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Abstract. In this paper, we are concerned with the existence and multiplicity of positive
solutions for the following polyharmonic equations with Dirichlet boundary conditions

(=A)"u = Af(x,u) + ug(x,u) inB,
U =9y :---:8;”’%[:0 on 0B,

where B is the unit ball in RY, and v is the exterior unit normal vector on the boundary.
We employ degree theory combined with a continuation theorem and an unfolding of
the bifurcations from zero and from infinity to prove our result.
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1 Introduction

Let m be a positive integer and B = {x € RN : |x| < 1} be the unit ball. This paper deals with
the existence and multiplicity of positive solutions to the following semilinear problems

(=A)"u = Af(x,u) + pug(x,u) in B, (P )
U=0yl = -+ = 8T*1u =0 on dB, A
where 9, := v(x) - V denotes the outer normal derivative on 0B, A, u > 0 are two real param-

eters, and f, g are nonlinearities which are to be specified later.
In recent years, there has been a great deal of work on elliptic equations, such as

(=A)"u = h(x,u) inQ, (1.1)

where Q) is a bounded smooth domain in RN, and & is a continuous function. When Q) # RN,
two types of boundary conditions for (1.1) are most frequently considered: Dirichlet boundary
conditions (BCs)

u=ou=---=0"1lu=0 onoQ (1.2)
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or Navier BCs
u=~Au=---=A"1u=0 onoQ. (1.3)

The operators in equation (1.1) are usually called polyharmonic and are the prototypes of
linear elliptic operators of order 2m, we focus on the Dirichlet problem here, consequently,
most of the references we provide are concerned with this problem.

In the second-order case m = 1, the major contributions in this direction have been given
by Brezis and Turner [8], Gidas and Spruck [17] and de Figueiredo, Lions and Nussbaum
[14]. They proved uniform bounds for positive classical solutions of the second-order semilin-
ear Dirichlet problem (1.1)—(1.2). Further, using known topological fixed-point theorems, the
existence of solutions is obtained.

In the higher-order case m > 2, studies have also been conducted on both equations like
(1.1) and their systems, though to a lesser extent. One of the main reasons lies in the fact
that it strongly depends on the type of boundary conditions considered. Specifically, some
recent contributions focusing on either Dirichlet BCs (1.2) or Navier BCs (1.3) include papers
by Feng and Zhang [13], Hajlaoui and Harrabi [18], Iturriaga and Massa [19], Mancini and
Romani [24], Pucci [29], Quittner and Souplet [30], Reichel and Weth [33], Sirakov [34, 35],
Soranzo [36] and references therein.

It is worth pointing out that Dirichlet BCs are physically relevant (for example, they ap-
pear in the modeling of the clamped plate) as well as mathematically challenging: indeed,
differently from the Navier case, the polyharmonic operator combined with Dirichlet BCs is
not equivalent to the iteration of the Laplace operator with Dirichlet BCs (see e.g., [36]). Fur-
thermore, under Dirichlet BCs, the operator in equation (1.1) does not satisfy the maximum
principle (in general) unless m = 1.

We emphasize that the equation in (P}\’fy) is more general than (1.1)—(1.2). When the nonlin-
earities f and g are concave and convex, the problem (Py,) with m = p =1 was first studied
by Ambrosetti, Brezis and Cerami in their celebrated paper [3]. More precisely, in that article
the authors studied the problem

— = q p
{ Au=AuT+u? xe€(), (P)ll,1)
u=20 x € dQ),

with 0 < g < 1 < p and Q a bounded domain in RN. They proved the following facts: there
exists A > 0 such that: if A € (0, A) then (P}/l) has at least two positive solutions, if A = A
there is at least one positive solution, and if A > A then there are no positive solutions. Similar
combined effects have been extended to more general operators in RV via variational meth-
ods, yielding existence and multiplicity results for p-Laplacian and quasilinear Schrodinger
equations, see Baldelli and Filippucci [5] and Li [21], and references therein; see also [22,27,28]
for related Nehari-type and mountain-pass approaches. In addition, the case of the second or-
der elliptic problem (P} ;) with f(x,u) = f(u) and g(x, u) = g(u), concerning the existence of
positive solutions for A > 0 and y > 0, has been studied in [10] based on variational methods.

A basic result goes from Boggio in [7], where he gave an explicit formula for the Green
function G,y of (—A)™ on the unit ball B C RN with Dirichlet boundary conditions (1.2),
see Lemma 2.2 below. Consequently, any solution of (P}’ ) can be represented as an integral
operator involving the Green function G, n. This reformulates the differential equation as a
fixed-point problem in C(B). The positivity of G,, v does not hold for the Green function of
the polyharmonic operator in an arbitrary bounded domain (see, e.g., [15]). Only for the case
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m = 1, we do not have this restriction. So in the rest this paper, we will always work in the
special case (2 = B.

