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Abstract. By using variational techniques and critical point theory, we study the ex-
istence and multiplicity of solutions for a class of p(x)-curl systems, which appear in
the field of electromagnetism. In particular, we discuss the existence of one solution
under an asymptotical behaviour of the nonlinear term at zero, and the existence of
a sequence of solutions under suitable oscillating behaviour of the nonlinear term at
infinity for the system.
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1 Introduction

In recent years, the study of p(x)-curl systems has attracted much interest, due to the relevance
to modeling electromagnetic phenomena. Such models are particularly important in nonlinear
electromagnetism, wherein the spatial variation in the permeability and permittivity of ma-
terials creates complex behaviors of electromagnetic fields. Let w = (w1, w», w3) be a vector
function defined on (). The divergence of w is represented by V - w = 9y, w1 + 0x,wy + 0, w3
and the curl of w is represented by V X w = (0y,W3 — 0x,W2, 0y, W1 — Oy, W3, 0x, W2 — Ox,Ww1 ). The
curl and divergence obey the subsequent relation —Aw = V x (V x w) — V- (V - w), where
Aw = (Awq, Awy, Aws) and Aw; =V - (Vw;),i=1,2,3.

We are interested in the study of the existence of solutions for the following stationary
p(x)-curl system:

{V X (|V x u|PP=2Y x u) + a(x)|ulP® 2y = f(x,u), V-u=0, in Q, (1.1)

|V x u|PW=2Y x u x n =0, u-n=0, on 90,

where Q) is a restricted and simply connected area in R?, with a C!'! boundary 9Q). Let 1 be
the unit normal vector pointing outward from the boundary of (), and 9d, represent the partial
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derivative of a function in relation to the variable x. Furthermore, a(x) is a function in L® and
there exist ag, a7 > 0, so that
ap < a(x) < ay, Vx € Q.

Throughout this work unless stated otherwise, we will assume that the exponent p(x) remains
continuous throughout () with
3<p =minp(x) < p" =maxp(x) < oo,
p- =minp(x) < p” =maxp(x)

and p(x) exhibits logarithmic continuity, which means that there is a function w : Rj — Rj
such that

_ . 1
VoyeQ, fx—yl <l |p(x) —p(y)l Swlx—yl, limw(t)logs =c<oeo  (1.2)

The function F : Q x R3 — R is differentiable with respect to t € R3, such that f =0F(x,t):
OxR3—>R3isa Carathéodory function. So, we get

F(x,t) = /Otf(x,e)de, V(x,f) € Q x R?.

One of the essential concepts in the study of partial differential equations and functional anal-
ysis is Sobolev spaces. We will use the variable exponent Lebesgue and Sobolev spaces, L (x)
and WP, where p is a real-valued function. There are many literature on Sobolev spaces
with variable exponents and their applications, see for example [6-8,16]. The pioneering work
of researchers such as [8], laid the groundwork for the analysis of variable exponent Sobolev
spaces, which became the natural setting for studying p(x)-curl systems. One of the first
contributions to the study of p(x)-curl systems was made by Fan and Zhang [9], who investi-
gated the existence of weak solutions for a class of nonlinear elliptic equations with variable
exponents. With these results, several authors studied the existence and multiplicity of solu-
tions for p(x)-curl systems under various assumptions on the nonlinearity and the variable
exponent p(x). For instance, Mihdilescu and Radulescu in [17] established the existence of at
least one solution for a class of p(x)-curl systems using Mountain pass techniques. In [12],
the existence and multiplicity of solutions for a p(x)-curl system were studied by utilizing a
variant of the Mountain Pass Theorem, where the functional is required to satisfy the Cerami
condition instead of the classical Palais—-Smale condition. A class of curl systems arising in
electromagnetism, with a nonlinear source term was studied in [2]. They introduced a suitable
functional framework and a convenient basis that allow them to apply the Galerkin’s method
and proved existence of local or global solutions, depending on the values of A and ¢. Xiang,
Wang, and Zhang in [20], examined whether solutions of the problem (1.1) exist and how
many solutions there are when A = 1. They explored the presence of ground state solutions
and an infinite number of solutions for the problem (1.1) with A = 1, where the nonlinearity
f satisfying superlinear growth condition. This was achieved through the combination of the
Mountain pass theorem with the Nehari manifold approach, in addition to a modified version
of the Mountain pass theorem. Their approach relied on the application of abstract critical
point theorems, combined with careful estimates in variable exponent Sobolev spaces. In [13]
the existence and multiplicity of solutions for the problem (1.1) in the absence of Ambrosetti-
Rabinowitz condition under superlinear case was obtained. In [14] by using critical point
theory and the variational method, the existence of at least one, two and three solutions to the
problem (1.1) was investigated.
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In the present paper, we investigate the existence of solutions for the system (1.1) employ-
ing a variant of Ricceri’s variational principle [19, Theorem 2.1] given by Bonanno and Molica
Bisci in [5]. First, we establish the existence of at least one nontrivial solution under specific
asymptotic conditions on the nonlinear term near the origin. We prove the nontriviality of the
solution for problem (3.5) under specified conditions. The result also describes the solution’s
norm behavior as A — 0 and shows that the associated functional I, is negative and strictly
decreasing in the obtained interval of the parameter A. We then show that, when the nonlinear
term exhibits suitable oscillatory behavior at infinity, the system admits an infinite sequence
of distinct solutions. Our approach is based on variational techniques and critical point the-
ory, adapted to the framework of Sobolev spaces with variable exponents, which provide the
appropriate functional setting for handling the nonstandard growth conditions inherent in the
problem.

