 2) ) 198" s (3.13)

i=1

+ (2 3) [ 10w

< Co(1+ (Bo + ,sz)HgHooTe 6+5¢)\|8H00T>‘

Moreover, for all ¢ € L9(0, T; V;,(Q))), we have

// (D™ |~ 2Diu™) gdxdt = // (|Dsu™ |~ 2D;u™) - Digpdxdt

(3.14)
< [ 1D o | Dl ot < 1015 @0,
noticing (3.13), we know that
i—27).
HDi (|Dium|q Dzum) HL%’(O,T;VL%) < C. (3.15)
So, for each i = {1,2,3}, there exists V; € L% (0, T; V) such that
D; (]Dium|’7"*2D,‘um) — Vi weakly in ng(O, T; Vq/i)' as m — .
Next, we derive a priori estimates for ° at , agtm and agtm .
In the sense of distributions, we rewrite equation (3.2), as follows
um 3 3
- = Z \D u"|9i= 2Du™ —|— Z’P;;Ki (|u§”\“l”2u1'-” . ej) — P, " -V)u"
i=1
6
+ PrQi + PrBegt" + PrBygy™ =) I, (3.16)
i=1

where Py, : V. — V™ is the orthogonal projection operator defined by (see [13]),

m

Pur =) (u,9;)p;, forallueV,
=1

and P, : V' — V' is the adjoint operator of P,, satisfying P;;, %" = %~ and

1Pullcovyy <1, WPl < 1.

Denote

3
Ai(w") = Dy (|IDu™|% 2Dy, A" = Y Ai(u™).
i=1

We derive the estimation of each term J;, (i =1,2,3,4,5,6).
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For J;, since W32(Q)) — WU for all q; (i = 1,2,3,1 < g; < o0), it holds that for all
7 €Li(0,T;V)

V/Q PrAu™)pdxdt = 1/// - (Puy)dxdt < VZ/ | D; um||Lq, NPyl ydt
T T

gvz / 1D %k - Il t<v2uDumnm, b lsonsy. 317)
The term J3 could be estimate as follows
_// Pr(u™ - V)u™ - ydxdt = //Qr - (Pmn)dxdt
=5 [ 1P Pt < ; /O [0 By |90t 318)

1 2
<3 /0 e e PP Y 1

The estimate of ] is trivial, and we can clearly get

JI Preumdxdt < [[1Q1- (Pumldt < 1Qi sy I1laory (3.19)
T T
By applying Holder’s inequality, we have for |5
T
[, Pt sndxar=po [[ omg- (Pry)azdt < po [ 10" iz gllimioy - Iz
T T
T
< o [ 16" lwnaioy - I8l - Il dt < Bollglisian - 16" mam - 19lsy

(3.20)
Similarly, for Js

T
[, Pibyprgnazi =gy [[ y7g- (Pryyazit <y [ 19" a0 Il Il
T T

T
< 5¢/0 1™ Wiz - 181l - llly dt < ByligllLear) - 19" 20,1mm) - 1ll a0, 7.

(3.21)
Finally, for J,, we have that for all w € L%(0,T; Vz)
3 3
//Q 2P;Ki|u?1|‘7f_2u§” -ej - wdxdt = //Q in\uﬂ""_zulm -e; - (Ppw) dxdt
s (3.22)

< le Sy Pl 8 < K1 e Nl
Combining (3.17)—(3.22) and using (3.13), (3.15), we obtain

Ju™

WeL"°(0TV)mL‘7 (0, T; V)N (UL" QT)

Since for any finite time T, it holds

L®(0,T; V') < L1'(0,T; V') < LW ) (0, T; V'),



Well-posedness of a non-Newtonian double-diffusive convection system 11

and N )
L7 (Qr) < L7(0, T; V') — L€)' (0, T; V),

therefore

agt e L'(0,T;V"), [ :=min{(g%), (¢7)'}. (3.23)

Analogously, we define the orthogonal projection operator R, : H' — W™ as

m
R0 = E(G,gbj)(pj, forall 6 € H',

=1
its adjoint operator R;, : H™! — H™!, satisfies R;, %~ = %-. Furthermore, it holds
HRMHE(H,H) <1 ||R:;1H£ H-1H1) <1
(

In the sense of distributions, we rewrite equation (3.2), as

m 3
aait = R (™ V)" 4w RLAD™ + R Qy =1 Y I, (3.24)
i=1

We now estimate each term [; for j =1,2,3,let y € 12 0, T; HZ) be a test function.
Estimation of I;: From N = 3 we derive H! — L%(Q)). By the definition of the adjoint
operator R, and Holder’s inequality, we have

—/ R (u" - V) 0" -y dxdt = —// (" V) " - (Ryit) dxdt

Qr Qr
< [T im v (R o g < [ gnil gy (3.25)
=/, 1" |20y IV (Rmpt) |3 107 || Lo () dt < A ™ g - el e - 107 (| it

