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1 Introduction

In recent years, the study of p(x)-curl systems has attracted much interest, due to the relevance
to modeling electromagnetic phenomena. Such models are particularly important in nonlinear
electromagnetism, wherein the spatial variation in the permeability and permittivity of ma-
terials creates complex behaviors of electromagnetic fields. Let w = (w1, w2, w3) be a vector
function defined on Ω. The divergence of w is represented by ∇ · w = ∂x1 w1 + ∂x2 w2 + ∂x3 w3

and the curl of w is represented by ∇×w = (∂x2 w3 − ∂x3 w2, ∂x3 w1 − ∂x1 w3, ∂x1 w2 − ∂x2 w1). The
curl and divergence obey the subsequent relation −∆w = ∇× (∇× w)−∇ · (∇ · w), where
∆w = (∆w1, ∆w2, ∆w3) and ∆wi = ∇ · (∇wi), i = 1, 2, 3.

We are interested in the study of the existence of solutions for the following stationary
p(x)-curl system:{

∇× (|∇ × u|p(x)−2∇× u) + a(x)|u|p(x)−2u = f (x, u), ∇ · u = 0, in Ω,

|∇ × u|p(x)−2∇× u × n = 0, u · n = 0, on ∂Ω,
(1.1)

where Ω is a restricted and simply connected area in R3, with a C1,1 boundary ∂Ω. Let n be
the unit normal vector pointing outward from the boundary of Ω, and ∂x represent the partial
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derivative of a function in relation to the variable x. Furthermore, a(x) is a function in L∞ and
there exist a0, a1 > 0, so that

a0 < a(x) < a1, ∀x ∈ Ω.

Throughout this work unless stated otherwise, we will assume that the exponent p(x) remains
continuous throughout Ω with

3 < p− = min
x∈Ω

p(x) ≤ p+ = max
x∈Ω

p(x) < ∞,

and p(x) exhibits logarithmic continuity, which means that there is a function ω : R+
0 → R+

0
such that

∀x, y ∈ Ω̄, |x − y| < 1, |p(x)− p(y)| ≤ ω|x − y|, lim
t→0+

ω(t) log
1
t
= c < ∞. (1.2)

The function F : Ω × R3 → R is differentiable with respect to t ∈ R3, such that f = ∂tF(x, t) :
Ω × R3 → R3 is a Carathéodory function. So, we get

F(x, t) =
∫ t

0
f (x, ϵ)dϵ, ∀(x, t) ∈ Ω × R3.

One of the essential concepts in the study of partial differential equations and functional anal-
ysis is Sobolev spaces. We will use the variable exponent Lebesgue and Sobolev spaces, Lp(x)
and W1,p(x), where p is a real-valued function. There are many literature on Sobolev spaces
with variable exponents and their applications, see for example [6–8,16]. The pioneering work
of researchers such as [8], laid the groundwork for the analysis of variable exponent Sobolev
spaces, which became the natural setting for studying p(x)-curl systems. One of the first
contributions to the study of p(x)-curl systems was made by Fan and Zhang [9], who investi-
gated the existence of weak solutions for a class of nonlinear elliptic equations with variable
exponents. With these results, several authors studied the existence and multiplicity of solu-
tions for p(x)-curl systems under various assumptions on the nonlinearity and the variable
exponent p(x). For instance, Mihăilescu and Rădulescu in [17] established the existence of at
least one solution for a class of p(x)-curl systems using Mountain pass techniques. In [12],
the existence and multiplicity of solutions for a p(x)-curl system were studied by utilizing a
variant of the Mountain Pass Theorem, where the functional is required to satisfy the Cerami
condition instead of the classical Palais–Smale condition. A class of curl systems arising in
electromagnetism, with a nonlinear source term was studied in [2]. They introduced a suitable
functional framework and a convenient basis that allow them to apply the Galerkin’s method
and proved existence of local or global solutions, depending on the values of λ and σ. Xiang,
Wang, and Zhang in [20], examined whether solutions of the problem (1.1) exist and how
many solutions there are when λ = 1. They explored the presence of ground state solutions
and an infinite number of solutions for the problem (1.1) with λ = 1, where the nonlinearity
f satisfying superlinear growth condition. This was achieved through the combination of the
Mountain pass theorem with the Nehari manifold approach, in addition to a modified version
of the Mountain pass theorem. Their approach relied on the application of abstract critical
point theorems, combined with careful estimates in variable exponent Sobolev spaces. In [13]
the existence and multiplicity of solutions for the problem (1.1) in the absence of Ambrosetti–
Rabinowitz condition under superlinear case was obtained. In [14] by using critical point
theory and the variational method, the existence of at least one, two and three solutions to the
problem (1.1) was investigated.
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In the present paper, we investigate the existence of solutions for the system (1.1) employ-
ing a variant of Ricceri’s variational principle [19, Theorem 2.1] given by Bonanno and Molica
Bisci in [5]. First, we establish the existence of at least one nontrivial solution under specific
asymptotic conditions on the nonlinear term near the origin. We prove the nontriviality of the
solution for problem (3.5) under specified conditions. The result also describes the solution’s
norm behavior as λ → 0 and shows that the associated functional Iλ is negative and strictly
decreasing in the obtained interval of the parameter λ. We then show that, when the nonlinear
term exhibits suitable oscillatory behavior at infinity, the system admits an infinite sequence
of distinct solutions. Our approach is based on variational techniques and critical point the-
ory, adapted to the framework of Sobolev spaces with variable exponents, which provide the
appropriate functional setting for handling the nonstandard growth conditions inherent in the
problem.

