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Abstract. In this paper, we prove the existence of nontrivial solutions for perturbed
Schrodinger systems with pinching and mixed nonlinearities, where the nonlinearities
are composed of sublinear terms, asymptotically linear terms (pinching terms) and
superlinear terms. When the system is time-independent and perturbed, we obtain the
existence of nontrivial homoclinic solutions. When the system is time-dependent and
non-perturbed, we obtain the existence of nontrivial standing waves and homoclinic
solutions. In addition, we also give some function examples that are suitable for our
models.
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1 Introduction and Main Results

Nonlinear Schrodinger systems play significant roles in many physical problems [1,11,
17,19,25,33], and their mathematical models can be abstracted as the following nonlinear
Schrodinger system

—Au; + Vi(x)u; = fi(x,u1, ..., um), x €RN,
ui(x) >0 €R, |x| — oo,

i=1,...,m,

where N > 1, A denotes the Laplace operator and f; (i = 1,...,m) are the nonlinearities.

By using variational methods, the existence and multiplicity of solutions for Schrédinger
systems have been studied by many authors, see [2,4,6-10,12-16,18,21-24,26-32, 34, 36-38].
These results are all about the case of non-perturbed nonlinearities, and most results are about
the case of special nonlinearities, such as
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where 2* := % if N>3and 2* ;=0 for N =1,2.
Motivated by the above papers, we will study the following Schrodinger system with
perturbed term and general mixed nonlinearities

—AU+V(x)U = VF(x,U), x € RN,
VF(x,U) = —VP(x,U) + VW(x,U) + (6 + Dh(x)|UP U+ x(x), 0<ds<1, (1L1)
U= (u(x),..., un(x))" —0€R™", |x| — oo,

where U € R, N > 1, A denotes the Laplace operator, “T” denotes the vector transpose,
x(x) = (x1(x),..., xm(x)) T is the perturbed term, VP(x,-) and VW(x, -) are the gradients of
P(x,-), W(x,-) € Cl(IRN,IR),
Vi(x)
AU = (Auy, ..., Duy)', V(x) = : (1.2)
Vin(x)

Here, our nonlinearity VF(x, U) is composed of three nonlinear vector functions and one
perturbation vector function, i.e., VP(x,U), VW(x,U), (6 + 1)h(x)|U|°~'U and x(x). Next,
we will study the cases where these three nonlinear functions are sublinear, asymptotically
linear (pinching), and superlinear, respectively.

The above system comes from the study of standing waves of the following time-
dependent nonlinear Schrédinger equation

1D = —AD +¢(x)D + p(x, |®))D — @(x, |®|)P — (6 + Dh(x)|®° 1P, t>0, xcRY, (1.3)
where ¢ is the imaginary unit, ® = (¢1(t,x),..., u(t,x))" € C™,

e1(x)

b = aﬂ...aﬂT AD = (Agr,..., Dgw)', e(x) =
or " ot ) e

em(x)

By the definition of the standing wave (® = (e'“tfuy(x),..., e u, (x)) " — 0as |x| — o),
we have that (1.3) reduces to

{—Au+ V(x)U = —p(x, |UNU + @ (x, |UNU + (6 + 1)h(x)|U)P1U, x € RY, 14

U= (u(x),..., un(x))" —0e€R™", |x| — oo,
where
e1(x) + wy
V(x) =
em(x) + wpy

Therefore, the study of standing waves for the time-dependent nonlinear Schrédinger sys-
tem (1.3) has been reduced to that of homoclinic solutions for the time-independent nonlinear
Schrodinger system (1.4). Obviously, the system (1.4) is the special case of the system (1.1)
with

V(x)=V(x), VP(x,U)=p(x|U)U, VW(xU)=dw(x |UNU, x(x)=0. (1.5)
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Definition 1.1 ([35]). Let “ - ” denote the usual inner product and “| - |” the norm in RV,
respectively. Let || - ||; and | - ||, denote the norms of L := L"(RY,R) and [L']™, respectively,
Vr > 1. Let (-,-);2 and (-,-)» denote respectively the corresponding inner products of L?
and [L2]™, where (-, ), is defined by (U, V)2 = (u1,v1) 2 + (2, 02) 12 + - -+ + {th, ) 2 for all
U= (uy,up,... un)", V=__01,02,...,0m)" €[L2]".

