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Abstract. In this work, we obtain the existence of multiple solutions for sixth-order dif-
ferential equations with two parameters λ and µ, generally arising in astrophysics; the
narrow convecting layers bounded by stable layers which are believed to surround A-
type stars may be modeled by the problems. Using a consequence of the local minimum
theorem due to Bonanno we look into the existence of one solution under algebraic
conditions on the nonlinear term and two solutions for the problem under algebraic
conditions with the classical Ambrosetti–Rabinowitz condition on the nonlinear term.
Furthermore, by employing two critical point theorems, one due to Averna and Bo-
nanno, and another one due to Bonanno we guarantee the existence of two and three
solutions for the problem in a special case.
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1 Introduction

In this paper, we study the following problem{
−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ f (t, u(t)) + µg(t, u(t)), t ∈ [0, 1],

u(0) = u(1) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0,
(1.1)

where λ > 0, µ ≥ 0, A, B and C are given real constants and f , g : [0, 1] × R → R are
continuous functions. The problem is motivated by the study for stationary solutions of the
sixth-order parabolic differential equations

∂u
∂t

=
∂6u
∂6t

+ A
∂4u
∂4t

+ B
∂2u
∂2t

+ f (t, u(t)). (1.2)
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This equation arises in the formation of spatially periodic patterns in bistable systems and
serves as a model for describing the behavior of phase fronts in materials undergoing transi-
tions between liquid and solid states. One of its most significant applications is in modeling
phase-front dynamics in such materials.

Sixth-order boundary value problems (BVPs) also appear in astrophysics. In particular,
the thin convective layer enclosed by stable layers, which is believed to surround A-type stars,
can be modeled by sixth-order BVPs [11, 21, 22]. There exist many sixth-order differential
equations similar to problem (1.1) that arise in engineering, material mechanics, and related
fields. The study of sixth-order differential equations is therefore of considerable importance
in engineering sciences. Consequently, numerous results have been established concerning
the existence of multiple solutions for sixth-order boundary value problems; see, for instance,
[6, 9, 12, 14–16, 20]. In [14], Gyulov et al. have established the existence and multiplicity of
solutions of the following boundary value problem{

−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ f (t, u(t)), 0 < t < L,

u(0) = u(L) = u′′(0) = u′′(L) = u(iv)(0) = u(iv)(L) = 0,
(1.3)

where A, B, C are given real constants and f is a continuous function on R2. In [15], Li
obtained the existence and multiplicity of positive solutions for the sixth-order boundary
value problem{

−u(vi)(t) + A(t)u(iv)(t) + B(t)u′′(t) + C(t)u(t) + f (t, u(t)) = 0, t ∈ [0, 1],

u(0) = u(1) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0,
(1.4)

where A, B, C ∈ C([0, 1]) and f : [0, 1] × [0, ∞) → [0, ∞) is continuous. Bonanno et al. in
[6], by using the critical point theory, have discussed the existence of at least one nontrivial
solution for a nonlinear sixth-order ordinary differential equation for the following problem

−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ f (t, u(t)), t ∈ [a, b], (1.5)

where λ > 0, A, B, C are given real constants and f : [a, b] × R → R is a function. Re-
cently, Bonanno and Livrea in [9], by the variational methods under oscillating behavior on
the nonlinear term, have obtained the existence of infinitely many solutions for the following
nonlinear sixth-order differential equation{

−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ f (t, u(t)), t ∈ [0, 1],

u(0) = u(1) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0,
(1.6)

where λ > 0, A, B and C are given real constants and f : [0, 1] × R → R is a continuous
function.

For sixth-order problems, we also refer to [23]. Concerning fourth-order problems, rel-
evant references include [13], as well as more recent contributions addressing fourth-order
differential inclusions and hemivariational inequalities [8]. These works employ a variety
of analytical techniques, including variational methods and fixed point theorems, and help
situate the present study within the broader context of the existing literature.

Inspired by the above results, in this article we investigate the existence of one, two, and
three weak solutions to the problem (1.1). To this end, we impose suitable conditions and
introduce appropriate ranges for the two parameters λ and µ, which allow us to establish the
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existence of weak solutions to (1.1). We also provide illustrative examples demonstrating the
applicability of the main theorems. Finally, we derive results concerning the existence and
multiplicity of weak solutions in the particular case where the two parameters coincide.

Our approach is based on variational methods, and the principal tools are four local min-
imum theorems for differentiable functionals. More precisely, by applying a consequence of
a local minimum theorem due to Bonanno, we establish the existence of at least one solution
under suitable algebraic conditions on the nonlinear term, and the existence of two solutions
under algebraic conditions combined with the classical Ambrosetti–Rabinowitz (AR) condi-
tion. Furthermore, by employing two critical point theorems one due to Averna and Bonanno
and another due to Bonanno we prove the existence of two and three solutions to problem (1.1)
in the case λ = µ. In comparison with previous results, we introduce new assumptions that
ensure the existence of nontrivial weak solutions to (1.1), thereby extending and generalizing
several recent related works.

2 Preliminaries and basic notation

In this section, we introduce the tools that are necessary for our main results in the next
section.

Set
X = {u ∈ H3(0, 1) ∩ H1

0(0, 1) | u′′(0) = u′′(1) = 0}. (2.1)

X is the Sobolev space with inner product

⟨u, v⟩ :=
∫ 1

0

(
u′′′(t)v′′′(t) + u′′(t)v′′(t) + u′(t)v′(t) + u(t)v(t)

)
dt

for all u, v ∈ X, and norm

∥u∥ :=
(
|u′′′|22 + |u′′|22 + |u′|22 + |u|22

) 1
2

(2.2)

for all u ∈ X.

Proposition 2.1 (see [9]). If k = 1
π2 , for every u ∈ X, we have

∥u(i)∥2
2 ≤ kj−i∥u(j)∥2

2, i = 0, 1, 2, j = 1, 2, 3 with i < j, (2.3)

where ∥u∥2 := (
∫ 1

0 |u(t)|2dt)
1
2 is norm in L2(0, 1).

We introduce the function N : X → R as follows

N(u) := ∥u′′′∥2
2 + A∥u′′∥2

2 + B∥u′∥2
2 + C∥u∥2

2, ∀ u ∈ X,

where A, B, C ∈ R and satisfy at least one of the following conditions:

(H1) A ≥ 0, B ≥ 0, C ≥ 0;

(H2) A ≥ 0, B ≥ 0, C < 0 and −Ak − Bk2 − Ck3 < 1;

(H3) A ≥ 0, B < 0, C ≥ 0 and −Ak − Bk2 < 1;

(H4) A ≥ 0, B < 0, C < 0 and −Ak − Bk2 − Ck3 < 1;
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(H5) A < 0, B ≥ 0, C ≥ 0 and −Ak < 1;

(H6) A < 0, B ≥ 0, C < 0 and max{−Ak,−Ak − Bk2 − Ck2} < 1;

(H7) A < 0, B < 0, C ≥ 0 and −Ak − Bk2 < 1;

(H8) A < 0, B < 0, C < 0 and −Ak − Bk2 − Ck3 < 1.