2 Preliminary results

We begin by presenting some preliminary results on the generalized Lebesgue–Sobolev spaces
Lp(x)(Ω) and Wp(x)(Ω), where Ω is a bounded and simply connected area in R3, with a
boundary of class C1,1 represented by ∂Ω. Let C+(Ω̄) = {g : g ∈ C(Ω̄), g(x) > 1, ∀x ∈ Ω̄}. For
any p(x) ∈ C+(Ω̄), the variable exponent Lebesgue space of measurable functions is defined
by

Lp(x)(Ω) = {u : Ω → R : ρp(x)(u) < ∞},

where convex modular ρp(x) : Lp(x) → R is defined by

ρp(x)(u) =
∫

Ω
|u|p(x)dx.

This space with the following so-called Luxemburg norm, is a separable, reflexive and Banach
space,

∥u∥Lp(x)(Ω) = inf
{

µ > 0 : ρp(x)

(u
µ

)
≤ 1

}
.

When p1(x), p2(x) are two variable exponents such that p1(x) ≤ p2(x), a.e. ∀x ∈ Ω with
0 < |Ω| < ∞, then there exists a continuous embedding Lp2(x)(Ω) ↪→ Lp1(x)(Ω), which means
that there exists C > 0 such that ∥u∥Lp1(x)(Ω) ≤ C∥u∥Lp2(x)(Ω). Let Lq(x)(Ω) be the dual space of

Lp(x)(Ω), where 1
q(x) +

1
p(x) = 1. Then, for any u ∈ Lp(x)(Ω), v ∈ Lq(x)(Ω), Hölder’s inequality

holds as follows: ∣∣∣∣∫Ω
uvdx

∣∣∣∣ ≤ ( 1
p−

+
1

q−

)
∥u∥Lp(x)(Ω)∥v∥Lq(x)(Ω).

Proposition 2.1 (see [10]). If u, un ∈ Lp(x)(Ω) and p+ < ∞, then

(i1) ∥u∥Lp(x)(Ω) > 1, then ∥u∥p−

Lp(x)(Ω)
≤ ρp(x)(u) ≤ ∥u∥p+

Lp(x)(Ω)
,

(i2) ∥u∥Lp(x)(Ω) < 1, then ∥u∥p+

Lp(x)(Ω)
≤ ρp(x)(u) ≤ ∥u∥p−

Lp(x)(Ω)
,

(i3) limn→∞ ∥un − u∥p(x) = 0 ⇔ limn→∞ ρp(x)(un − u) = 0.

The variable exponent Sobolev space W1,p(x)(Ω), which is defined by

W1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)},
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equipped with the following norm

∥u∥W1,p(x)(Ω) = ∥u∥Lp(x)(Ω) + ∥∇u∥Lp(x)(Ω),

is a separable and reflexive Banach space. The space W1,p(x)
0 (Ω), which is the closure of C∞

0 (Ω)

with regard to ∥.∥W1,p(x)(Ω), is defined as follows

W1,p(x)
0 (Ω) = {u ∈ W1,p(x)(Ω) : u|∂Ω = 0},

equipped with the following norm ∥u∥
W1,p(x)

0 (Ω)
= ∥∇u∥Lp(x)(Ω). The Poincaré inequality for

the space W1,p(x)(Ω) holds, that is, there exists a positive constant c such that

∥u∥p(x) ≤ c∥∇u∥p(x), ∀u ∈ W1,p(x)(Ω).

Moreover, the embedding W1,p(x)(Ω) ↪→ Lq(x)(Ω) is compact for every q ∈ C(Ω̄) with 1 ≤
q(x) ≤ 3p(x)

3−p(x) .
Let

Lp(x)(Ω) = Lp(x)(Ω)× Lp(x)(Ω)× Lp(x)(Ω).