In order to present the main results in this paper, we recall the results of an eigenvalue
problem. It is well known (see [29]) that the linear problem

{(—A)’”u =nu in B,

u=ou=--=0"lu=0 onadB

possesses lowest eigenvalue #;, which is simple, that is, the associated eigenfunctions are
merely multiples of each other. Moreover, they are radial, strictly monotone in r = |x| and
never change sign in B.

In [6], Boccuto and Filippucci considered the following eigenvalue problem

{(—A)mu = no(x)u in B,

where ¢ € L®(B), ¢ > 0 almost everywhere. Note that #1(c(+)), the first eigenvalue, is
characterized by

m(o(+)) = min {E(v),v € H(’)”(B),/ o> 0 dx = 1} ,
B
with E the Dirichlet energy defined by

2
/ ’(—A)kv’ dx, if m = 2k is even,
B
E(v) = )
/ ‘V(—A)kv‘ dx, if m =2k-+1is odd.
B

They proved that 77;(c(+)) is positive and simple. Furthermore, if ¢ is radial and in C%*(B)
(x € (0,1)), they showed that the first eigenfunctions associated with 7 (c’(+)) are radial and
strictly monotone along the radius r.

We will use the following assumptions:

(A1) f,¢:B x [0,+0) — [0, +0o0) are continuous functions with f(x,0) = ¢(x,0) = 0;

(A2) lim flxh) _ 0 uniformly in x € B;
t—+oo f
(A3) lim 8t _ +oc0  uniformly in x € B;
t—+oo

(A4) Assume that g > 1if N <2mand 1 < g < {32 if N > 2m. Suppose further that there

exists a continuous function / : B — (0, c0) such that

lim 8(x) = h(x)
t—+oo 1

uniformly with respect to x € B.

Our main existence results read as follows.
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Theorem 1.1. Suppose conditions (A1)—(A4) hold, and the function f satisfies

lim fi( X t)

Jim === = +oo uniformly in x € B. (1.4)
Then there exists a function M, : (0,00) — (0, 00| such that the problem (PY,) has
(i) at least one positive solution for A > 0and y = 0;
(ii) at least two positive solutions for A > 0and 0 < u < M} (A).

Theorem 1.2. Let Ay := 171(b1(-)). Suppose conditions (A1)—(A4) hold, and the function f satisfies

lim infm = by(x) wuniformly in x € B, (1.5)
t—0t t

lim sup flot) by(x) uniformly in x € B, (1.6)
t—=0+ t

where by, by € C(B, (0,00)). Then there exists a function M, : (0,00) — (0, 0] such that (Py!,) has
(i) at least one positive solution for A > Ay and y = 0;
(ii) at least two positive solutions for A > Ay and 0 < p < M, (A).

Remark 1.3. A main difficulty in studying (P}’ ) is establishing the multiplicity of solutions
in the two-parameter setting (A, 1), which is more delicate than in the single-parameter case.
We address this by combining Rabinowitz’s global bifurcation theorems [31, Theorem 1.3],
[32, Theorem 1.6] with the continuation theorem (Lemma 2.4).

For Theorem 1.1, condition (1.4) induces a jump of the Leray-Schauder index at u = 0,
and hence by [31, Theorem 1.3] an unbounded continuum of positive solutions emanates
from (0,0). For fixed A > 0, these branches are continued in y by Lemma 2.4. By (A2)-
(A3) and [32, Theorem 1.6], a second continuum bifurcates from infinity at y = 0, and (A4)
provides a priori bounds precluding “blow up”. These two components yield two positive
solutions for all sufficiently small # > 0. Theorem 1.2 follows the same approach, except that
the asymptotic conditions near zero involve the principal eigenvalues #1(b1(-)) and 71 (b2(-)),
so the continuum emanates from the interval [i71(b1(-)), 71 (b2(+))]-

Example 1.4. Let a,b € C(B, (0,0)) and let g > 1 satisfy g < N2 whenever N > 2m. Set
f(x,t) =a(x)t* and g(x,t) =b(x)H, xE€B, t>0,

where 0 < « < 1. Obviously f(x,0) = g(x,0) = 0. Straightforward calculations yield

t—0+ t t—+oo f
and
lim {62) = 400, lim 8(x.t) =b(x),
t—+oo t—+oo 1

uniformly in x € B. Hence (A1)-(A4) and condition (1.4) are satisfied.
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Example 1.5. Let a, b and g be as in Example 1.4. Set

(2+sin(1/t)),  g(xt) =b(x)t1, x€B, t>0,

Flnt) =a(x)

where 0 < w < 1. Then f(x,0) = g(x,0) =0, and

f(x,t) ~alx) 2+sin(1/t).

t 1+t
Consequently,
liminfM =a(x), lim sup fat) 3a(x),
t—0t t t—0+ t

uniformly in x € B. In addition,
g('x’ t) g(xr t)

i : .
lim flxt) =0, lim = oo, lim = b(x),
t—too  f t—4o0 t—+oo 14

uniformly in x € B. Thus (A1)-(A4), (1.5) and (1.6) hold with b; = a and b, = 3a.