To overcome the difficulties of the lack of periodic assumptions and the unbounded do-
main RY, we assume that

(L1) V; € C(RN,R), inf,cgn Vj(x) > 0, and there exists mg > 0 such that for any M > 0,
meas({x € RN : lx —y| <mg, Vij(x) <M}) =0, |y|—=oo, j=12,...,m,
where meas(+) denotes the Lebesgue measure in RY.

Let

W(x,S) = %VW(x,S) S—W(x,S), V¥(x,S)eRN xR".
For h(x), x(x), P(x,U) and W(x, U), we assume that

(H1) h(x) >0,Vx € RN, ||h||L% < cg and || x||2 < & for some small ¢y, ¢y > 0.

(P1) There are by, b, > 0 such that b;|S|?> < P(x,S) < b,|S|?, V(x,S) € RN x R™.
(P2) P(x,S) < VP(x,5)-S < |VP(x,5)||S| < 2P(x,S), V(x,S) € RN x R".
(W0) W(x,S) >0, |[VW(x,S)| < c|S] if |S| < o for some ¢ > 0 and all (x,5) € RN x R™,

and ———
lim VW, S)| =0 uniformly in x € RY.
1S|—0 |S]|
(W1) lim(g| e WIVSV‘%S)‘ = D uniformly in x € R for some p € (2,2*) and D; > 0.
(W2) lim(g| e % = +o0 uniformly in x € RV,

(W3) Cb ::inf{w‘g"f) ca<|S|<b, (x,5) € RN x IR*”} >0, Vb>a>0.

(W4) There exist ro, 71 > 0 such that VIW(x,S) - S < roW(x,S), V|S| > 71, Vx € RN,
Now, our main results are as follows.

Theorem 1.2. Suppose that (L1), (H1), (P1), (P2) and (W0)—(W4) hold, then we have the following
two results.

(1) The time-independent system (1.1) has at least one nontrivial homoclinic solution
U(x) = (u1(x), ..., un(x))7.

(2) If (1.5) and the assumptions of Theorem 1.2 hold, then the time-dependent system (1.3) has at
least one nontrivial standing wave

O = (e“"iip(x),. .., e, (x)) T,

where U = (iy(x), ..., 0u(x))" is the nontrivial homoclinic solution of the non-perturbed
system (1.4) obtained by (1).
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Remark 1.3. To the best of our knowledge, there is no result about nonlinear Schrodinger
equations or systems with pinching terms, perturbed terms and mixed terms. By [20], P(x, S)
is called a pinching term if it satisfies the above condition (P1). The following examples
demonstrate that our assumptions are not merely reasonable, but also satisfied by a broad
class of functions.

Example 1.4. We give two examples of the pinching terms P(x, S). It is easy to verify that the
following functions all satisfy our conditions (P1)—(P2).

(1) Let P(x,S) := 7(x)|S|>, then VP(x,S) := 279(x)S, where (x,S5) € RN x R",
inf,cgy y(x) > 0and y(x) € L*.

(2) Let P(x,S) = |S|2 (@(x) + %ﬁs@ then

B CA) N jep 2A(0)S
VP(x,S):=2 (@(x)+ @(x)+|5|2> S—1S| (@(x)+|5|2)2,

where (x,5) € RN x R", A(x) < 20(x)? for all x € RN, O(x) € L®, A(x) € L%,
infxe]RN @(X) > 0 and infxe]RN A(X) > 0.

Example 1.5. We give two examples of the superlinear terms W(x, S). It is not hard to verify
that the following functions all satisfy our conditions (W0)—(W4).

(1) Let W(x,S) = |S|?, thenVW(x,S) = p|S|P~2S, W(x,S) = %Z\SV’, where (x,5) € RN x
R™and p > 2.

(2) Let W(x,S) = &(x)|S|PIn(1 + |S|) + B(x)S?, then

VW(x,S)=S [C(JC)|S|”_2 (pln(l +1S|) + 1 f|‘5!> +2,B(x)] ,

W(x,S) = &(x)|S|? [(Z — 1) In(1+1|S|) + 2(1‘—i||51)} ,

where p > 2, (x,S) € RN xR", &(x) € L, B(x) € L®, infcgv&(x) > 0 and
infxE]RN ‘B<X) > 0.