Now, we define

W p(x)(Ω) = {v ∈ Lp(x)(Ω) : ∇× v ∈ Lp(x)(Ω),∇ · v = 0, v · n|∂Ω = 0},

with the following norm

∥v∥W p(x)(Ω) = ∥v∥Lp(x)(Ω) + ∥∇× v∥Lp(x)(Ω), (2.1)

where n is the outward unitary normal vector to ∂Ω.
If p− > 1, by [2, Theorem 2.1], W p(x)(Ω) is a closed subspace of W1,p(x)

n (Ω), where

W1,p(x)
n (Ω) = {v ∈ W1,p(x)(Ω) : v · n|∂Ω = 0},

with
W1,p(x)(Ω) = W1,p(x)(Ω)× W1,p(x)(Ω)× W1,p(x)(Ω).

Theorem 2.2 ([2, Theorem 2.1]). Suppose that 1 < p− ≤ p+ < ∞ and p satisfies (1.2). Then
W p(x)(Ω) is a closed subspace of W1,p(x)

n (Ω). Furthermore, if p− > 6
5 , then ∥∇× .∥Lp(x)(Ω) is a norm

in W p(x)(Ω) and there exists C = C(N, p−, p+) > 0, such that ∥v∥W p(x)(Ω) ≤ C∥∇× v∥Lp(x)(Ω).

It follows from Theorem 2.2 that we have the compact embedding W p(x)(Ω) ↪→ C∞
0 (Ω),

with 3 < p− ≤ p+ < ∞, for any x ∈ Ω̄. Furthermore, (W p(x)(Ω), ∥.∥W p(x)(Ω)) is a reflexive
Banach space. Set

c0 = sup
u∈W p(x)(Ω)

∥u∥∞

∥u∥W p(x)(Ω)

.

Definition 2.3 ([14]). A function u ∈ W p(x)(Ω) is a weak solution for the problem (1.1) if for
every v ∈ W p(x)(Ω),∫

Ω
|∇ × u|p(x)−2∇× u · ∇ × vdx +

∫
Ω

a(x)|u|p(x)−2u · vdx =
∫

Ω
f (x, u) · vdx.
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Let us introduce the functionals Φ and Ψ by

Φ(u) =
∫

Ω

|∇ × u|p(x) + a(x)|u|p(x)

p(x)
dx, (2.2)

Ψ(u) =
∫

Ω
F(x, u)dx, (2.3)

and I(u) = Φ(u)− Ψ(u) for u ∈ W p(x)(Ω).

Lemma 2.4 ([20, Lemmas 3.1 and 3.2]). The functionals Φ, Ψ and I are differentiable in sense of
Gâteaux and for any u, v ∈ W p(x)(Ω), we have

Φ′(u)(v) =
∫

Ω
|∇ × u|p(x)−2∇× u · ∇ × vdx +

∫
Ω

a(x)|u|p(x)−2u · vdx,

Ψ′(u)(v) =
∫

Ω
f (x, u) · vdx, (2.4)

and thus

I′(u)(v) =
∫

Ω
|∇ × u|p(x)−2∇× u · ∇ × vdx +

∫
Ω

a(x)|u|p(x)−2u · vdx −
∫

Ω
f (x, u) · vdx.

Therefore every critical point of I is a weak solution of the problem (1.1).

Our results are proved by utilizing the subsequent version of Ricceri’s variational principle
[19, Theorem 2.1], as presented in the specific form by Bonanno and Molica Bisci in [5], whose
the initial version was derived in [4]. We refer the readers to [1, 3, 11, 15] for some results,
whose proofs are based on Theorem 2.5.

Theorem 2.5. Let X be a reflexive real Banach space and Φ, Ψ : X → R be two Gâteaux differentiable
functionals such that Φ is sequentially weakly lower semicontinuous, strongly continuous and coercive
in X and Ψ is sequentially weakly upper semicontinuous in X. Suppose that Iλ be the functional
defined as Iλ = Φ − λΨ, λ ∈ R, and for every r > in fXΦ, let ϕ be the function defined as

ϕ(r) := inf
u∈Φ−1(−∞,r)

supv∈Φ−1(−∞,r) Ψ(v)− Ψ(u)

r − Φ(u)
,

α = lim inf
r→∞

ϕ(r), β = lim inf
r→(in fXΦ)+

ϕ(r).

Then the following results hold.

(I1) For every r > infX Φ and every λ ∈ (0, 1
ϕ(r) ), the restriction of the functional Iλ to Φ−1(−∞, r)

admits a global minimum, which is a critical point (precisely a local minimum) of Iλ in X.

(I2) For every λ ∈ (0, 1
α ) with α < ∞, the subsequent conclusion is valid only for one:

(j1) the functional Iλ has a global minimum, or

(j2) a sequence {um} of critical points (local minima) of Iλ exists, where limm→∞ Φ(um) = ∞.

