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Abstract. We study classes of quasilinear singular problems, involving the p-Laplacian
operator and a potential, with homogeneous Dirichlet boundary condition. First, we
prove the existence and regularity of positive solutions to a purely singular problem.
Then, we investigate the existence of positive solutions with respect to a parameter
depending on the behavior of the nonlinearities at infinity and at the origin. Finally, we
extend some of these results to coupled system of equations. We use sub-super solution
techniques to establish our results.
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1 Introduction

We first consider singular problems of the form−∆pw + a(x)|w|p−2w =
1

wα
in Ω ,

w = 0 on ∂Ω .
(1.1)

Here ∆pz := div(|∇z|p−2∇z) is the p-Laplacian of z with p > 1, Ω is a bounded domain in
RN for N ⩾ 2 with C2,β boundary ∂Ω with β ∈ (0, 1) or a bounded open interval if N = 1.
We assume α ∈ [0, 1), and the potential function a ∈ L∞(Ω) satisfies:

(H1) ess inf a > −λp, where λp is the principal eigenvalue of −∆p with Dirichlet boundary
condition on ∂Ω.

Our first result establishes the existence and regularity of a weak solution of the purely
singular problem (1.1).
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Theorem 1.1. Let p ⩽ N and α ∈ (0, p
N ). If (H1) holds, then the singular problem (1.1) has at least

one positive solution w ∈ W1,p
0 (Ω) ∩ C1

0(Ω). Moreover,

∂w
∂η

< 0 on ∂Ω , (1.2)

where η is the unit outer normal to the boundary ∂Ω.

Theorem 1.1 generalizes the result in [16, Lemma 2.3] for the p = 2 case, to the case p > 1.
See [8, Lemma 3.1] for discussions of such a result for the case when a = 0.

Next, we consider singular problems of the form−∆pu + a(x)|u|p−2u = λ
f (u)
uα

in Ω ,

u = 0 on ∂Ω .
(1.3)

Here λ > 0 is a parameter, and the nonlinearity f : [0, ∞) → R is continuous. We now
introduce the following hypotheses:

(H2) There exist σ > α and A > 0 such that f (s) ⩾ Asσ for s ≫ 1,

(H3) lims→+∞
f (s)

sα+p−1 = 0 .

The hypothesis (H2) requires f (s)
sα → +∞ as s → +∞, while hypothesis (H3) ensures that

f (s)
sα has a (p − 1) sublinear growth at infinity.

We prove the following results, depending on the behavior of f near the origin. We include
both f (0) > 0 (with f : [0, ∞) → (0, ∞)) and f (0) < 0 cases giving rise to two distinct types
of singularities f (s)

sα → +∞ and f (s)
sα → −∞ as s → 0+, respectively. The latter is termed in the

literature as infinite semipositone problems and are technically challenging, especially to study
positive solutions.

Theorem 1.2. Suppose that p ⩽ N and α ∈ (0, p
N ). If f : [0, ∞) → (0, ∞), and assumptions (H1) and

(H3) hold, then for each λ > 0, problem (1.3) has at least one positive solution u ∈ W1,p
0 (Ω) ∩ C(Ω).

Theorem 1.3. Let p ⩽ N and α ∈ (0, p
N ). Assume that f (0) < 0 and (H1)–(H3) hold. Then

there exists λ∗ > 0 such that, for all λ > λ∗, problem (1.3) admits at least one positive solution
u ∈ W1,p

0 (Ω) ∩ C(Ω).

Next, we study positive solutions for infinite semipositone problems of the form−∆pu + a(x)|u|p−2u = λg(u)− 1
uα

in Ω ,

u = 0 on ∂Ω ,
(1.4)

where g : [0, ∞) → R is a continuous function that satisfies:

(H4) There exist k1, k2 > 0 and s0 > 0 such that g(s) ⩾ k1sp−1 − k2 for every 0 ⩽ s ⩽ s0

(H5) lims→∞
g(s)
sp−1 = k3 for some k3 > 0.

Note that (1.4) has infinite semipositone structure due to the presence of − 1
uα in the reaction

term, and (H5) requires the reaction term to have (p − 1) linear growth at infinity.
In this case, we establish the following existence result which extends the result in [14]

with a = 0 to a ∈ L∞(Ω).
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Theorem 1.4. Assume that (H1) and (H4)–(H5) hold. Then there exist positive constants s∗0(k1, Ω),
ρ(Ω), λ̂ and λ such that if s0 ⩾ s∗0 and k1

k3
> ρ, (1.4) has a positive solution for λ ∈ [λ, λ̂].

Finally, we state a nonexistence result which will complement some of the previous exis-
tence results.

Theorem 1.5. Assume α ∈ [0, 1), a ∈ L∞(Ω) and there exists k∗ > 0 such that

f (s) ⩽ k∗sp−1+α for all s ⩾ 0 . (1.5)

Then for λ < λ1
k∗ , (1.3) does not have a positive solution.

In [15], the author studied the existence of positive solutions to the problem (1.3) in the
case α ∈ (0, 1), a ̸= 0 and p = 2. See [3, 12, 20, 21], where authors deal with a ≡ 0 and p = 2,
[2] for a nonconstant weight and [9, 13, 19] for the p-Laplacian case. We also refer the reader
to [6, 11] for reviews of singular problems in bounded and unbounded domains.

In Section 2, we discuss the existence and regularity of solutions to several auxiliary prob-
lems. In particular, since we use the method of sub- and supersolution to establish our ex-
istence results, we adapt the proof available for singular problems for the p-Laplacian with
a ≡ 0 to our case and establish Theorem 2.1. In Section 3, we prove Theorem 1.1 by utilizing
[1, Thm. 1.1]. In Sections 4–7, we prove Theorems 1.2–1.5, respectively. In Section 8, we extend
some of our single equation results to cooperative systems.

2 Preliminaries and auxiliary problems

We begin with a discussion of a sub-and supersolution method for problems of the form{
−∆pu + a(x)|u|p−2u = h(u) in Ω ,

u = 0 on ∂Ω ,
(2.1)

where h : (0,+∞) → R is a continuous function.
By a weak solution of (2.1) we mean a function u ∈ W1,p

0 (Ω) ∩ C(Ω) such that u > 0 in Ω
and ∫

Ω
|∇u|p−2∇u∇φdx +

∫
Ω

a(x)|u|p−2uφdx =
∫

Ω
h(u)φdx for all φ ∈ C∞

c (Ω) .

By a weak subsolution of (2.1) we mean a function u ∈ W1,p
0 (Ω) ∩ C(Ω) such that u > 0 in Ω

and ∫
Ω
|∇u|p−2∇u∇φdx +

∫
Ω

a(x)|u|p−2uφdx ⩽
∫

Ω
h(u)φdx for all 0 ⩽ φ ∈ C∞

c (Ω) .

A weak supersolution is a function u ∈ W1,p
0 (Ω)∩ C(Ω) such that u > 0 in Ω and satisfies the

reverse inequality in the definition of subsolution above.

Then, the following existence result holds.

