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Abstract. We study classes of quasilinear singular problems, involving the p-Laplacian
operator and a potential, with homogeneous Dirichlet boundary condition. First, we
prove the existence and regularity of positive solutions to a purely singular problem.
Then, we investigate the existence of positive solutions with respect to a parameter
depending on the behavior of the nonlinearities at infinity and at the origin. Finally, we
extend some of these results to coupled system of equations. We use sub-super solution
techniques to establish our results.
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1 Introduction

We first consider singular problems of the form

1
pw + a(x)|w|P " w m in Q) (1.1)

w=20 on dQ).

Here Apz := div(|Vz|P~2Vz) is the p-Laplacian of z with p > 1, Q) is a bounded domain in
RN for N > 2 with C*f boundary dQ with 8 € (0,1) or a bounded open interval if N = 1.
We assume « € [0,1), and the potential function a € L®(Q)) satisfies:

(H1) essinfa > —)\p, where )\p is the principal eigenvalue of —Ap with Dirichlet boundary
condition on 0Q).

Our first result establishes the existence and regularity of a weak solution of the purely
singular problem (1.1).
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Theorem 1.1. Let p < N and a € (0,
one positive solution w € W0 (o) n

If (H1) holds, then the singular problem (1.1) has at least

5)
‘N

C3(Q2). Moreover,
ow

817 <0 onodQ), (1.2)

where 1 is the unit outer normal to the boundary oC).

Theorem 1.1 generalizes the result in [16, Lemma 2.3] for the p = 2 case, to the case p > 1.
See [8, Lemma 3.1] for discussions of such a result for the case when a = 0.
Next, we consider singular problems of the form

(1.3)

—Apu+a(x)|u|p_2u:)\fb(;l) inQ),
u=20 on 0Q).

Here A > 0 is a parameter, and the nonlinearity f : [0,c0) — R is continuous. We now
introduce the following hypotheses:

(H2) There exist ¢ > « and A > 0 such that f(s) > As” for s > 1,
(H3) lim, 40 25 = 0.

The hypothesis (H2) requires f ) 5 4ooass — +oo, while hypothesis (H3) ensures that

f ;) has a (p — 1) sublinear growth at infinity.

We prove the following results, depending on the behavior of f near the origin. We include
both f(0) > 0 (with f : [0,00) — (0,00)) and f(0) < 0 cases giving rise to two distinct types
of singularities = &) 5 4o and f () 5 —c0ass— 0%, respectively. The latter is termed in the
literature as inﬁmte semipositone problems and are technically challenging, especially to study
positive solutions.

Theorem 1.2. Suppose that p < Nand a € (0, ). If f : [0,00) — (0, 00), and assumptions (H1) and
(H3) hold, then for each A > 0, problem (1.3) has at least one positive solution u € Wg’p (Q)NC(Q).
Theorem 1.3. Let p < N and a € (0,%). Assume that f(0) < 0 and (H1)-(H3) hold. Then

there exists A* > 0 such that, for all A > A*, problem (1.3) admits at least one positive solution
ue W, (Q)nc@).
Next, we study positive solutions for infinite semipositone problems of the form
1

{Apu +a(x)|ulP2u = Ag(u) — & inf, (1.4)

u=20 on dQ),
where ¢ : [0,00) — R is a continuous function that satisfies:
(H4) There exist k1, kp > 0 and sy > 0 such that g(s) > kisP~! — k; for every 0 < s < 59
(H5) lim,_e0 £ = k3 for some k3 > 0.

Note that (1.4) has infinite semipositone structure due to the presence of —_% in the reaction
term, and (H5) requires the reaction term to have (p — 1) linear growth at 1nf1n1ty

In this case, we establish the following existence result which extends the result in [14]
witha =0toa € L®(Q).
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Theorem 1.4. Assume that (H1) and (H4)-(H5) hold. Then there exist positive constants sj(ki, (Y),
0(Q), A and A such that if so > s; and % > p, (1.4) has a positive solution for A € [A, A].

Finally, we state a nonexistence result which will complement some of the previous exis-
tence results.

Theorem 1.5. Assume « € [0,1), a € L®(Q) and there exists k* > 0 such that
f(s) <Kk*sP71% foralls > 0. (1.5)

Then for A < % (1.3) does not have a positive solution.

In [15], the author studied the existence of positive solutions to the problem (1.3) in the
case « € (0,1), a # 0 and p = 2. See [3,12,20,21], where authors deal witha = 0 and p = 2,
[2] for a nonconstant weight and [9,13,19] for the p-Laplacian case. We also refer the reader
to [6,11] for reviews of singular problems in bounded and unbounded domains.

In Section 2, we discuss the existence and regularity of solutions to several auxiliary prob-
lems. In particular, since we use the method of sub- and supersolution to establish our ex-
istence results, we adapt the proof available for singular problems for the p-Laplacian with
a = 0 to our case and establish Theorem 2.1. In Section 3, we prove Theorem 1.1 by utilizing
[1, Thm. 1.1]. In Sections 4-7, we prove Theorems 1.2-1.5, respectively. In Section 8, we extend
some of our single equation results to cooperative systems.