(I3) For every λ ∈ (0, 1
β ) with β < ∞, the subsequent conclusion is valid only for one:

(k1) there exists a global minimum of Φ that also is a local minimum of Iλ, or

(k2) a sequence {un} of pairwise distinct critical points (local minima) of Iλ exists, where
limn→∞ Φ(un) = infX Φ(u) and this sequence converges to a global minimum of Φ.
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3 Main results

In this section, we present and prove our main results.

Theorem 3.1. Suppose that

sup
τ>0

τp−

Fτ
>

cp−
0 p+

min{1, a0}
, (3.1)

where
Fτ =

∫
Ω

max
|t|≤τ

F(x, t)dx.

Then the problem (1.1) has at least one solution in W p(x)(Ω).

Proof. We shall employ Theorem 2.5 (I1) in connection with the problem (1.1). To this end,
let us consider the real Banach space W p(x)(Ω), endowed with the norm specified in (2.1).
Furthermore, let Φ and Ψ denote the functionals introduced in (2.2) and (2.3), respectively.
It can be observed that Φ and Ψ are of class C1, as demonstrated in Lemma 2.4. For every
u ∈ W p(x)(Ω), we find

min{1, a0}
p+

∥u∥p(x)
W p(x)(Ω)

≤ Φ(u) ≤ max{1, a1}
p−

∥u∥p(x)
W p(x)(Ω)

. (3.2)

We shall verify that the functionals Φ and Ψ satisfy the assumptions required in Theorem 2.5.
The functional Ψ is Gâteaux differentiable and the Gâteaux derivative of Ψ at u ∈ W p(x)(Ω) is
represented as Ψ′(u) ∈ (W p(x)(Ω))∗, defined as in (2.4), and Ψ is sequentially weakly upper
semicontinuous. Furthermore, Φ is also Gâteaux differentiable and the Gâteaux derivative of
Φ at u ∈ W p(x)(Ω) is represented as Φ′(u) ∈ (W p(x)(Ω))∗. Furthermore, Φ is sequentially
weakly lower semicontinuous. Based on the inequality in (3.2), it can be concluded that Φ is
coercive.

By (3.1), we are able to choose τ̄ > 0 fulfilling in

τ̄p−

Fτ̄
>

cp−
0 p+

min{1, a0}
. (3.3)

Now, we define

r =
min{1, a0}

p+
( τ̄

c0

)p−

.

If u ∈ Φ−1(−∞, r), according to Proposition 2.1 (i1) and (3.2), for every u ∈ W p(x)(Ω) where
∥u∥W p(x)(Ω) > 1, we have

min{1, a0}
p+

∥u∥p−

W p(x)(Ω)
≤ Φ(u) ≤ min{1, a0}

p+
( τ̄

c0

)p−

.

In a comparable manner, according to Proposition 2.1 (i2) and (3.2), for every u ∈ W p(x)(Ω)

where ∥u∥W p(x)(Ω) < 1, we can derive

min{1, a0}
p+

∥u∥p+

W p(x)(Ω)
≤ Φ(u) ≤ min{1, a0}

p+
( τ̄

c0

)p−

.
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Thus,

∥u∥W p(x)(Ω) ≤
τ̄

c0
.

Then we have

|u(x)| ≤ ∥u∥L∞(Ω) ≤ c0∥u∥W p(x)(Ω) ≤ τ̄,

and thus

Φ−1(−∞, r) ⊂ {u ∈ W p(x)(Ω) | |u(x)| ≤ τ̄}.

Since Φ(0) = Ψ(0) = 0, it follows that

ϕ(r) := inf
u∈Φ−1(−∞,r)

supv∈Φ−1(−∞,r) Ψ(v)− Ψ(u)

r − Φ(u)

≤
supt∈Φ−1(−∞,r) Ψ(t)

r
=

supt∈Φ−1(−∞,r)

∫
Ω F(x, t)dx

r

≤
∫

Ω max|t|≤τ̄ F(x, t)dx
r

=
Fτ̄

r
=

Fτ̄ p+

min{1, a0}

( c0

τ̄

)p−

.

Then, by (3.3) we have ϕ(r) < 1. Therefore, since 1 ∈
(

0, 1
ϕ(r)

)
, Theorem 2.5 (I1) ensures that

the functional I possesses at least one critical point, namely a local minimum ũ, which lies in
Φ−1(−∞, r). Consequently, the existence of a solution is guaranteed.

Example 3.2. Consider the following problem:
∇× (|∇ × u|p(x)−2∇× u) + a(x)|u|p(x)−2u =

1
108c9

0
t8e−t(9 − t), ∇ · u = 0, in Ω,

|∇ × u|p(x)−2∇× u × n = 0, u · n = 0, on ∂Ω,
(3.4)

where Ω = {x = (x1, x2, x3) ∈ R3, |x2
1 + x2

2 + x2
3 ≤ 9}, a(x) = 1 and p(x) = x2

1 + x2
2 + x2

3 + 9,
for every x ∈ Ω. By direct calculations, we obtain p− = 9 and p+ = 18, and and the nonlinear
term satisfies F(t) = 10−8c−9

0 t9e−t. Hence,

sup
τ>0

τ9

max|t|≤τ F(t)
> 648πc9

0.