The rest of the paper is organized as follows. In Section 2, we list some existing lemmas
that will be used in subsequent sections. Theorems 1.1 and 1.2 are proved in Sections 3 and 4,
respectively. Finally, Section 5 deals with the special case N = 1.

2 Preliminary results

Let Q be a bounded domain in RN with smooth boundary 9Q). We consider the following
problem

{(—A)mu = f in O, 21)

u=0ou=---=9"1u=0 onoQ.
In the following result, we prove the compactness of the solution operator.

Lemma 2.1. For each f € C(Q), then there exists a solution u to (2.1) which is in C2"7(Q) for any
v € (0,1). Moreover, the solution operator Ky, : C(Q) — C?"(Q) defined by

Kin(f) =:u
is compact.

Proof. By [16, Theorem 2.20] and elliptic regularity we know that if f € Wk=2"7(Q) for k > 2m
then there exists a unique solution to (2.1) such that

[l wer < CIIf lype-2mp- (2.2)
Assume f € C(Q). Then f € W'?(Q) for any p. Hence, by (2.2) one has

[l wrsznp < Cllfllwre

for any p. By taking p large enough, one has W'*2"P(Q)) < C?"7(Q)) compactly for any
v € (0,1) (see [1]) and u € C?"7(Q)) C C**(Q)). This completes the proof. O



6 R. Ma, X. Lei and ]. Wang

The next generalization of Boggio’s principle establishes a positivity preserving property
due to Boggio [7].

Lemma 2.2 (See [16, Proposition 3.6]). Let us assume Q) = B in (2.1). If f > 0, then K,,(f) > 0as
well.

Remark 2.3. Lemma 2.2 is crucial for ensuring the positivity of solutions in the subsequent
content, and this is also the main reason why we restrict ourselves to the case (2 = B.

A useful tool in the study of global continua of solutions of nonlinear partial differential
equations is a connectivity result on the fixed-points set of a parameterised map that goes
back to Leray and Schauder [20] and it was proved in its full generality by Browder [9].

Lemma 2.4 (See [25]). Let E be a Banach space, I be the unit interval [—1,1] C R and U be an open
subset of I x E. Let f : U — X be a compact map such that

u+# f(Au) for (A,u) €U
deg(I — f(A,-),Uy,0) # 0 for some A € [—1,1],
where Uy = {u € E: (A, u) € U} is the A-section of U in R x E. Then

(i) there exists a connected subset C of the solution set

S={Mu)elU:u—f(Au)=0}
joining S_1 := SN ({—1} x E) with S; :== SN ({1} x E).
(ii) S_1 cannot be separated from Sy in S.
We now state some well-known definitions and lemmas for later use.

Definition 2.5 (See [37]). Let X be a Banach space and {C, | n =1,2,...} be a certain infinite
collection of subsets of X. Then the superior limit D of {C,} is defined by

D :=limsupC, = {x € X : I{m} C N, x,, € Cy, such that x,, — x}.

n—o0

Definition 2.6 (See [37]). A component of a set M means a maximal connected subset of M,
i.e., a connected subset of M which is not contained in any other connected subset of M.

Lemma 2.7 (See [23, Lemma 2.2]). Let X be a Banach space with norm || - ||x and {C, | n =
1,2,...} be a family of closed connected subsets of X. Assume that

(i) thereexist z, € C,, n =1,2,...,and z* € X, such that z,, — z*;
(ii) r, = sup{||x||x : x € Cy} = o0;
(iii) for every R > 0, (U;—1 Cu) N Bg is a relatively compact set of X, where

Br = {x € X : |x|x < R}.

Then there exists an unbounded component C in limsup, . C, and z* € C.
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3 Proof of Theorem 1.1

First of all, as usual when dealing with positive solutions of a boundary value problem, we
introduce a continuous extension f,¢ : B x R — R of f, g by setting

. {f(x,s) if s >0, 5(x,5) i {g(x,s) ifs >0,

Slxs) = f(x,—s) ifs <0, g(x,—s) ifs<O.

We consider the Banach space X := C(B) endowed with the sup norm || - ||, denote
B, :={u € X : |lul| < p}. Let us consider the following problem

Pr)

(=A)"u = Af(x,u) + ug(x,u) in B,
u=ou=---=9"1lu=0 on 0B.