2 Preliminaries and auxiliary problems

We begin with a discussion of a sub-and supersolution method for problems of the form

{—Apu +a(x)|ulfu=h(u) inQ, 2.1)

u=20 on dQ),
where h : (0,+00) — R is a continuous function.

By a weak solution of (2.1) we mean a function u € W&’p (Q) N C(Q) such that u > 01in O
and

/ |VulP2VuVedx +/ a(x)|ulP2updx = / h(u)epdx forall ¢ € CZ(Q)).
Ja 0 0

By a weak subsolution of (2.1) we mean a function u € Wé’p(ﬂ) N C(Q) such that u > 01in O
and

/ \Vg]’?QVngodx —|—/ a(x)]g]”’zgqodx < / h(u)edx forall0 < ¢ € CZ(Q).
0 0 Q

A weak supersolution is a function u € Wg'p (Q) NC(Q) such that # > 0 in Q and satisfies the
reverse inequality in the definition of subsolution above.

Then, the following existence result holds.

Theorem 2.1. Assume a € L®(Q) and for all 61,0, € (0,00) with 01 < 6y, there exists C :=
C(Gl, 92) > 0, such that
|h(s)| < C on [6,6,]. (2.2)

Suppose that there exist a subsolution u and a supersolution u of (2.1) such that u < u, then there
exists a solution u of (2.1) such that u < u < u.
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The proof follows as outlined in [19, Lemma 1.8] for the p-Laplacian case. Below we
mention key modifications and show that their arguments hold for Theorem 2.1 as well.

Proof. Take a sequence of subdomains of Q) with C*f-boundaries, say {Qj};il, such that

M cccc---ccQccOcc--- and |[JOQj=0. (2.3)
j=1

For eachj =1,2,..., consider the problem

—Apu =hi(x,u) inQ;,
14 B ] (P])
u=1u on BQ]-,
where hyi(x,s) := h(s) — a(x)|s|P~2s. Let a; := minﬁjg and b; := maxg, 1, and define  :

Q; x [0,00) = R by

]’11(X,a]'), 0§S<llj,
h(x,s) == { hy(x,s), aj<s<b
hy (x,b), bj<s.

jr

Note that h; and hence 7 is a Carathéodory function, and for all s € [a]-, b]-] and x € Qj, we
have

|h(x,5)| < max{|hy(x,s)], [ (x, a;)], [ (x, by) [}

<
< Bl (g b)) -

since a € L*(Q)) and h satisfies (2.2).
The restrictions of the functions u# and # on Qj are sub- and supersolutions of the following
nonhomogeneous problem respectively:

—Apu =
u

Further, by [17, Thm. 6.8.13], we have that Tu € wi-1/ F’"’(E)Qj), where T is the trace operator.

Therefore, u € W' (0Q3)) N L*(Q);). Hence, it follows from [4, Prop. 4.1] that the nonho-
mogeneous problem (13]-) has a solution uj € wlrp (Q]) NC (ﬁj) such that u < uj < uon ﬁj,
which is also a solution of (P)). Then the rest of the arguments in the proof of [16, Lemma 1.8]
can be carried out verbatim to complete the proof. O

(x,u) in Q;,
on 80] .

= =

Next, we discuss several auxiliary problems whose solutions are used in the paper.
First, for a € L®(Q)), we consider the following eigenvalue problem:

(2.4)

—App +a(x)|el" 29 = Alg|P P9 inQ,
=0 on o).

The following result holds:
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Lemma 2.2. The eigenvalue problem (2.4) has a principal eigenvalue Ay and a corresponding positive
eigenfunction ¢1 € W&’p(Q) N CY(Q) satisfying ||1]le = 1 and aq’l < 0 on 0Q). Moreover, there
exist 6 > 0,d > 0, m* > 0, and m > 0 such that

Vo1l =m inQs and ¢1>d inQ\Qy, (2.5)
and
(1-a)(p—1) p 1 —Cpa P .
S - > ,
—1ta |V 1] a(x) co + A1) @l >m* inQy, (2.6)

where Q5 == {x € O :d(x,000) < 6} and Cpy := [p7’17+“]p71(> 1). If in addition, a satisfies (H1)
then A1 > 0.

Proof. The existence of a principal eigenvalue
hi=int{ [ (9917 +a(x)lgl?) dx: p € W¥(0) and: gl =1

and a corresponding positive eigenfunction ¢; € Wé’p (Q) NC{(QY) satistying aa—":; < 0 on Q)
and ||¢1]/e = 1 are given by [7, Thm. 6.4.5].

Consequently, we get 0 < ]a% | < |Vgi1] on 90 and @1 > 0 in Q. Using the continuity of
the functions |V¢1| and ¢, we have that there exist 41 > 0, d > 0 and m > 0 such that (2.5)
hold.