2 Preliminary results

We begin by presenting some preliminary results on the generalized Lebesgue-Sobolev spaces
LPO(Q) and WP (Q), where Q) is a bounded and simply connected area in R®, with a
boundary of class C"! represented by dQ). Let C; (Q) = {g: ¢ € C(Q),g(x) > 1,Vx € Q}. For
any p(x) € C+(Q)), the variable exponent Lebesgue space of measurable functions is defined

by
LPO(Q) = {u: Q= R pyy(u) < oo},

where convex modular p,,(, : L? (*) — R is defined by

oy () = [ JulPWdx.

This space with the following so-called Luxemburg norm, is a separable, reflexive and Banach
space,

. u
Iullrey = int {1 > 03 gy (1) <1}

When pi(x), p2(x) are two variable exponents such that pi(x) < pa(x), a.e.Vx € Q with

0 < |Q < oo, then there exists a continuous embedding LP2()(Q)) < LP1()(Q)), which means

that there exists C > 0 such that [[ul| ;0 ) < Cllull o0 (- Let L0 (Q) be the dual space of
)

)
LP¥)(Q)), where q(lT) + ﬁ = 1. Then, for any u € LF™)(Q),v € L1%)(Q), Holder’s inequality

holds as follows:
1 1
/qudx < (79 - q> 1]l Lo (o) 121l oo () -

Proposition 2.1 (see [10]). If u, u, € LP™)(Q) and p* < oo, then

. - +
(i) Nulloy > 1 then [l ) < 0yt (0) < [0

(i) ll oy < 1 then [ ) < Pyt () < 1l
(i3) limy oo [[ttn — 1l p(x) = 0 & limy 00 0p(x) (un — 1) = 0.
The variable exponent Sobolev space W'?(*)(Q)), which is defined by
W) = {u e LPY(Q) : |[Vu| € LY (Q)},
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equipped with the following norm
Hu||W1rP(x)(Q) = HuHLP(X)(Q) + ||quLP(X)(Q)r

is a separable and reflexive Banach space. The space Wg # () (), which is the closure of C{°(Q2)
with regard to |[|.|[ 1, (q), is defined as follows

Wy?@(Q) = {u € WD(Q) : ufaq = 0},

equipped with the following norm ||u/[ 1,0 @ = IVl o (r)- The Poincaré inequality for
0

the space W?(*) (Q)) holds, that is, there exists a positive constant ¢ such that
) < ell Vel ), Yu € WHE(Q).

Moreover, the embedding WP(*)(Q) < L1*)(Q)) is compact for every ¢ € C(Q) with 1 <

3p(x)
1) < 356y

Let

LPE(Q) = LPH(Q) x LPX(Q) x LPE(Q).
Now, we define
WHE(Q) = fv € £70)(Q) : V x v € LPD(Q), ¥ v = 0,v - nlon, = 0},

with the following norm

IVl )y = IVl grer ) + 11V X I 2o ) (2.1)

where 7 is the outward unitary normal vector to 0Q).
If p~ > 1, by [2, Theorem 2.1], WP (Q)) is a closed subspace of Wy (Q), where

erlrp(x) (Q) — {V c Wllp(x)(()) TV - n’aQ = 0},
with
WO (Q) = WP () x WP () x WPE(Q).