Moreover, fix A, B, C ∈ R and consider the following condition:

(H) max{−Ak,−Ak − Bk2,−Ak − Bk2 − Ck3} < 1.

Condition (H) is equivalent to every condition (H1)–(H8) (see [9, Proposition 2.2])

Proposition 2.2 ([9]). Assume that (H) holds, and put ∥u∥X =
√

N(u) for every u ∈ X. Then,
∥u∥X is a norm equivalent to the usual one defined on (2.2) and (X, ∥ · ∥X) is a Hilbert space with
inner product

⟨u, v⟩ :=
∫ 1

0

(
u′′′(t)v′′′(t) + Au′′(t)v′′(t) + Bu′(t)v′(t) + Cu(t)v(t)

)
dt

for all u, v ∈ X.

Clearly (X, ∥ · ∥X) ↪→ (C0(0, 1), ∥ · ∥∞) and the embedding is compact. For a qualitative
estimate of the constant of this embedding it is useful to introduce the following number

δ =



1 if (H1) holds,

min{1, 1 + Ak + Bk2 + Ck3} if (H2) or (H4) holds,

min{1, 1 + Ak + Bk2} if (H3) holds,

1 + Ak if (H5) holds,

min{1 + Ak, 1 + Ak + Bk2} if (H6) holds,

1 + Ak + Bk2 if (H7) holds,

1 + Ak + Bk2 + Ck3 if (H8) holds.

(2.4)

Proposition 2.3 ([9]). Assume that H holds, one has

∥u∥∞ ≤ k
2
√

δ
∥u∥X

for all u ∈ X, where δ is given on (2.4).

We say that a function u ∈ X is a weak solution of the problem (1.1) if

∫ 1

0

(
u′′′(t)v′′′(t) + Au′′(t)v′′(t) + Bu′(t)v′(t) + Cu(t)v(t)

)
dt

− λ
∫ 1

0
f (t, u(t))v(t)dt − µ

∫ 1

0
g(t, u(t))v(t)dt = 0

holds for all v ∈ X. Corresponding to the functions f and g, we introduce the functions
F : [0, 1]× R → R and G : R → R, respectively, as follows:

F(t, x) =
∫ x

0
f (t, ξ)dξ, for all (t, x) ∈ [0, 1]× R
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and

G(t, x) =
∫ x

0
g(t, ξ)dξ, for all (t, x) ∈ [0, 1]× R.

For γ > 0 and δ > 0 set

Gγ =
∫
[0,1]

max
|x|<γ

G(t, x)dt, and Gδ = inf
[0,1]×[− δ

4 , δ
4 ]

G.

If g is sign-changing, then Gγ ≤ 0 and Gδ ≥ 0.

Definition 2.4. Assume that X is a real reflexive Banach space. We say that I satisfies the
Palais–Smale condition (denoted by the (PS) condition for short) if any sequence {un}n∈N ⊂
X such that I(un) is bounded and I′(un) → 0 as n → ∞ possesses a convergent subsequence.

Let r1, r2 ∈ [−∞,+∞] with r1 < r2 and let I = Φ − Ψ, where Φ, Ψ : X → R are two
continuously Gâteaux differentiable functionals. If every sequence {un}n∈N ⊂ X satisfying
the following conditions

(j1) I(un) is bounded;

(j2) lim
n→∞

|I′(un)|X∗ = 0;

(j3) r1 < Φ(un) < r2 for all n ∈ N,

admits a convergent subsequence, then we say that the functional I satisfies the Palais–Smale
condition cut off below at r1 and above at r2 (the [r1](PS)[r2]-condition). Likewise, we define:

(PS)[r2] when r1 = −∞ and r2 ∈ R;
[r1](PS) when r1 ∈ R and r2 = +∞.
By Definition 2.4, the classical (PS)-condition is recovered when the [r1](PS)[r2]-condition

holds with r1 = −∞ and r2 = +∞. Indeed, if Φ and Ψ are two continuously Gâteaux
differentiable functionals defined on a real Banach space X and r ∈ R is fixed, the functional
I = Φ − Ψ is said to satisfy the Palais–Smale condition cut off above at r (in short, (PS)[r]) if
any sequence {un}n∈N ⊂ X such that

(1) I(un) is bounded;

(2) limn→∞ |I′(un)|X∗ = 0;

(3) Φ(un) < r for each n ∈ N,

admits a convergent subsequence.
The proofs of our theorems are based on the following four theorems.

Theorem 2.5 ([5, Theorem 2.3]). Let X be a real Banach space and let Φ, Ψ : X → R be two
continuously Gâteaux differentiable functions such that infu∈X Φ(u) = Φ(0) = Ψ(0) = 0. Assume
that there exist r > 0 and ū ∈ X, with 0 < Φ(ū) < r, such that:

(i1)
supΦ(u)≤r Ψ(u)

r < Ψ(ū)
Φ(ū) ,

(i2) for each λ ∈
(Φ(ū)

Ψ(ū) , r
supΦ(u)≤r Ψ(u)

)
, the functional Iλ := Φ − λΨ satisfies (PS)[r]-condition.
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Then, for each λ ∈ Λ :=
(Φ(ū)

Ψ(ū) , r
supΦ(u)≤r Ψ(u)

)
, there exists u0,λ ∈ Φ−1(0, r) such that Iλ(u0,λ) ≡ ϑX∗

and Iλ(u0,λ) ≤ Iλ(u) for all u ∈ Φ−1(0, r).

Theorem 2.6 ([5, Theorem 3.2]). Let X be a real Banach space, Φ, Ψ : X → R be two continuously
Gâteaux differentiable functionals such that Φ is bounded from below and Φ(0) = Ψ(0) = 0. Fix
r > 0 and assume that, for each

λ ∈
(

0,
r

supu∈Φ−1(−∞,r) Ψ(u)

)
,

the functional Iλ = Φ − λΨ satisfies (PS)-condition and it is unbounded from below. Then, for each

λ ∈
(

0,
r

supu∈Φ−1(−∞,r) Ψ(u)

)
,

the functional Iλ admits two distinct critical points.

