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Abstract. In this work, we obtain the existence of multiple solutions for sixth-order dif-
ferential equations with two parameters A and i, generally arising in astrophysics; the
narrow convecting layers bounded by stable layers which are believed to surround A-
type stars may be modeled by the problems. Using a consequence of the local minimum
theorem due to Bonanno we look into the existence of one solution under algebraic
conditions on the nonlinear term and two solutions for the problem under algebraic
conditions with the classical Ambrosetti-Rabinowitz condition on the nonlinear term.
Furthermore, by employing two critical point theorems, one due to Averna and Bo-
nanno, and another one due to Bonanno we guarantee the existence of two and three
solutions for the problem in a special case.
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1 Introduction

In this paper, we study the following problem

{‘u<vi>(t> + Aul) (1) — B (t) + Cu(t) = Af(tu(t)) + ug(t,u(t), t € [0,1], (1.1)

u(0) = u(1) = u”(0) = u”’(1) = u®(0) = ul® (1) =0,
where A > 0, 4 > 0, A, B and C are given real constants and f,g : [0,1] x R — R are

continuous functions. The problem is motivated by the study for stationary solutions of the
sixth-order parabolic differential equations
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This equation arises in the formation of spatially periodic patterns in bistable systems and
serves as a model for describing the behavior of phase fronts in materials undergoing transi-
tions between liquid and solid states. One of its most significant applications is in modeling
phase-front dynamics in such materials.

Sixth-order boundary value problems (BVPs) also appear in astrophysics. In particular,
the thin convective layer enclosed by stable layers, which is believed to surround A-type stars,
can be modeled by sixth-order BVPs [11,21,22]. There exist many sixth-order differential
equations similar to problem (1.1) that arise in engineering, material mechanics, and related
fields. The study of sixth-order differential equations is therefore of considerable importance
in engineering sciences. Consequently, numerous results have been established concerning
the existence of multiple solutions for sixth-order boundary value problems; see, for instance,
[6,9,12,14-16,20]. In [14], Gyulov et al. have established the existence and multiplicity of
solutions of the following boundary value problem
—u @) (t) + Aul®) (t) — Bu"(t) + Cu(t) = Af(t,u(t)), 0 <t <L, 13)
u(0) = u(L) = u"(0) = u"(L) = u®(0) = u®(L) =0, '

where A, B,C are given real constants and f is a continuous function on R2. In [15], Li
obtained the existence and multiplicity of positive solutions for the sixth-order boundary
value problem

(1.4)

where A,B,C € C([0,1]) and f : [0,1] x [0,00) — [0,00) is continuous. Bonanno et al. in
[6], by using the critical point theory, have discussed the existence of at least one nontrivial
solution for a nonlinear sixth-order ordinary differential equation for the following problem

—u®)(t) + Aul®) (£) — Bu"(t) + Cu(t) = Af(t,u(t)), t€ [a,b], (1.5)

where A > 0, A,B,C are given real constants and f : [2,b] x R — R is a function. Re-
cently, Bonanno and Livrea in [9], by the variational methods under oscillating behavior on
the nonlinear term, have obtained the existence of infinitely many solutions for the following
nonlinear sixth-order differential equation

u(0) =u(1) = u”(0) = u"(1) = u(iv)(o) _ u(iv)(l) _ (1.6)

—u@)(t) + Aul® (t) — Bu”(t) + Cu(t) = Af(t,u(t)), t € [0,1],
0,
where A > 0, A,B and C are given real constants and f : [0,1] x R — R is a continuous
function.

For sixth-order problems, we also refer to [23]. Concerning fourth-order problems, rel-
evant references include [13], as well as more recent contributions addressing fourth-order
differential inclusions and hemivariational inequalities [8]. These works employ a variety
of analytical techniques, including variational methods and fixed point theorems, and help
situate the present study within the broader context of the existing literature.

Inspired by the above results, in this article we investigate the existence of one, two, and
three weak solutions to the problem (1.1). To this end, we impose suitable conditions and
introduce appropriate ranges for the two parameters A and u, which allow us to establish the
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existence of weak solutions to (1.1). We also provide illustrative examples demonstrating the
applicability of the main theorems. Finally, we derive results concerning the existence and
multiplicity of weak solutions in the particular case where the two parameters coincide.

Our approach is based on variational methods, and the principal tools are four local min-
imum theorems for differentiable functionals. More precisely, by applying a consequence of
a local minimum theorem due to Bonanno, we establish the existence of at least one solution
under suitable algebraic conditions on the nonlinear term, and the existence of two solutions
under algebraic conditions combined with the classical Ambrosetti-Rabinowitz (AR) condi-
tion. Furthermore, by employing two critical point theorems one due to Averna and Bonanno
and another due to Bonanno we prove the existence of two and three solutions to problem (1.1)
in the case A = p. In comparison with previous results, we introduce new assumptions that
ensure the existence of nontrivial weak solutions to (1.1), thereby extending and generalizing
several recent related works.