Let b(x) = a(x)l C”“ + A1 and assume without loss of generality that |||« 7# 0. Then

there exists d, € (0, 51) such that ¢;(x) < m(%)l/ P for all x € O,. Hence, for all
X € ﬁéz

1-a)(p—1) 1-a)(p—-1)
14 < of ( p P
P (0)b(x) < g} (0) o] < STy < SO vy
Taking 6 := %, (2.5) and (2.6) hold.
Finally, suppose (H1) holds, and let A, > 0 be the principal eigenvalue of the eigenvalue
problem

—Ayp = A|g|P2 in Q,
p® =AM’ ¢ in @7
p=0 on 0Q).
Then, it is known that
Ap = inf{/Q [Vo|Pdx: ¢ e W&’p(ﬂ) and ||¢|, = 1} , (2.8)

see, e.g. [7, Prop. 6.2.2] for details. Hence, using a(x) > —A, a.e. in (3, we have

M= [ (gl +a(x)lgr]?) dx

> [ v ”d—/\/ Pdx >0
L Vo ax=a, [ gul? ax

Thus, we conclude that A; > 0, as desired. This proves the lemma. ]
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Second, we consider a problem of the form

(2.9)

—Ape+a(x)|e|p’ze: 1 inQ,
e=0 on 0Q},

and obtain the following result.

Lemma 2.3. Suppose a satisfies (H1). Then (2.9) has a unique solution e € Wg’p Q)N Cé’ﬂ Q)
satisfying
0
e>0inQ) and a;<0 on 0Q). (2.10)

Proof. By Lemma 2.2, A1 > 0. Then by [7, Thm. 6.4.6(e)], there exists a unique positive solution
ee W&’p(ﬂ) of (2.9). Moreover, e € L*(Q) by [7, Thm 6.2.6], and by [7, Thm. 6.2.7] there exists
0 < B <1suchthate e Cé’ﬁ (Q)). Finally, using [7, Thm. 6.2.8], we see that g—; <0onodQ. O

Third, we recall the anti-maximum principle for the p-Laplacian operator.

Remark 2.4. Consider the problem

2.11)

—ANpz—ulz|P"z=-1 inQ,
z=0 on dQ).

Let A, be the principal eigenvalue of —A, as defined in (2.8). By [10, Thm. 5.1] and [5,
Thm. 7.3], there exists € > 0 such that if u € (Ap, A, +€), the solution z, of (2.11) satisfies:

)
z; >0 inQ and aZ;<0 on 0().

Consequently, there exist m, > 0, A, > 0,6, > 0 such that
Vzu| > my, inQ; and z,>A, inQ\Qy, (2.12)
where (), := {x € Q:d(x,0Q) < J,}.
Next, to establish Theorem 1.1, we will use the following result in [1].

Proposition 2.5 ([1, Thm. 1.1]). Consider

{—Apu =3(x,u) in Q),

(2.13)
u=20 on 9Q),

where 1 < p < oo, Q) is a bounded C* domain and the reaction term g : Q x (0,00) — R is a
Carathéodory function satisfying the following:

(@) There exist 7y, ty > 0, nontrivial nonnegative measurable functions a and a satisfying
a(x) <g(xt) <a(x)t™" for (x,t) € QA x(0,t), (2.14)
and

Mr:= sup [g(x,f)] <oo VT >t (2.15)
(x,£)eQx[t,T]
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(b) There exists a nonnegative function { € C}(Q) such that ai~" € L1(Q) for some g > N/p if
p<Nandg=1ifp>N

(0 &) < A for (x,t) € Q x (T,00) for some A < Apand T > to.

tp—l
Then (2.13) has a positive solution u € W&’p(ﬂ) N L*(Q)). Moreover, if g > N then u € C}(Q).

Finally, we derive a computation that will be used in the construction of our subsolutions
in the proofs of Theorem 1.3 and Theorems 8.2-8.3.

Lemma 2.6. Let ¢ := A’q)f/(p_H“) with A,r > 0 and « € (0,1), where 1 > 0 is the eigenfunction
corresponding to the principal eigenvalue Ay of (2.4). Then

— App+a(x) [Py

A (p—1+a) Cpa — 1 1—a)(p—1
= Tcpa Ka(x) pém +)\1> o} — (p_)l(’iw)wllp ~ (2.16)

(Here Cpy is as in Lemma 2.2.)

Proof. We note that since

Y p i
v¢—)‘ |:p_1_|_“:|¢1 qul,
we get
p—2 r(p—1) (Ly 2
IVy|P= Vi = AP Chagy (IVe|P*Vn) .
Then,
Lt 1—a)(p—1)] %
App = Ar(p_l)cm [4’1 T Ay + [(p—)l(i(x)] o7 |V€01|p}
Ar(p—]) (170(’3(;7111)4»&;7 (1 . (X)(p . 1)
= - - ® p
e » g+ R vl
1
Ar(p=1+a) 1—a)(p—1
= C [a(x)(pf — Algof + (p—)l(ioc)’vq)l‘p] , (2.17)

N (mqof/(p—m))“ pe

where the last equality holds since (A1, ¢1) is the eigenpair of the eigenvalue problem (2.4).
On the other hand, we have

p(p—1)

a(x)[p|P 2P = a(x) AP Vgl (2.18)
Therefore, it follows from (2.17) and (2.18) that

— Ay +a(x) [Py

ATpite) p p (1-—a)(p—1) a(x) g}
R — SR S p 2\
1’[)04 CP"‘ Algpl ﬂ(x)ng p— 1+a ’vqh‘ =+ Cpa
ATpite) 1 p (1-—a)(p—1)
= — — — N  JANF "7 p
wzx CP“ [<a(x) Cpuc a(x) +/\1) 2 p— 1+a IV(P1| :| ’

establishing (2.16). O
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3 Proof of Theorem 1.1

We use Proposition 2.5 to establish the result. Thus, it suffices to verify its assumptions.