Theorem 2.7 ([2, Theorem A]). Let X be a reflexive real Banach space, Φ : X → R a continu-
ously Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux
derivative admits a continuous inverse on X∗ and Ψ : X → R a continuously Gâteaux differentiable
functional whose Gâteaux derivative is compact. Assume that:

(k1) lim∥u∥→∞(Φ(u) + λΨ(u)) = ∞, for all λ ∈ [0, ∞);

(k2) there is r ∈ R such that
inf
X

Φ < r

and
φ1(r) < φ2(r)

where

φ1(r) = inf
u∈Φ−1]−∞,r̄[

Ψ(u)− inf
Φ−1(−∞,r)

ω Ψ

r − Φ(u)
,

φ2(r̄) = inf
u∈Φ−1(−∞,r)

sup
v∈Φ−1[r,∞)

Ψ(u)− Ψ(v)
Φ(v)− Φ(u)

,

and Φ−1(−∞, r)
ω

is the closure of Φ−1(−∞, r) in the weak topology. Then, for each λ ∈
( 1

φ2(r)
, 1

φ1(r)

)
the functional Φ + λΨ has at least three critical points in X.

In Theorem 2.7, we consider that equivalent 1
0 as ∞.

Theorem 2.8 ([3, Theorem 1.1]). Let X be a reflexive real Banach space, and let Φ, Ψ : X → R be
two sequentially weakly lower semicontinuous and Gâteaux differentiable functions. Assume that Φ is
(strongly) continuous and satisfies

lim
∥u∥→∞

Φ(u) = ∞.

Assume also that there exist two constants r1 and r2 such that

(e1) infX Φ < r1 < r2;
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(e2) φ1(r1) < φ∗
2(r1, r2);

(e3) φ1(r2) < φ∗
2(r1, r2), where φ1 is defined as in Theorem 2.7 and

φ∗
2(r1, r2) = inf

u∈Φ−1(−∞,r1)

sup
v∈Φ−1[r1,r2]

Ψ(v)− Ψ(u)
Φ(v)− Φ(u)

.

Then, for each λ ∈
( 1

φ∗
2(r1,r2)

, min
{ 1

φ1(r1)
, 1

φ1(r2)

})
, the functional Φ + λΨ admits at least two critical

points which lie in Φ−1(−∞, r1] and Φ−1[r1, r2) respectively.

Various applications of the above theorems are presented in [7, 10].

3 Main results

In this section, we establish the main existence result of the paper. The following technical
constant will be useful,

η = 4δπ4

(
96
(

12
5

)5

+ 4A
(

12
5

)4

+
1248
175

B +
493
756

C

)−1

(3.1)

where A, B, and C denote the real parameters appearing in problem (1.1) and satisfy the
condition (H). Also, we consider

ω(t) =


v(t), t ∈ [0, 5

12 [,

1, t ∈ [ 5
12 , 7

12 ],

v(1 − t), t ∈ ] 7
12 , 1],

(3.2)

where v(t) = ( 12
5 )

4t4 − 2( 12
5 )

3t3 + 24
5 t for every t ∈ [0, 5

12 ]. We clearly observe that ω ∈ X.

Theorem 3.1. Assume that there exists a positive constant γ such that 1
2η < γ2, and that the following

conditions hold:

(A1)
∫ 1

0 sup|x|≤γ F(t,x(t))dt
γ2 < 2η

∫ 1
0 F(t, ω(t))dt;

(A2) lim sup|ξ|→∞
F(t,ξ)
|ξ|2 ≤ 0 uniformly in [0, 1].

Then, for every

λ ∈ Λ :=

 2δπ4

η
∫ 1

0 F(t, ω(t))dt
,

4δγ2

k2
∫ 1

0 sup|x|≤γ F(t, x(t))dt


and for every L2-Carathéodory function g : [0, 1]× R → R satisfying the condition

lim sup|x|→∞

supx∈[0,1] G(t, x)

x2 < ∞, (3.3)

there exists δλ > 0 given by

min

2δπ4 − λη
∫ 1

0 F(t, ω(t))dt
ηGδ

,
4δγ2 − λk2

∫ 1
0 sup|x|≤γ F(t, x(t))dt

k2Gγ

 (3.4)

such that for each µ ∈ [0, δλ) the problem (1.1) admits at least one weak solution uλ in X such that
maxt∈[0,1] |uλ(t)| < γ.
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Proof. We aim to apply Theorem 2.5 with respect to the space X equipped with the norm
defined in (2.2), and we consider the functionals Φ and Ψ defined as follows:

Φ(u) =
1
2
∥u∥2

X (3.5)

and

Ψ(u) =
∫ 1

0

(
F(t, u(t)) +

µ

λ
G(t, u(t))

)
dt

for all u ∈ X. From the definition of Φ, we observe that Φ is Gâteaux differentiable and
sequentially weakly lower semicontinuous. Its Gâteaux derivative is the functional Φ′(u) ∈
X∗, which is given by

Φ′(u)(v) =
∫ 1

0

(
u′′′(t)v′′′(t) + Au′′(t)v′′(t) + Bu′(t)v′(t) + Cu(t)v(t)

)
dt

for every v ∈ X. We have

⟨Φ′(u)− Φ′(v), u − v⟩ = ∥u − v∥2
X.

Therefore, Φ′ admits a continuous inverse on X. Moreover, the functional Ψ is in C1(X, R)

and Ψ has compact derivative. Moreover, for λ > 0, we will show that the functional Iλ is
coercive. Since µ < δk and by (3.3), we can fix α > 0 such that αµ < 2δ

k2 , and there exists
ρα ∈ L1(0, 1) such that

G(t, x) ≤ αx2 + ρα.

Now, we fix ε < 2δ
λk2 − αµ

λ . From the assumption (A2) there is a function ρε ∈ L1(0, 1) such that

F(t, x) ≤ εx2 + ρε

for every (t, x) ∈ [0, 1]× R. It follows that, for each u ∈ X,

Φ(u)− λΨ(u) =
1
2
∥u∥2

X −
∫ 1

0

(
λF(t, u(t)) + µG(t, u(t))

)
dt

≥ 1
2
∥u∥2

X − λε
∫ 1

0
u2(t)dt − λ∥ρε∥1 − αµ

∫ 1

0
u2(t)dt − µ∥ρα∥1

≥
(

1
2
− λ

k2

4δ
ε − µ

k2

4δ
α

)
∥u∥2

X − λ∥ρε∥1 − µ∥ρα∥1,

and thus

lim
∥u∥X→∞

(Φ(u)− λΨ(u)) = ∞,

which means the functional Iλ = Φ(u)− λΨ(u) is coercive. Therefore, by [4, Remark 2.1] the
functional Iλ = Φ(u)− λΨ(u) verifies (PS)[r]-condition for each r > 0, and so condition (i2)
of Theorem 2.5 is fulfilled. Put r = 4δ

k2 γ2 and ∥ω∥2
X = 4δπ4

η . Hence, by (3.5), we have

Φ(ω) =
2δπ4

η
. (3.6)
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Therefore, by the assumption 1
2η < γ2, we get 0 < Φ(ω) < r. Moreover, by (2.3), we have

|u(t)|2 ≤ ∥u∥2
∞ ≤ k2

4δ
∥u∥2

X ≤ k2

4δ
Φ(u) ≤ k2

4δ
r = γ2, ∀ t ∈ [0, 1].