Theorem 2.1. Assume a ∈ L∞(Ω) and for all θ1, θ2 ∈ (0, ∞) with θ1 < θ2, there exists C :=
C(θ1, θ2) > 0, such that

|h(s)| ⩽ C on [θ1, θ2]. (2.2)

Suppose that there exist a subsolution u and a supersolution u of (2.1) such that u ⩽ u, then there
exists a solution u of (2.1) such that u ⩽ u ⩽ u.
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The proof follows as outlined in [19, Lemma 1.8] for the p-Laplacian case. Below we
mention key modifications and show that their arguments hold for Theorem 2.1 as well.

Proof. Take a sequence of subdomains of Ω with C2,β-boundaries, say
{

Ωj
}∞

j=1, such that

Ω1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ Ωj ⊂⊂ Ωj+1 ⊂⊂ · · · and
∞⋃

j=1

Ωj = Ω . (2.3)

For each j = 1, 2, . . ., consider the problem{
−∆pu = h1(x, u) in Ωj ,

u = u on ∂Ωj ,
(Pj)

where h1(x, s) := h(s) − a(x)|s|p−2s. Let aj := minΩj
u and bj := maxΩj

u, and define h̃ :
Ωj × [0, ∞) → R by

h̃(x, s) :=


h1
(
x, aj

)
, 0 ≤ s < aj ,

h1(x, s), aj ⩽ s ⩽ bj ,

h1
(
x, bj

)
, bj < s .

Note that h1 and hence h̃ is a Carathéodory function, and for all s ∈ [aj, bj] and x ∈ Ωj, we
have

|h̃(x, s)| ⩽ max{|h1(x, s)|, |h1(x, aj)|, |h1(x, bj)|}
⩽ ∥h1∥L∞(Ωj×[aj,bj]) ,

since a ∈ L∞(Ω) and h satisfies (2.2).
The restrictions of the functions u and u on Ωj are sub- and supersolutions of the following

nonhomogeneous problem respectively:{
−∆pu = h̃(x, u) in Ωj,

u = u on ∂Ωj .
(P̃j)

Further, by [17, Thm. 6.8.13], we have that Tu ∈ W1−1/p,p(∂Ωj), where T is the trace operator.

Therefore, u ∈ W1− 1
p ,p(∂Ωj) ∩ L∞(Ωj). Hence, it follows from [4, Prop. 4.1] that the nonho-

mogeneous problem (P̃j) has a solution uj ∈ W1,p (Ωj
)
∩ C(Ωj) such that u ⩽ uj ⩽ u on Ωj,

which is also a solution of (Pj). Then the rest of the arguments in the proof of [16, Lemma 1.8]
can be carried out verbatim to complete the proof.

Next, we discuss several auxiliary problems whose solutions are used in the paper.
First, for a ∈ L∞(Ω), we consider the following eigenvalue problem:{

−∆p φ + a(x)|φ|p−2φ = λ|φ|p−2φ in Ω ,

φ = 0 on ∂Ω .
(2.4)

The following result holds:
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Lemma 2.2. The eigenvalue problem (2.4) has a principal eigenvalue λ1 and a corresponding positive
eigenfunction φ1 ∈ W1,p

0 (Ω) ∩ C1
0(Ω) satisfying ∥φ1∥∞ = 1 and ∂φ1

∂η < 0 on ∂Ω. Moreover, there
exist δ > 0, d > 0, m∗ > 0, and m > 0 such that

|∇φ1| ⩾ m in Ωδ and φ1 ⩾ d in Ω \ Ωδ , (2.5)

and
(1 − α)(p − 1)

p − 1 + α
|∇φ1|p −

(
a(x)

1 − Cpα

Cpα
+ λ1

)
φ

p
1 ≥ m∗ in Ωδ , (2.6)

where Ωδ := {x ∈ Ω : d(x, ∂Ω) < δ} and Cpα :=
[ p

p−1+α

]p−1
(> 1) . If in addition, a satisfies (H1)

then λ1 > 0.

Proof. The existence of a principal eigenvalue

λ1 := inf
{∫

Ω
(|∇φ|p + a(x)|φ|p)dx : φ ∈ W1,p

0 (Ω) and ∥φ∥p = 1
}

and a corresponding positive eigenfunction φ1 ∈ W1,p
0 (Ω) ∩ C1

0(Ω) satisfying ∂φ1
∂η < 0 on ∂Ω

and ∥φ1∥∞ = 1 are given by [7, Thm. 6.4.5].
Consequently, we get 0 <

∣∣ ∂φ1
∂η

∣∣ ≤ |∇φ1| on ∂Ω and φ1 > 0 in Ω. Using the continuity of
the functions |∇φ1| and φ1, we have that there exist δ1 > 0, d > 0 and m > 0 such that (2.5)
hold.

Let b(x) = a(x) 1−Cpα

Cpα
+ λ1 and assume without loss of generality that ∥b∥∞ ̸= 0. Then

there exists δ2 ∈ (0, δ1) such that φ1(x) < m
( (1−α)(p−1)
(p−1+α)∥b∥∞

)1/p for all x ∈ Ωδ2 . Hence, for all

x ∈ Ωδ2

φ
p
1(x)b(x) ≤ φ

p
1(x)∥b∥∞ <

(1 − α)(p − 1)
p − 1 + α

mp <
(1 − α)(p − 1)

p − 1 + α
|∇φ1|p.

Taking δ := δ2
2 , (2.5) and (2.6) hold.

Finally, suppose (H1) holds, and let λp > 0 be the principal eigenvalue of the eigenvalue
problem {

−∆p φ = λ|φ|p−2φ in Ω ,

φ = 0 on ∂Ω .
(2.7)

Then, it is known that

λp := inf
{∫

Ω
|∇φ|p dx : φ ∈ W1,p

0 (Ω) and ∥φ∥p = 1
}

, (2.8)

see, e.g. [7, Prop. 6.2.2] for details. Hence, using a(x) > −λp a.e. in Ω, we have

λ1 =
∫

Ω
(|∇φ1|p + a(x)|φ1|p)dx

>
∫

Ω
|∇φ1|p dx−λp

∫
Ω
|φ1|p dx ⩾ 0 .

Thus, we conclude that λ1 > 0, as desired. This proves the lemma.
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Second, we consider a problem of the form{
−∆pe + a(x)|e|p−2e = 1 in Ω ,

e = 0 on ∂Ω ,
(2.9)

and obtain the following result.

Lemma 2.3. Suppose a satisfies (H1). Then (2.9) has a unique solution e ∈ W1,p
0 (Ω) ∩ C1,β

0 (Ω)

satisfying

e > 0 in Ω and
∂e
∂η

< 0 on ∂Ω . (2.10)

Proof. By Lemma 2.2, λ1 > 0. Then by [7, Thm. 6.4.6(e)], there exists a unique positive solution
e ∈ W1,p

0 (Ω) of (2.9). Moreover, e ∈ L∞(Ω) by [7, Thm 6.2.6], and by [7, Thm. 6.2.7] there exists
0 < β < 1 such that e ∈ C1,β

0 (Ω). Finally, using [7, Thm. 6.2.8], we see that ∂e
∂η < 0 on ∂Ω.