2 Preliminary lemmas

Let

Ej:= {u c H'(RY,R) : /RN Vi(x)u? dx < +oo}, ji=1,2,...,m,
and
E:=E{ X Ey X --- X E,.

Under the condition (L1), we introduce an operator L : E — E defined by LU :=
(Liu1, ..., Lipttyy) " for any U = (uy,ua, ..., uy) ' € E, where Li:==—-A+Vjandj=1,2,...,m.
For problem (1.1), we consider the following functional

d(U) = %(LU, U + /]RN P(x,U)dx — /]RN W(x, U)dx

2.1)
—/ h(x)|U\5+1dx—/ x(x)-Udx, YUE€E,
RN RN
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where (LU, U)g := Y [pn(Ljuj)ujdx and 6 € (0,1). Now, the condition (L;) implies the
inner product (-, -) and the corresponding norm || - || on E are given, respectively, by

(U, V) = (LU, V), Ul = (uu)l,

where U = (u,uy, ..., uy) ",V = (v1,02,...,0n)" €E.
Therefore, we have that

cp(u):1||uu2+/ P(x,Wdx— [ W(x,Uydx

. R RY 2.2)

- [ h@lulax - [ () -uds, VU e,
RN RN

and

@' (U)V = (U, V) + / VP(x,U) - V(x)dx — [ VW(x U) - V(x)dx
RY RY (2.3)
- /RN((SJr Dh(x)|U)P~U - V(x)dx — /RN x(x) - V(x)dx, YU,V <E.

Moreover, the nonzero critical points of (2.2) are nontrivial homoclinic solutions of (1.1).

Lemma 2.1 ([9]). If (L1) holds, then the embedding from E into [L*(RN,R)]" is compact, and there
exists a 7 > 0 such that

2N
|Ulls < w||U|l, YUEE, Vsel[22%); 2°:=+c0 ifN=1,2 2*:

= =% JfN > 3.
= N_2 FN=3

Definition 2.2 ([5]). A sequence U is called a (C)-sequence for @ if ®(U/) is bounded and
(14 ||U/]|)®' (W) — 0, and a functional @ satisfies the (C)-condition if and only if any (C)-
sequence for ® contains a convergent subsequence.

We shall use the following mountain pass theorem to prove our main results.
Lemma 2.3 ([3]). Let E be a real Banach space. Suppose that
(h1) there are constants p,a > 0 such that <D|aBp >,
(h2) thereisane € E\ B, such that ®(e) <0,
(h3) ®(0) =0, (h4) P satisfies (C)-condition.
Then ® possesses a critical value ¢ > «. Moreover, c can be characterizes as

¢ = inf ®(u), T'={geC([0,1],E)|g(0)=0,g(1)=ce}.
2ok ueaton) (1) {g € C([0,1,E) | g(0) = 0,8(1) = e}

Lemma 2.4. If the assumptions of Theorem 1.2 hold, then ® satisfies (h1) of Lemma 2.3.

Proof. By (W0)-(W1), we have that for any € € (0, b;) there exists C; > 0 such that
|IVW(x,S)| <e|S|+C|SIPY, pe(22), V(xS eRNxR"™ (2.4)

Note that

L(VW(x,tS),tS)
t

W(x,S) = /O dt.
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It follows from (H1), (P1), (2.4), Holder’s inequality, € € (0,b;) and Lemma 2.1 that
®(U) f||u||2+/ (x, U)dx — /RN W(x, U)dx—/RNh(x)]LI|‘5+1dx—/RNx(x) Udx
> §||U||2 +oi U3 —ellulls = Coliully — Il 21Ul = lxl2lUll2
> %HUH2 Cerp UI1” = 11l 2, U = 22| UL (2.5)
> Ul |31l = Caf Ul = evnd U — o
—p |3 Cte o | (G U= ).
Since p —1 > 1 by p > 2, we can choose small enough p, ¢y and ¢y such that
ai=p [;p — CethpP !t — o lp® — TzCo] > 0. (2.6)
Therefore, (2.5) and (2.6) imply that
®U)>a, VUEE, |U]|=0p.
That is, the proof of this lemma is finished. O

Lemma 2.5. If the assumptions of Theorem 1.2 hold, then ® satisfies (h2) of Lemma 2.3.