Theorem 2.2 ([2, Theorem 2.1]). Suppose that 1 < p~ < p* < oo and p satisfies (1.2). Then
WP (Q) is a closed subspace of W;’p(x) (Q). Furthermore, if p~ > &, then ||V x -Hm(ﬂ(m is a norm
in WP (Q) and there exists C = C(N,p~, pt) > 0, such that 1Vllwew @) < CIIV X V| o -

It follows from Theorem 2.2 that we have the compact embedding VWP (x)(Q) — CSO(Q),
with 3 < p~ < p* < oo, for any x € Q. Furthermore, WW*™)(Q), |-llyeeo () is a reflexive
Banach space. Set

. Ml
0= sup .
HEWP®™ (Q) H”HWp(x)(Q)

Definition 2.3 ([14]). A function u € W*() (Q)) is a weak solution for the problem (1.1) if for
every v € Wp(x)(Q),

/ IV x ulP®) 2V x u -V x vdx+/ a(x)|u|P®) 2y - vdx = / f(x,u) - vdx.
0 0 0
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Let us introduce the functionals ® and ¥ by
7 )+ a) ]
p(x)
Y(u) = / F(x,u)dx, (2.3)
Q

dx, (2.2)

and I(u) = ®(u) — ¥(u) for u € WP (Q).

Lemma 2.4 ([20, Lemmas 3.1 and 3.2]). The functionals ®,Y and I are differentiable in sense of
Gateaux and for any u,v € WP™)(Q), we have

@' (u)(v) = /|V><u|” 2V xu- vadx+/ x)|u|P 2y - vdx,

Y (u)(v) = /Qf(x,u) -vdx, (2.4)
and thus

I'(u)(v) = /\qu|” 2V Xxu- vadx—i—/ x) |ulP) =2y vdx—/fxu -vdx.

Therefore every critical point of I is a weak solution of the problem (1.1).

Our results are proved by utilizing the subsequent version of Ricceri’s variational principle
[19, Theorem 2.1], as presented in the specific form by Bonanno and Molica Bisci in [5], whose
the initial version was derived in [4]. We refer the readers to [1,3,11,15] for some results,
whose proofs are based on Theorem 2.5.

Theorem 2.5. Let X be a reflexive real Banach space and ®,Y : X — R be two Gateaux differentiable
functionals such that ® is sequentially weakly lower semicontinuous, strongly continuous and coercive

in X and Y is sequentially weakly upper semicontinuous in X. Suppose that I, be the functional
defined as Iy = ® — AY, A € R, and for every r > infx®, let ¢ be the function defined as

L . SupUEQ*l(—w,r) ‘F(U) - ‘Y(M)
4’(7’) T ue@*l}}f—oo,r) r— CID(u) !

a =liminf¢(r), B = liminf ¢(r).

r—oo r—(infx®)*

Then the following results hold.

(I;) Forevery r > infx ® and every A € (0, ﬁ), the restriction of the functional I to ®~1(—oo,7)
admits a global minimum, which is a critical point (precisely a local minimumy) of I in X.

(Ib) Forevery A € (0,1) with a < oo, the subsequent conclusion is valid only for one:

(j1) the functional Iy has a global minimum, or

(jo) a sequence {u,} of critical points (local minima) of Iy exists, where lim,, o (1) = 0.
(I3) Forevery A € (0, ﬁ) with B < oo, the subsequent conclusion is valid only for one:

(ky) there exists a global minimum of ® that also is a local minimum of 1,, or

(ky) a sequence {uy} of pairwise distinct critical points (local minima) of 1, exists, where
limy, o ©(uy,) = infx ®(u) and this sequence converges to a global minimum of P.
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3 Main results

In this section, we present and prove our main results.

Theorem 3.1. Suppose that

L
su —_—, 3.1
T>I(:)) Fr ~ min{1,a0} G
where
Fr = | maxF(x,t)dx.
Q |tI<T

Then the problem (1.1) has at least one solution in WP™) (Q)).