2 Preliminaries and basic notation

In this section, we introduce the tools that are necessary for our main results in the next
section.
Set

X ={uc H*0,1)NH0,1) | u”(0) = u"(1) = 0}. (2.1)

X is the Sobolev space with inner product

(u,0) = / 1 (u"’(t)v’”(t) Ful (DY (F) +u (DY () + u(t)v(t))dt

0

for all u, v € X, and norm

Nl

ol = (o + | B+ o' 3+ |ul3) (22)

forall u € X.
Proposition 2.1 (see [9]). Ifk = %, for every u € X, we have

[u @3 <K [uP)3, i=0,1,2j=1,23withi <], (23)
where ||ull2 == ([ [u(t)|2dt)? is norm in L2(0,1).

We introduce the function N : X — R as follows
N(u) := [[u"|lz + Allu" |z + Bl[u'|3 + Cllullz, VueX,

where A, B, C € R and satisfy at least one of the following conditions:

(Hi) A>0,B>0,C>0;
(Hy) A>0,B>0,C<0and —Ak — Bk> — Ck® < 1;
(H3) A>0,B<0,C>0and —Ak — Bk*> < 1;

(Hy) A>0,B<0,C<0and —Ak — Bk> — Ck® < 1;
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(Hs) A<0,B>0,C>0and —Ak < 1;

(Hg) A <0,B>0,C < 0and max{—Ak, —Ak — Bk*> — Ck*} < 1;

(H) A<0,B<0,C>0and —Ak — BK? < 1;

(Hs) A<0,B<0,C<0and —Ak — BK* — Ck® < 1.

Moreover, fix A, B,C € R and consider the following condition:

(H) max{— Ak, — Ak — Bk?>, — Ak — Bk* — CK*} < 1.

Condition (H) is equivalent to every condition (H;)—(Hg) (see [9, Proposition 2.2])

Proposition 2.2 ([9]). Assume that (H) holds, and put |u||x = /N(u) for every u € X. Then,
lu||x is a norm equivalent to the usual one defined on (2.2) and (X, || - ||x) is a Hilbert space with
inner product

1
(,0) == / (4" (10" (£) + Au" (1) (1) + B (£)0'(£) + Cu(t)o(t) )t
0
forallu, v e X.
Clearly (X, |- ||x) < (C%0,1),] - |l) and the embedding is compact. For a qualitative
estimate of the constant of this embedding it is useful to introduce the following number

¢

1 if (H;) holds,
min{1,1+ Ak + Bk* + Ck®} if (H,) or (Hy) holds,
min{1,1+ Ak + Bk?} if (H3) holds,
§={1+ Ak if (Hs) holds, (2.4)
min{1 + Ak, 1+ Ak + Bk*}  if (Hg) holds,
1+ Ak + BKk? if (Hy) holds,
1+ Ak + Bk + Ck? if (Hg) holds.

Proposition 2.3 ([9]). Assume that H holds, one has

[ufleo <

=l
275 %
forall u € X, where 6 is given on (2.4).
We say that a function u € X is a weak solution of the problem (1.1) if

/0 1 (u’”(t)v’”(t) + Au ()0 (F) + Bu ()0 () + Cu(t)v(t)) dt

- )\/Olf(t,u(t))v(t)dt —u /01 (t,u(t))o(H)dt = 0

holds for all v € X. Corresponding to the functions f and g, we introduce the functions
F:[0,1] xR — R and G : R — R, respectively, as follows:

F(t,x) — /0 " F(tE)dE, forall (£x) € [0,1] x R
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and
X
G(t,x) = / ¢(t,&)de, forall (t,x) € [0,1] x R.
0
For v > 0 and 6 > 0 set

GT = max G(t,x)dt, and G;= inf  G.
0,1] [x[<y [0,1]x[-4.4]

If g is sign-changing, then G7 < 0 and G; > 0.

Definition 2.4. Assume that X is a real reflexive Banach space. We say that I satisfies the
Palais-Smale condition (denoted by the (PS) condition for short) if any sequence {u, }nen C
X such that I(u,) is bounded and I'(u,) — 0 as n — co possesses a convergent subsequence.

Let 71,7, € [—o0,+00] with 11 < r, and let [ = ® — ¥, where ®,¥ : X — R are two
continuously Géteaux differentiable functionals. If every sequence {u,},en C X satisfying
the following conditions

(j1) I(uy) is bounded;
o , .
(]2) nlgrc}o“ (”n)‘X =0;
(j3) 11 < P(uy) < rpforalln € N,

admits a convergent subsequence, then we say that the functional I satisfies the Palais-Smale
condition cut off below at r; and above at r;, (the [r1] (PS) VZ]—condition). Likewise, we define:

(PS)I2l when r; = —0 and 1; € R;

](PS) when r; € R and 1y = +c0.