< HumHL""(O,T;H) : HV”LZ(O,T;HZ) : HQWHLZ(O,T;Hl) :

Estimation of I,: By the definition of the adjoint operator and Holder’s inequality, we obtain

// a1 R, A0™ - pdxdt = aq // AO™" - (R dxdt<oc1/ VO™ [l 2(q) - Vil 1200y dt

< “1/0 10" M| - gl o dt < “1||9m||L2 0,T;H') HV“U(O,T;HZ)'
(3.26)
Estimation of I3: By the definition of the adjoint operator and Holder’s inequality, we have

J], RiQe-patvit < [[ 102 Rupldedt < |Qallzomiry Ilizomary  627)
T T

Combining estimates (3.25)—(3.27) and utilizing (3.13), we conclude that

20"

2
= €LXO,T;H™ 2). (3.28)

Similarly, we reformulate equation (3.2); by defining the terms Y; (j = 1,2,3) as:

" :
% — R (" V)" 4 R AP +R5Qs = YV, (3.29)
j=1
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We now estimate Y;. For all 4 € L2(0, T; H?), we have

- // R, (u™ - V)" - pdxdt = —// (u™ - V)" - (Rmp) dxdt

Qr Qr
T " T m (3.30)

< [ 1 a0 19 (Rt sy 197 iy 8 < [ 1™ Il 1™ e
< HumHLw(o,T;H) : HV”LZ(O,T;HZ) : ||1/’m”L2(0,T,-H1)-

For Y, by the definition of the adjoint operator and Holder’s inequality

// Ry, AP - pdxdt = // AYP™ - (Ryup) dxdt
Qr Qr

T T
<az [ 199" iz - IVl dt < o [ 197 - el s
< wlp" 200,781 - Nl 20,7:82)- (3.31)

Finally, for Y3, using the adjoint property and Hoélder’s inequality
//Q R Qs - pdxdt < //Q Qs Runpt| dxdt < [[Qsllr20,m.m1) - 1l 2 0,1;02) - (3.32)
T T
Combining estimates (3.30)—(3.32) and utilizing (3.13), we arrive at

%”t € L*(0,T;H?). (3.33)

3.3 Proof of the existence of solutions

From the uniform estimates (3.13), (3.15), (3.23), (3.28), and (3.33), there exist a subsequence

(still denoted by m) such that the following convergences hold as m — oo

u" —u weakly-* in L*(0, T; H);
u —~y weakly in L‘7(O, T; Vq);
uj' — u; weakly in L% (Qr), i =1,2,3;
m ~
agt — E;L; weakly in L‘I(O, T; V');
A(u™) =V weakly in L7 (0, T; V2);
o — 0 weakly-* in L®(0, T; L*(Q)));
0" — 0 weakly in L? (0, T; Hl);
m
agt — ?;: weakly in L2(0, T; H?);
P — weakly-* in L®(0, T; L*(Q)));
P — weakly in LZ(O, T; Hl);
" 9y 12 2
T — m weakly in L°(0, T; H 7).

Moreover, since L‘7(O, T; Vt?) — L7 (0, T; Vq), due to (3.13), we also have u™ € L7 (0, T; Vq).



Well-posedness of a non-Newtonian double-diffusive convection system 13

Now, we observe that by the definition of the space V, the continuous embedding H
V' holds. Combining this with the anisotropic compactness embedding (1.6), which states
Vq —<— H, by the Aubin-Lions Lemma, we deduce that

u™ — u strongly in L7 (0,T; H). (3.34)
Using the interpolation inequality, we obtain from (3.13) and (3.34) that
u" — u strongly in L'(0,T; H), foranyr>1, (3.35)
consequently, for any i € {1,2,3}, we also have
ul® — u; strongly in L'(Qr), foranyr > 1.
Furthermore, noting that H' << L2(Q)), we can again use the Aubin-Lions Lemma to

deduce that
0™ — 0 strongly in L*(0, T; L*(Q))),

"™ — ¢ strongly in L2(0, T; L*(Q)).

By fixing k and passing the system (3.2); to the limit as m — oo, we obtain for all ¢} € V"
and for a.e. t € [0, T]

ou 3 3 _
/Qat-gokdx+1/;/ﬂvi-Diq)kdx—l—/Q[(u-V)u]-q)kdx+;xi/ﬂlui\”l 2ui-ei-(pkdx

_ ud /9-d / - @ud.
/QQl Prdx + By ., 08 ox x+ By ng @rdx

(3.36)

Since V = (J%_; V™, this equation holds for all @ € V. By a continuity argument, the equation
(3.36) holds for all ¢ € Vj as long as the integrals there remain bounded for u € L*(0, T; H) N
Li(0, T; Vi) and u; € L% (Qr). The only difficulty here is to show the boundedness of the
convective integral term. For this, by Holder’s inequality, we get

/Q[(u.V)u] gdx = —/Qu®u Vopdx < ul, o) IVl (0 (3.37)

since g, > ﬁ—:l, the embedding Vi = V- holds, then using Lemma 1.1, we obtain

2
J - D)l @i < [lull gl
Similarly, by passing to the limit as m — oo in (3.2)y, (3.2)3, we obtain, for any ¢ € H'
Qg(:-cpdx—i—/Q[(u-V)G]-4>dx+oc1/QV9-V4>dx:/QQ2-qbdx,
/Q?;f-4>dx+/0[(u-V)tp]-(pdx+ocz/QV1p-ngdx:/QQ3-qbdx.