Because of the smoothness assumptions imposed on the problem (13)’\?”) will, due to regularity
theory, be equivalent to an operator equation

U= Ku(AF(u) +uG(u)), (3.1)

where K, : X — X is a positive and compact linear operator induced by K,;, and F, G are the
Nemytskii operators induced by

F(u)(x) = f(x,u(x)), G(u)(x) = ¢(x,u(x)),

both of which are continuous operators. Thanks to Lemma 2.2, solutions of (13)’\”;[) are nonneg-
ative and hence are solutions of our given problem (P}" ).
Define the map T, : X — X by

Thpu(u) = u— Ky(AF(u) + uG(u)).

It is clear that u is a non-negative solution of (13;”,#) if and only if, u is a zero of the map T, .
Observe that T, is compact.

In order to prove the main result of this section we use the Leray-Schauder degree of T) ,
on B, with respect to zero, denoted by deg(TM,, B, 0), and the index of the isolated zero u of
T),u, denoted by i(T) ,,, u).

The following lemmas play a fundamental role in the proof of the result.

Lemma 3.1. Let (Al)—(A4) and (1.4) hold. Then for fixed A < 0, one has i(T),0) = 1.
Proof. Fix A < 0 and define the map
Hi1:00,1] x X = X; Hi(tu):=Ku(tAF(u)), te][0,1].
We claim that there exists § > 0 such that
u # Hq(t,u) forallu € Bsand t € [0,1].

Indeed, suppose that there exist sequences {u,} € X\ {0} with ||u,]lcc — 0 and ¢, € [0,1]
such that
Uy = ,Hl(tn/ un)/
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that is
(=A)"uy = tyAF(u,) < 0.

By Lemma 2.2, we have u,, < 0, and going back to the equation, u;,, = 0, which is a contradic-
tion.
Taking now € € (0, 4], the homotopy defined by 7, is admissible and so,

i(Ty0,0) = deg
= deg

TA,O/ Ber 0)
I—H1(1,-),Be,0)
I—H4(0,-), B¢, 0)
I,B.,0) = 1.

= deg

~~ I/~ —~

= deg
This concludes the proof. O
Lemma 3.2. Let (A1)—(A4) and (1.4) hold. Let A > 0 be fixed, one has i(T),0) = 0.
Proof. Fix A > 0 and ¢ € X, ¢ > 0 and define the map
Hy:[0,1] x X = X;  Ha(t,u) := Ku(AF(u) + tp).

We will show that there exists § > 0 such that u # Hy(t,u) forall u € Bs, u # 0 and t € [0,1].
In fact, suppose the contrary there exist sequences {u,} € X\ {0} with ||u,|lcc — 0 and
t, € [0,1] such that u, = Hy(t,, uy), that is

(=A)"uy, = AF(uy) + tpo.

Since t,¢ > 0 and t,¢ # O, from Lemma 2.2, we have that 1, > 0 in B.
On the other hand, since ||u,|| — 0, we have from (1.4) that AF(u,) > niu, for n large
enough. Therefore,

(_A)mun - /\P(un) + tn(P > 7]11/[11.

Thus, multiplying the above inequality by i, a positive eigenfunction associated to 71, and
integrating by parts, we get that

;71/Bun1,01 dx > 171/Bun1p1 dx,

which is a contradiction.
Now, if take € € (0, 5], we have

i(Ty0,0) = deg(Tho, Be,0) = deg(I — H2(0,-), Be,0) = deg(I — Hz(1,-), B, 0) = 0.
This concludes the proof. O

In the following result, we show that from the trivial solution emanates an unbounded
continuum of positive solution.

Lemma 3.3. The value A = 0 is the only bifurcation point from the trivial solution for (13%). More-

over, there exists a continuum Cy of positive solutions of (13%) unbounded in R x X emanating from
(0,0).
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Proof. First, we show that (0,0) is a bifurcation point from the line of trivial solutions {(A,0) €
R x X : A € R} for the equation
u = Ay, (F(u)). (3.2)

In fact, this can be obtained following from a simple modification of the global bifurcation
theorem of Rabinowitz [31, Theorem 1.3], and the similar arguments have been used in [4,
Proposition 3.5]. Suppose on the contrary that (0,0) is not a bifurcation point for (3.2), then
there is a neighborhood of (0,0) containing no nontrivial solutions of (3.2). In particular
there exists a small € > 0 such that there are no solutions of (3.2) on [—¢,€] x dB.. Then
deg(Thro(-), Be,0) is well defined for A € [—¢, €] and, by the homotopy invariance property of
degree we have
deg(Tro(-), Be,0) = constant, VA € [—¢,€],

which is a contradiction with Lemmas 3.1 and 3.2.
Then according to Rabinowitz’s global bifurcation theorem, a continuum Cy of positive
solutions of (3.2) emanates from (0,0), and either

(i) Cp is unbounded in R x X, or

(i) CoN[(R\{0}) x {0}] # 2.