By Definition 2.4, the classical (PS)-condition is recovered when the [J(PS)["2-condition
holds with r; = —oco and r, = 4o00. Indeed, if & and ¥ are two continuously Gateaux
differentiable functionals defined on a real Banach space X and r € R is fixed, the functional
[ = ®— VY is said to satisfy the Palais-Smale condition cut off above at r (in short, (PS)")) if
any sequence {1, }nen C X such that

(1) I(uy,) is bounded;
(2) limy—yeo |I'(uy)| X* = 0;
(3) ®(u,) < rforeachn € N,

admits a convergent subsequence.
The proofs of our theorems are based on the following four theorems.

Theorem 2.5 ([5, Theorem 2.3]). Let X be a real Banach space and let ®,¥ : X — R be two
continuously Gateaux differentiable functions such that inf,cx ®(u) = ®(0) = ¥(0) = 0. Assume
that there exist r > 0 and i € X, with 0 < ®(i1) < r, such that:

. w<r ¥ i
(i) “Pee < 5,

. (i . o ..
(ip) foreach A € (‘YEB' Sup@(u);q,(u) ), the functional I := ® — AY satisfies (PS)!"-condition.
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Then, for each A € A := ($Ezg, sup¢,(u)rgr‘f(u))' there exists ug ) € ©1(0,r) such that Iy (ug,) = Ox-

and Iy (ug,) < Iy(u) forall u € ®71(0,7).

Theorem 2.6 ([5, Theorem 3.2]). Let X be a real Banach space, ®,¥ : X — R be two continuously
Gateaux differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fix
r > 0 and assume that, for each

r
Ae |0, ,
( SUP, cqp-1 (—oo,r) T(u) )

the functional 1y = ® — AY satisfies (PS)-condition and it is unbounded from below. Then, for each

r
Ae |0, ,
( Supueqfl(—oo,r) T(u)>

the functional I, admits two distinct critical points.

Theorem 2.7 ([2, Theorem A]). Let X be a reflexive real Banach space, ® : X — R a continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux
derivative admits a continuous inverse on X* and ¥ : X — R a continuously Gateaux differentiable
functional whose Gateaux derivative is compact. Assume that:

(k1) Timy, oo (D(u) +AY¥ (u)) = oo, forall A € [0,00);

(kp) thereis r € R such that

inf® <r
X
and
@1(r) < @a(r)
where
Y (u) —infg b4
X (—o0,r)
— £ )
1 (7) u€¢}%—w,?[ r— CD(M)
_ . Y(u) —¥(v)
7) = inf su ,
(PZ( ) ued-1(—oo,r) vecID—lli,oo) CD(Z)) — CD(M)

and ®1(—oo,r)" is the closure of @1 (—o0, 1) in the weak topology. Then, for each A € ((ml(r) , rpll(r))
the functional ® + AY has at least three critical points in X.

In Theorem 2.7, we consider that equivalent % as oo.

Theorem 2.8 ([3, Theorem 1.1]). Let X be a reflexive real Banach space, and let ®,¥ : X — R be
two sequentially weakly lower semicontinuous and Gateaux differentiable functions. Assume that ® is
(strongly) continuous and satisfies

Assume also that there exist two constants rq and ro such that

(e1) infx @ < 11 < 1o;
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(e2) ¢1(r1) < @3(r1,72);
(e3) @1(r2) < @5 (r1,12), where @y is defined as in Theorem 2.7 and

@5(r1,12) = inf sup
ued1(—oo,r1) vE€E®1ry,12]

Then, for each A € (W min { m, @}), the functional ® + AY admits at least two critical

points which lie in ®~1(—oo, 7] and ®~1[ry,ry) respectively.

Various applications of the above theorems are presented in [7,10].

3 Main results

In this section, we establish the main existence result of the paper. The following technical
constant will be useful,

-1
12\° 12\* 1248 493
— 4 iy it
n=4om (96<5> +4A<5> +175B+756C> (3.1)
where A, B, and C denote the real parameters appearing in problem (1.1) and satisfy the
condition (H). Also, we consider

o(t), telo, 3],
w(t) =<1, t €S %), (3.2)
o(1—t), telg1],

where v(t) = (2)4* —2(22)3#® + 2!t for every t € [0, 5. We clearly observe that w € X.

Theorem 3.1. Assume that there exists a positive constant <y such that - 7 < 2, and that the following
conditions hold:

1
(Ay) B OO 1 e o))

(Az) limsup|§HooFg|’§) < 0 uniformly in [0, 1].