Let g(xl t) = M

= for (x,t) € Q) x (0, +00), which is clearly a Carathéodory function.

Without loss of generality, we assume that |||« 7# 0, and let 0 < tp < W Define
|l
& ifa(x) <0,
a(x) = 10*\\ﬂ|\ p-lta
%, ifa(x) >0,
and
a(x) =1+ flaflooth "
Clearly, if a(x) < 0 then 1 < —a(x)tP~1*% 4+ 1, and consequently for t € (0, t,)
1 1 _
a(x) = I <@ < g(x,t). 3.1)
On the other hand, if a(x) > 0, using the fact that t; < W, for t € (0,tp), we have
1— OotP*1+“ 1_ p—1+a 1— p—1+a
a(x) = Ha”,x 0 < a<x2 <1z = 3(xb). (3.2)
£ £ g
Next, for t € (0, t9)
— 1 ootp_l—HC 1— tp—14u
a(x) — + Hll” 0 > ﬂ(X) :g(x,t) (33)

e e e

Therefore, it follows from (3.1), (3.2) and (3.3) that a(x) < g(x,t) < a(x)t * for t € (0,tp) and
for a.e. x € ). Moreover, since ty > 0

sup  |g(x,t)| <oo forall T >ty
(x,t)eQx[to,T]

verifying hypothesis (a) of Proposition 2.5.
Now, to verify part (b) of Proposition 2.5, let { = e € Cé’ﬂ (Q)), where e is the solution
of (2.9). Then, since d() is sufficiently smooth, the arguments in the proof of [18, Lemma]
show that |, e < +oo if and only if § > —1. Since a € (0,1), we have —a > —1 and
hence ze~* € L1(Q), in particular when p > N. If p < N, there exists ¢ € (N, 1) such that
e * € L1(Q), and hence ae ™ € L1(Q)).
Finally, note that there exists T > ty such that # < essinf a + Ap. Since (H1) holds, for
ae.xc€cQandt>T
g(x,t)  1—a(x)tr—tte o1

tp—1 tp—1+a = Tatp-1 o

a(x) <Ay,

verifying hypothesis (c) of Proposition 2.5. Then by Proposition 2.5 the problem (1.1) has a
positive solution w € W&’p (Q) NL™(Q), and that w € C}(Q) whenever p < N.

Moreover, it is clear from the proof of Proposition 2.5, that is of [1, Thm. 1.1], that whenever
p < N, w satisfies

w>0 inQ) and 2:{7)<0 on 9Q). (3.4)

This completes the proof of Theorem 1.1. O
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4 Proof of Theorem 1.2

We construct an ordered pair of subsolution and supersolution of (1.3) for each fixed A > 0.
Without loss of generality, we take A = 1.

Let u := mgy, where @1 > 0 is the eigenfunction given in Lemma 2.2 and m > 0. We note
fis)

that since f > 0, we have lim, ,o+ 7,57 = +o0. Then there exists m sufficiently small such
that
A (mer)Pt < fUng) i
(mey)"
Therefore,
—Apu A+ a(x)|u|P2u = Ay (mey )P < j(r;n;?)lz = fL(lZ) in Q.

Also, u = 0 on 90}, hence, u is a subsolution of (1.3).

Next, let w > 0 be as given by Theorem 1.1 and u := Mw for M > 0. Recall that f is not
necessarily monotone. However, f*(s) := max,c|o4 f(t) is nondecreasing, f(s) < f*(s) for
s 2 0, and by (H3), we also have

. “(s
SETOO S£+E7)l =0. 4.1)
Then by (4.1), there exists M > 1 such that

fr(M|wl|s)
(Ml[w|[eo)P=1H% = ) Bt

FMls) o

or equivalently M

Using (4.2) and the fact that f* is nondecreasing, we get

-1 * W0 *(Mw u) .
Ni{’; >f ((AA/flL'u)L' )21[(2\(/11\;))“) >fp(t"‘) Q. 43)

—Apt+ a(x) [u|P2u =

Clearly # = 0 on d(), and hence # is a supersolution of (1.3).
Finally, using the facts that %—?7’ < 0 and aa% < 0 on 90}, we choose M > 0 large so that

u > uin Q. By Theorem 2.1, the problem (1.3) admits a positive solution u € Wol’p (Q)NC(Q)
such that u < u < u. This completes the proof.