Now all the conditions of Theorem 3.1 are satisfied and thus the problem (3.4) has at least one
solution in W p(x)(Ω).

Theorem 3.1 can also be utilized to verify the existence of at least one solution for the
following parametric problem:{

∇× (|∇ × u|p(x)−2∇× u) + a(x)|u|p(x)−2u = λ f (x, u), ∇ · u = 0, in Ω,

|∇ × u|p(x)−2∇× u × n = 0, u · n = 0, on ∂Ω,
(3.5)

where λ > 0 is a parameter.

Theorem 3.3. For any

λ ∈ Λ =

(
0,

min{1, a0}
cp−

0 p+
sup

τp−

Fτ

)
,

the problem (3.5) has a solution uλ ∈ W p(x)(Ω).
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Proof. Fix λ as mentioned in the assertion. Consider Φ and Ψ as defined in (2.2) and (2.3), and
define Iλ(u) = Φ(u)− λΨ(u) for every u ∈ W p(x)(Ω). Let us choose

0 < λ <
min{1, a0}

cp−
0 p+

sup
τp−

Fτ
.

As a consequence, we deduce the existence of a constant τ̄ > 0 such that the following
condition holds:

λcp−
0 p+

min{1, a0}
<

τ̄p−

Fτ̄
.

Set,

r =
min{1, a0}

p+
( τ̄

c0

)p−

.

By employing the notation introduced in Theorem 3.1, we obtain

ϕ(r) <
Fτ̄ p+

min{1, a0}

( c0

τ̄

)p−

<
1
λ

.

Since λ ∈
(
0, 1

ϕ(r)

)
, Theorem 2.5 (I1) confirms that the functional Iλ has a minimum point

(local minima) uλ ∈ Φ−1(−∞, r). We arrive at the conclusion.

Remark 3.4. In Theorem 3.1, if f (x, u) ≥ 0, a.e. ∀x ∈ Ω, then (3.1) turns into the form

sup
τ>0

τp−∫
Ω F(x, τ)dx

>
cp−

0 p+

min{1, a0}
. (3.6)

Moreover, if

lim sup
τ→∞

τp−∫
Ω F(x, τ)dx

>
cp−

0 p+

min{1, a0}
,

then (3.6) holds.

Remark 3.5. Suppose that τ̄ > 0 is constant and

cp−
0 p+

min{1, a0}
<

τ̄p−

Fτ̄
.

Consequently, the outcome of Theorem 3.3 is applicable, with ∥uλ∥∞ ≤ τ̄.

Remark 3.6. In general, Iλ can be unbounded in below. For example, when f (x, v) = 1 +

|v|s−p+vp+−1, ∀(x, v) ∈ Ω × R3, by the condition s > p+, for any u ∈ W p(x)(Ω) \ {0} and
t ∈ R, we have

Iλ(tu) = Φ(tu)− λ
∫

Ω
F(x, tu)dx

≤ tp+

p−

∫
Ω
(|∇ × u|p(x) + a(x)|u|p(x))dx − λt∥u∥L1 − λ

ts

s
∥u∥s

Ls → −∞.

as t → +∞. Hence, the condition [18, Theorem 2.2] is not satisfied, so we cannot apply direct
minimization to find critical points of the functional Iλ.
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The functional Iλ, in general is not coercive, for instance when F(x, v) = |v|s, s > p+,
∀(x, v) ∈ Ω × R3, for any u ∈ W p(x)(Ω) \ {0} and t ∈ R, we have

Iλ(tu) = Φ(tu)− λ
∫

Ω
F(x, tu)dx

≤ tp+

p−

∫
Ω
(|∇ × u|p(x) + a(x)|u|p(x))dx − λts∥u∥s

W p(x)(Ω)
→ −∞, t → +∞.

Remark 3.7. If f is a nonnegative function, then the solution obtained by Theorem 3.3 is also
nonnegative. More precisely, if u∗ is a nontrivial solution of (3.5), then u∗ is nonnegative
almost everywhere in Ω.

To see this, assume that the set X = {x ∈ Ω : u∗(x) < 0} ̸= ∅. Define ū(x) =

min{u∗(x), 0}, ∀x ∈ Ω. We have ū(x) ∈ W p(x)(Ω) and

I
′
(u∗)(ū) =

∫
Ω
|∇ × u∗|p(x)−2∇× u∗ · ∇ × ūdx

+
∫

Ω
a(x)|u∗|p(x)−2u∗ · ūdx − λ

∫
Ω

f (x, u∗) · ūdx = 0.