Then, for every

4 2
AeA — 27 45y
1 Jo F(t,w(0)dt’ k> [ supy, ., F(t,x(t))dt
and for every L?-Carathéodory function g : [0,1] x R — R satisfying the condition
SUP¢[0,1] G(t, x)

lim sup|y e 2 < oo, (3.3)
there exists 6, > 0 given by
20t — A dt 467 — Ak? [} su t,x(t))dt
min 4 2270 =M Jo E(t (1)) it Jo By FltX(9) (3.4)
17G5 k2G7

such that for each p € [0,5,) the problem (1.1) admits at least one weak solution uy in X such that
max;co,1] [ua(f)] < 7.
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Proof. We aim to apply Theorem 2.5 with respect to the space X equipped with the norm
defined in (2.2), and we consider the functionals ® and ¥ defined as follows:

1
®(u) = 5lullk 5

and
¥ (1) = /01 (Ft,u(t) + Kt u(t))) ar

for all u € X. From the definition of ®, we observe that ® is Gateaux differentiable and
sequentially weakly lower semicontinuous. Its Gateaux derivative is the functional ®'(u) €
X*, which is given by

1
@' (u)(v) = /0 (u’”(t)v’"(t) + AW (0" (t) + Bu ()0 () + Cu(t)v(t))dt

for every v € X. We have
(@ (1) = @'(v),u —0) = [Ju—2|%.

Therefore, ® admits a continuous inverse on X. Moreover, the functional ¥ is in C'(X,R)

and Y has compact derivative. Moreover, for A > 0, we will show that the functional I, is

coercive. Since p < J; and by (3.3), we can fix & > 0 such that ap < %f, and there exists

px € L1(0,1) such that

G(t,x) < ax? + Qa-

Now, we fix € < % — 2. From the assumption (A) there is a function p. € L'(0,1) such that

F(t,x) < ex* 4 p.

for every (t,x) € [0,1] x R. It follows that, for each u € X,

1 1
()~ A¥(w) = 5 ulk— [ (AE(t (D) +uG(tu(t)))at
L2 ' '
> Slully = Ae [ w0yt — Allpel — an [ (00t el
1 e R
> (5~ Mg~ g ) Il = Alldlh = el
and thus

lim (®(u) — A¥ (1)) = oo,

[[u]| x—e0

which means the functional I, = ®(u) — A'¥(u) is coercive. Therefore, by [4, Remark 2.1] the
functional I, = ®(u) — A¥(u) verifies (PS)!"-condition for each r > 0, and so condition (i,)
of Theorem 2.5 is fulfilled. Put r = %’yz and ||wl|% = %. Hence, by (3.5), we have

(w) = 2‘517”4. (3.6)
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Therefore, by the assumption ﬁ < 9%, we get 0 < ®(w) < r. Moreover, by (2.3), we have
2 2 i

k k
2 < 2 < 2 lyllr < — < gy =n2 )
u(t)? < Jull% < G llulk < @) < r =17 Vie o1

Thus,
O (—oo,r] ={ue X;®u) <r} C{ucX;ult) <~}
Therefore, one has
1 1
sup / F(t,u(t))dt < sup | F(t x)dt,

ued1(—oo,r) 0 [x|<7y 0

and this in conjunction with the second inequality in (3.3) ensures
sp [ (F # 1 oy
p (t,u(t)) +<G(tu(t)))dt <  sup F(t,u(t) | dt+5G
ued=1(—co,r) /0 A ued1(—cor) \/0 A

1 ‘”
< u F Xd+ (Ay
/OSI (t x)dt A

x| <7y

for every u € X such that ®(u) < r. Thus,

1
sup Y (u) §/ sup F(t, x)dt + %G”.
P(u)<r 0 |x|<y

On the other hand, we have

Therefore
1 1
Supuecbfl(—oo,r] T(”) - Supueqfl(—oo,r] fO (F(t'u(t)) + %G(t'u(t))>dt
' : o (3.7)
_ Jo suppyj<, E(t, x(t))dt + G
< %72 ,
and :
¥(w) _ o (Flb@®)+5GEw®m))dt 1 p wiedt + La,
> : > . (3.8)
P(w) 207t 207
1 [
Since
1
_ 467 — AR [y supyy <., F(t, x(t))dt
K K2GT
this means

1 {
Jo supjy<, F(t, x(t))dt + G

<
40
r)/2

1
<.
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Furthermore,
267t% — Ay [y F(t,w(t))dt
p< ,
1Gs
this means
[yt w(t)dt+EGs 1
2674 > A
Then
Jo sUP<, F(x(D)dt+5GT 1 [VF(t,w(t))dt + LG
< =< . (3.9)
@72 257
k2 17

Hence, from (3.7) to (3.9), the condition (i1) of Theorem 2.5 is fulfilled. Since

P(w) r
e <T(w), Sup(I)(u)SrT(u)> .