To prove the unboundedness of Cy, we only need to show that the case (ii) cannot occur, that
is, Cp can not meet (A,0) for any A # 0. It is easy to see that for A < 0 problem (13)730) does
not possess a positive solution. For the case A > 0, assume now that there exist Ag > 0 and a
sequence of positive solutions of (3.2) such that A, — Ao and ||u,|| — 0. Then, fixed € > 0

there exists 19 € IN such that for n > ny we get

(_A)mun = )\n]?(x, un) > H1Uy.

Now, we arrive at a contradiction in a similar way to in the proof of Lemma 3.2. Hence, we
conclude the existence of an unbounded continuum C of solutions of (P}’,) bifurcating from
(0,0). This completes the proof. O

Proof of Theorem 1.1(i). By Lemma 3.3 we know the existence of an unbounded continuum
Cy of positive solution of (P}'j). On the other hand, assume there exists a sequence of solutions
{(An,un)}, |An] < p, p>0and ||tty||cc — o0 and

y = MK (F(uty)). (3.3)

Dividing (3.3) by ||ux]|co, letting v, = uy||un||s!, we obtain

On = Ao <F (”")vn> . (3.4)

Un

Hence, {v,} has a subsequence converging to v € X with |||« = 1. However, by (A2) the
limit satisfies v = 0, which contradicts ||v|| = 1, therefore ||u|| is bounded forall A > 0. O

Proof of Theorem 1.1(ii). For fixed A € (0, 00), according to (i),
Sy={(qu)eC:n=A}#Q.

Moreover, Lemmas 3.1 and 3.2 imply that there exist two positive constants ry and R, with
ry < R, such that

i(Tr0,Br, \ B,) = 1.
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By Lemma 2.4 and the standard continuation method, see for example, Ambrosetti, Arcoya
and Buffoni [2, p. 663], Mawhin and Schmitt [26, p. 142-143], there exists a component S with

SyCS,
and accordingly, there exist two constants M; (1) < 0 < M, (A), such that
(i) ProjgS 2 (M; (A), M (A));
(ii) for p € (M; (A), M (1)), (ﬁfﬂ) has a positive solution in Cy.

Next, we show that 0 is a bifurcation point from infinity. For each n € IN*, let us define

, 2(x,s), 0<s<m,
g9 i= S
n(s—n)+g(x,n), s>n.
Then .
my g 8(x,8)
(§")e0 = lim =—=— =

To prove Theorem 1.1, let us consider the auxiliary family of the problems

(=A)"u = Af(x,u) 4+ ug"(x,u) in B, ~
(P ]
Uu=ou=---=d"lu=0 on dB. o
Let Z["l € C(B x R) be such that
8" (x,5) = (g1")eos + 1" (x,5). (3.5
Note that .
lim &3S g, (3.6)
|s| =00 S

By (A2), one has

lim H(x,u,n,u,\)

=0 uniformly for y in any compact interval,
lello—eo [[ulleo

where
H(x,u,n,u,\):= Af(x, u)+ ng (x,u).

Let ,MLZ] = 111/n, and let S denote the closure of the set of solutions of (13)’3114) . Applying
the same method to prove Rabinowitz [32, Theorem 1.6] with obvious changes, we may get

Lemma 3.4. Let (Al)-(A4) and (1.4) hold. Then ]JL'Z} is a bifurcation point from infinity for (ﬁ;’f}[)[”].
More precisely, there exists an unbounded closed connected set DY Sl that bifurcates from infinity.

Moreover, if {(A, pn, ty,)} C DL';], using (A4) and the a priori estimates in Reichel and
Weth [33, Theorem 1], for each fixed p > 0 there exists M, > 0 such that

1, leo < My, n € NN,

[n]

where M, is independent of n and u,,. Taking z, = (}e,) and z* = (0,00), we have
zy, — z*, and thus, condition (i) in Lemma 2.7 holds. Obviously,

o= sup { [l + ] + [lullow : (A, p,u) € DI} = oo,
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i.e., condition (ii) in Lemma 2.7 is satisfied. Condition (iii) in Lemma 2.7 can be deduced

(]

from the compactness of K,,. Therefore, by Lemma 2.7, the superior limit of Ds’' contains a
component De, of solutions of the problem (PY",). Thus there exists M (1) > 0 with