By taking ū = u∗ and noting that f is nonnegative, we have

0 ≤ min{1, a0}∥u∗∥p−
X ≤

∫
Ω
|∇ × u∗|p(x)−2∇× u∗ · ∇ × u∗dx

+
∫

Ω
a(x)|u∗|p(x)−2u∗ · u∗dx = λ

∫
Ω

f (x, u∗) · u∗dx ≤ 0.

Thus u∗ = 0, which is a contradiction. Therefore u∗ is positive.

We now present the following theorem, which guarantees the nontriviality of solutions
to problem (3.5) under the specified conditions. Furthermore, it characterizes the asymptotic
behavior of the solution norm as the parameter λ approaches zero, and establishes that the
associated functional Iλ is negative and strictly decreasing on the interval (0, λ∗).

Theorem 3.8. Suppose that there exist a nonempty open set A ⊆ Ω and a subset B ⊂ A with positive
Lebesgue measure such that

lim sup
t→0+

infx∈B F(x, t)
|t|p+

= +∞, (3.7)

and

lim inf
t→0+

infx∈A F(x, t)
|t|p+

> −∞. (3.8)

Let

0 < λ̄ < λ∗ =
min{1, a0}

cp−
0 p+

sup
τp−

Fτ
. (3.9)

Then, for every λ ∈ (0, λ∗) the solutions of the problem (3.5) are nontrivial. Moreover,

lim
λ→0+

∥uλ∥W p(x)(Ω) = 0,

and the real function λ → Iλ is negative and strictly decreasing.
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Proof. we want to apply Theorem 3.3. In the case where f (x, 0) ̸= 0, ∀x ∈ Ω, the solution
ensured by Theorem 3.3 is clearly nontrivial. So, we suppose that f (x, 0) ̸= 0, ∀x ∈ Ω. By
(3.9) there exists τ̄ > 0 such that

λ̄cp−
0 p+

min{1, a0}
<

τ̄p−

Fτ̄
.

By Theorem 2.5 (I1), for any λ ∈ (0, λ̄), there is a critical point uλ ∈ Φ−1(−∞, rλ), where

rλ = min{1,a0}
p+

(
τ̄
c0

)p− . Indeed, uλ is a global minimum of Iλ in Φ−1(−∞, rλ).
Now, we shall show uλ is nontrivial. To begin, we first show

lim sup
∥u∥W p(x)→0+

Ψ(u)
Φ(u)

= ∞.

By (3.7) and (3.8), we can consider a sequence {tn} ⊂ R+ converging to zero, two constants
ϵ > 0 and µ, such that

lim
n→∞

infx∈B F(x, tn)

|tn|p+
= +∞,

and
inf
x∈A

F(x, t) ≥ µ|t|p+ , ∀t ∈ [0, ϵ].

We can take an open set E ⊂ B, by positive measure and a function ω ∈ W p(x)(Ω), such that

(m1) ω(x) ∈ [0, 1], for every x ∈ Ω.

(m2) ω(x) = 1, for every x ∈ E.

(m3) ω(x) = 0, for every x ∈ Ω \ A.

Now, we consider T > 0 and set η > 0, such that

T <
η meas(E) + µ

∫
A\E |ω(x)|p+dx

max{1,a1}
p− ∥u∥p+

W p(x)(Ω)

.

So, there is n0 ∈ N, such that for any n > n0, we have tn < ϵ and infx∈B F(x, tn) ≥ η|tn|p
+

.
Now,

Ψ(tnω)

Φ(tnω)
=

∫
E F(x, tn)dx +

∫
A\E F(x, tnω(x))dx

Φ(tnω)

>
η meas(E) + µ

∫
A\E |ω(x)|p+dx

max{1,a1}
p− ∥ω∥p+

W p(x)(Ω)

> T.

Since T is arbitrary and may be taken large, we get

lim
n→∞

Ψ(tnω)

Φ(tnω)
= ∞.

Thus, there exist a sequence {sn} ⊂ W p(x)(Ω), that sn ∈ Φ−1(−∞, r) and

Iλ(sn) = Φ(sn)− λΨ(sn) < 0.
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By this fact that, uλ is a global minimum of the restriction of Iλ to Φ−1(−∞, r), we have

Iλ(uλ) < 0, (3.10)

hence, uλ is nontrivial. By (3.10), we additionally have the following map

(0, λ∗) ∋ λ 7→ Iλ(uλ),

is negative. Also, one has
lim

λ→0+
∥uλ∥W p(x)(Ω) = 0.