Theorem 2.5 with # = w guarantees the existence of a local minimum point u, for the func-
tional I, such that 0 < ®(u,) < r and so u, is a nontrivial weak solution of the problem (1.1)
such that max;c(o ) [ua(f)] < 7. O

We now present an example to demonstrate the use of Theorem 3.1.
Example 3.2. As an application of Theorem 3.1 we consider the problem
—u(E) + 2000 (1) — (1) + 2u = Af(t,u(t)) + pg(t,u(t), ¢ € [0,1] 610
u(0) = u(1) = u”(0) = u”"(1) = u'(0) = u'*(1) =0,

where A=2,B=1,C=2,506 = 1and 5 ~ .00057t*. Put g(¢,x) = x forall (t,x) € [0,1] x R,
sup G(t,&)

thus im sup |, , R = 0. Now, define
2, x<1,
f(t/x) I
X X > 1,

for every t € [0,1]. By the expression of f, we obtain

F(t,x) 2x, x <1,
,X) =
(Inx+1), x>1.

Consequently, limg|_q % = 0, and and thus the condition (A,) is satisfied. Let us take

v = 10°. Then % ~ 5= < 10> = 9%, and moreover,
1
Jo suppy <, F(t, x)dt 7

1 1
4 —_ =
3 = 5qgE < 2% 0005 x 7wt x 2 = 2 [ E(t, ()t

Therefore, the condition (A;) also holds. Hence, all the assumptions of Theorem 3.1 are

satisfied. It follows that, for each each A € ( oooéx I, 4X"47X10]2) and for every
. 6

<o ,{2><n4—g><.0005xn4A 8x1012—}jA}
< u < min ,

2 x.0005x t T 100 x L

the problem (3.10)admits at least one weak solutions in X.
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In what follows, we proceed to apply Theorem 2.6 in order to establish the existence of at
least two weak solutions for problem (1.1).

Theorem 3.3. Assume that there exists a positive constant -y such that % < 2, and that the following
conditions hold:

(A3) there exist v > 2and T > 0 such that
0 <vF(t,¢) <Zf(4¢)
forall |&| > Tandt € [0,1],
(AL) there exist v > v' > 2 and T' > 0 such that

0 <v'G(t¢) < Zg(t0)
forall |&| > T'and t € [0,1].

2
re o 27
k2 [y supjy <., F(t x)dt

there exists 8, > 0 given by (3.4) such that, for each y € [0,06,[, the problem (1.1) admits at least two
weak solutions uy and up in X such that maxcoq) |u1(t)| < 7.

Then, for each

Proof. We aim to verify the hypotheses of Theorem 2.6 in the space X, equipped with the norm
defined in (2.2). Considering the functionals ® and ¥ as introduced in Theorem 2.6, we first
verify the (PS) condition for the functional I). To this end, let {u, },eN be a sequence in X
such that I, (u,) is bounded and I) (u#,) — 0 as n — +oc0. Then, there exists a positive constant
co such that |I) (u,)| < co and |I}(u,)| < ¢o for all n € IN. Therefore, by the assumptions (Az3),
(A4) and definition of I}, we have

o+ cillinllx > V(1) — T4 (1) (1) (3.11)
> (3 —1) lualli +A/ (b n () (1) — VE(E, (1)) ) (3.12)

+p¢/ 8t tn(£))0n (1) — VG (1 (1)) ) e (3.13)

> (5-1) lual (3.14)

for some ¢; > 0. Since v > v/ > 2, this implies that {u,},en is bounded. Next, we prove
that there exists u € X such that u, — u in X, as n — oco. By Proposition 2.3, there exist a
subsequence, still denoted by {u, },en and a function u in X such that

U, ~u inX, and u, - u in Cl([O,l]). (3.15)
By definition I (1), we get
(L)t = 0y = [ (0 () = (0)) + A ) () 6) — (1)
+ Bt} (1) (10 (£) = u(£)) + Coun (£) (0 (1) — (1)) )t
[ (000 06 = )+ i 0 (6)) (i (1) = w6 ) .
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Therefore, we have

1
(D (un) = Iy (u), un — u) = /0 (u;”(t)(ui{’(t) u" () + Awy (£) (uy (1) — " (1))

(gt (1)) — g(t, (1)) (1 (1) — (1)) )t

From the continuity of f and g we get

[ ()~ (0)2) + AG0) = ()2 + Bl (6) — (1)
+ Clun(t) — u(t))2>dt 50, 100, (3.16)

A /0 (b tin(8)) = F(61(E)) (1n(E) — u(£))dE — 0, 1 — oo, (3.17)

1 /Ol(g(t,un(t)) —g(tu(t)))(un(t) —u(t))dt -0, n— oo. (3.18)
From (3.11) and (3.15) it is easy to see that
(I3 (uy) — I3 (u), upy — u) — 0.
Therefore, by (3.16) to (3.18), we have
|un — ull% — 0.