Moreover, by observing (1.12) and utilizing (1.8), we can write

T u(t) @) = (wlt) ),

(3.38)

3
w:= Q1+ ) D; (IDu|" D) — (u-V)u— Y wi|ui| " Puie; + (Bob + By)g, (3.39)
i=1 i=1
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for any ¢ € V, in the distribution sense in D(0, T). Consequently, by using Definition 1.3(1)
and (1.9), together with the assumptions that g4; > 2 and g~ > 2, it can be shown that
w € LY(0,T; V'), and therefore (see [25, Lemma III-1.1])

Ju 1 s
5 eL (0, T; V).

Similarly, we could obtain

O _ 1 7.1 I _ 1 -1
geL(O,T,H ), EEL(O,T,H ).
Since u € L®(0,T;H), 6,9 € L*(0,T;L*(Q)), and H — V’, [>(Q)) — H (Q), from
Lemma 2.3, we conclude that u € C,,([0, T]; H), and 6, ¢ € C,,([0, T]; L*(Q)).
Next, to complete the proof of the Theorem 1.8, it suffices to prove that

Aiw) =V, Au) = iv,- =V. (3.40)
i=1

Since for all &, 5 € Li (0, T; Vﬁ) with ¢ # #, we have

3
(|D;g|"2D;& — |Diy|"*Diny, D;& — Dim) >0,
=1

Lq;(QT)XLq[(QT)

~

which implies that A; and A are strictly monotone operators. This monotonicity property
allows us to apply the monotonicity method to establish the validity of (3.40).
Furthermore, to support the subsequent analysis, we need to demonstrate that

/Q[(u-V)u]-vdx:—/()u@u:Vvdxeﬂ(O,T), (3.41)

for all u € L®(0, T; H) N Li(0, T; V,j) and v € L1(0, T; Vq). To prove (3.41), we first note that,
by the definition of g~ and Lemma 1.1, it follows that

L9(0,T; Vz) < L7 (0,T; V) < L7 (0, T; L%).
Subsequently, applying the interpolation inequality yields
L9(0, T; Vi) NL=(0,T;H) C L7 (0,T; L9) N L™(0, T; L*(QY)) € LP(Qr),

where p =249~ — 29 /q;. From (1.13), we can deduce that 2/p +1/g~ < 1, which enables
us to apply Holder’s inequality to establish (3.41).
Next, following the methodology in [13], for a.e., t € (0, T), we obtain

1 t 1 tf3 -~
§Hu(t)lliz(g)+1//0 (V,u)ds ZEHu(O)H%z(Q) —/0 (;KiWi‘Ul 2”1’1”1‘) ds

X /Ot(Qllu)dS'f’,BG / /Q ogudxds + / /Q ygudxds.

(3.42)

For every 5 € L‘7(0, T; Vq), we define

t 1
o = [ (AG™) = Aly),u” = ) ds+ 5 0" (5] .



Well-posedness of a non-Newtonian double-diffusive convection system 15

By the monotonicity of A, we deduce that

.. 1
Jim inf x> 2 u(t) [72q)- (3.43)

From (3.2), we express x; as
1 m 2 f 3 mic—2. m .m t .
Xm = EHu (O)HLZ(Q) _/0 ZK;’|ui |7 “ul", ul ds—v/o (A(y),u™ —n)ds
i=1

_V/Ot (A(u™),n) ds+/0t(Q1,um)ds+59 //Qt 0" gu" dxds + By //Qt Y gudxds.

Taking the limit as m — oo, we obtain
1 2 s —2 :
X = 5 lwolliz( _/0 Y Kiluil g, ug | ds —V/O (A(y),u—1)ds
i=1

_V/Of (A(w),7) ds+/()t(Q1,u)ds+/39 //Q bgudxds + B, //Q Ygudxds.

Combining (3.42) and (3.43), we then have
t
/ (V= A(p),u—q)ds >0, ae,te(0,T). (3.44)
0

Let y = u — Ag, for any A > 0 and & € L7(0, T; V;). Substituting this into the inequality,
we get

/Ot(v — A — AZ),&)ds > 0. (3.45)

Taking the limit as A — 0 in formula (3.45), we conclude that
t _
/0 (V—A(u),8)ds >0, forany¢ e L(0,T;Vy).

Thus, V = A(u), a.e. in Qr, and Theorem 1.8 is proved.
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