Third, we recall the anti-maximum principle for the p-Laplacian operator.

Remark 2.4. Consider the problem{
−∆pz − µ|z|p−2z = −1 in Ω ,

z = 0 on ∂Ω .
(2.11)

Let λp be the principal eigenvalue of −∆p as defined in (2.8). By [10, Thm. 5.1] and [5,
Thm. 7.3], there exists ϵ > 0 such that if µ ∈ (λp, λp + ϵ), the solution zµ of (2.11) satisfies:

zµ > 0 in Ω and
∂zµ

∂η
< 0 on ∂Ω .

Consequently, there exist mµ > 0, Aµ > 0, δµ > 0 such that∣∣∇zµ

∣∣ ⩾ mµ in Ωδµ
and zµ ⩾ Aµ in Ω \ Ωδµ

, (2.12)

where Ωδµ
:= {x ∈ Ω : d(x, ∂Ω) < δµ}.

Next, to establish Theorem 1.1, we will use the following result in [1].

Proposition 2.5 ([1, Thm. 1.1]). Consider{
−∆pu = g(x, u) in Ω ,

u = 0 on ∂Ω ,
(2.13)

where 1 < p < ∞, Ω is a bounded C2 domain and the reaction term g : Ω × (0, ∞) → R is a
Carathéodory function satisfying the following:

(a) There exist γ, t0 > 0, nontrivial nonnegative measurable functions a and a satisfying

a(x) ⩽ g(x, t) ⩽ a(x)t−γ for (x, t) ∈ Ω × (0, t0) , (2.14)

and
MT := sup

(x,t)∈Ω×[t0,T]
|g(x, t)| < ∞ ∀T > t0 (2.15)
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(b) There exists a nonnegative function ζ ∈ C1
0(Ω) such that aζ−γ ∈ Lq(Ω) for some q > N/p if

p ⩽ N and q = 1 if p > N

(c) g(x,t)
tp−1 ⩽ λ for (x, t) ∈ Ω × (T, ∞) for some λ < λp and T > t0.

Then (2.13) has a positive solution u ∈ W1,p
0 (Ω) ∩ L∞(Ω). Moreover, if q > N then u ∈ C1

0(Ω).

Finally, we derive a computation that will be used in the construction of our subsolutions
in the proofs of Theorem 1.3 and Theorems 8.2–8.3.

Lemma 2.6. Let ψ := λr φ
p/(p−1+α)
1 with λ, r > 0 and α ∈ (0, 1), where φ1 > 0 is the eigenfunction

corresponding to the principal eigenvalue λ1 of (2.4). Then

− ∆pψ + a(x)|ψ|p−2ψ

=
λr(p−1+α)

ψα
Cpα

[(
a(x)

Cpα − 1
Cpα

+ λ1

)
φ

p
1 −

(1 − α)(p − 1)
p − 1 + α

|∇φ1|p
]

. (2.16)

(Here Cpα is as in Lemma 2.2.)

Proof. We note that since

∇ψ = λr
[

p
p − 1 + α

]
φ

1−α
p−1+α

1 ∇φ1 ,

we get

|∇ψ|p−2 ∇ψ = λr(p−1)Cpα φ
(1−α)(p−1)

p−1+α

1

(
|∇φ1|p−2∇φ1

)
.

Then,

∆pψ = λr(p−1)Cpα

[
φ

(1−α)(p−1)
p−1+α

1 ∆p φ1 +

[
(1 − α)(p − 1)

p − 1 + α

]
φ

−αp
p−1+α

1 |∇φ1|p
]

=
λr(p−1)

φ
αp

p−1+α

1

Cpα

[
φ

(1−α)(p−1)+αp
p−1+α

1 ∆p φ1 +
(1 − α)(p − 1)

p − 1 + α
|∇φ1|p

]

=
λr(p−1+α)(

λr φ
p/(p−1+α)
1

)α Cpα

[
a(x)φ

p
1 − λ1φ

p
1 +

(1 − α)(p − 1)
p − 1 + α

|∇φ1|p
]

, (2.17)

where the last equality holds since (λ1, φ1) is the eigenpair of the eigenvalue problem (2.4).
On the other hand, we have

a(x)|ψ|p−2ψ = a(x)λr(p−1)φ
p(p−1)
p−1+α

1 . (2.18)

Therefore, it follows from (2.17) and (2.18) that

− ∆pψ + a(x)|ψ|p−2ψ

=
λr(p−1+α)

ψα
Cpα

[
λ1φ

p
1 − a(x)φ

p
1 −

(1 − α)(p − 1)
p − 1 + α

|∇φ1|p +
a(x)φ

p
1

Cpα

]

=
λr(p−1+α)

ψα
Cpα

[(
a(x)

1
Cpα

− a(x) + λ1

)
φ

p
1 −

(1 − α)(p − 1)
p − 1 + α

|∇φ1|p
]

,

establishing (2.16).
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3 Proof of Theorem 1.1

We use Proposition 2.5 to establish the result. Thus, it suffices to verify its assumptions.
Let g(x, t) := 1−a(x)tp−1+α

tα for (x, t) ∈ Ω × (0,+∞), which is clearly a Carathéodory function.
Without loss of generality, we assume that ∥a∥∞ ̸= 0, and let 0 < t0 < 1

∥a∥1/(p−1+α)
∞

. Define

a(x) :=


1
tα
0
, if a(x) < 0,

1−∥a∥∞tp−1+α
0

tα
0

, if a(x) ⩾ 0,

and
a(x) := 1 + ∥a∥∞tp−1+α

0 .

Clearly, if a(x) < 0 then 1 < −a(x)tp−1+α + 1, and consequently for t ∈ (0, t0)

a(x) =
1
tα
0
<

1
tα

< g(x, t). (3.1)

On the other hand, if a(x) ⩾ 0, using the fact that t0 < 1
∥a∥1/(p−1+α)

∞
, for t ∈ (0, t0), we have

a(x) =
1 − ∥a∥∞tp−1+α

0
tα
0

⩽
1 − a(x)tp−1+α

tα
0

⩽
1 − a(x)tp−1+α

tα
= g(x, t). (3.2)

Next, for t ∈ (0, t0)

a(x)
tα

=
1 + ∥a∥∞tp−1+α

0
tα

⩾
1 − a(x)tp−1+α

tα
= g(x, t). (3.3)

Therefore, it follows from (3.1), (3.2) and (3.3) that a(x) ⩽ g(x, t) ⩽ a(x)t−α for t ∈ (0, t0) and
for a.e. x ∈ Ω. Moreover, since t0 > 0

sup
(x,t)∈Ω×[t0,T]

|g(x, t)| < ∞ for all T ⩾ t0

verifying hypothesis (a) of Proposition 2.5.
Now, to verify part (b) of Proposition 2.5, let ζ = e ∈ C1,β

0 (Ω), where e is the solution
of (2.9). Then, since ∂Ω is sufficiently smooth, the arguments in the proof of [18, Lemma]
show that

∫
Ω eθ < +∞ if and only if θ > −1. Since α ∈ (0, 1), we have −α > −1 and

hence ae−α ∈ L1(Ω), in particular when p > N. If p ⩽ N, there exists q ∈ (N, 1
α ) such that

e−α ∈ Lq(Ω), and hence ae−α ∈ Lq(Ω).
Finally, note that there exists T > t0 such that 1

Tα+p−1 < ess inf a + λp. Since (H1) holds, for
a.e. x ∈ Ω and t > T

g(x, t)
tp−1 =

1 − a(x)tp−1+α

tp−1+α
⩽

1
Tα+p−1 − a(x) < λp ,

verifying hypothesis (c) of Proposition 2.5. Then by Proposition 2.5 the problem (1.1) has a
positive solution w ∈ W1,p

0 (Ω) ∩ L∞(Ω), and that w ∈ C1
0(Ω) whenever p ⩽ N.