Thus,

Φ−1(−∞, r] = {u ∈ X; Φ(u) ≤ r} ⊆ {u ∈ X; |u(t)| ≤ γ}.

Therefore, one has

sup
u∈Φ−1(−∞,r)

∫ 1

0
F(t, u(t))dt ≤ sup

|x|≤γ

∫ 1

0
F(t, x)dt,

and this in conjunction with the second inequality in (3.3) ensures

sup
u∈Φ−1(−∞,r)

∫ 1

0

(
F(t, u(t)) +

µ

λ
G(t, u(t))

)
dt ≤ sup

u∈Φ−1(−∞,r)

(∫ 1

0
F(t, u(t)

)
dt +

µ

λ
Gγ

≤
∫ 1

0
sup
|x|≤γ

F(t, x)dt +
µ

λ
Gγ,

for every u ∈ X such that Φ(u) < r. Thus,

sup
Φ(u)≤r

Ψ(u) ≤
∫ 1

0
sup
|x|≤γ

F(t, x)dt +
µ

λ
Gγ.

On the other hand, we have

Ψ(ω) =
∫ 1

0

(
F(t, ω(t)) +

µ

λ
G(t, ω(t))

)
dt ≥

∫ 1

0
F(t, ω(t))dt +

µ

λ
Gδ.

Therefore

supu∈Φ−1(−∞,r] Ψ(u)

r
=

supu∈Φ−1(−∞,r]

∫ 1
0

(
F(t, u(t)) + µ

λ G(t, u(t))
)

dt

r

≤
∫ 1

0 sup|x|≤γ F(t, x(t))dt + µ
λ Gγ

4δ
k2 γ2

,

(3.7)

and

Ψ(ω)

Φ(ω)
≥

∫ 1
0

(
F(t, ω(t)) + µ

λ G(t, ω(t))
)

dt

2δπ4

η

≥
∫ 1

0 F(t, ω(t))dt + µ
λ Gδ

2δπ4

η

. (3.8)

Since

µ <
4δγ2 − λk2

∫ 1
0 sup|x|≤γ F(t, x(t))dt

k2Gγ

this means ∫ 1
0 sup|x|≤γ F(t, x(t))dt + µ

λ Gγ

4δ
k2 γ2

<
1
λ

.
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Furthermore,

µ <
2δπ4 − λη

∫ 1
0 F(t, ω(t))dt

ηGδ
,

this means ∫ 1
0 F(t, ω(t))dt + µ

λ Gδ

2δπ4

η

>
1
λ

.

Then ∫ 1
0 sup|x|≤γ F(t, x(t))dt + µ

λ Gγ

4δ
k2 γ2

<
1
λ
<

∫ 1
0 F(t, ω(t))dt + µ

λ Gδ

2δπ4

η

. (3.9)

Hence, from (3.7) to (3.9), the condition (i1) of Theorem 2.5 is fulfilled. Since

λ ∈
(

Φ(ω)

Ψ(ω)
,

r
supΦ(u)≤r Ψ(u)

)
.

Theorem 2.5 with u = ω guarantees the existence of a local minimum point uλ for the func-
tional Iλ such that 0 < Φ(uλ) < r and so uλ is a nontrivial weak solution of the problem (1.1)
such that maxt∈[0,1] |uλ(t)| < γ.

We now present an example to demonstrate the use of Theorem 3.1.

Example 3.2. As an application of Theorem 3.1 we consider the problem{
−u(vi)(t) + 2u(iv)(t)− u′′(t) + 2u = λ f (t, u(t)) + µg(t, u(t)), t ∈ [0, 1]

u(0) = u(1) = u′′(0) = u′′(1) = uiv(0) = uiv(1) = 0,
(3.10)

where A = 2, B = 1, C = 2, so δ = 1 and η ≃ .0005π4. Put g(t, x) = x for all (t, x) ∈ [0, 1]×R,
thus lim sup|ξ|→∞

sup G(t,ξ)
|ξ|2 = 0. Now, define

f (t, x) =

{
t2, x ≤ 1,
t2

x , x > 1,

for every t ∈ [0, 1]. By the expression of f , we obtain

F(t, x) =

{
t2x, x ≤ 1,

t2(ln x + 1), x > 1.

Consequently, lim|ξ|→∞
F(t,ξ)
|ξ|2 = 0, and and thus the condition (A2) is satisfied. Let us take

γ = 106. Then 1
2η ≃ 1

2×.0005×π4 < 1012 = γ2, and moreover,∫ 1
0 sup|x|≤γ F(t, x)dt

γ2 =
7

3 × 1012 < 2 × .0005 × π4 × 1
6
= 2η

∫ 1

0
F(t, ω(t))dt

Therefore, the condition (A1) also holds. Hence, all the assumptions of Theorem 3.1 are
satisfied. It follows that, for each each λ ∈

( 2
.0005× 1

6
, 4×π4×1012

7

)
and for every

0 ≤ µ < min

{
2 × π4 − 1

6 × .0005 × π4λ
−1
4 × .0005 × π4

,
8 × 1012 − 14

π4 λ

106 × 1
π4

}
,

the problem (3.10)admits at least one weak solutions in X.
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In what follows, we proceed to apply Theorem 2.6 in order to establish the existence of at
least two weak solutions for problem (1.1).

Theorem 3.3. Assume that there exists a positive constant γ such that 1
2η < γ2, and that the following

conditions hold:

(A3) there exist ν > 2 and T > 0 such that

0 < νF(t, ξ) < ξ f (t, ξ)

for all |ξ| > T and t ∈ [0, 1],

(A′
3) there exist ν ≥ ν′ > 2 and T′ > 0 such that

0 < ν′G(t, ξ) < ξg(t, ξ)

for all |ξ| > T′ and t ∈ [0, 1].

Then, for each

λ ∈

0,
4δγ2

k2
∫ 1

0 sup|x|≤γ F(t, x)dt


there exists δλ > 0 given by (3.4) such that, for each µ ∈ [0, δλ[, the problem (1.1) admits at least two
weak solutions u1 and u2 in X such that maxt∈[0,1] |u1(t)| < γ.