MF(A) < Mf(A),

such that for any p € (0, M (A)), (ﬁj\’f#) has a solution. O

4 Proof of Theorem 1.2

Proof of Theorem 1.2(i). Conditions (1.5) and (1.6) imply there exists a component C of pos-
itive solutions of the problem (P};) which bifurcates from interval [171(b1(-)), 71 (b2(+))]. By
the standard method, (A1) and (A2) guarantees that C to infinity in A direction. Take

Ar=1m(bi(-))-
Then (ﬁ;’fo) has at least one positive solution for A > A;. O

Proof of Theorem 1.2(ii). Fix A € (Aj,00). By the same method to prove Theorem 1.1(ii),
with obvious changes, we may deduce that there exist two functions M5 : (0,00) — (0,0]
and M, : (0,00) — [—00,0), such that the problem (ﬁjffy) has at least two positive solutions in
S for A > Ay and M, (A) < p < M (A). Thus there exists M, (1) > 0 with

ML (A) < My (D),

such that for any p € (0, M;,(A)), (13)’3”) has a solution. O

5 CaseN =1

In this section, we will deal with the special case that N = 1, that is, we consider the two point
boundary value problem

(Qap)

The main result of this section is as follows:

Theorem 5.1. Assume that f,g € C([—1,1] x [0, +0c0), [0, +-00)) with f(x,u) > 0, g(x,u) > 0 for
(x,u) € (—=1,1) x (0,400), f(x,0) = g(x,0) = 0, and that f(-,u), g(-,u) are even on [—1,1] for
every u > 0. Suppose further that the following conditions hold:

(H1) lim M =0 uniformlyin x € [—1,1];
u—0+ u
. flxu) . . 1L
(H2) ugrfw = 0 wuniformly in x € [—1,1};
(H3) Lll’JI: glxu) _ +oo uniformly in x € [—1,1].

Then there exist Ay > 0, and a function M : (0, 00) — (0, o] such that the problem (Q, ) has
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(i) at least two positive solutions when A > Ay and p = 0;
(ii) at least three positive solutions when A > Agand 0 < u < M(A).

In order to study problem (Q, ,), we recall that the Green’s function associated to the
problem (—1)*u(®)(x) = 0 subject to the boundary conditions u()(—1) = u()(1) = 0,i =
0,1,...,k—1is the function G : [—1,1] x [-1,1] — [0, o) defined by (see [11, Theorem 2.1])

(0= ("—]1, “) (x -yt [ B0y
1 =
G(x,y) = k=11

5 e [T R () D
j=0 J

The space E = {u € C[—1,1] : u(—x) = u(x),x € [—1,1], u is nonincreasing in [0, 1]} will
be endowed with the usual sup-norm || - ||«. We denote B; := {u € E : ||u||o < d} and define
the cone in E by

K:= {uEE:uZOand min u(x)zfyHuHoo},
1<x<]

25X%3

where ¢y = %, and for r > 0, let

K = {ueK: |ulo<r}

It is not difficult to see that a nonnegative function u is a solution of problem (Q, ,) if and
only if u is a fixed point of the operator 7, , : C[~1,1] — C[~1,1] given by

To(0) = [ Gy Af(w ) + ug(yuly)dy, x € [1,1]

It is a standard matter that the operator 7, , is completely continuous.

We shall state and prove a lemma that characterizes a generalized notion of concavity. The
inequalities obtained here are very closely related to those obtained in [12], but for the sake of
completeness and convenience in the subsequent discussion, we will present a proof sketch.

Lemma 5.2. Suppose u € C*~1[—1,1] N C*(—1,1) satisfies (—1)*u®)(x) > 0 for x € (—1,1)
with u(—=1) = u® (1) = 0,0 < i < k— 1. Then u has one extreme point, say at xo € (—1,1). If
we define

Then
u(x) > p(x) forxe[-1,1].

Proof. We first note that u has precisely one extreme point, say xo € (—1,1). For if 4’ vanishes
twice in (—1,1), then by employing the boundary conditions and applying Rolle’s theorem
repeatedly, one obtains the contradiction that u(2¥) vanishes in (—1,1). We also note that since
(—1)*u@) (x) > 0,—1 < x < 1, v’ has a simple zero at xo. Similarly, #” has two simple zeros
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n (—1,1). We shall provide two sets of labels for the zeros of u”. We shall label these zeros
by X1 < Xpp O by T < T21.

So, xp1 = T and X2 = Tp1. Similarly, " has at least two simple zeros in (—1,1) and we
label these zeros by x3; < x3, < --- or by -+ < 132 < T31. Inductively, fori = 2,...,2k -2,
1) has at least two simple zeros in (—1,1) and we label these zeros by x;; < xjp < --- or by
-+ < Tpp < T;1. Note that

"

X < X1 < o0 < Xpk—11 = k11 < 0t < T, < Tio1-

We shall now show that u(x) — p(x) >0,—-1 <x < 1.
Next we only present the case for —1 < x < xp, the case for xp < x < 1 is analogous. Let
h(x) = u(x) — p(x). Note that

h(=1) =---=h* V(1) =h(xg) =0 and K'(xp) = —p'(x0) < 0.