Moreover, it is clear from the proof of Proposition 2.5, that is of [1, Thm. 1.1], that whenever
p ⩽ N, w satisfies

w > 0 in Ω and
∂w
∂η

< 0 on ∂Ω . (3.4)

This completes the proof of Theorem 1.1.



On positive solutions for classes of quasilinear singular problems 9

4 Proof of Theorem 1.2

We construct an ordered pair of subsolution and supersolution of (1.3) for each fixed λ > 0.
Without loss of generality, we take λ = 1.

Let u := mφ1, where φ1 > 0 is the eigenfunction given in Lemma 2.2 and m > 0. We note
that since f > 0, we have lims→0+

f (s)
sα+p−1 = +∞. Then there exists m sufficiently small such

that

λ1(mφ1)
p−1 ⩽

f (mφ1)

(mφ1)α
.

Therefore,

−∆pu + a(x)|u|p−2u = λ1(mφ1)
p−1 ⩽

f (mφ1)

(mφ1)α
=

f (u)
uα

in Ω .

Also, u = 0 on ∂Ω, hence, u is a subsolution of (1.3).
Next, let w > 0 be as given by Theorem 1.1 and u := Mw for M > 0. Recall that f is not

necessarily monotone. However, f ∗(s) := maxt∈[0,s] f (t) is nondecreasing, f (s) ⩽ f ∗(s) for
s ⩾ 0, and by (H3), we also have

lim
s→+∞

f ∗(s)
sα+p−1 = 0 . (4.1)

Then by (4.1), there exists M ≫ 1 such that

f ∗(M∥w∥∞)

(M∥w∥∞)p−1+α
⩽

1

∥w∥p−1+α
∞

or equivalently
f ∗(M∥w∥∞)

Mα
⩽ Mp−1 . (4.2)

Using (4.2) and the fact that f ∗ is nondecreasing, we get

−∆pu + a(x)|u|p−2u =
Mp−1

wα
⩾

f ∗(M∥w∥∞)

(Mw)α
⩾

f ∗(Mw)

(Mw)α
⩾

f (u)
uα in Ω . (4.3)

Clearly u = 0 on ∂Ω, and hence u is a supersolution of (1.3).
Finally, using the facts that ∂w

∂η < 0 and ∂φ1
∂η < 0 on ∂Ω, we choose M > 0 large so that

u ⩾ u in Ω. By Theorem 2.1, the problem (1.3) admits a positive solution u ∈ W1,p
0 (Ω)∩ C(Ω)

such that u ⩽ u ⩽ u. This completes the proof.

5 Proof of Theorem 1.3

We construct an ordered pair of sub- and supersolution and apply Theorem 2.1 to establish
our result. First, we show that

u := λr φ
p/(p−1+α)
1 with r ∈

(
1

p − 1 + α
,

1
p − 1 + α − σ

)
(5.1)

is a subsolution for λ > 0 large. By Lemma 2.6, u satisfies

− ∆pu + a(x)|u|p−2u

=
λr(p−1+α)

uα
Cpα

[(
a(x)

Cpα − 1
Cpα

+ λ1

)
φ

p
1 −

(1 − α)(p − 1)
p − 1 + α

|∇φ1|p
]

, (5.2)

where Cpα is given by Lemma 2.2. Then it follows from (2.6), that

−∆pu + a(x)|u|p−2u ⩽ −m∗λr(p−1+α)

uα
Cpα in Ωδ ,
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where δ > 0 and m∗ are as in Lemma 2.2. Since r > 1
p−1+α , for λ sufficiently large, we have

−m∗λr(p−1+α)Cpα ⩽ λ f , (5.3)

where f := min[0,∞) f < 0. Therefore,

−∆pu + a(x)|u|p−2u ⩽ λ
f

uα
⩽ λ

f (u)
uα

on Ωδ . (5.4)

Next, since Cpα > 1, we have

K := λ1 +
Cpα − 1

Cpα
∥a∥∞ ⩾

Cpα − 1
Cpα

a(x) + λ1 .

Then (5.2) implies

−∆pu + a(x)|u|p−2u ⩽
Kφ

p
1 λr(p−1+α)

uα
Cpα in Ω \ Ωδ. (5.5)

Since φ1 ⩾ d in Ω \ Ωδ, by (2.5), and r < 1/(p − 1 + α − σ), there exists λ large such that

Kλr(p−1+α)φ
p
1 Cpα ⩽ Aλ1+rσ φ

pσ
p−1+α

1 , (5.6)

where A > 0 is as in hypothesis (H2). Then, by (5.5), (5.6) and hypothesis (H2), it follows that

−∆pu + a(x)|u|p−2u ⩽
Aλ(φ

p
p−1+α

1 λr)σ

uα
⩽

λ f (u)
uα

on Ω \ Ωδ . (5.7)

Let λ∗ > 0 be such that (5.3) and (5.6) hold for any λ > λ∗. Then, it follows from (5.4) and
(5.7) that u defined in (5.1) is a subsolution of (1.3) for λ > λ∗.

Now, we will show that u = Mw is a supersolution of (1.3), where w > 0 is as given
by Theorem 1.1, and M > 0 to be determined. By repeating the argument in the proof of
Theorem 1.2 and noting that M = M(λ) in this case, we get

−∆pu + a(x)|u|p−2u =
Mp−1

wα
⩾

λ f ∗(M∥w∥∞)

(Mw)α
⩾

λ f ∗(Mw)

(Mw)α
⩾

λ f (u)
uα in Ω , (5.8)

where f ∗(s) := maxt∈[0,s] f (t). Clearly u = 0 on ∂Ω, hence u is a supersolution of (1.3).
Since ∂w

∂η < 0 on ∂Ω and w > 0, we can choose M larger, if necessary, so that u ⩾ u in Ω.

By Theorem 2.1, problem (1.3) admits a solution u ∈ W1,p
0 (Ω) ∩ C(Ω) such that u ⩽ u ⩽ u for

λ > λ∗. This completes the proof.