Proof. We aim to verify the hypotheses of Theorem 2.6 in the space X, equipped with the norm
defined in (2.2). Considering the functionals Φ and Ψ as introduced in Theorem 2.6, we first
verify the (PS) condition for the functional Iλ. To this end, let {un}n∈N be a sequence in X
such that Iλ(un) is bounded and I′λ(un) → 0 as n → +∞. Then, there exists a positive constant
c0 such that |Iλ(un)| ≤ c0 and |I′λ(un)| ≤ c0 for all n ∈ N. Therefore, by the assumptions (A3),
(A4) and definition of I′λ, we have

c0 + c1∥un∥X ≥ νIλ(un)− I′λ(un)(un) (3.11)

≥
(ν

2
− 1
)
∥un∥2

X + λ
∫ 1

0

(
f (t, un(t))un(t)− νF(t, un(t))

)
dt (3.12)

+ µ
∫ 1

0

(
g(t, un(t))un(t)− νG(t, un(t))

)
dt (3.13)

≥
(ν

2
− 1
)
∥un∥2

X, (3.14)

for some c1 > 0. Since ν ≥ ν′ > 2, this implies that {un}n∈N is bounded. Next, we prove
that there exists u ∈ X such that un → u in X, as n → ∞. By Proposition 2.3, there exist a
subsequence, still denoted by {un}n∈N and a function u in X such that

un ⇀ u in X, and un → u in C1([0, 1]). (3.15)

By definition I′λ(u), we get

⟨I′λ(un), un − u⟩ =
∫ 1

0

(
u′′′

n (t)(u′′′
n (t)− u′′′(t)) + Au′′

n(t)(t)(u
′′
n(t)− u′′(t))

+ Bu′
n(t)(u

′
n(t)− u(t)) + Cun(t)(un(t)− u(t))

)
dt

−
∫ 1

0

(
λ f (t, un(t))(un(t)− u(t)) + µg(t, un(t))(un(t)− u(t))

)
dt.
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Therefore, we have

⟨I′λ(un)− I′λ(u), un − u⟩ =
∫ 1

0

(
u′′′

n (t)(u′′′
n (t)− u′′′(t)) + Au′′

n(t)(u
′′
n(t)− u′′(t))

+ Bu′
n(t)(u

′
n(t)− u(t)) + Cun(t)(un(t)− u(t))

)
dt

−
∫ 1

0

(
λ f (t, un(t))(un(t)− u(t)) + µg(t, un(t))(un(t)− u(t))

)
dt

−
( ∫ 1

0

(
u′′′(t)(u′′′

n (t)− u′′′(t)) + Au′′(t)(u′′
n(t)− u′′(t))

+ Bu′(t)(u′
n(t)− u′(t)) + Cu(t)(un(t)− u(t))

)
dt

−
∫ 1

0

(
λ f (t, u(t))(un(t)− u(t)) + µg(t, u(t))(un(t)− u(t))

)
dt

=
∫ 1

0

(
(u′′′

n (t)− u′′′(t))2) + A(u′′
n(t)− u′′(t))2

+ B(u′
n(t)− u′(t))2 + C(un(t)− u(t))2

)
dt

−
∫ 1

0

(
λ f (t, un(t))− f (t, u(t)))(un(t)− u(t))

+ µ(g(t, un(t))− g(t, u(t))(un(t)− u(t))
)

dt

≥ ∥un − u∥2
X −

∫ 1

0

(
λ( f (t, un(t))− f (t, u(t)))(un(t)− u(t))

+ µ(g(t, un(t))− g(t, u(t)))(un(t)− u(t))
)

dt.

From the continuity of f and g we get∫ 1

0

(
(u′′′

n (t)− u′′′(t))2) + A(u′′
n(t)− u′′(t))2 + B(u′

n(t)− u′(t))2

+ C(un(t)− u(t))2
)

dt → 0, n → ∞, (3.16)

λ
∫ 1

0
( f (t, un(t))− f (t, u(t)))(un(t)− u(t))dt → 0, n → ∞, (3.17)

µ
∫ 1

0
(g(t, un(t))− g(t, u(t)))(un(t)− u(t))dt → 0, n → ∞. (3.18)

From (3.11) and (3.15) it is easy to see that

⟨I′λ(un)− I′λ(u), un − u⟩ → 0.

Therefore, by (3.16) to (3.18), we have

∥un − u∥2
X → 0.

Thus, the sequence {un}n∈N converges strongly to u in X. Consequently, the functional Iλ

satisfies the (PS) condition. Moreover, by combining assumptions (A3) and (A′3), there exist
positive constants a1, a2, b1, b2 > 0 such that

F(t, x) ≥ a1|x|ν − a2 (3.19)
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for all t ∈ [0, 1] and x ∈ R, and

G(t, x) ≥ b1|x|ν
′ − b2 (3.20)

for all t ∈ [0, 1] and x ∈ R. Now, choosing any u ∈ X \ {0}, for each τ > 0 one has

Iλ(τu) ≤ 1
2
∥τu∥2

X − λ
∫ 1

0
F(t, τu(t))dt − µ

∫ 1

0
G(t, τu(t))dt (3.21)

≤ τ2

2
∥u∥2

X − λτν
∫ 1

0
a1|u(t)|νdt + λa2 − µτν′

∫ 1

0
b1|u(t)|ν

′
dt + µb2. (3.22)

Since ν > 2, this condition guarantees that Iλ is unbounded from below. Thus, all hypotheses
of Theorem 2.6 are verified. Therefore, for each

λ ∈

0,
4δγ2

k2
∫ 1

0 sup|x|≤γ F(t, x(t))dt


the functional Iλ admits two critical points that are weak solutions of the problem (1.1).

Remark 3.4. In Theorem 2.5 we observe that, if f (t, 0) ̸= 0, then Theorem 3.6 ensures the
existence of two nontrivial weak solutions for the problem (1.1). If the condition f (t, 0) ̸= 0
for all t ∈ [0, 1] does not hold, the second solution u2 of the problem (1.1) may be trivial, but
the problem has at least a nontrivial solution.

An example is given to demonstrate the application of Theorem 3.3.

Example 3.5. We consider the problem{
−u(vi)(t) + u(iv)(t)− u′′(t) + 3u = λ f (t, u(t)) + µg(t, u(t)), t ∈ [0, 1]

u(0) = u(1) = u′′(0) = u′′(1) = uiv(0) = uiv(1) = 0,
(3.23)

where A = 1, B = −1, C = 3. Hence, δ = min{1, 1 + Ak + Bk2} = 1 and η ≃ .0005π4.
Let g(t, x) = 4x3 + 2x + t for all (t, x) ∈ [0, 1] × R. Then thus G(t, x) = x4 + x2 + tx, and
limξ→+∞

ξg(t.ξ)
G(t,ξ) = 4. Therefore, by choosing ν′ = 4 and T′ = 1, the condition (A′

3) is satisfied.
Next, define

f (t, x) =

{
x4 + 6, x ≤ 1

7x6, x > 1.

From this definition, we obtain

F(t, x) =

{
1
5 x5 + 6x, x ≤ 1

x7 + 26
5 , x > 1.

Consequently, limξ→+∞
ξ f (t.ξ)
F(t,ξ) = 7 < ∞ and limξ→−∞

ξ f (t.ξ)
F(t,ξ) = 5 < ∞. Thus, by choosing

ν = 5 > 2 and T = 1, condition (A3) is satisfied. Taking γ = 103, we observe that 1
2η =

1
.001×π4 < 106 = γ2. Hence, all the assumptions of Theorem 3.3 are fulfilled. Therefore, for

each λ ∈
(
0, 4×106π4

1021+ 26
5

)
the problem (3.23) has at least two nontrivial weak solution.