5 Proof of Theorem 1.3

We construct an ordered pair of sub- and supersolution and apply Theorem 2.1 to establish
our result. First, we show that

o g1 p/(p—14a) . 1 1
u:=ANg¢; wnhre(p—l—l—a'p—l—i—oc—a) (5.1)

is a subsolution for A > 0 large. By Lemma 2.6, u satisfies

— Apu + a(x)]m”_zg

prlp-1e) Cpa— 1 . (—a)(p-1)
= _— 7 P

where Cy, is given by Lemma 2.2. Then it follows from (2.6), that

* \r(p—1+a)
—Apu A+ a(x)|ulP"?u < _micpa in Qy,

uﬂé
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where 6 > 0 and m* are as in Lemma 2.2. Since r > for A sufficiently large, we have

p— 1+zx’
m*/\f(’”*lﬂ)CW < )‘Ji' (5.3)

where i = min[oloo) f < 0. Therefore,

[~
™
E

—Apﬂ + a(x)‘ﬂ“jiz E NS )\7 on 05 . (54)

Next, since Cpy > 1, we have
Cpu —1 Cpu —1
i a > g,

K:)\—‘r o =
el >

Then (5.2) implies
quf)\r(p—l-&-zx)

ua

—Apu+a(x)|ulfu < Cpa inQ\ Qs (5.5)
Since 91 > d in Q\ Qs, by (2.5),and r < 1/(p — 1 + & — ), there exists A large such that
_po
K)\r(pflJroc) ¢! Cpuc < A/\1+rU(P1p—1+u , (56)
where A > 0 is as in hypothesis (H2). Then, by (5.5), (5.6) and hypothesis (H2), it follows that

_r
< ATV A
MD(

—Apu+a(x)|ulP*u on O\ Q. (5.7)
Let A* > 0 be such that (5.3) and (5.6) hold for any A > A*. Then, it follows from (5.4) and
(5.7) that u defined in (5.1) is a subsolution of (1.3) for A > A*.

Now, we will show that # = Mw is a supersolution of (1.3), where w > 0 is as given
by Theorem 1.1, and M > 0 to be determined. By repeating the argument in the proof of
Theorem 1.2 and noting that M = M(A) in this case, we get

ML AF (Mlfwlle) A (M) _ AF(R)

— — _zi_
—Apu+a(x)|ulP~"u = o > M)y~ (Mw)E ©

inQ, (5.8)

where f*(s *( ) = max¢[o, f(t). Clearly # = 0 on 0, hence # is a supersolution of (1.3).
Since ¢ < 0 on 9Q and w > 0, we can choose M larger, if necessary, so that

u
By Theorem 2.1, problem (1.3) admits a solution u € W0 P(Q) N C(Q) such that u <
A > A*. This completes the proof.

2> uin Q)
u < u for
O

6 Proof of Theorem 1.4

Here also we construct an ordered pair of sub- and supersolution to apply Theorem 2.1 to
establish the result. In this case, we first determine a A interval where the existence will be
guaranteed. For this, let u € (Ap, Ap+ e) be fixed, and let z;, denote the solution of (2.11).

Define p(Q) := 2|le[|% " [y(p_’i’ﬂ)p_l + [|a]|eo ], where e is the solution of (2.9). Let k; and k3

in (H4) and (H5), respectively, be such that % > p. Then

p \P!
i 5= +alle
A= <” ””‘) < A= % ©6.1)
k1 2k3 |le||%
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Then the interval (A, ;\) is non-empty by construction.

P
i and s := ko HZH H »-1t, where the constant kg > 0 be such that

Now, let u = koz;,

o ap p=1(1 — —1)mh, -1
1 1+ kakg zP ) < min pr(1—a)(p — 1)m, P Ay . (62)
kU 2 e (p—1+a) p—1l+a }

Here the positive constants m, and A, are as discussed in Remark 2.12. Noting that

1-a

_ p p—1+a
Vu =ky (p—1+04> zy Vzy,

we have

— Apu+a(x)|ulP?u
p-1 (-a)(p-1)
N L w p= H"‘ P pl+a _op-1
-4 (=) 7 sl (1)
p(p=1)

+a( )kp 1 p T+a

p—1+4+«a

K lpp1(1 = a)(p— 1) | Vz, |
p a(f )(p—1)|Vz,| 63)
-1+
2 (p—1+a)
Now, we will show that u is a weak subsolution. For A > A, we have
p—1 p p-1 I;(fllli p—1 42@1112
and
_ap
p—1 2ol 142
10.' + AkZ g 1;1 + k2 - ko « 1 k k . (65)
P 14 pfl 4 r 1
ng;;_H—IX kgzp T+a 2k3 HeHoo kgflﬁ*lkzﬁ—l-%—a 2k3 H ||oo
Using |Vz,| > my, (6.2), and (6.5), we get
K P11 — w) (p — 1)
1 +Ak2 g 0 p —— ( [X)(p )m
kzx P1+tx Z; 1+tx(p_1+‘x>p
kP 1 op—1¢1 _ —DIVz,|P
< o p ’XE] w)(p NV z, in O, . 6.6)
Zﬁ—lJra (p o 1 + lX)p
;) _, 0
Then (6.3), (6.4), (6.6), (H4), and the fact that k] (pffﬂ)p z,"" > 0yield
p(p=1) 1
in Q, . (6.7)