6 Proof of Theorem 1.4

Here also we construct an ordered pair of sub- and supersolution to apply Theorem 2.1 to
establish the result. In this case, we first determine a λ interval where the existence will be
guaranteed. For this, let µ ∈

(
λp, λp + ϵ

)
be fixed, and let zµ denote the solution of (2.11).

Define ρ(Ω) := 2∥e∥p−1
∞
[
µ
( p

p−1+α

)p−1
+ ∥a∥∞

]
, where e is the solution of (2.9). Let k1 and k3

in (H4) and (H5), respectively, be such that k1
k3

> ρ. Then

λ :=
µ
(

p
p−1+α

)p−1
+ ∥a∥∞

k1
< λ̂ :=

1

2k3 ∥e∥p−1
∞

. (6.1)
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Then the interval (λ, λ̂) is non-empty by construction.

Now, let u = k0z
p

p−1+α
µ and s∗0 := k0

∥∥zµ

∥∥ p
p−1+α

∞ , where the constant k0 > 0 be such that

1

kp−1+α
0

(
1 +

k2kα
0

2k3 ∥e∥p−1
∞

z
αp

p−1+α
µ

)
⩽ min

{
pp−1(1 − α)(p − 1)mp

µ

(p − 1 + α)p ,
(

p
p − 1 + α

)p−1

Aµ

}
. (6.2)

Here the positive constants mµ and Aµ are as discussed in Remark 2.12. Noting that

∇u = k0

(
p

p − 1 + α

)
z

1−α
p−1+α
µ ∇zµ ,

we have

− ∆pu + a(x)|u|p−2u

= − kp−1
0

(
p

p − 1 + α

)p−1{ (1 − α)(p − 1)
p − 1 + α

z
−αp

p−1+α
µ

∣∣∇zµ

∣∣p z
(1−α)(p−1)

p−1+α
µ

(
1 − µzp−1

µ

)}
+ a(x)kp−1

0 z
p(p−1)
p−1+α
µ

= kp−1
0

[(
p

p − 1 + α

)p−1

µ + a(x)

]
z

p(p−1)
p−1+α
µ − kp−1

0

(
p

p − 1 + α

)p−1

z
(1−α)(p−1)

p−1+α
µ

−
kp−1

0 pp−1(1 − α)(p − 1)
∣∣∇zµ

∣∣p
z

αp
p−1+α
µ (p − 1 + α)p

. (6.3)

Now, we will show that u is a weak subsolution. For λ ≥ λ, we have

kp−1
0

[(
p

p − 1 + α

)p−1

µ + a(x)

]
z

p(p−1)
p−1+α
µ ⩽ λk1kp−1

0 z
p(p−1)
p−1+α
µ (6.4)

and

1

kα
0z

αp
p−1+α
µ

+ λk2 ⩽
1

kα
0z

αp
p−1+α
µ

+
k2

2k3 ∥e∥p−1
∞

=
kp−1

0

kp−1+α
0 z

αp
p−1+α
µ

1 +
k2kα

0z
αp

p−1+α
µ

2k3 ∥e∥p−1
∞

 . (6.5)

Using |∇zµ| ≥ mµ, (6.2), and (6.5), we get

1

kα
0z

αp
p−1+α
µ

+ λk2 ⩽
kp−1

0 pp−1(1 − α)(p − 1)mp
µ

z
αp

p−1+α
µ (p − 1 + α)p

⩽
kp−1

0 pp−1(1 − α)(p − 1)|∇zµ|p

z
αp

p−1+α
µ (p − 1 + α)p

in Ωδµ
. (6.6)

Then (6.3), (6.4), (6.6), (H4), and the fact that kp−1
0

( p
p−1+α

)p−1z
(1−α)(p−1)

p−1+α
µ > 0 yield

−∆pu + a(x)|u|p−2u ⩽ λk1kp−1
0 z

p(p−1)
p−1+α
µ − λk2 −

1

kα
0z

αp
p−1−α
µ

⩽ λg(u)− 1
(u)α

in Ωδµ
. (6.7)
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Next, since zµ ≥ Aµ on Ω \ Ωδµ
, (6.2) and (6.5) yield

1

kα
0z

αp
p−1+α
µ

+ λk ⩽
(

p
p − 1 + α

)p−1

Aµ
kp−1

0

z
αp

p−1+α
µ

⩽ kp−1
0

(
p

p − 1 + α

)p−1

z
(1−α)(p−1)

p−1+α
µ in Ω \ Ωδµ

. (6.8)

Then, it follows from (6.3), (6.4), (6.8) and hypothesis (H4) that

−∆pu + a(x)|u|p−2u ⩽ λk1kp−1
0 z

p(p−1)
p−1+α
µ − λk2 −

1

kα
0z

αp
p−1−α
µ

⩽ λg(u)− 1
(u)α

in Ω \ Ωδµ
. (6.9)

Therefore, combining (6.7) and (6.9), we conclude that u is a weak subsolution of (1.4).
Next, let u = Me, where e is the solution of the problem (2.9) and M > 0 to be chosen. Let

g∗(s) := maxt∈[0,s] g(t). Then g∗ is nondecreasing and by hypothesis (H5), we get

lim
s→+∞

g∗(s)
sp−1 = k3 , (6.10)

which in turn implies that there exists M ≫ 1 so that

2k3 ≥ g∗ (M ∥e∥∞)

(M ∥e∥∞)
p−1 . (6.11)

Then, using (6.11) and the fact that λ ≤ λ̂, u satisfies

−∆pu + a(x)|u|p−2u = Mp−1 ≥ g∗ (M ∥e∥∞)

∥e∥p−1
∞ 2k3

= λ̂g∗ (M ∥e∥∞) ≥ λg (u) in Ω .

Thus, u is a weak supersolution of problem (1.4). Finally, using (2.10), we can choose M ≫ 1
such that u ≤ u. Then, for λ ∈ [λ, λ̂], by Theorem 2.1, there exists a positive weak solution

such that k0z
p

p−1+α
µ ≤ u ≤ Me in Ω. This completes the proof of Theorem 1.4.

7 Proof of Theorem 1.5

Let f satisfy (1.5) and u ∈ W1,p
0 (Ω) ∩ C(Ω) be a positive solution of (1.3). Then, we have∫

Ω
|∇u|p−2∇u∇φdx +

∫
Ω

a(x)|u|p−2uφdx = λ
∫

Ω

f (u)
uα

φdx for all φ ∈ C∞
c (Ω) .

Taking φ = u as the test function, we have∫
Ω
|∇u|pdx +

∫
Ω

a(x)|u|pdx = λ
∫

Ω

f (u)
uα−1 dx .

By (1.5) and Lemma 2.2, we get

λ1

∫
Ω

updx ⩽
∫

Ω
|∇u|pdx +

∫
Ω

a(x)updx = λ
∫

Ω

f (u)
uα−1 dx ⩽ λk∗

∫
Ω

up .
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Therefore,

(λ1 − λk∗)
∫

Ω
updx ⩽ 0 ,

and since u is positive, we must have λ ⩾ λ1
k∗ . Hence, (1.3) does not have a positive solution

for 0 < λ < λ1
k∗ .