We now turn to the case λ = µ, and in this framework we study the existence of at least
two and three weak solutions for the problem (1.1).
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Theorem 3.6. Assume that there exists a positive constant γ̄ such that

γ̄2 >
1

2η
, (3.24)

and suppose that assumption (A2) in Theorem 3.1 holds. Moreover, let

(A4)
∫ 1

0 F(t, ω(t))dt ≥ 0;

(A5)

∫ 1
0 sup|x|≤γ̄ F(t, x)dt + Gγ̄

2δ
k2 γ̄2

<
Gγ̄ −

∫ 1
0 sup|x|≤γ̄ F(t, x)dt

δπ4

η

.

Then, for every

λ ∈

 2δπ4

η

Gγ̄ −
∫ 1

0 sup|x|≤γ̄ F(t, x)dt
,

4δ
k2 γ̄2∫ 1

0 sup|x|≤γ̄ F(t, x)dt + Gγ̄


and for the function g : [0, 1]×R → R satisfying in (3.3), the problem (1.1), in the case λ = µ admits
at least three weak solutions in X.

Proof. Put Iλ = Φ(u) + λΨ(u), where

Φ(u) =
1
2
∥u∥2

X (3.25)

and

Ψ(u) = −
∫ 1

0

(
F(t, u(t)) + G(t, u(t))

)
dt

for all u ∈ X. Standard arguments show that Φ and Ψ are Gâteaux differentiable functionals
whose Gâteaux derivatives at the point u ∈ X are given by

Φ′(u)(v) =
∫ 1

0

(
u′′′(t)v′′′(t) + Au′′(t)v′′(t) + Bu′(t)v′(t) + Cu(t)v(t)

)
dt

and

Ψ′(u)v = −
∫ 1

0

(
f (t, u(t))v(t)dt + g(t, u(t))v(t)

)
dt

for all u, v ∈ X, respectively. We know that a critical point of the functional Φ(u) + λΨ(u)
corresponds to a weak solution of the problem (1.1) in the case λ = µ. Our goal is to apply
Theorem 2.7 to the functionals Φ and Ψ. By the sequential weak lower semicontinuity of the
norm, the functional Φ is sequentially weakly lower semicontinuous. Moreover, since Φ is
continuously Gâteaux differentiable, its Gâteaux derivative admits a continuous inverse on
X∗. The functional Ψ : X → R is well-defined, continuously Gâteaux differentiable, and its
Gâteaux derivative is compact. Therefore, it suffices to verify that Φ and Ψ satisfy conditions
(k1) and (k2) in Theorem 2.7. Since µ < δk and by assumption 3.3, we can fix α > 0 such that
the αµ < 2δ

k2 , and there exists a function ρα ∈ L1(0, 1) such that

G(t, x) ≤ αx2 + ρα.
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Now, we fix ε < 2δ
λk2 − α. From the assumption (A2) there is a function ρε ∈ L1(0, 1) such that

F(t, x) ≤ εx2 + ρε

for every (t, x) ∈ [0, 1]× R. Noting that λ = µ, it follows that, for each u ∈ X,

Φ(u) + λΨ(u) =
1
2
∥u∥2

X −
∫ 1

0

(
λF(t, u(t)) + λG(t, u(t))

)
dt

≥ 1
2
∥u∥2

X − λε
∫ 1

0
u2(t)dt − λ∥ρε∥1 − αλ

∫ 1

0
u2(t)dt − µ∥ρα∥1

≥ (
1
2
− λ

k2

4δ
ε − λ

k2

4δ
α)∥u∥2

X − λ∥ρε∥1 − λ∥ρα∥1,

and thus

lim
∥u∥X→∞

(Φ(u) + λΨ(u)) = ∞,

which means the functional Iλ = Φ(u) + λΨ(u) is coercive. Now it remains to show (k2) of
Theorem 2.7. Put r̄ = 4δ

k2 γ̄2. We clearly observe that ω ∈ X and ∥ω∥2
X = 4δπ4

η . Hence, by (3.5),
we have

Φ(ω) =
2δπ4

η
. (3.26)

Thus by (3.24), Φ(ω) > r̄. Moreover, by (A4)

Ψ(ω) = −
∫ 1

0

(
F(t, ω(t)) + G(t, ω(t))

)
dt ≤ Gγ̄.

Taking (2.3) into account, for every u ∈ X such that Φ(u) < r̄, we have

sup
t∈[0,1]

|u(t)| ≤ γ̄. (3.27)

Thus

sup
u∈Φ−1(−∞,r̄)

∫ 1

0

(
F(t, u(t)) + G(t, u(t))

)
dt

≤ sup
u∈Φ−1(−∞,r̄)

∫ 1

0
F(t, u(t))dt + Gγ̄

≤
∫ 1

0
sup
|x|≤γ̄

F(t, x)dt + Gγ̄ (3.28)

for every u ∈ X with Φ(u) < r̄. Thus

sup
Φ(u)≤r̄

Ψ(u) ≤
∫ 1

0
sup
|x|≤γ̄

F(t, x)dt + Gγ̄.

By simple calculations and from the definition of φ1(r̄), since Φ(0) = Ψ(0) = 0 and
Φ−1(−∞, r̄)

ω
= Φ−1(−∞, r̄) one has

φ1(r̄) = inf
u∈Φ−1]−∞,r̄[

Ψ(u)− inf
Φ−1(−∞,r̄)

ω Ψ

r̄ − Φ(u)
≤

− inf
Φ−1(−∞,r̄)

ω Ψ

r̄

≤
∫ 1

0 sup|x|≤γ̄ F(t, x)dt + Gγ̄

4δ
k2 γ̄2

.
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On the other hand, by (3.28) one has

φ2(r̄) = inf
u∈Φ−1(−∞,r̄)

sup
v∈Φ−1[r̄,∞)

Ψ(u)− Ψ(v)
Φ(v)− Φ(u)

≥ inf
u∈Φ−1(−∞,r̄)

Ψ(u)− Ψ(ω)

Φ(ω)− Φ(u)

≥
infu∈Φ−1(−∞,r̄) Ψ(u)− Ψ(ω)

Φ(ω)− Φ(u)

≥
−
∫ 1

0 sup|x|≤γ̄ F(t, x)dt + Gγ̄

Φ(ω)− Φ(u)

≥
Gγ̄ −

∫ 1
0 sup|x|≤γ̄ F(t, x)dt

2δπ4

η

.

Hence from (A5) one has

φ1(r̄) < φ2(r̄).

Therefore, from Theorem 2.7, taking also into account that

1
φ2(r̄)

≤
2δπ4

η

Gγ̄ −
∫ 1

0 sup|x|≤γ̄ F(t, x)dt

and

1
φ1(r̄)

≥
4δ
k2 γ̄2∫ 1

0 sup|x|≤γ̄ F(t, x)dt + Gγ̄

we obtain the desired conclusion.