Thus, the sequence {u,},en converges strongly to u in X. Consequently, the functional I
satisfies the (PS) condition. Moreover, by combining assumptions (A3) and (A’3), there exist
positive constants al, ap, by, b, > 0 such that

F(t,x) > a|x|" — ay (3.19)
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forall t € [0,1] and x € R, and
G(t,x) > by|x|" — by (3.20)
for all t € [0,1] and x € R. Now, choosing any u € X \ {0}, for each T > 0 one has
I (tu) < %H’mH%( _ /\/01 F(t, Tu(t))dt — y/ol G(t Tu(t))dt (321)
2

1 ! 1 /
< l||u||§<—w/0 a1 |u(t)[Vdt + Aay — ut’ /0 ba|u(8)|V dt + ubs. (3.22)

Since v > 2, this condition guarantees that I is unbounded from below. Thus, all hypotheses
of Theorem 2.6 are verified. Therefore, for each

2
relo—— 27
k2 [y supjy <, F(t, x(t))dt

the functional I, admits two critical points that are weak solutions of the problem (1.1). O

Remark 3.4. In Theorem 2.5 we observe that, if f(t,0) # 0, then Theorem 3.6 ensures the
existence of two nontrivial weak solutions for the problem (1.1). If the condition f(t,0) # 0
for all t € [0,1] does not hold, the second solution u; of the problem (1.1) may be trivial, but
the problem has at least a nontrivial solution.

An example is given to demonstrate the application of Theorem 3.3.

Example 3.5. We consider the problem

{_mvo(t) +ull®) (8) = u”(£) + 3u = Af (L u(t)) + pg(t,u(t)), t € [0,1] (3.23)
u

u(0) = u(1) = u”(0) = u”(1) = u'(0) = u'®(1) = 0,

where A = 1, B = —1, C = 3. Hence, 6 = min{1,1+ Ak + Bk*} = 1 and n ~ .00057*.
Let g(t,x) = 4x> +2x + ¢t for all (t,x) € [0,1] x R. Then thus G(t,x) = x* + x? + tx, and

)
limg_ 4o Cg((tt/-g)) = 4. Therefore, by choosing v/ = 4 and T" = 1, the condition (Aj}) is satisfied.

Next, define
46 x<1
f(t,X) = 6
7x°, x> 1.

From this definition, we obtain

1.5

z 6x, <1

4+ x>,
oftg) _

Consequently, limg_, Fig) = 7 < o0 and limg_, o @;f((;g)) = 5 < co. Thus, by choosing

v =5>2and T = 1, condition (A3) is satisfied. Taking v = 10%, we observe that ﬁ =

W < 10% = 92. Hence, all the assumptions of Theorem 3.3 are fulfilled. Therefore, for

each A € (0, 4X1067§64 the problem (3.23) has at least two nontrivial weak solution.
1021+? p

We now turn to the case A = y, and in this framework we study the existence of at least
two and three weak solutions for the problem (1.1).
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Theorem 3.6. Assume that there exists a positive constant % such that

7> (3.24)

1
2y’
and suppose that assumption (Az) in Theorem 3.1 holds. Moreover, let

(As) [y F(t,w(t))dt > 0;

1 - .l
Jo supyyj<; E(t, x)dt + G7 B G7 — [y supjy <, F(t, x)dt
;5,72 Vsl ’
k2 17

(As)

Then, for every

267 -

Le NN 27
- 1 S _
G7 — [y supy<; F(t,x)dt [y sup, o F(t, x)dt + G7

and for the function g : [0,1] x R — R satisfying in (3.3), the problem (1.1), in the case A = p admits
at least three weak solutions in X.

Proof. Put I = ®(u) + A¥ (1), where
Lo
() = 1 ulf (.29

and
Y(u) = — /01 (F(t,u(0)) + Gt u(r)) )t

for all u € X. Standard arguments show that ® and ¥ are Gateaux differentiable functionals
whose Gateaux derivatives at the point u € X are given by

1
' (1) (0) = /0 (u’”(t)v’"(t) + Au" ()0 () + Bu! ()0 () + Cu(t)v(t))dt

and

¥ (1) = — /01 (f(t,u(t))v(t)dt +g(t,u(t))v(t))dt

for all u,v € X, respectively. We know that a critical point of the functional ®(u) + A'¥(u)
corresponds to a weak solution of the problem (1.1) in the case A = p. Our goal is to apply
Theorem 2.7 to the functionals ® and ¥. By the sequential weak lower semicontinuity of the
norm, the functional ® is sequentially weakly lower semicontinuous. Moreover, since & is
continuously Gateaux differentiable, its Gateaux derivative admits a continuous inverse on
X*. The functional ¥ : X — R is well-defined, continuously Gateaux differentiable, and its
Gateaux derivative is compact. Therefore, it suffices to verify that ® and ¥ satisfy conditions
(k1) and (kz) in Theorem 2.7. Since i < & and by assumption 3.3, we can fix « > 0 such that