8 Coupled systems

In this section, we extend the existence results established for the scalar case in Theorem 1.3
and Theorem 1.4 to the corresponding coupled system of equations. For this purpose, we first
discuss a sub- and supersolution theorem for systems of the form:

−∆pu1 + a(x)|u1|p−2u1 = h1(u1, u2) in Ω,

−∆pu2 + a(x)|u2|p−2u2 = h2(u1, u2) in Ω,

u1 = u2 = 0 on ∂Ω,

(8.1)

where Ω ⊂ RN is as before, hi : (0,+∞)× (0,+∞) → R are continuous functions for each
i = 1, 2 and a ∈ L∞(Ω).

By a weak solution of (8.1) we mean a pair (u1, u2) where u1, u2 ∈ W1,p
0 (Ω)∩C(Ω), u1, u2 >

0 in Ω, and satisfy:∫
Ω
|∇u1|p−2∇u1∇φdx +

∫
Ω

a(x)|u1|p−2u1φdx =
∫

Ω
h1(u1, u2)φdx ,∫

Ω
|∇u2|p−2∇u2∇φdx +

∫
Ω

a(x)|u2|p−2u2φdx =
∫

Ω
h2(u1, u2)φdx ,

for all φ ∈ C∞
c (Ω).

By a weak subsolution of (8.1), we mean a pair (u1, u2) where u1, u2 ∈ W1,p
0 (Ω) ∩ C(Ω),

u1, u2 > 0 in Ω, and satisfy:∫
Ω
|∇u1|p−2∇u1∇φdx +

∫
Ω

a(x)|u1|p−2u1φdx ⩽
∫

Ω
h1(u1, u2)φdx∫

Ω
|∇u2|p−2∇u2∇φdx +

∫
Ω

a(x)|u2|p−2u2φdx ⩽
∫

Ω
h2(u1, u2)φdx ,

for all 0 ⩽ φ ∈ C∞
c (Ω). A pair of supersolution is defined analogously by reversing the

inequalities above.
Next, for each i = 1, 2, define Carathéodory functions h̃i : Ω × (0, ∞)× (0, ∞) → R by

h̃i(x, s1, s2) := hi(s1, s2)− a(x)|si|p−2si (8.2)

We assume that the h̃i satisfy:

(h1) h̃1 is nondecreasing in s2 for all fixed x ∈ Ω, s1 ∈ (0, ∞), and h̃2 is nondecreasing in s1 for
all fixed x ∈ Ω, s2 ∈ (0, ∞) (quasimonotone nondecreasing).

Then, we establish:
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Theorem 8.1. Assume (h1) hold, and for any Ω′ ⊂⊂ Ω and for all ai, bi ∈ (0, ∞) with ai < bi, there
exists K(Ω′, ai, bi) > 0, such that

|h̃i(x, s1, s2)| ⩽ K on Ω′ × [a1, b1]× [a2, b2], (8.3)

i = 1, 2. Let (u1, u2), (u1, u2) be weak sub- and supersolutions, respectively, of problem (8.1) such that
(u1, u2) ≤ (u1, u2), and assume there exists M∗ > 0 such that:

(h2) h̃1 (x, s1, s2) + M∗ψ(s1) is nondecreasing in s1 for all (u1, u2) ⩽ (s1, s2) ⩽ (ū1, ū2) for all
x ∈ Ω.

(h3) h̃2 (x, s1, s2)+ M∗ψ(s2) is nondecreasing in s2 for all (u1, u2) ⩽ (s1, s2) ⩽ (ū1, ū2) for all x ∈ Ω

hold, where ψ(s) := |s|p−2s. Then there exists a weak solution (u1, u2) of (8.1) satisfying (u1, u2) ⩽
(u1, u2) ⩽ (ū1, ū2). (Here, by (a, b) ⩽ (c, d) we mean a ⩽ c and b ⩽ d, that is, ordering is understood
in componentwise sense.)

In the rest of this section, for i = 1, 2, fi : [0, ∞) → R are assumed to be continuous and
nondecreasing functions.

First, we consider a system of the form:
−∆pu + a(x)|u|p−2u = λ

f1(v)
uα1

in Ω,

−∆pv + a(x)|v|p−2v = λ
f2(u)
vα2

in Ω,

u = v = 0 on ∂Ω,

(8.4)

where αi ∈ (0, 1) and fi satisfy the following assumptions for i = 1, 2:

(S1) fi(0) < 0;

(S2) There exist σi > 0 and Ai > 0 such that αi < σi < αi + (p − 1) and fi(s) > Aisσi for s ≫ 1;

(S3) lims→∞ f2(s) = ∞ and lims→∞
f1

(
L( f2(s))

1
p−1
)

sp−1+α1
= 0 for all L > 0.

We establish the following existence result.

Theorem 8.2. Let p ⩽ N and α1, α2 ∈ (0, p
N ). Assume that (H1) and (S1)–(S3) hold. Then there

exists λ∗ > 0 such that for all λ > λ∗ (8.4) has a positive solution (u, v) with u, v ∈ W1,p
0 (Ω)∩C(Ω).

Next, we study a coupled system of the form:
−∆pu + a(x)|u|p−2u = λ

[
f1(v)−

1
uα1

]
in Ω,

−∆pv + a(x)|v|p−2v = λ

[
f2(u)−

1
vα2

]
in Ω,

u = v = 0 on ∂Ω,

(8.5)

where for αi ∈ (0, 1) and fi satisfy the following for i = 1, 2:

(S4) fi(s) > 0 for s ≥ 0; i = 1, 2;

(S5) lims→∞ f2(s) = ∞ and lims→∞
f1(L( f2(s))

1
p−1 )

sp−1 = 0 for all L > 0.
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Then we prove the following existence result:

Theorem 8.3. Let α1, α2 ∈ (0, 1). Assume that (H1) and (S4)–(S5) hold. Then there exists λ∗ > 0
such that for all λ > λ∗ (8.5) has a positive solution (u, v) with u, v ∈ W1,p

0 (Ω) ∩ C(Ω).

Finally, we study a singular system of the form:
−∆pu + a(x)|u|p−2u = λ f1(v)−

1
uα

in Ω,

−∆pv + a(x)|v|p−2v = λ f2(u)−
1
vα

in Ω,

u = v = 0 on ∂Ω,

(8.6)

where α ∈ (0, 1) and fi satisfy the following assumptions for each i = 1, 2:

(S6) There exist σi and si > 0 such that fi(s) ⩾ σisp−1 − ki for every 0 ⩽ s ⩽ si;

(S7) lims→∞
f1( f2(s)

1
p−1 )

sp−1 = σ̂ for some σ̂ > 0;

(S8) There exists τ > 0 such that for each P > 0, f1(Ps) ⩽ Pτ f1(s) for s ≫ 1.