By this fact that Φ is coercive for every λ ∈ (0, λ∗) and uλ ∈ Φ−1(−∞, r), there exist a positive
constant N with ∥uλ∥ ≤ N, ∀λ ∈ (0, λ∗). This demonstrates the existence of positive constant
M > 0, such that

|Ψ′
(uλ)(uλ)| ≤ M∥uλ∥ ≤ MN, (3.11)

for all λ ∈ (0, λ∗). By noting that uλ is a critical point of Iλ, we have I
′
λ(uλ)(uλ) = 0, i.e.

Φ
′
(uλ)(uλ) = λΨ

′
(uλ)(uλ), ∀λ ∈ (0, λ∗).

Since, 0 ≤ min{1, a0}∥uλ∥
p−

W p(x)(Ω)
≤ Φ

′
(uλ)(uλ), we get

0 ≤ min{1, a0}∥uλ∥
p−

W p(x)(Ω)
≤ λΨ

′
(uλ)(uλ), ∀λ ∈ (0, λ∗). (3.12)

By using (3.11), (3.12) and letting λ → 0+, we have

lim
λ→0+

∥uλ∥W p(x)(Ω) = 0.

Now, we exhibit that the map λ 7→ Iλ(uλ) in (0, λ∗) is strictly decreasing. For any u ∈
W p(x)(Ω), we have

Iλ(u) = λ

(
Φ(u)

λ
− Ψ(u)

)
.

Now, fix 0 < λ1 < λ2 < λ∗ and assume that uλj , j = 1, 2, be the global minimum of the
functional Iλj restricted to Φ−1(−∞, r). Moreover, put

lλj(u) =

(
Φ(uλj)

λj
− Ψ(uλj)

)
= inf

v∈Φ−1(−∞,r)

(
Φ(v)

λj
− Ψ(v)

)
.

Obviously, one has
lλj < 0, j = 1, 2

and by this condition that 0 < λ1 < λ2, we have lλ2 ≤ lλ1 . By the mentioned relations, we have

Iλ2(uλ2) ≤ λ2lλ2 ≤ λ2lλ1 < λ1lλ1 = Iλ1(uλ1).

So, the map λ 7→ lλ(uλ) is strictly decreasing and our preferred outcome is achieved.

Now, we prove the existence of infinitely many solutions by applying Theorem 2.5.
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Theorem 3.9. Suppose that ∫
Ω

F(x, t)dx ≥ 0 (3.13)

and
A < TB, (3.14)

where

A = lim inf
τ→+∞

∫
Ω max|t|≤τ F(x, t)dx

τp− , B = lim sup
τ→+∞

∫
Ω F(x, τ)

τp− ,

and

T =
min{1, a0}

cp−
0 meas(Ω)a1

. (3.15)

Then problem (1.1) has infinitely many nontrivial solutions in W p(x)(Ω), for every

λ ∈
(

meas(Ω)a1

p−B
,

min{1, a0}
cp−

0 p+A

)
.

Proof. We apply Theorem 2.5 (I2) to the problem (1.1). In this context, fix

λ ∈
(

meas(Ω)a1

p−B
,

min{1, a0}
cp−

0 p+A

)
.

Let Φ and Ψ be the functionals outlined in (2.2) and (2.3). It can be observed that Φ is sequen-
tially weakly lower semicontinuous, while Ψ is sequentially weakly upper semicontinuous.
For every u ∈ W p(x)(Ω), one has

min{1, a0}
p+

∥u∥p(x)
W p(x)(Ω)

≤ Φ(u) ≤ max{1, a1}
p−

∥u∥p(x)
W p(x)(Ω)

, (3.16)

that shows Φ is coercive. Now, we show that α < ∞.
Let {τn} be a sequence that, limn→+∞ τn = +∞ and

A = lim
n→+∞

∫
Ω max|t|≤τn F(x, t)dx

τ
p−
n

.

For any n ∈ N, set rn = min{1,a0}
cp−

0 p+
τ

p−
n . Obviously, limn→∞ rn = ∞. If u ∈ Φ−1(−∞, rn),

according to Proposition 2.1 (i1) and (3.16), for every u ∈ W p(x)(Ω) where ∥u∥W p(x)(Ω) > 1,
one has

min{1, a0}
p+

∥u∥p−

W p(x)(Ω)
≤ Φ(u) ≤ min{1, a0}

p+
(τn

c0

)p−

.

In a comparable manner, according to Proposition 2.1 (i2) and (3.16), for every u ∈ W p(x)(Ω),
that u ∈ Φ−1(−∞, rn) and ∥u∥W p(x)(Ω) < 1, one has

min{1, a0}
p+

∥u∥p+

W p(x)(Ω)
≤ Φ(u) ≤ min{1, a0}

p+
(τn

c0

)p−

.