_Apﬂ"_a( )|u|p 2 /\k kp 125 o —/\kz—iwgf\g(ﬂ)_i
ku p—1-a (E)Dé
0%pu
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Next, since z;, > A, on )\ s, (6.2) and (6.5) yield

1 p p-1 kPt
(YA

ng£71+a p - 1 + 14 Zﬁflﬂx
o1 p p—1 “,,”‘)fﬁ 1) o
<ky [ —F—— o in O\ Qs . 6.8
0 (P—l-HX) Zy in O\ O (6.8)

Then, it follows from (6.3), (6.4), (6.8) and hypothesis (H4) that

1 plp=1) 1
—Apu+a(x)|ulPPu < Mk zf T — Ak — —
Koz
1 _
< - — i . .
< Ag(u) ) in O\ Q, (6.9)

Therefore, combining (6.7) and (6.9), we conclude that u is a weak subsolution of (1.4).
Next, let 1 = Me, where e is the solution of the problem (2.9) and M > 0 to be chosen. Let
§"(s) := max,c [ g(t). Then g* is nondecreasing and by hypothesis (H5), we get

lim & (5> — ks, (6.10)

s—+oo0 P~

which in turn implies that there exists M > 1 so that

M el
ks > W (6.11)

Then, using (6.11) and the fact that A < A, T satisfies

_ p—2e M A o
—Ayu + a(x) [ul? Zu:Mplzw Ag* (Mle|l,) > Ag (@) in Q.

Thus, u is a weak supersolution of problem (1.4). Finally, using (2.10), we can choose M > 1
such that u < u. Then, for A € [A, ;\], by Theorem 2.1, there exists a positive weak solution

P
such that koz{l” < u < Me in Q. This completes the proof of Theorem 1.4. O
7 Proof of Theorem 1.5
Let f satisfy (1.5) and u € W&’p (Q) N C(Q) be a positive solution of (1.3). Then, we have

/]Vu|p 2Vquodx+/ ) ulP"2updx = A/ fl) i q)dx for all ¢ € CX(Q).

Taking ¢ = u as the test function, we have

/|Vu\”dx+/ *)|ufPdx = /\/ flu

By (1.5) and Lemma 2.2, we get

/\1/ ur’dxg/ |vuypdx+/a(x)updx=A/ f(ﬂdxg)\k*/ P
JO Q JO o u® Q
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Therefore,

urﬂwﬂ/umxgo
QO

and since u is positive, we must have A > % Hence, (1.3) does not have a positive solution
for0 < A < 21. O

8 Coupled systems

In this section, we extend the existence results established for the scalar case in Theorem 1.3
and Theorem 1.4 to the corresponding coupled system of equations. For this purpose, we first
discuss a sub- and supersolution theorem for systems of the form:

—Apur + a(x)|ur[P2u1 = hy(ug,u2)  inQ,
—Apup +a(x) |u2|”_2u2 = hy(uy, up) in Q, (8.1)

Uy =1up =0 on d(),

where Q) C RN is as before, h; : (0,+00) x (0,+0) — R are continuous functions for each
i=1,2and a € L®(Q).

By a weak solution of (8.1) we mean a pair (11, up) where 1y, up € Wé’p(Q) NC(Q), uy, up >
0 in ), and satisfy:

/ |Vuq [P~ ZVu1Vq)dx+/ x)up |~ 2ul(pdx—/ hy(uq, up) @dx,

/ |V |P~ ZVuZVgodx+/ x)|ua| P~ Zuzq)dx—/ hy (11, up) @dx,

for all p € CX(Q)).
By a weak subsolution of (8.1), we mean a pair (1, u,) where u;,u, € Wol’p(Q) NC(Q),
Uy, Uy > 01in (), and satisfy:

/]Vullp Vu1Vq0dx—|—/ x) |uqg [P~ ulgodx</h1 Uy, ty) @dx

/|Vu2]” VuZqudx+/ x) up P~ uzq)dx</h2 Uy, Uy)edx,

for all 0 < ¢ € C®(Q). A pair of supersolution is defined analogously by reversing the
inequalities above.
Next, for each i = 1,2, define Carathéodory functions i Q) x (0,00) x (0,00) — R by

hi(x,s1,52) := hi(s1,82) — a(x)\si\”’zs,' (8.2)
We assume that the 7; satisfy:

(h1) hy is nondecreasing in s, for all fixed x € Q),s; € (0,00), and hy is nondecreasing in s; for
all fixed x € Q, s, € (0,00) (quasimonotone nondecreasing).

Then, we establish:
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Theorem 8.1. Assume (h1) hold, and for any Q' CC Q and for all a;, b; € (0, 00) with a; < bj, there
exists K(QY, a;, b;) > 0, such that

\fzi(x,sl,sz)| < K on Q/ X [al,bl] X [az,bz], (83)

i=1,2. Let (11, u,), (1, Up) be weak sub- and supersolutions, respectively, of problem (8.1) such that
(ug,uy) < (uy,up), and assume there exists M* > 0 such that:

(h2) Iy (x,51,52) + M*p(s1) is nondecreasing in sy for all (uy,u,) < (s1,52) < (iy,12) for all
x € Q.