Thus, h(x, ) > 0. Assume, for the sake of contradiction, that /1(c) = 0 for some ¢ € (—1, xp).
Apply Rolle’s theorem and note that &’ vanishes at c1;,i = 1,2, where —1 < ¢11 < c12 < Xp.
Apply Rolle’s theorem again and note that #” vanishes at c¢y;,i = 1,2, where —1 < ¢ <
c» < c;p. We now argue that, in fact, —1 < ¢33 < c2 < x21. We have noted that for
each j = 1,...,2k — 1, each root of u) in (—=1,1) is simple, so u” changes sign at xp; and
at xp. Note that u®)(—1) > 0. This follows since u(x) = fil G(x,8)(—1)ku(®)(s)ds and
(9%/0xK)G(—1,5) > 0,—1 < s < 1. So by Taylor’s theorem, ul/)(x) > 0,—1 < x < xj1,j =
2,...,k—1,and u(f)(x) <0,x1 <x<xpp,j=2,...,k—1. Now, h'(cy) = 0,i = 1,2, implies
U (co) = p"(ci) > 0,i = 1,2. Since, cp < x9 < X2, then ¢3; € (—1,x21),i = 1,2. It now
follows inductively for j = 2,...,k, that h(1) vanishes at —1 < ci1 < ¢ < xj1. To see this,
it follows by Rolle’s theorem that —1 < ¢;1 < ¢pp < c¢j_12. h(f)(cji) = 0,1 = 1,2, implies
ul) (cji) = pU) (cji) > 0,i = 1,2. By the simplicity of the interior roots of ul) and the fact that
Ciz < Xj—11 < Xj2 it follows that —1 < i1 <cCpp < le,j =2,...,k

Now, apply Rolle’s theorem to h® and note that h**1) vanishes at some cxk+1 Where ¢ 1 <
Cr2 < Xk1 < Xk41,1. This produces a contradiction since hk+1) = 4y (k+1) and Xk+11 is the smallest
positive root of u**1), Thus, & does not vanish on (—1,x) and #(x) > 0,—1 < x < xo. This
completes the proof. O

Remark 5.3. Suppose k > 1 is an integer and u € E satisfies

(—1)Fu@ >0, ~1<x<1, 51)
ud(=1) =ud(1)=0, i=0,...,k—1 '
Then, for —1/2 < x < 1/2, we have
U||oo
u(x) > 1] 52)

Indeed, since u € E, u is even and attains its maximum at xo = 0. Applying Lemma 5.2 with
xo = 0, we obtain
p(x) = lullo(—[x)f,  xe[-11],

and consequently u(x) > p(x) for all x € [—1,1]. In particular, for —1/2 < x < 1/2,

u(x) > plx) > p(1/2) = 1=
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Thus, inequality (5.2) holds in the case where (—1)u((x) >0, -1 < x < 1.

Now consider the case where (—1)u(?)(x) >0, —1 < x < 1. For € > 0, define u(e, x) =
u(x) +e€(1— x2)k. Then u(e, -) satisfies the boundary conditions in (5.3) and (—1)"%14(6, xX) =
(—1)%u®) (x) 4 €(2k)! > 0. Hence, by the previous case, (5.2) holds for u(e, -), and by conti-
nuity with respect to €, (5.2) also holds when € = 0.

Lemma 5.4. Suppose f(-,u), g(-,u) are even on [—1,1] for every u > 0. Then T, : K — K.

Proof. Let H(x,u) = Af(x,u) + ug(x,u). To see that T, ,u(—x) = T, ,u(x), we have
1

T pi(—x) :/ G(—x,5)H(s, u(s))ds

-1
=— /11 G(—x,—0)H(—0,u(—0))do

= /_11 G(—x,—0)H(—0,u(—0))do
1

_ / G(x,0)H (o, u(0))do = Ty u(x).

-1
Clearly, 7y ,u(x) > 0 on [~1,1] since G(x,y) > 0 on [-1,1] x [-1,1] and f,g : [-1,1] x
[0, +00) — [0, +00).
To see that 7, ,u is nonincreasing on [0, 1], assume for the moment that H(x, u(x)) > 0.
Fori=0,...,k—1, (7},,414)(1') has roots at x = —1 and at x = 1. Since T ,u(—x) = Ty ,u(x),
(Thuu)'(0) = 0. Moreover,

(—1)"(Thu)® (x) = H(x,u(x)) >0, x€[-1,1],

and so (ﬂlyu)(2k) has no roots in [—1,1]. One can then use repeated applications of Rolle’s
theorem and show that (7, ,u)" only has roots at t = —1,0, or 1. In particular, (7, ,u)" is
strictly negative on (0, 1).