Proof. Let U%(x) € E\ {0}. Then (H1), Holder’s inequality and Lemma 2.1 imply that

0[6+1 410
0< / h(x)[$UP[7T + x(x) - tU i
K . 2.7)
PR 2 THIUOT + x| U] '
< L= — 0, t— +4oo.
2
It follows from (2.2), (2.7), (P1), (W0), (W2), Lemma 2.1 and Fatou’s lemma that
() 1,0 P(x, tU°) . W (x, tU°)
e e
016+1 4]0
B hm/ h(x)[tUP [P + x(x) - tU iy
t—oo JRN t2
1 L W(x, tU)
< SR 211770 2_/ Wix, tU”) - 012
> 2||U H +b2T2HU H ]RNhgglf t2|u0‘2 ’U ’ dx
= — oo.
Therefore, we can take U := tU° with |¢| big enough, then ®(U) < 0. O

Lemma 2.6. If the assumptions of Theorem 1.2 hold, then ® satisfies (h3)—(h4) of Lemma 2.3.

Proof. We can easily prove that the condition (13) holds.
Next, we will prove that (h4) holds. Let {U*} C E be such that ®(U¥) is bounded and

(1+ || Uk’ (U*F) — o. (2.8)
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Then, by (2.8), (P1), (P2), (W3), Holder’s inequality and Lemma 2.1, for k large enough, there
exists My > 0 such that

Mo + ||[U¥|
> o(U*) - %@’(u")uk
- / (x, UK (x dx+/ (, Uk(x))dx—;/]RN VP (x, Uk(x)) - UK (x)dx
+ (‘5;1> /IRNh(x)\Uk(x)P“dx—/]RN %X(x) U (x)dx 29)

Z/RN W (x, UF(x))dx + <(5;1> /]RNh(x)\uk(x)|(5+1dx—/IRN %X(x) U (x)dx

~ 1-6 1
> [ W U ))dx = = 2l 2, IR o U

First, we prove that {U*} is bounded in E. Suppose that ||U¥|| — co. Let V¥ = \uk\ Then
|VE|| =1 and V¥(x) = l‘l;kx'f, x € RN. So there is a V € E such that
VE~V inE, VAx)— V(x) ae forxeRN.
By (2.3) and (P1)—(P2), we have
o (UM UF = |U¥)? + / . VP(x, U (x)) - U (x)dx — / N VW (x, U (x)) - U (x)dx
R R
—/ (5+1)h(x)|uk(x)\5+ldx—/ x(x) - Uk (x)dx.
RN RN
Hence,
o' (UF)U* VP(x,U"(x)) - U¥(x) VW (x, U¥(x)) - U¥(x)
2 =1t ()2 dx—/ A dx
U]l RV [U*(x) RV [U*(x)
h(x) [UF (x) |4 x(x) - Uk (x)
— | )P g B2 gy
/IRN [ (x> RV [[UK(x)1? 210)
1o [ WU W), |
- ey [ () [|2
Il 2 7 IUFH + ol UF|
|
It follows from (2.8) and (2.10) that
k 17k
lim [ YWEU) W), o g
k—o0 JRN |Uk(x)|?
Thus, there exists Ky > 0 for all k > Kj such that
VW (x, Uk(x)) - U¥(x)
dx > 1. 211
I AT i

By (W3), we have
W(x, U > CE|UF?, Vx e O(a,b) = {x e RN :a < |UX(x)| < b}. (2.12)
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For k large enough, by (2.9) and ||U¥|| — oo, we have for some M; > 0 such that
M (1+ [ Uf[|"°)

> /IR W, UF(x))dx 2.13)

= W (x, U (x))dx + W(x, U (x))dx + W (x, UX(x))dx.
0.(0m) (x, U"(x)) oo (x, U (x)) (55 (x, U (x))

Lete € (0, ). By (WO0), there is a, > 0 such that % < & forall S| < acand x € RV,
2
It follows from Lemma 2.1 and ||V*|| = 1 that
k gk
/ VW(x, Uk(x))2 W) 4y < SIVEE<e VkeR (2.14)
% (0,0:) U () T
By (W4), (2.13), Lemma 2.1 and ||V¥|| = 1, we can take b. > r; large enough such that
k 7k 7 k
/ VW (U (xk))2 u (x)dx < fo/ W(x,Lkl gx))dx
i (bei0) x| Obee) U]
My (1+ [JU¥|*) (2.15)
<19 i
[l
<&
for some K; > 0 and all k > Kj. By (W3) and (2.13), we have