(h3) 7y (x,51,82) + M*(s2) is nondecreasing in sy for all (uq, u,) < (s1,82) < (i1, 1) forall x € Q

hold, where Y (s) := |s|P~2s. Then there exists a weak solution (u1,uz) of (8.1) satisfying (uq,u,) <
(u1,up) < (i1, ). (Here, by (a,b) < (c,d) we mean a < ¢ and b < d, that is, ordering is understood
in componentwise sense.)

In the rest of this section, for i = 1,2, f; : [0,00) — R are assumed to be continuous and
nondecreasing functions.
First, we consider a system of the form:

2, 4 () .
—Apu+a(x)|ulfu = AW in Q,
- 2(U . 8.4
—Apo+a(x)|v|P 0 = )\fv(az) in (), (8.4)
u=v=>0 on dQ),

where a; € (0,1) and f; satisfy the following assumptions for i = 1, 2:
(S1 f;(0) <0;

(S2) There exist 0; > 0and A; > Osuch thata; < 0; < a; + (p—1) and fi(s) > A;s% fors > 1;

1
1
(S3) im0 f2(s) = o0 and limg_ % =0forall L > 0.

We establish the following existence result.

Theorem 8.2. Let p < N and a1, a2 € (0, %) Assume that (H1) and (S1)—(S3) hold. Then there
exists A* > 0 such that for all A > A* (8.4) has a positive solution (u,v) with u,v € Wé’p(Q) NCc(Q).

Next, we study a coupled system of the form:

_ 1 :
—Apu+a(x)|ulPu=A [fl(v)—wl] in ),

_Apv+a<x)|v‘f7*20 - A |:f2<1/l) N viz:| in Q, (85)

u=ov=>0 on 0Q),
where for «; € (0,1) and f; satisfy the following for i = 1,2:
(S4) fi(s) >0fors>0;i=1,2;

1
-1

(S5) im0 f2(s) = o0 and limg_ ALLEITT) — o for all L > 0.

sp—1



On positive solutions for classes of quasilinear singular problems 15

Then we prove the following existence result:

Theorem 8.3. Let a1, ap € (0,1). Assume that (H1) and (S4)—(S5) hold. Then there exists A* > 0
such that for all A > A* (8.5) has a positive solution (u,v) with u,v € W&’p(Q) NC(Q).

Finally, we study a singular system of the form:
_ 1 .
~Bputa(®)lulPtu=Ai(0) - —  inQ,

- 1 .
—Apv + a(x)|v|P v = Afp(u) — & in Q, (8.6)
u=v=20 on dQ),
where « € (0,1) and f; satisfy the following assumptions for each i = 1, 2:

(S6) There exist 0; and s; > 0 such that f;(s) > o;sP~! — k; for every 0 < s < s;;
1

(S7) lims_eo %)JH) = ¢ for some 0 > 0;

(S8) There exists T > 0 such that for each P > 0, f1(Ps) < P"fi(s) for s > 1.

Then we establish:

Theorem 8.4. Assume that (H1), (S6)—(S8) hold and « € (0,1). Then there exist positive constants
s0(6,Q)), ps(QQ), A and A such that if min{sy,s2} > so and % > s, (8.6) has a positive

or—1+7

solution for A € [A, A].

Proof of Theorem 8.1

In [19], it was noted that Theorem 8.1 holds for the case a = 0, see [19, Lemma 1.8]. Their
approach can be applied to our case a # 0, which we briefly outline below.
Take a sequence of subdomains of Q) with C*f-boundaries, say {Qj};ozl, such that

O, ccpcc---ccQccQcc--- and [JOj=0Q. (8.7)
j=1

Now, for each fixed j = 1,2,..., consider the nonhomogeneous problem:
—Apul = le(x,ul,uz) in Qj,
—Apuz = flz(x, Lll,uz) in Q], (88)

up=ujand up =up  ondQ);.

We note that due to hypotheses (h1)-(h3), we can construct a monotonically increasing se-
quence using [4, Prop. 4.1]

(ug,up) = (U1, u21) < -+ < (Unn, o) < - - (U7, 12)
satisfying:
—Apttrn + M Y1) = Iy (x, 11,01, Uz n-1) + M Pp(u1,,—1) in Q;,

—Apizy + M P(uzn) = ho (%, t1,0—1, Uz u—1) + M*Pp(uiz,—1) in Q;, (8.9)
U1, = up and up, = up on 9Q); .
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Note that the system (8.9) is decoupled, hence the existence of the iterated solutions (u1,,, u2,,)
easily follows. Then, since the monotone sequence is bounded, using the regularity theory

[22, Thm. 1] we can conclude that (8.8) has a weak solution (”1(]')/”2(]')) such that u;;) €
Wl”’(Q]-) NC(Qy) fori = 1,2 and (uy,uy) < (ul(j),uz(j)) < (i, 112). The rest of the proof
follows from the arguments in the proof of [16, Lemma 1.8]. O

Proofs of Theorem 8.2-Theorem 8.4

Here we construct weak sub- and supersolution pairs (11, up) and (#y, %) such that (u, up) <
(111, u2). Constructions of (uy,up) for each theorem follow straightforwardly by using the
arguments used in the single equation cases componentwise. Hence we emphasize on the
construction of (1, u,), which rely on the hypotheses (S3), (S5) and (S7).