We consider u, = fil G(x,s)(H(s,u(s)) + €)ds. Then u is strictly negative on (0,1) and
ug — (Thuu) as € — 07. In conclusion, 7} ,u is nonincreasing on [0, 1]. So by Lemma 5.2 and

Remark 5.3, T) ,u(x) > HTA;‘;H“ and 7T ,u satisfies the concavity condition. This completes

the proof. O

Lemma 5.5. Suppose conditions (H1)—-(H3) hold. Then there exist positive constants Ay, po, ro, and
Ry satisfying ro < po < Rg such that for all A > A, the operator T, o has at least two nonzero fixed
points.

Proof. Choose pg > 0. We define my = min_j/5<x<1/2 f(x,5). We claim that there exists
YP0<5<p0

Ag = . Po 172 > 0 such that
" e W2 12 G(t,8)ds

| Thott]leo > ||t|lee  for all u € 9K, and A > A,. (5.3)

Indeed, for u € dK,,, we have
1

min (Tyou)(t) = A min / G(t,s)f(s,u(s))ds
te[-2,3] te[~3,5] /-1

(5.4)
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LetKy =1+ SUPye(_1,1] fil G(t,s)ds. By condition (H2), there exists b > 0 such that

fx,u) < 2/\MK0' Yu>b, x € [-1,1].

Let B = sup,c|_1,1) f(x,u). Then for all (x,u), we have
uel0,b]

u
< — . .
f(x'u)_ZAK0+ﬁ (5.5)
Condition (H1) implies that for A > Ay, there exists ry € (0, pp) such that

0 < f(x,u) VO <u<ry, xe[-11] (5.6)

< . ,
— AKj
From (5.5), choose Rg > py satisfying

R
70 + AKoB < Ro. (5.7)

For u € dKy,, (5.6) guarantees

1

| Taott]|o = A sup G(t,s)f(s,u(s))ds
tel-1,1] /-1
1

<A sup G(t,s) 1

——u(s)ds
te[-1,1] /-1 AKo

1
<A sup G(t,S)dSLHMHw

te[-1,1] 71 AKqo
< [l oo-
Thus,
i(7;\,01 Ki’o/K) = 1 (58)

For u € 0Kg,, from (5.5) and (5.7), we have

1
| Taot]lo = A sup G(t,s)f(s,u(s))ds

te[-1,1] /-1
! u(s)

<A sup G(t,s) ( + 5) ds

te[-1,1] 71 2AKqo (5.9)
<A sup 1 G(t,s)ds (HuHoo +,B>
 te[-11 71 2AKo
<[]l eo-

Thus,
i(Tho,Kgy, K) = 1. (5.10)

Finally, combining (5.3), (5.8) and (5.10), we have
i(7j\,0/ KP() \TMI K) - _1/ i(7;\,01 KRO \Kipol K) =1

Therefore, 7 has at least two fixed points u; € Ky, \ Ky, #2 € Kg, \ Ky,. Obviously, u1 # 0
and uy # 0. This proof of Lemma 5.5 is now complete. O



16 R. Ma, X. Lei and ]. Wang

Proof of Theorem 5.1(i). It is an immediate consequence of Lemma 5.5. O
Proof of Theorem 5.1(ii). Fixed A € (Ao, ). Let
Wy = {(A,p,u) e R x Rx K: (A,0,u) solves (Qy,) and u € Ky, \ Ky, } ;

Wo = {(A,p,u) € R" x Rx K: (A,0,u) solves (Qy,) and u € Kg, \ Ky, } -

Using Lemma 5.5 and Lemma 2.4, and the standard continuation method, see for example,
Ambrosetti, Arcoya and Buffoni [2, p. 663], Mawhin and Schmitt [26, p. 142-143], there exist
two components £ and U of positive solutions of (Q, ), and four functions Q : (0,00) —
(0,00], Q— : (0,00) — [—00,0), M : (0,00) — (0,00], M_ : (0,00) — [—00,0) satisfying

i) WicCcL, W,CU;
(i) Projgl 2 (M_(A), M:(A)); Projgld 2 (Q-(A),Q+(A)).
Therefore, (Q,,,) has at least two positive solutions for
min{M_(A),Q-(A)} < p <min{M, (1), Q4+ (A)}.

For fixed A > Ay, it is easy to check that ¢ = 0 is a bifurcation point from infinity. Us-
ing the same method to prove Theorem 1.1(ii), with obvious changes, we may get the third
positive solution if u € (0, M(A)) for some constant M(A) > 0. This completes the proof of
Theorem 5.1. O
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