the ap < i—f, and there exists a function p, € L!(0,1) such that

G(t,x) < ax® + p,.
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20

2% — a. From the assumption (Ay) there is a function p. € L'(0,1) such that

Now, we fix ¢ <
F(t,x) < ex? + Qe

for every (t,x) € [0,1] x R. Noting that A = p, it follows that, for each u € X,
1 1
() + A¥ (1) = - |lul —/O (AF(Lu() +AG(Lu(t)) )t
1 1 1
> 5l = e [ a0t = Allpely = ad [ ()t = llpulls
1 k2 )
> (5 = Agze = A0 [ullx = AMlpell = Alloalr,

and thus
lim (®(u) +A¥(u)) = oo,

[[u]|x—o0

which means the functional I, = ®(u) + A¥(u) is coercive. Now it remains to show (k) of

Theorem 2.7. Put 7 = %’72. We clearly observe that w € X and ||w]|}% = 4‘5,7—”4. Hence, by (3.5),
we have
4
(w) = 25;7" . (3.26)
Thus by (3.24), &(w) > 7. Moreover, by (A4)
1 _
¥ (w) = _/ (Ftw(t) + G(t,w(t)) )dt < G7.
0
Taking (2.3) into account, for every u € X such that ®(u) < 7, we have
sup [u(t)] < 7. (327)
te[0,1]
Thus
1
sup / (F(t,u(t) + Gt u(r)) )t
ued-1(—oo,7) 0
1 -
< sup / F(t,u(t))dt +G7
ued1(—oo7) 0
1 .
S/ sup F(t,x)dt + G” (3.28)
0 Jxl<y

for every u € X with ®(u) < 7. Thus
1 i,
sup ¥ (u) g/ sup F(t, x)dt + G".
(u)<r 0 |x|<y
By simple calculations and from the definition of ¢;(7), since ®(0) = ¥(0) = 0 and
P 1(—oo, ?)w = & !(—o0,7) one has
_ . (—o0,7) P-1
= <
7l = Lot 7 ®(u) = 7
1 -
_ Jo supjyj<; E(t, x)dt + G"V.

— 46 ~
27
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On the other hand, by (3.28) one has

p2(F) = inf sup w >

UELTH(—007) yed1f,00)

i, co1(—on) ¥(0) — ¥ ()

- P(w) — P(u)
l —
— Jo supjy <5 F(t, x)dt + G7
- P(w) — P(u)
_
- G7 — [y supyy <, F(t, x)dt
- 267t ’
Ul

Hence from (As) one has

¢1(7) < @a(7).
Therefore, from Theorem 2.7, taking also into account that

267
1 < i
1

¢a(7) ~ G — Jo supjy <5 F(t, x)dt

and
1 2y
¢i(7) — fol supy <5 F(t,x)dt + G7
we obtain the desired conclusion. O

Remark 3.7. In Theorem 3.6, if the condition

K2 fol sup|, <~ F(t,x)dt+k>G7 G7
(Ag) Showpuizy <1

is replaced by condition (As), and assumptions (3.24), (A4), and (Ag) hold, with the function
g : R — R satisfying (3.3), then for each

VS (57T4 o7 )
nG7 g2 fol SUP |y <5 F(t, x)dt + K2GT
the problem (1.1) in the case A = y admits at least three weak solutions.
To demonstrate the application of Theorem 3.6, we consider the following example.
Example 3.8. Consider the problem

{_uwi)(t) —ul®)(t) = Af(t,u(t)) + pg(t u(t)),

t 1
u(0) = u(1) = u”(0) = u"(1) = 4(i0) (0) = u(iv)(l) —0 (3.29)

where A= —1,B=C =0. By (Hs), wehave § =1 — % and 77 ~ .045. Let g(t,x) = 2x + t? for

all (t,x) € [0,1] x R. Then G(t,x) = x* + t>x, and limg o0 %26) = 1. Now, let f(t,x) = te ™,
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for (t,x) € [0,1] x R. From this we have F(t,x) = —te ", for (t,x) € [0,1] x R. Hence,
lim|§| oo % = 0, so the condition (A;) is satisfied. Taking ¥ = V21, the assumptions (3.24)

and (A4) are satisfied, and we have G? = 22. Moreover,

e V2l 120 e V2l 4 2
21— L) x21 (1 - L) x 22’

which implies that assumption (As) holds. Therefore, by Theorem 2.7 and Remark 3.7, for
each
e (1——)><22 27r(1——)><21
eV 1 VA 42

the problem (3.29) admits at least three nontrivial weak solutions.

At this point, we aim to establish the existence and multiplicity of solutions for the problem
(1.1) by applying Theorem 2.8 in the case A = y.