Recall functions ¢1, e and zy, discussed in Section 2.

Proof of Theorem 8.2: Here, as in the scalar case (see the proof of Theorem 1.3), there exists
A* > 0 such that for A > A*, the pair

(Elfﬂz) = ()\rgﬂf/(r’*lﬂa)/ )\r(P]f/(pflmez))

7

where

1 1 1 1
re , N ,
(p—l—l—le p—1+1x1—0'1> <p—1+¢x2 p—1+«x2—02>
is a weak subsolution of (8.4).
Next, we construct a weak supersolution pair (111, 42) > (uy, ;). Let

1

(11,72) = (Mo, (2 (M [ ].)) 7 )

where w; and w, are the solutions for the problems (1.1) for aq,a, € (0,1), respectively, and
M > 0. Using (S3), for each A > A*, there exists M = M(A) > 1 such that

. fi (||w2||oo (f2(M lelloo))ﬁ)
>

MwtlZ77 7 w5 M-t
and 1 1
i %
fo(M||wr o) 7T
Then
1
et Fi (el G2 Mol )™)  fa)
AT 1P 25, = > A > A in ()
pl1 +a(x)|u1| L3 wlitl (Mwl)"‘l B ﬁi(l m
and
—Apiiy + a(x) || %1 = 2 ”32]1” )22 A wi = Afzle) in Q.
Wy (fa(M||wy]leo) 7T ) 2105 "2

Further, choosing M larger if necessary, using (1.2) and (S3), we have (uy, us) < (i1, %)

componentwise. By Theorem 8.1, there exists a weak solution (u1,u;) of (8.4) satisfying
(uy,up) < (u1,u2) < (ily, il2), completing the proof. O
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Proof of Theorem 8.3: Again, it is easy to show that the pair
/(p—1 /(p—1
(Uy,uy) = (/\r(Pf (p=14w) v/ (e +rx2)> ’

is a weak subsolution of (8.5) for A sufficiently large, where r € (pfll ol ﬁ) N (pfl1 5 ﬁ) .
Next, let

1

(1, 72) = (Me, (Afa (M [le]l..)) 7€),

where M > 0. Then for each A > 0, using (S5), there exists M = M(A) > 0 such that

L A (e o))
> .
el ™ (M)

Then

— Ay +a(x) [ [P = MP?

> Afi (A2 (Ml )77 llell.,)
> Afi (A (Me]l))7 " e)

_ 1 .
> A [fl(uz) - ”T]] inQ).

Using (S5) again,

— Ayl + a(x) |t |P 21 = A(fo(M]le]|))

> Afa(Me)
> A [f2(”1) - ulgz} in Q).

Therefore, (1, 1y) is a weak supersolution of (8.5). Since e satisfies (2.10), choosing M larger
if necessary and using (S5), we get (u1,up) < (U3,1,) componentwise. Then Theorem 8.1
guarantees the existence of a weak solution (u1,u2) of (8.5) satisfying (u,u,) < (u1,u2) <
(i11,1), as desired. O

-1 o
Proof of Theorem 8.4: Define ps(Q) := 27T lel|% ! [y(p_’fﬂ)p s |a||e] and let &, 01,0 and
T be as in (S6)—(S8) such that MM} . 5 et

p—1
op—147
roo P/ P14+ 0) it alle 5 1
A min{a’l,a’z} (2&)%He”é)ofl

1

and A € [A, A]. Let (1,12) = (Me, [Afo (M |e||o,)]7 ' €), where, using (S7), M = M(A) > 1is
chosen such that

i (G Mel o))

20 > .
(Mell)
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Then, using A < A, (S7), and (S8), we obtain
—Apuy +a(x) [ P2 = MPH

S (L2 (M lell )7 7)

le]|%, " 26
> MF (ell% £ (12 (M el )] 7)

> Afy (A (Mlel )7 llell) = Afy () = = in €.

It is easy to see that

—Bptiz + a(x)[a|P %5 = Afy (Mle]l) > Afa (Me) 2 Afy (i) = = inQ,
2

and thus (71, 1) is a weak supersolution of (8.6).
To construct a weak subsolution pair, we let k = max{ky, k»} and ko > 0 be such that

kP T P11 — ) (1 — D 1
7p_11+a 1+ pzl; < min { Pl 01)09 ’ )my’ ( 717 ) Ay
k} (26) 717 ||e|| Pt (r—1+a) p—l+ta

where m,, , A, > 0 are given by (2.12). Let s* = ko HZV i

. Now let s1 and s, in (S6) such

_r _r
that min{s;, s} > so. Then, as in the proof of Theorem 1.4, (u1,up) = (kozj e Jkozj, 1+“) is
a weak subsolution for (8.6). As before, by taking M larger, if necessary, (u1,u2) < (U1,2)
componentwise. Then Theorem 8.1 yields the existence of a weak positive solution for A &
[A, A], completing the proof. O
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