/ [VE(x) Pdx = 1/ |U*(x)|?dx < Jotaopy W U (x))dx
O (acbe) IUF|I2 Joxacbe) Car|[UF|12
o Ma(1+ [[UF]*)
Car|[UF|2
By (WO0), there is § = o(e) > 0 independent of k such that |[VW (x, U¥(x))| < §|U*(x)]| for
x € O(ae, be). Tt follows from (2.16) that there is a K, > 0 such that for all k > K, there holds

VW (x, UX(x)) - U¥(x) ~ k(o2
dx < / VE(x)|dx < e. (2.17)
foos— T T Joutay )
Hence, by (2.14), (2.15) and (2.17), for all k > max{Ky, Ky, K3}, we have
VW (x, Uk(x)) - U (x) 1
d 3 - <1,
e T TR

which contradicts (2.11). Thus, {U¥} is bounded in E.

Last, we prove that {U*} has a strongly convergent subsequence in E. Since {U} is
bounded in E, we see that there is a renamed subsequence (it is also denoted by {U*}) such
that

(2.16)

—0, k— oo

uf —~u inE, UYx)— U(x) ae. forx € RV, (2.18)
Note that (2.3) and (2.8) imply
0« @' (UM Uk —u)
— (UK, (Uk — ) + /RN VP(x, Uk (x)) - (U(x) — U(x))dx
- /u.zN (6 + 1)h(x) | U*(x) [ TUk (x) - (Uk(x) — U(x))dx (19)

— VW (x, Ur(x)) - (UF(x) — U(x))dx — /]RN x(x) - (UF(x) — U(x))dx.

RN
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By (2.18), we have
lim (U, U* — U) = Jim |uk))2 = ju|?. (2.20)
—00

k—o0

By (P1)—(P2), Holder’s inequality, Lemma 2.1, ||U*|| < oo and (2.18), we have
/ VP (x, U (x)) (U (x) — U(x))dx
RN

k k
< [ 20Ut )] U () — U ()l @21)
< by U U — U
< 2by || UK |U* — U], = 0, k — co.

By (2.4), (2.18), Holder’s inequality, ||U*|| < co and Lemma 2.1, we get

VW (x, UF(x)) (U*(x) — U(x))dx

IRN
< /RN (el ()] + G ()P ) Uk (v) — U ) o)
-1
< | Uk | JU* — U2 + CellUb|p Uk — Ul
< en | UN|UF - Ul + Cerf T UR P UR — Ul — 0, k — oo

By (2.18), Holder inequality, ||U¥|| < oo and Lemma 2.1, we have
[<5+1>h<x>|uk< U >+x<x>] (U () - U(x))dx

(G+1) [ h(x) Ut Uk (x) \dx+/ x) | [UF (x) — U (x)|dx
R
. (2.23)
< (5+1) [Hhuzzuukuﬂ 10— Ul + ol U — Ul

< @+ DI 2, IUF] Uk = Ul + 2 lUF = Ulls = 0, k= +oo.
Now, it follows from (2.19)-(2.23) that
lim U2 = (U
k—00

Therefore, we have that U¥ — U in E and & satisfies the (C)-condition. O

3 Proof of Theorem 1.2

Proof. By Lemmas 2.3-2.6, we have that there exists a critical value ¢ > «a for ®, that is the
perturbed system (1.1) has at least one nontrivial homoclinic solution

U=U(x)= (u(x),...,um(x))".
Since the proofs still hold if the perturbed terms x(x) = 0, thus, if (1.5) and the assumptions
of Theorem 1.2 hold, then the non-perturbed system (1.4) has at least a nontrivial homoclinic
solution U = (u1(x),...,um(x))". By the relationships with (1.3) and (1.4), we get that the
non-perturbed system (1.3) has at least one nontrivial standing wave

o = (el“’ltul( ), . ..,ei“”"tﬁm(x))T.

The proof is finished. O
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