Thus,
∥u∥W p(x)(Ω) ≤

τn

c0
.
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We have

|u(x)| ≤ ∥u∥L∞(Ω) ≤ c0∥u∥W p(x)(Ω) ≤ τn,

Thus Φ−1(−∞, rn) ⊂ {u ∈ W p(x)(Ω)||u(x)| ≤ τn}. Since Φ(0) = Ψ(0) = 0, it follows that

ϕ(rn) := inf
u∈Φ−1(−∞,rn)

supv∈Φ−1(−∞,rn)
Ψ(v)− Ψ(u)

rn − Φ(u)

≤
supt∈Φ−1(−∞,rn)

Ψ(t)

rn
=

supt∈Φ−1(−∞,rn)

∫
Ω F(x, t)dx

rn

≤
∫

Ω max|t|≤τn F(x, t)dx
rn

=
p+
∫

Ω max|t|≤τn F(x, t)dx
min{1, a0}

( c0

τn

)p−

.

Thus, (3.14) yields

α ≤ lim inf
n→∞

ϕ(rn) ≤
p+cp−

0 A

min{1, a0}
< ∞.

Therefore, we have

λ ∈
(

meas(Ω)a1

p−B
,

min{1, a0}
cp−

0 p+A

)
⊂
(

0,
1
α

)
.

Now, we show (j1) cannot hold.
By definition of B, there is a sequence {cn} of positive numbers, such that limn→∞ cn = ∞

and

B = lim
n→+∞

∫
Ω F(x, cn)

cp−
n

. (3.17)

Now, we define ωn ∈ W p(x)(Ω), for every n ∈ N as follows:

ωn(x) =

{
cn, x ∈ Ω,

0, o.w.

One has

Φ(ωn) ≤
meas(Ω)a1

p−
max{cp+

n , cp−
n }.

Then,

Iλ(ωn) = Φ(ωn)− λΨ(ωn)

≤ meas(Ω)a1

p−
max{cp+

n , cp−
n } − λ

∫
Ω

F(x, ωn)dx. (3.18)

We consider two cases to complete the proof, B = ∞ and B < ∞.
If B = ∞, then we choose K large enough, such that K > meas(Ω)a1

p−λ . From (3.17), there
exists n0 ∈ N such that for all n ≥ n0,∫

Ω
F(x, cn)dx > Kcp−

n .
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Then, from (3.18) we have

Iλ(ωn) ≤
meas(Ω)a1

p−
max{cp+

n , cp−
n } − λKcp−

n ≤
(

meas(Ω)a1

p−
− λK

)
max{cp+

n , cp−
n },

which shows that limn→∞ Iλ(ωn) = −∞.
In another case, if B < ∞, since λ > meas(Ω)a1

p−B , there exists ϵ > 0 such that ϵ < B −
meas(Ω)a1

p−λ . Then, by (3.17) there exists n1 ∈ N such that for all n ≥ n1,∫
Ω

F(x, cn)dx > (B− ϵ)cp−
n .

By (3.18)

Iλ(ωn) ≤
meas(Ω)a1

p−
max{cp+

n , cp−
n } − λ(B− ϵ)cp−

n

≤
(

meas(Ω)a1

p−
− λ(B− ϵ)

)
max{cp+

n , cp−
n }.

Then, we get limn→∞ Iλ(ωn) = −∞. By considering the cases mentioned above, we observe
that Iλ is unbounded from below. This shows that condition (j1) does not hold, which implies
that (j2) must be satisfied. Consequently, Iλ admits an unbounded sequence of critical points,
and the proof is finished.

Remark 3.10. Suppose that B = ∞ and A = 0. It is clear that, all the assumptions required by
Theorem 3.1 are fully satisfied. Thus, the problem (3.5) admits infinitely many solutions for
every λ ∈ (0, ∞).

Corollary 3.11. Suppose that f : Ω × R3 → R be a continuous function and (3.13) holds. Moreover,

lim sup
τ→+∞

∫
Ω F(x, τ(x))

τp− >
meas(Ω)a1

p−

and

lim inf
τ→+∞

∫
Ω max|t|≤τ F(x, t)dx

τp− <
min{1, a0}

cp−
0 p+

.

Then problem (1.1) admits an unbounded sequence of weak solutions in W p(x)(Ω).

Theorem 3.12. Suppose that
∫

Ω F(x, t)dx ≥ 0 and A∗ < TB∗, where

A∗ = lim inf
τ→0+

∫
Ω max|t|≤τ F(x, t)dx

τp− , B∗ = lim sup
τ→0+

∫
Ω F(x, τ)

τp−

and T is defined in (3.15). Then problem (1.1) has a sequence of pairwise distinct critical points in
W p(x)(Ω) for every λ ∈

(meas(Ω)a1
p−B∗ , min{1,a0}

cp−
0 p+A∗

)
.

Proof. By the same approach as in the previous proof and replacing Theorem 2.5 (I2) with
Theorem 2.5 (I3), we obtain the desired result.

Declaration of interests. The authors report no conflict of interest.
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