Remark 3.7. In Theorem 3.6, if the condition

(A6)
k2
∫ 1

0 sup|x|≤γ̄ F(t,x)dt+k2Gγ̄

2γ̄2 < ηGγ̄

π4

is replaced by condition (A5), and assumptions (3.24), (A4), and (A6) hold, with the function
g : R → R satisfying (3.3), then for each

λ ∈

 δπ4

ηGγ̄
,

δγ̄2

k2
∫ 1

0 sup|x|≤γ̄ F(t, x)dt + k2Gγ̄


the problem (1.1) in the case λ = µ admits at least three weak solutions.

To demonstrate the application of Theorem 3.6, we consider the following example.

Example 3.8. Consider the problem{
−u(vi)(t)− u(iv)(t) = λ f (t, u(t)) + µg(t, u(t)), t ∈ [0, 1]

u(0) = u(1) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0,
(3.29)

where A = −1, B = C = 0. By (H5), we have δ = 1− 1
π2 and η ≃ .045. Let g(t, x) = 2x + t2 for

all (t, x) ∈ [0, 1]× R. Then G(t, x) = x2 + t2x, and lim|ξ|→∞
G(t,ξ)

ξ2 = 1. Now, let f (t, x) = te−x,
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for (t, x) ∈ [0, 1] × R. From this we have F(t, x) = −te−x, for (t, x) ∈ [0, 1] × R. Hence,
lim|ξ|→∞

F(t,ξ)
ξ2 = 0, so the condition (A2) is satisfied. Taking γ̄ =

√
21, the assumptions (3.24)

and (A4) are satisfied, and we have Gγ = 22. Moreover,

−e−
√

21 + 22
2π4(1 − 1

π2 )× 21
<

e−
√

21 + 22
π4(1 − 1

π2 )× 22
,

which implies that assumption (A5) holds. Therefore, by Theorem 2.7 and Remark 3.7, for
each

λ ∈
(

π4(1 − 1
π2 )× 22

e−
√

21 + 22
,

2π4(1 − 1
π2 )× 21

−e−
√

21 + 22

)
the problem (3.29) admits at least three nontrivial weak solutions.

At this point, we aim to establish the existence and multiplicity of solutions for the problem
(1.1) by applying Theorem 2.8 in the case λ = µ.

Theorem 3.9. Assume that there exist three positive constants γ̄1, η, and γ̄2 satisfying

2γ̄2
1 <

1
η
< 2γ̄2

2, (3.30)

such that assumption (A5) in Theorem 2.7 holds and

(A7)
k2

4δ
max


∫ 1

0 sup|x|≤γ̄1
F(t, x)dt + Gγ̄1

γ̄2
1

,

∫ 1
0 sup|x|≤γ̄2

F(t, x)dt + Gγ̄2

γ̄2
2

 <
η

2δπ4 .

Then, for each

λ ∈ Λ =

2δπ4

η
, min

 4δ
k2 γ̄2

1∫ 1
0 sup|x|≤γ̄1

F(t, x)dt + Gγ̄1
,

4δ
k2 γ̄2

2∫ 1
0 sup|x|≤γ̄2

F(t, x)dt + Gγ̄2




and for function g : R → R such that satisfying in (3.3), the problem (1.1) in the case λ = µ admits at
least two weak solutions u1,λ and u2,λ such that maxt∈[0,1] |u1,λ(t)| < γ̄1 and maxt∈[0,1] |u2,λ(t)| <
γ̄2.

Proof. Put

f̄ (t, x) =


f (t,−γ̄2), if (t, x) ∈ [0, 1]× (−∞,−γ̄2]

f (t, x), if (t, x) ∈ [0, 1]× [−γ̄2, γ̄2]

f (t, γ̄2), if (t, x) ∈ [0, 1]× (γ̄2, ∞).

(3.31)

Clearly, f̄ : [0, 1]× R → R is a Carathéodory function. Now, put F̄(t, x) =
∫ 1

0 f̄ (t, x)dx for all
(t, ξ) ∈ [0, 1]× R and take X and Φ as in (2.1) and (3.25), respectively, and

Ψ(u) = −
∫ 1

0

(
F̄(t, u(t)) + G(t, u(t))

)
dt

for all u ∈ X. Our goal is to apply Theorem 2.8 to Φ and Ψ. It is well known that
lim∥u∥X→∞ Φ(u) = ∞ and Ψ is a differentiable functional whose differential at the point u ∈ X
is

Ψ′(u)v = −
∫ 1

0

(
f̄ (t, u(t))v(t) + g(t, u(t))v(t)

)
dt
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for any v ∈ X as well as it is sequentially weakly lower semicontinuous. Furthermore Ψ′ :
X → X∗. is a compact operator. Thus, it is enough to show that Φ and Ψ satisfy in the
conditions (e1), (e2) and (e3) in Theorem 2.8. Let

r̄1 =
4δ

k2 γ̄2
1, r̄2 =

4δ

k2 γ̄2
2

and ω ∈ X as in the proof of Theorem 2.8 due to the assumptions (3.30) and (3.6) we have
r̄1 < Φ(ω) < r̄2 and infX Φ < r̄1 < r̄2. Moreover, arguing as in the proof of Theorem 3.6 and
taking also into account Remark 3.7 we obtain

φ(r̄1) ≤
∫ 1

0 sup|x|≤γ̄1
F(t, x)dt + Gγ̄1

4δ
k2 γ̄2

1

,

φ(r̄2) ≤
∫ 1

0 sup|x|≤γ̄2
F(t, x)dt + Gγ̄2

4δ
k2 γ̄2

2

and

φ∗
2(r̄2, r̄2) ≥

η

2δπ4 .

Therefore, in view of (A3) and (A6), conditions (e2) and (e3) required by Theorem 2.8 are
fulfilled. Therefore, from Theorem 2.8 we obtain that, for each λ ∈ Λ, the problem−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ

(
f̄ (t, u(t)) + g(u(t))

)
, t ∈ [0, 1]

u(0) = u′(0) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0
(3.32)

admits at least two weak solutions u1,λ and u2,λ such that maxt∈[0,1] |u1,λ(t)| < γ̄2
1 and

maxt∈[0,1] |u2,λ(t)| < γ̄2
2. Observing that these solutions are also solutions for the problem

(1.1) in the case λ = µ, the conclusion follows.

Finally, we examine the case in which the variables of the function f are separable, so that
the problem (1.1) takes the form:−u(vi)(t) + Au(iv)(t)− Bu′′(t) + Cu(t) = λ

(
θ(t) f (u(t)) + g(t, u(t))

)
, t ∈ [0, 1]

u(0) = u′(0) = u′′(0) = u′′(1) = u(iv)(0) = u(iv)(1) = 0,
(3.33)

where θ : [0, 1] → R is a non-negative and non-zero function such that θ ∈ L1[0, 1] and
f : R → R is a non-negative and continuous function.