Proof. We shall employ Theorem 2.5 (I;) in connection with the problem (1.1). To this end,
let us consider the real Banach space W*()(Q), endowed with the norm specified in (2.1).
Furthermore, let ® and ¥ denote the functionals introduced in (2.2) and (2.3), respectively.
It can be observed that ® and ¥ are of class C!, as demonstrated in Lemma 2.4. For every
u € WP (Q), we find

min{1,a0} p(x)
mintl o} e 62)

max{1,a1}, | p(x)
| <P(u) < TH”HWP(X)(Q

)
We shall verify that the functionals ® and ¥ satisfy the assumptions required in Theorem 2.5.
The functional ¥ is Gateaux differentiable and the Gateaux derivative of ¥ at u € WP (Q) is
represented as ¥/ (u) € (WP (Q))*, defined as in (2.4), and ¥ is sequentially weakly upper
semicontinuous. Furthermore, ® is also Gateaux differentiable and the Gateaux derivative of
® at u € WP (Q) is represented as @'(u) € (WP (Q))*. Furthermore, ® is sequentially
weakly lower semicontinuous. Based on the inequality in (3.2), it can be concluded that & is
coercive.
By (3.1), we are able to choose T > 0 fulfilling in

L

Fr ~ min{1,a0}" (33)

Now, we define

. min{1,a0} (i)ﬁ"

pt co

If u € @ !(—oo,7), according to Proposition 2.1 (i1) and (3.2), for every u € Wp(x)(g) where
HMHWP(X>(Q) > 1, we have

min{1l,a0} | p min{1,a0} s T\?
L, < 0 < )

In a comparable manner, according to Proposition 2.1 (i) and (3.2), for every u € WP (Q)
where [[u([,ypw ) < 1, we can derive

min{1,a0} p+ min{1,a0} / T\?
Ly, <ot < mnm 2
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Thus, .
T
H”HWP<x)(Q) < 0
Then we have
[u(x)] < fJullr=) < collullywe ) < T
and thus
O (—co,r) C {u e WH(Q) | Ju(x)| < 7}
Since ®(0) = ¥(0) = 0, it follows that
su _ Y(v) —Y(u
47(7’) — inf Poco 1(—oco,r) ( ) ( )
ued-1(—oco,r) r— (I)(Ll)
Supteq)*l(—oo,r) ‘F(t) . Supteq)*](—oo,r) fQ F(x t)dx
r N r
N LA
r o min{l,a}\ T
), Theorem 2.5 (I;) ensures that
]

1

< fQ maxj| <z F(x,t)dx
r
¢(r)

Then, by (3.3) we have ¢(r) < 1. Therefore, since 1 € (O,
V-u=0, inQ,
(3.4)

®~1(—o0,r). Consequently, the existence of a solution is guaranteed.
1
e (9 — 1),
ond(),

the functional I possesses at least one critical point, namely a local minimum #, which lies in

Example 3.2. Consider the following problem:

V x (|V p(x) -2y p(x)=2y —

X (|V x ul X u)+a(x)|u u 10°)
VxulfP 2V xuxn=0, u-n=0,

where Q = {x = (x1,x2,x3) € R3, [x3 + x5 +x3 <9}, a(x) = 1and p(x) = x2 + x5+ x5 +9,

for every x € Q). By direct calculations, we obtain p~ = 9 and p* = 18, and and the nonlinear

9
> 64871,

u
T>lg max ;| <. F(t)

term satisfies F(t) = 10~8¢,°#%¢~". Hence,
S
Now all the conditions of Theorem 3.1 are satisfied and thus the problem (3.4) has at least one

solution in WP(*)(Q)
Theorem 3.1 can also be utilized to verify the existence of at least one solution for the
inQ),
(3.5)
ond(),

following parametric problem:
V x (|V x ulP® 72V x u) 4+ a(x)|ulPD2u = Af(x,u), V- -u=0,
IVxulfP 2V xuxn=0, u-n=0,

{

where A > 0 is a parameter.
inf1 .
min{1,a0} sup T) /
Fr

Theorem 3.3. For any
AeAN=10,
o P

the problem (3.5) has a solution u, € WP™)(Q)
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Proof. Fix A as mentioned in the assertion. Consider ® and ¥ as defined in (2.2) and (2.3), and
define I, (u) = ®(u) — A¥ (u) for every u € WP (Q). Let us choose

min{1,a0} su ™

= p—-
¢y pt Fr

O< A<

As a consequence, we deduce the existence of a constant T > 0 such that the following
condition holds:

Ach pt 7
min{1, a0} F:
Set,
. min{1,a0} (jy?’.
pt co
By employing the notation introduced in Theorem 3.1, we obtain
() < 22 (2)" <2
¢ min{1,a0} \ T A