Then we establish:

Theorem 8.4. Assume that (H1), (S6)–(S8) hold and α ∈ (0, 1). Then there exist positive constants
s0(σ̂, Ω), ρs(Ω), λ̂ and λ such that if min{s1, s2} ⩾ s0 and min{σ1,σ2}

σ̂
p−1

p−1+τ

> ρs, (8.6) has a positive

solution for λ ∈ [λ, λ̂].

Proof of Theorem 8.1

In [19], it was noted that Theorem 8.1 holds for the case a ≡ 0, see [19, Lemma 1.8]. Their
approach can be applied to our case a ̸= 0, which we briefly outline below.

Take a sequence of subdomains of Ω with C2,β-boundaries, say
{

Ωj
}∞

j=1, such that

Ω1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ Ωj ⊂⊂ Ωj+1 ⊂⊂ · · · and
∞⋃

j=1

Ωj = Ω . (8.7)

Now, for each fixed j = 1, 2, . . ., consider the nonhomogeneous problem:
−∆pu1 = h̃1(x, u1, u2) in Ωj,

−∆pu2 = h̃2(x, u1, u2) in Ωj,

u1 = u1 and u2 = u2 on ∂Ωj .

(8.8)

We note that due to hypotheses (h1)–(h3), we can construct a monotonically increasing se-
quence using [4, Prop. 4.1]

(u1, u2) = (u1,1, u2,1) ⩽ · · · ⩽ (u1,n, u2,n) ⩽ · · · (u1, u2)

satisfying: 
−∆pu1,n + M∗ψ(u1,n) = h̃1(x, u1,n−1, u2,n−1) + M∗ψ(u1,n−1) in Ωj,

−∆pu2,n + M∗ψ(u2,n) = h̃2(x, u1,n−1, u2,n−1) + M∗ψ(u2,n−1) in Ωj,

u1,n = u1 and u2,n = u2 on ∂Ωj .

(8.9)
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Note that the system (8.9) is decoupled, hence the existence of the iterated solutions (u1,n, u2,n)
easily follows. Then, since the monotone sequence is bounded, using the regularity theory
[22, Thm. 1] we can conclude that (8.8) has a weak solution

(
u1(j), u2(j)

)
such that ui(j) ∈

W1,p(Ωj) ∩ C(Ωj) for i = 1, 2 and
(
u1, u2

)
⩽
(
u1(j), u2(j)

)
⩽
(
ū1, ū2

)
. The rest of the proof

follows from the arguments in the proof of [16, Lemma 1.8].

Proofs of Theorem 8.2–Theorem 8.4

Here we construct weak sub- and supersolution pairs (u1, u2) and (u1, u2) such that (u1, u2) ≤
(u1, u2). Constructions of (u1, u2) for each theorem follow straightforwardly by using the
arguments used in the single equation cases componentwise. Hence we emphasize on the
construction of (u1, u2), which rely on the hypotheses (S3), (S5) and (S7).

Recall functions φ1, e and zµ discussed in Section 2.

Proof of Theorem 8.2: Here, as in the scalar case (see the proof of Theorem 1.3), there exists
λ∗ > 0 such that for λ > λ∗, the pair

(u1, u2) = (λr φ
p/(p−1+α1)
1 , λr φ

p/(p−1+α2)
1 ) ,

where

r ∈
(

1
p − 1 + α1

,
1

p − 1 + α1 − σ1

)
∩
(

1
p − 1 + α2

,
1

p − 1 + α2 − σ2

)
is a weak subsolution of (8.4).

Next, we construct a weak supersolution pair (u1, u2) ≥ (u1, u2). Let

(u1, u2) =
(

Mw1, ( f2 (M ∥w1∥∞))
1

p−1 w2

)
,

where w1 and w2 are the solutions for the problems (1.1) for α1, α2 ∈ (0, 1), respectively, and
M > 0. Using (S3), for each λ > λ∗, there exists M = M(λ) ≫ 1 such that

1

λ ∥w1∥p−1+α1
∞

⩾
f1

(
∥w2∥∞ ( f2 (M ∥w1∥∞))

1
p−1

)
∥w1∥p−1+α1

∞ Mp−1+α1

and
1
λ
⩾

1

f2(M∥w1∥∞)
α2

p−1
.

Then

−∆pu1 + a(x)|u1|p−2u1 =
Mp−1

wα1
1

⩾ λ
f1

(
∥w2∥∞ ( f2 (M ∥w1∥∞))

1
p−1

)
(Mw1)α1

≥ λ
f1(u2)

uα1
1

in Ω

and

−∆pu2 + a(x)|u2|p−2u2 =
f2(M∥w1∥∞)

wα2
2

⩾ λ
f2(Mw1)

( f2(M∥w1∥∞)
1

p−1 )α2 wα2
2

= λ
f2(u1)

uα2
2

in Ω .

Further, choosing M larger if necessary, using (1.2) and (S3), we have (u1, u2) ≤ (u1, u2)
componentwise. By Theorem 8.1, there exists a weak solution (u1, u2) of (8.4) satisfying
(u1, u2) ⩽ (u1, u2) ⩽ (ū1, ū2), completing the proof.
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Proof of Theorem 8.3: Again, it is easy to show that the pair

(u1, u2) :=
(

λr φ
p/(p−1+α1)
1 , λr φ

p/(p−1+α2)
1

)
,

is a weak subsolution of (8.5) for λ sufficiently large, where r ∈
( 1

p−1+α1
, 1

p−1

)
∩
( 1

p−1+α2
, 1

p−1

)
.

Next, let

(u1, u2) =
(

Me, (λ f2 (M ∥e∥∞))
1

p−1 e
)

,

where M > 0. Then for each λ > 0, using (S5), there exists M = M(λ) > 0 such that

1

λ ∥e∥p−1
∞

≥
f1

((
λ ∥e∥p−1

∞ f2 (M ∥e∥∞)
) 1

p−1
)

(M ∥e∥∞)
p−1 .

Then

−∆pu1 + a(x)|u1|p−2u1 = Mp−1

≥ λ f1

(
(λ f2 (M ∥e∥∞))

1
p−1 ∥e∥∞

)
≥ λ f1

(
(λ f2 (M ∥e∥∞))

1
p−1 e

)
≥ λ

[
f1(u2)−

1
uα1

1

]
in Ω .

Using (S5) again,

−∆pu2 + a(x)|u2|p−2u2 = λ( f2(M∥e∥∞))

≥ λ f2(Me)

≥ λ

[
f2(u1)−

1
uα2

2

]
in Ω.

Therefore, (u1, u2) is a weak supersolution of (8.5). Since e satisfies (2.10), choosing M larger
if necessary and using (S5), we get (u1, u2) ≤ (u1, u2) componentwise. Then Theorem 8.1
guarantees the existence of a weak solution (u1, u2) of (8.5) satisfying (u1, u2) ⩽ (u1, u2) ⩽
(ū1, ū2), as desired.