Put

F(ξ) =
∫ ξ

0
f (x)dx, for all ξ ∈ R.

We apply the results of Theorems 3.6 and 3.9 to the case where f (t, x) = θ(t) f (x) ∀ (t, x) ∈
[0, 1]× R.

Theorem 3.10. Assume that there exist two positive constants γ̄ and η such that

γ̄2 >
1

2η
,

and suppose that the assumption (A2) and the following condition hold:
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(A8)
k2∥θ∥L1 [0,1]F(γ̄)+k2Gγ̄

2γ̄2 < η
π4 .

Moreover, let the function g : R → R satisfy the condition (3.3). Then, for every

λ ∈
(

2δπ4

η
,

4δγ̄2

k2∥θ∥L1[0,1]F(γ̄) + k2Gγ̄

)

the problem (1.1) in the case λ = µ admits at least three weak solutions in X.

Theorem 3.11. Assume that there exist three positive constants γ̄1, η and γ̄2 such that

γ̄2
1 <

1
2η

< γ̄2
2,

and suppose that the following condition holds:

(A9)
k2

4δ
max

{
∥θ∥L1[0,1]F(γ̄1) + Gγ̄1

γ̄2
1

,
∥θ∥L1[0,1]F(γ̄2) + Gγ̄2

γ̄2
2

}
<

η

2δπ4 .

Moreover, let the function g : R → R satisfy the condition (3.3). Then, for each

λ ∈ Λ =

(
2δπ4

η
, min

{
4δγ̄2

1
k2∥θ∥L1[0,1]F(γ̄1) + k2Gγ̄1

,
4δγ̄2

2
k2∥θ∥L1[0,1]F(γ̄2) + k2Gγ̄2

})

the problem (1.1) in the case λ = µ admits at least two weak solutions u1,λ and u2,λ such that
maxt∈[0,1] |u1,λ(t)| < γ̄1 and maxt∈[0,1] |u2,λ(t)| < γ̄2.

Acknowledgment

The authors sincerely thank the referee for their careful reading of the manuscript and for
providing constructive comments and insightful suggestions, which have greatly enhanced
the quality and presentation of this work.

References

[1] A. Ambrosetti, P. H. Rabinowitz, Dual variational methods in critical point theory and
applications, J. Funct. Anal. 14(1973), 349–381. https://doi.org/10.1016/0022-1236(73)
90051-7; Zbl 0273.49063

[2] D. Averna, G. Bonanno, A three critical point theorem and its applications to the ordi-
nary Dirichlet problem, Topol. Methods Nonlinear Anal. 22(2003), 93–103. Zbl 1048.58005

[3] G. Bonanno, Multiple critical points theorems without the Palais–Smale condition, J.
Math. Anal. Appl. 299(2004), 600–614. https://doi.org/10.1016/j.jmaa.2004.06.034;
Zbl 1071.34015

[4] G. Bonanno, A critical point theorem via the Ekeland variational principle, Non-
linear Anal. 75(2012), No. 5, 2992–3007. https://doi.org/10.1016/j.na.2011.12.003;
Zbl 1239.58011

https://doi.org/10.1016/0022-1236(73)90051-7
https://doi.org/10.1016/0022-1236(73)90051-7
https://zbmath.org/?q=an:0273.49063
https://zbmath.org/?q=an:1048.58005
https://doi.org/10.1016/j.jmaa.2004.06.034
https://zbmath.org/?q=an:1071.34015
https://doi.org/10.1016/j.na.2011.12.003
https://zbmath.org/?q=an:1239.58011


20 A. Ghobadi, S. Heidarkhani, and M. Abolghasemi

[5] G. Bonanno, Relations between the mountain pass theorem and local minima,
Adv. Nonlinear Anal. 1(2012), 205–220. https://doi.org/10.1515/anona-2012-0003;
Zbl 1277.35170

[6] G. Bonanno, P. Candito, D. O’Regan, Existence of nontrivial solutions for sixth-
order differential equations, Mathematics 9(2021), 1852. https://doi.org/10.3390/
math9161852

[7] G. Bonanno, A. Chinnì, Existence and multiplicity of weak solutions for elliptic Dirich-
let problems with variable exponent, J. Math. Anal. Appl. 418(2014), 812–827. https:
//doi.org/10.1016/j.jmaa.2014.04.016; Zbl 1312.35111

[8] G. Bonanno, B. Di Bella, V. Morabito, Multiple solutions for fourth-order or- dinary
differential inclusions, Discrete Contin. Dyn. Syst. Ser. S, 18(6)(2025), 1550-–1560. https:
//doi.org/10.3934/dcdss.2024108; Zbl 1558.34019".

[9] G. Bonanno, R. Livrea, A sequence of positive solutions for sixth-order ordinary non-
linear differential problems, Electron. J. Qual. Theory Differ. Equ. 2021, No. 20, 1–17.
https://doi.org/10.14232/ejqtde.2021.1.20

[10] G. Bonanno, D. O’Regan, A boundary value problem on the half-line via critical point
methods, Dyn. Syst. Appl. 15(2006), 395–408.

[11] A. Boutayeb, E. H. Twizell, Numerical methods for the solution of special sixth-order
boundary value problems, Int. J. Comput. Math. 45(1992), 207–233. https://doi.org/10.
1080/00207169208804130; Zbl 0773.65055

[12] J. Chaparova, L. A. Peletier, S. Tersian, Existence and nonexistence of nontrivial solu-
tions of semilinear fourth- and sixth-order differential equations, Adv. Differ. Equ. 8(2003),
No. 10, 1237–1258 (2003). https://doi.org/10.57262/ade/1355926160; Zbl 1126.34316

[13] M. do R. Grossinho, L. Sanchez, S. A. Tersian, On the solvability of a boundary
value problem for a fourth-order ordinary differential equation, Appl. Math. Lett. 18(2005),
No. 4, 439–444. https://doi.org/10.1016/j.aml.2004.03.011; Zbl 1087.34508

[14] T. Gyulov, G. Morosanu, S. Tersian, Existence for a semilinear sixth-order ODE,
J. Math. Anal. Appl. 321(2006), 86–98. https://doi.org/10.1016/j.jmaa.2005.08.007;
Zbl 1106.34007

[15] W. Li, The existence and multiplicity of positive solutions of nonlinear sixth-order bound-
ary value problem with three variable coefficients, Bound. Value Probl. 2012, Art. No. 22,
1–16. https://doi.org/10.1186/1687-2770-2012-22

[16] A. Mohammed, G. Porru, Maximum principles for ordinary differential inequalities of
fourth and sixth order, J. Math. Anal. Appl. 146(1990), 408–419. https://doi.org/10.
1016/0022-247X(90)90312-4; Zbl 0699.34015
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