Since A € (0, %), Theorem 2.5 (I;) confirms that the functional I, has a minimum point

(local minima) u; € ®~!(—oo,r). We arrive at the conclusion. O
Remark 3.4. In Theorem 3.1, if f(x,u) > 0,a.e. Vx € (), then (3.1) turns into the form

2l g p*
> . 3.6
ililg o F(x,T)dx = min{1,a0} (3.6)

Moreover, if

i L o i
1m su 7
T%oop fQ F(x,7)dx = min{1,a0}

then (3.6) holds.
Remark 3.5. Suppose that T > 0 is constant and
@p T
min{1,a0} = Fr
Consequently, the outcome of Theorem 3.3 is applicable, with |[u, [/ < T.

Remark 3.6. In general, I) can be unbounded in below. For example, when f (x,v) =1+
[0]57P 0P 1Y (x,0) € Q x R?, by the condition s > p*, for any u € WPH(Q)\ {0} and
t € R, we have

Ly (tu) = D(tu) — A / F(x, tu)dx
@)
P 5
< p_/ (IV x ufP™) + a(x) [ulP ) dx — At]u] 1 = A Julls = —oo.
Q

as t — +oco. Hence, the condition [18, Theorem 2.2] is not satisfied, so we cannot apply direct
minimization to find critical points of the functional I,.
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The functional I, in general is not coercive, for instance when F(x,v) = |v|°,s > pT,
V(x,0) € Q x R, for any u € WPX(Q) \ {0} and t € R, we have

Iy (tu) = D(tu) — /\/QP(x, fu)dx

p+
< ‘;/ (¥ x ufP® + a(x)[u]P@)dx — AF| L —co, t— foo.
@)

[l (Q)

Remark 3.7. If f is a nonnegative function, then the solution obtained by Theorem 3.3 is also
nonnegative. More precisely, if u* is a nontrivial solution of (3.5), then u* is nonnegative
almost everywhere in ().

To see this, assume that the set X = {x € Q : u*(x) < 0} # @. Define i(x) =
min{u*(x),0},Vx € Q. We have 7(x) € WP¥(Q) and

!

I (w)(a) = / IV x w*[PO=2Y - ¥ x indx
0
—|—/ a(x)|u* PO =2y . qdx — /\/ f(x,u*)-adx = 0.
0 Q
By taking # = u* and noting that f is nonnegative, we have
0 < min{1,ao}|u*|k < / IV x u* P72V 5 u* - V x utdx
Q
+/ a(x)|u* P 720wt dx = A/ fx,u*)-u*dx <O0.
Q 0

Thus u* = 0, which is a contradiction. Therefore u* is positive.

We now present the following theorem, which guarantees the nontriviality of solutions
to problem (3.5) under the specified conditions. Furthermore, it characterizes the asymptotic
behavior of the solution norm as the parameter A approaches zero, and establishes that the
associated functional I is negative and strictly decreasing on the interval (0, A*).

Theorem 3.8. Suppose that there exist a nonempty open set A C ) and a subset B C A with positive
Lebesgue measure such that

infyep F(x,t)

lim sup T = +o00, (37)
t—0+
and
lim inf Dxea E(x ) (3.8)
0+ |t|P* ) '
Let
- in{1, P
0</\</\*:““r:£”°}supTF. (3.9)
c pt T

Then, for every A € (0, A*) the solutions of the problem (3.5) are nontrivial. Moreover,

li 9 =0
Pyt [[all )(Q) ’

and the real function A — 1, is negative and strictly decreasing.
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Proof. we want to apply Theorem 3.3. In the case where f(x,0) # 0, Vx € ), the solution
ensured by Theorem 3.3 is clearly nontrivial. So, we suppose that f(x,0) # 0, Vx € Q. By
(3.9) there exists T > 0 such that

Ach pt - TP
min{1,a0} = F& '

By Theorem 2.5 (I;), for any A € (0,7), there is a critical point u)y € ®~!(—oco,r,), where

Ty = M(%)pi. Indeed, u, is a global minimum of I, in CI)*l(—oo, ).

Now, we shall show u, is nontrivial. To begin, we first show
¥ (u)
lim sup =
Jul, 0+ ()

By (3.7) and (3.8), we can consider a sequence {t,} C R converging to zero, two constants
€ > 0 and y, such that

n—oo |1‘11’I7Jr !

and
inf F(x,t) > ult|P", Vvt o€l
xeA

We can take an open set E C B, by positive measure and a function w € WP (Q)), such that
(my) w(x) € [0,1], for every x € Q.