Proof of Theorem 8.4: Define ρs(Ω) := 2
p−1

p−1+τ ∥e∥p−1
∞
[
µ
( p

p−1+α

)p−1
+ ∥a∥∞

]
and let σ̂, σ1, σ2 and

τ be as in (S6)–(S8) such that min{σ1,σ2}

σ̂
p−1

p−1+τ

> ρs. Let

λ :=
(p/(p − 1 + τ))p−1µ + ∥a∥∞

min{σ1, σ2}
< λ̂ :=

1

(2σ̂)
p−1

p−1+τ ∥e∥p−1
∞

and λ ∈ [λ, λ̂]. Let
(
u1, u2

)
=
(

Me, [λ f2 (M ∥e∥∞)]
1

p−1 e
)
, where, using (S7), M = M(λ) ≫ 1 is

chosen such that

2σ̂ ≥
f1

(
( f2 (M ∥e∥∞))

1
p−1

)
(M ∥e∥∞)

p−1 .
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Then, using λ ≤ λ̂, (S7), and (S8), we obtain

−∆pu1 + a(x)|u1|p−2u1 = Mp−1

≥
f1

(
[ f2 (M ∥e∥∞)]

1
p−1

)
∥e∥p−1

∞ 2σ̂

≥ λλ
τ

p−1 ∥e∥τ
∞ f1

(
[ f2 (M ∥e∥∞)]

1
p−1

)
≥ λ f1

(
[λ f2 (M ∥e∥∞)]

1
p−1 ∥e∥∞

)
≥ λ f1 (u2)−

1
uα

1
in Ω .

It is easy to see that

−∆pu2 + a(x)|u2|p−2u2 = λ f2 (M ∥e∥∞) ≥ λ f2 (Me) ≥ λ f2 (u1)−
1

uα
2

in Ω ,

and thus (u1, u2) is a weak supersolution of (8.6).
To construct a weak subsolution pair, we let k = max{k1, k2} and k0 > 0 be such that

1

kp−1+α
0

1 +
kkα

0z
αp

p−1+α
µ

(2σ̂)
p−1

p−1+τ ∥e∥p−1
∞

 ≤ min

{
pp−1(1 − α)(p − 1)mp

µ

(p − 1 + α)p ,
(

p
p − 1 + α

)p−1

Aµ

}
,

where mµ , Aµ > 0 are given by (2.12). Let s∗ = k0
∥∥z

p
p−1+α
µ

∥∥
∞. Now let s1 and s2 in (S6) such

that min{s1, s2} ≥ s0. Then, as in the proof of Theorem 1.4, (u1, u2) =
(
k0z

p
p−1+α
µ , k0z

p
p−1+α
µ

)
is

a weak subsolution for (8.6). As before, by taking M larger, if necessary, (u1, u2) ≤ (u1, u2)
componentwise. Then Theorem 8.1 yields the existence of a weak positive solution for λ ∈
[λ, λ̂], completing the proof.
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[8] J. Giacomoni, I. Schindler, P. Takáč, Sobolev versus Hölder local minimizers and exis-
tence of multiple solutions for a singular quasilinear equation, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 6(2007), No. 1, 117–158. MR2341518; Zbl 5214410

[9] J. Goddard II, E. K. Lee, L. Sankar, R. Shivaji, Existence results for classes of infinite
semipositone problems, Bound. Value Probl. 2013, Article 1, 9 pp. https://doi.org/10.
1186/1687-2770-2013-97; MR3063988; Zbl 6308566

[10] T. Godoy, J.-P. Gossez, S. Paczka, On the asymptotic behavior of the principal eigen-
values of some elliptic problems, Ann. Mat. Pura Appl. (4) 189(2010), 497–521. https:
//doi.org/10.1007/s10231-009-0120-y; MR2657422; Zbl 5790121

[11] U. Guarnotta, R. Livrea, S. A. Marano, Some recent results on singular p-
Laplacian equations, Demonstr. Math. 55(2022), No. 1, 416–428. https://doi.org/10.
1515/dema-2022-0031; MR4467097; Zbl 7585335

[12] D. D. Hai, On singular nonpositone semilinear elliptic problems, Topol. Methods Nonlinear
Anal. 32(2008), No. 1, 41–47. MR2466801; Zbl 5548693

[13] D. D. Hai, On a class of singular p-Laplacian boundary value problems, J. Math.
Anal. Appl. 383(2011), No. 2, 619–626. https://doi.org/10.1016/j.jmaa.2011.05.060;
MR2812410; Zbl 5937137

[14] D. D. Hai, L. Sankar, R. Shivaji, Infinite semipositone problems with asymptotically
linear growth forcing terms, Differential Integral Equations 25(2012), Nos. 11–12, 1175–1188.
MR3013409; Zbl 6148072

[15] E. Ko, Existence of a positive solution to infinite semipositone problems, East Asian Math.
J. 40(2024), No. 3, 319–328.

https://doi.org/10.1080/03605308908820656
https://doi.org/10.1080/03605308908820656
https://www.ams.org/mathscinet-getitem?mr=1022988
https://zbmath.org/?q=an:0692.35047
https://doi.org/10.1007/s00526-017-1113-0
https://www.ams.org/mathscinet-getitem?mr=3613540
https://zbmath.org/?q=an:6715631
https://www.ams.org/mathscinet-getitem?mr=1695376
https://zbmath.org/?q=an:1322062
https://doi.org/10.1007/978-3-319-89815-5_10
https://www.ams.org/mathscinet-getitem?mr=3838555
https://zbmath.org/?q=an:7008023
https://www.ams.org/mathscinet-getitem?mr=2168068
https://zbmath.org/?q=an:2200694
https://www.ams.org/mathscinet-getitem?mr=2341518
https://zbmath.org/?q=an:5214410
https://doi.org/10.1186/1687-2770-2013-97
https://doi.org/10.1186/1687-2770-2013-97
https://www.ams.org/mathscinet-getitem?mr=3063988
https://zbmath.org/?q=an:6308566
https://doi.org/10.1007/s10231-009-0120-y
https://doi.org/10.1007/s10231-009-0120-y
https://www.ams.org/mathscinet-getitem?mr=2657422
https://zbmath.org/?q=an:5790121
https://doi.org/10.1515/dema-2022-0031
https://doi.org/10.1515/dema-2022-0031
https://www.ams.org/mathscinet-getitem?mr=4467097
https://zbmath.org/?q=an:7585335
https://www.ams.org/mathscinet-getitem?mr=2466801
https://zbmath.org/?q=an:5548693
https://doi.org/10.1016/j.jmaa.2011.05.060
https://www.ams.org/mathscinet-getitem?mr=2812410
https://zbmath.org/?q=an:5937137
https://www.ams.org/mathscinet-getitem?mr=3013409
https://zbmath.org/?q=an:6148072


20 M. Chhetri, D. Sánchez and R. Shivaji

[16] E. Ko, E. K. Lee, R. Shivaji, Multiplicity of positive solutions to a class of Schrödinger-
type singular problems, Discrete Contin. Dyn. Syst. Ser. S 17(2024), Nos. 5–6, 2224–2233.
https://doi.org/10.3934/dcdss.2023166; MR4762583; Zbl 7862952
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