Theorem 3.9. Assume that there exist three positive constants 71, y, and %y, satisfying

1
291 < ;< 273, (3.30)
such that assumption (As) in Theorem 2.7 holds and
A up‘x|<nf F(t,x)dt+Gn fO SUP|y <4, F(t,x)dt + G™ "
4 7 < 264’
1 ')/2
Then, for each

LeA— 257‘[4,min 2z71 22
Ul fo SUp| <, F(t, x)dt +G7’ fo SUP) 4 <, F(t, X)dt + G2

and for function g : R — R such that satisfying in (3.3), the problem (1.1) in the case A = p admits at
least two weak solutions uy \ and up \ such that max.c(oq) [u1,1(t)| < 71 and max,cpq) Uz ()| <
Y2
Proof. Put

flt,=72), if(t,x) € [0,1] x (=00, =72]

f(t,x) =< f(t,x), if (t,x) € [0,1] X [—¥2, 2] (3.31)

f(t,72), if(t,x) €[0,1] X (F2,00).
Clearly, f : [0,1] x R — R is a Carathéodory function. Now, put F(t, x) fo f(t, x)dx for all
(t,¢) € [0,1] x R and take X and ® as in (2.1) and (3.25), respectlvely, and

Y(u) = — /01 (F(t, () + Gt u(n)) ) at

for all u € X. Our goal is to apply Theorem 2.8 to ® and Y. It is well known that
lim 00 P(#) = 0o and ¥ is a differentiable functional whose differential at the point u € X
is

¥ (u)o = — /01 (Fetut))o(t) + g(t,u(t))o(t) )dt
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for any v € X as well as it is sequentially weakly lower semicontinuous. Furthermore ¥’ :
X — X*. is a compact operator. Thus, it is enough to show that ® and ¥ satisfy in the
conditions (e1), (e2) and (e3) in Theorem 2.8. Let

_ 45 , _ 46 ,
rn= ﬁ%’ = E’Yz

and w € X as in the proof of Theorem 2.8 due to the assumptions (3.30) and (3.6) we have
71 < ®(w) < 7 and infx ® < 71 < 7. Moreover, arguing as in the proof of Theorem 3.6 and
taking also into account Remark 3.7 we obtain

_ fol SUP |y <4, F(t, x)dt + G

-
N

@(71)

7

1 -
) Jo supjy <., F(t,x)dt + GT
§9(7’2) < \ﬂ:rz@ -~

12 /)/2

and

4’;(772/ 7_’2) > #

Therefore, in view of (A3) and (Ag), conditions (ez) and (e3) required by Theorem 2.8 are
tulfilled. Therefore, from Theorem 2.8 we obtain that, for each A € A, the problem

{uWXOkAMwKQIM“U)+CuU)A(fﬁﬁdﬂ)+gﬁd00,te[aﬂ

, , (3.32)
u(0) = u/(0) = u”(0) = u”(1) = u™@(0) = ul®@ (1) =0

admits at least two weak solutions u;, and up, such that max,c(q lupa(t)] < 4% and
max;efo 1) [u2,(t)] < ¥3. Observing that these solutions are also solutions for the problem
(1.1) in the case A = y, the conclusion follows. O

Finally, we examine the case in which the variables of the function f are separable, so that
the problem (1.1) takes the form:

{u(vi)(t) + Aul®) (£) — Bu"(t) 4 Cu(t) = A(0(£) f(u(t)) +g(tfu(f)>)f te (0] (3.33)

u(0) = u/(0) = u”(0) = u"(1) = u®(0) = u® (1) =0,

where 6 : [0,1] — R is a non-negative and non-zero function such that § € L'[0,1] and
f : R — R is a non-negative and continuous function.
Put

4
H@:Aﬂ@m for all ¢ € R.

We apply the results of Theorems 3.6 and 3.9 to the case where f(t,x) = 0(t)f(x) V (t,x) €
[0,1] X R.

Theorem 3.10. Assume that there exist two positive constants y and y such that
1
2
> N7
=5 1

and suppose that the assumption (Ay) and the following condition hold:
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K201 1o F(7)+K2GT
(As) e <

Moreover, let the function g : R — R satisfy the condition (3.3). Then, for every

2 e 257 4552
n K0 o F(7) + K2GT

the problem (1.1) in the case A = y admits at least three weak solutions in X.

Theorem 3.11. Assume that there exist three positive constants 1, 1§ and %y such that

1
2 L 2

and suppose that the following condition holds:

k? { 101 10,1 F(71) + GT |0l 1oy F(72) + G } "
max <

(Ag) 5 7 ' 7 2074

Moreover, let the function g : R — IR satisfy the condition (3.3). Then, for each

4 4572 -2
AEAN= Ml,min 5 571 = 13 457% 5=
n k2[00 F(71) + K2GT k210|110, F (72) + K2GT2

the problem (1.1) in the case A = u admits at least two weak solutions uy, and up ) such that
max;e(o ) [#1,4(H)| < 71 and maxyeoq) [z (8)] < 72.
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