(my) w(x) =1, for every x € E.

(m3) w(x) =0, for every x € O\ A.

Now, we consider T > 0 and set > 0, such that

nmeas(E) + u fA\E lw(x) [P dx
max{1,a1 } pt '
r- ' Hunp(x)(Q)

So, there is ny € IN, such that for any n > ng, we have t, < € and inf,cp F(x,t,) > 17|tn]P+.
Now,

Y(taw)  JpF(ta)dx+ [ F(x taw(x))dx
Cb(tnw) q)(tnw)
nmeas(E) + p [, |w(x)|P" dx

max{1,a; }
maxfla] ||

= > T.
|WP(X)(Q)

Since T is arbitrary and may be taken large, we get

- Y(tww)
I S ()

Thus, there exist a sequence {s,} C W) (Q), that s, € ®~!(—oc0,7) and

I\ (sn) = ®(sn) —A¥(sn) <O0.
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By this fact that, u, is a global minimum of the restriction of I, to ®1(—o0,r), we have
In(uy) <0, (3.10)
hence, u, is nontrivial. By (3.10), we additionally have the following map
(0,A%) 5 A= In(uyp),

is negative. Also, one has

A1Lr51+ Hu/\HWP(X)(Q) = 0.

By this fact that @ is coercive for every A € (0,A*) and u, € @ !(—oo,7), there exist a positive

constant N with ||u, || < N, VA € (0,A*). This demonstrates the existence of positive constant
M > 0, such that

¥ (ur) (ur)| < Mua|| < MN, (3.11)
for all A € (0,A*). By noting that u, is a critical point of I), we have I (1) (uy) = 0, i.e.
@ (1)) () = AY (u2)(1y), VA € (0,A%).

Since, 0 < min{l,a0}||uA|\5\;p(x) < @ (uy)(uy), we get

(©)
0 < min{1,a}||u [, @ < AY (up)(up), YA€ (0,A%). (3.12)

By using (3.11), (3.12) and letting A — 07, we have

li . =0.

Pyt [[all )(Q)

Now, we exhibit that the map A +— I,(u,) in (0,A*) is strictly decreasing. For any u €

WP (Q)), we have
Iy(u)=A (dDE\u) = ‘Y(u)) .

Now, fix 0 < A1 < Ay < A* and assume that Up;, j = 1,2, be the global minimum of the
functional I py restricted to CID_l(—oo, r). Moreover, put

zAj(u):<q>(;’Af)—T(uAj)>: inf (q’iv)—w(v)).

j vEDP1(—00,r)

Obviously, one has
Z)‘]' <0, ] =1,2

and by this condition that 0 < Ay < Ay, we have [, < [,,. By the mentioned relations, we have
1/\2(”?\2) < /\21;\2 < )\21)Ll < A]Z/\l = L\l (M)L]).
So, the map A — I)(u,) is strictly decreasing and our preferred outcome is achieved. O

Now, we prove the existence of infinitely many solutions by applying Theorem 2.5.
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Theorem 3.9. Suppose that

/ F(x,t)dx > 0 (3.13)
o)
and

A < TB, (3.14)
where r i

max x,t)dx F(x, T
o — liminf Jo M PO )dx. %:hmsupw,
T—+00 TP T—s400 TP
and 1
_ _min{lap} (3.15)
) meas(Q)ay

Then problem (1.1) has infinitely many nontrivial solutions in WP (Q), for every

1 e meas(Q)a; min{1,4a0}
P8 g )

Proof. We apply Theorem 2.5 () to the problem (1.1). In this context, fix

A e meas(Q)a; min{1,a0}
p~B cgfp+2l '

Let ® and Y be the functionals outlined in (2.2) and (2.3). It can be observed that @ is sequen-
tially weakly lower semicontinuous, while ¥ is sequentially weakly upper semicontinuous.
For every u € WP (Q), one has

min{1, ag max{1,a;}
mind Lo} ) < o) < DLyt (.16)
that shows ® is coercive. Now, we show that a« < oo.
Let {7, } be a sequence that, lim,_, T, = o0 and
o — Lim Jomax <, F(x,t)dx
n—r—+o0 T,f_ ’
For any n € N, set r, = %1'?}1’57. Obviously, limy ety = o0. If u € ® 1(—o0,r,),
c P

according to Proposition 2.1 (i1) and (3.16), for every u € WP (Q) where [ullyrw ) > L
one has

min{1,a0} /T, \?"

IN

min{1,ap} HMHP_
+ Wr(Q

In a comparable manner, according to Proposition 2.1 (i) and (3.16), for every u € WP (Q),
that u € @~ 1(—oo,74) and |[ul])yp () < 1, one has

min{1,a0} , | p*
7+HMHWP(X)(Q

; <®(u) <

< min{1,a0} (E)P’.

pt co
Thus,

T,
HuHWP(X)(Q) < Cl
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We have
()] <l < colltlymey < T
Thus @~ !(—c0,7,) C {u € WPW(Q)||u(x)| < 1,}. Since ®(0) = ¥(0) = 0, it follows that

Supvedfl(—oo,rn) \F(U) - T(u)

= inf
(P(rn) ueq)—ll?ioo,rn) rn _ (D(u)
Suptefb—l(foo,rn) T(t) . SuptGQ—l(,m,,n) fQ P(X, t)dx
N T'n N Tn
Jamaxy<q, F(x, )dx  p* [ maxj<q, F(x, t)dx (C—°>p*
- Tn N min{1,a} )
Thus, (3.14) yields
. preh A
< < P52
‘= hﬂgf(p(rn) ~ min{1l,a} =

Therefore, we have

Ae meas_(Q)allmlrt{l,ao} c (0’1>‘

Now, we show (j;) cannot hold.

By definition of B, there is a sequence {c,} of positive numbers, such that lim,_,c ¢, = o0
and

F(x,

B = lim M (3.17)
n——+oo p
Cn

Now, we define w, € WP (Q), for every n € N as follows:

cn, x€Q),
wn(x): 0 0.

One has

Q _
meas(@)ar - ostel ey,

Then,

I\(wn) = P(wn) — AY¥ (wh)
< nmj%max{c?,cﬁ} — /\/ F(x, wy)dx. (3.18)
0
We consider two cases to complete the proof, B = co and B < co.

If B = oo, then we choose K large enough, such that K > %. From (3.17), there
exists ng € IN such that for all n > ny,

/ F(x,c,)dx > Kch .
0
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Then, from (3.18) we have

I(wy) < mea;(_Q)al max{cf,cﬁi} — AKc! < (meas(_Q)al — /\K) max{cff,cf; },
which shows that lim,, e I} (w;,) = —oo.

In another case, if B < oo, since A > meas(Q)ay

p—'B
% Then, by (3.17) there exists n; € N such that for all n > ny,

, there exists € > 0 such that ¢ < B —

/QF(x,cn)dx > (B —e)ch .

By (3.18)
I(wy) < mea;(())al max{cf,cﬁi} —A(B —e)ch
< (mea’sg(_ﬂ)al —A(B — e)) max{cff,cﬁi}.
Then, we get lim,,_,o I) (w,) = —oo. By considering the cases mentioned above, we observe

that I, is unbounded from below. This shows that condition (j;) does not hold, which implies
that (j») must be satisfied. Consequently, I admits an unbounded sequence of critical points,
and the proof is finished. O

Remark 3.10. Suppose that B = co and 2 = 0. It is clear that, all the assumptions required by
Theorem 3.1 are fully satisfied. Thus, the problem (3.5) admits infinitely many solutions for
every A € (0,).

Corollary 3.11. Suppose that f : Q x R3 — R be a continuous function and (3.13) holds. Moreover,

fQF(xCT(x)) S meas(Q)a;
T

lim sup
p p-

T—+00

and
lim inf fQ max;|<¢ P(x, t)dx < min{],go}
T—+00 T CP’ +
o P

Then problem (1.1) admits an unbounded sequence of weak solutions in WP (Q).

Theorem 3.12. Suppose that fQ F(x,t)dx > 0and A* < TB*, where

Jomaxy <7 F(x, t)dx

* .. * . fQ F(x, T)
A" = liminf — , B" =limsup =———
=0t TP 0+ TP

and T is defined in (3.15). Then problem (1.1) has a sequence of pairwise distinct critical points in

WP (Q)) for every A € (me;f((g)”l, m;f‘{i";‘l)}).
¢ prA*

Proof. By the same approach as in the previous proof and replacing Theorem 2.5 (I,) with
Theorem 2.5 (I3), we obtain the desired result. O

Declaration of interests. The authors report no conflict of interest.
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